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PREFACE 


For many students an Algebra and Trigonometry course represents the first opportunity to 
discover the beauty and practical power of mathematics. Thus instructors are faced with 
the challenge of teaching the concepts and skills of the subject while at the same time im- 
parting an appreciation for its effectiveness in modeling the real world. This book aims to 
help instructors meet this challenge. 

In writing this Third Edition, our purpose is to further enhance the usefulness of the 
book as an instructional tool for teachers and as a learning tool for students. There are sev- 
eral major changes in this edition including a restructuring of each exercise set to better align 
the exercises with the examples of each section. In this edition each exercise set begins with 
Concepts Exercises, which encourage students to work with basic concepts and to use math- 
ematical vocabulary appropriately. Several chapters have been reorganized and rewritten (as 
described below) to further focus the exposition on the main concepts; we have added a new 
chapter on vectors in two and three dimensions. In all these changes and numerous others 
(small and large) we have retained the main features that have contributed to the success of 
this book. 


New to the Third Edition 


» Exercises More than 20% of the exercises are new. This includes new Concept Ex- 
ercises and new Cumulative Review Tests. K ey exercises are now linked to examples 
in the text. 


« Book Companion Website A new website www.stewartmath.com contains Dis- 
covery Projects for each chapter and Focus on Problem Solving sections that high- 
light different problem-solving principles outlined in the Prologue. 

« CHAPTER 3 Functions This chapter has been completely rewritten to focus more 
sharply on the fundamental and crucial concept of function. The material on quadratic 
functions, formerly in this chapter, is now part of the chapter on polynomial functions. 

= CHAPTER 4 Polynomial and Rational Functions This chapter now begins with a 
section on quadratic functions, leading to higher degree polynomial functions. 

= CHAPTER 5 Exponential and Logarithmic Functions The material on the natural 
exponential function is now in a separate section. 

« CHAPTER 6 Trigonometric Functions: Right Triangle Approach This chapter in- 
cludes a new section on inverse trigonometric functions and right triangles (Section 
6.4) which is needed in applying the Laws of Sines and Cosines in the following 
section, as well as for solving trigonometric equations in Chapter 8. 


xi 
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= CHAPTER 7 Trigonometric Functions: Unit Circle Approach This chapter in- 
cludes a new section on inverse trigonometric functions and their graphs. I ntroduc- 
ing this topic here reinforces the function concept in the context of trigonometry. 


= CHAPTER 8 Analytic Trigonometry This chapter has been completely revised. 
There are two new sections on trigonometric equations (Sections 8.4 and 8.5). The 
material on this topic (formerly in Section 8.5) has been expanded and revised. 


= CHAPTER 9 Polar Coordinates and Parametric Equations This chapter is now more 
sharply focused on the concept of a coordinate system. The section on parametric 
equations is new to this chapter. The material on vectors is now in its own chapter. 


= CHAPTER 10 Vectors in Two and Three Dimensions This is a new chapter with a 
new Focus on Modeling section. 


= CHAPTER 11 Systems of Equations and Inequalities The material on systems of 
nonlinear equations is now in a separate section. 


= CHAPTER 12 Conic Sections This chapter is now more closely devoted to the 
topic of analytic geometry, especially the conic sections; the section on parametric 
equations has been moved to Chapter 9. 


Teaching with the Help of This Book 


We are keenly aware that good teaching comes in many forms, and that there are many 
different approaches to teaching the concepts and skills of precalculus. The organization 
of the topics in this book is designed to accommodate different teaching styles. For ex- 
ample, the trigonometry chapters have been organized so that either the unit circle ap- 
proach or the right triangle approach can be taught first. Here are other special features 
that can be used to complement different teaching styles: 


EXERCISE Sets The most important way to foster conceptual understanding and hone 
technical skill is through the problems that the instructor assigns. To that end we have 
provided a wide selection of exercises. 


= Concept Exercises These exercises ask students to use mathematical language to 
state fundamental facts about the topics of each section. 


# Skills Exercises Each exercise set is carefully graded, progressing from basic skill- 
development exercises to more challenging problems requiring synthesis of previ- 
ously learned material with new concepts. 


« Applications Exercises We have included substantial applied problems that we be- 
lieve will capture the interest of students. 


= Discovery, Writing, and Group Learning Each exercise set ends with a block of 
exercises labeled Discovery m Discussion m Writing. These exercises are designed to 
encourage students to experiment, preferably in groups, with the concepts devel- 
oped in the section, and then to write about what they have learned, rather than sim- 
ply look for the answer. 


« Now Try Exercise... At the end of each example in the text the student is directed 
to a similar exercise in the section that helps reinforce the concepts and skills devel- 
oped in that example (see, for instance, page 3). 


= Check Your Answer Students are encouraged to check whether an answer they ob- 
tained is reasonable. This is emphasized throughout the text in numerous Check 
Your Answer sidebars that accompany the examples. (See, for instance, page 61). 


FLEXIBLE APPROACH TO TRIGONOMETRY The trigonometry chapters of this text have 
been written so that either the right triangle approach or the unit circle approach may be 
taught first. Putting these two approaches in different chapters, each with its relevant ap- 
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plications, helps to clarify the purpose of each approach. The chapters introducing 
trigonometry are as follows: 


« Chapter 6 Trigonometric Functions: Right Triangle Approach This chapter in- 
troduces trigonometry through the right triangle approach. This approach builds on 
the foundation of a conventional high-school course in trigonometry. 


« Chapter 7 Trigonometric Functions: Unit Circle Approach This chapter intro- 
duces trigonometry through the unit circle approach. This approach emphasizes that 
the trigonometric functions are functions of real numbers, just like the polynomial 
and exponential functions with which students are already familiar. 


Another way to teach trigonometry is to intertwine the two approaches. Some instruc- 
tors teach this material in the following order: Sections 7.1, 7.2, 6.1, 6.2, 6.3, 7.3, 7.4, 7.5, 
7.6, 6.4, 6.5, and 6.6. Our organization makes it easy to do this without obscuring the fact 
that the two approaches involve distinct representations of the same functions. 


GRAPHING CALCULATORS AND Computers We make use of graphing calculators and 
computers in examples and exercises throughout the book. Our calculator-oriented exam- 
ples are always preceded by examples in which students must graph or calculate by hand, 
so that they can understand precisely what the calculator is doing when they later use it 
to simplify the routine, mechanical part of their work. The graphing calculator sections, 
subsections, examples, and exercises, all marked with the special symbol @, are optional 
and may be omitted without loss of continuity. We use the following capabilities of the 
calculator. 


" Graphing, Regression, Matrix Algebra The capabilities of the graphing calculator 
are used throughout the text to graph and analyze functions, families of functions, 
and sequences; to calculate and graph regression curves; to perform matrix algebra; 
to graph linear inequalities; and other powerful uses. 


« Simple Programs We exploit the programming capabilities of a graphing calcula- 
tor to simulate real-life situations, to sum series, or to compute the terms of a recur- 
sive sequence. (See, for instance, pages 825 and 829.) 


Focus ON MODELING The “modeling” theme has been used throughout to unify and 
clarify the many applications of precalculus. We have made a special effort to clarify the 
essential process of translating problems from English into the language of mathematics 
(see pages 256 and 674). 


« Constructing Models There are numerous applied problems throughout the book 
where students are given a model to analyze (see, for instance, page 270). But the 
material on modeling, in which students are required to construct mathematical 
models, has been organized into clearly defined sections and subsections (see for 
example, pages 255, 378, and 525). 


« Focus on Modeling Each chapter concludes with a Focus on M odeling section. 
The first such section, after Chapter P, introduces the basic idea of modeling a real- 
life situation by using algebra. Other sections present ways in which linear, polyno- 
mial, exponential, logarithmic, and trigonometric functions, and systems of inequal- 
ities can all be used to model familiar phenomena from the sciences and from 
everyday life (see for example pages 333, 395, and 525). 


Book CompaNion WessiITE A website that accompanies this book is located at 
www. stewartmath.com. The site includes many useful resources for teaching precalcu- 
lus, including the following: 


= Discovery Projects Discovery Projects for each chapter are available on the web- 
site. Each project provides a challenging but accessible set of activities that enable 
students (perhaps working in groups) to explore in greater depth an interesting 
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aspect of the topic they have just learned. (See for instance the Discovery Projects 
Visualizing a Formula, Relations and Functions, Will the Species Survive?, and 
Computer Graphics | and II.) 


= Focus on Problem Solving Several Focus on Problem Solving sections are avail- 
able on the website. Each such section highlights one of the problem-solving prin- 
ciples introduced in the Prologue and includes several challenging problems. (See 
for instance Recognizing Patterns, Using Analogy, Introducing Something Extra, 
Taking Cases, and Working Backward.) 


MATHEMATICAL VIGNETTES Throughout the book we make use of the margins to pro- 
vide historical notes, key insights, or applications of mathematics in the modern world. 
These serve to enliven the material and show that mathematics is an important, vital ac- 
tivity, and that even at this elementary level it is fundamental to everyday life. 


» Mathematical Vignettes These vignettes include biographies of interesting 
mathematicians and often include a key insight that the mathematician discovered 
and which is relevant to precalculus. (See, for instance, the vignettes on Viéte, 
page 82; Salt Lake City, page 127; and radiocarbon dating, page 371). 


= Mathematics in the Modern World This is a series of vignettes that emphasizes 
the central role of mathematics in current advances in technology and the sciences 
(see pages 321, 738, and 797, for example). 


REVIEW SECTIONS AND CHAPTER Tests Each chapter ends with an extensive review 
section including the following. 


= Concept Check The Concept Check at the end of each chapter is designed to get 
the students to think about and explain in their own words the ideas presented in 
the chapter. These can be used as writing exercises, in a classroom discussion set- 
ting, or for personal study. 


= Review Exercises The Review Exercises at the end of each chapter recapitulate 
the basic concepts and skills of the chapter and include exercises that combine the 
different ideas learned in the chapter. 


= Chapter Test The review sections conclude with a Chapter Test designed to help 
students gauge their progress. 


= Cumulative Review Tests The Cumulative Review Tests following Chapters 2, 5, 
8, 10, 12, and 14 combine skills and concepts from the preceding chapters and are 
designed to highlight the connections between the topics in these related chapters. 


= Answers Brief answers to odd-numbered exercises in each section (including the 
review exercises), and to all questions in the Concepts Exercises and Chapter 
Tests, are given in the back of the book. 
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The complete solutions manual provides worked-out solutions to all of the problems in the 
text. 


Instructor's Guide |SBN-10: 1-111-56813-8; 1SBN-13: 978-1-111-56813-9 

Doug Shaw, author of the Instructor Guides for the widely used Stewart calculus texts, 
wrote this helpful teaching companion. It contains points to stress, suggested time to al- 
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group work exercises in a form suitable for handout, solutions to group work exercises, 
and suggested homework problems. 


Media 


Enhanced WebAssign |SBN-10: 0-538-73810-3; ISBN-13: 978-0-538-73810-1 
Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive online 
program for Precalculus to encourage the practice that's so critical for concept mastery. 
The meticulously crafted pedagogy and exercises in this text become even more effective 
in Enhanced WebAssign, supplemented by multimedia tutorial support and immediate 
feedback as students complete their assignments. Algorithmic problems allow you to as- 
sign unique versions to each student. The Practice A nother Version feature (activated at 
your discretion) allows students to attempt the questions with new sets of values until they 
feel confident enough to work the original problem. Students benefit from a new Premium 
eB ook with highlighting and search features; Personal Study Plans (based on diagnostic 
quizzing) that identify chapter topics they still need to master; and links to video solutions, 
interactive tutorials, and even live online help. 


ExamView Computerized Testing 

ExamView® testing software allows instructors to quickly create, deliver, and customize 
tests for class in print and online formats, and features automatic grading. Includes a test 
bank with hundreds of questions customized directly to the text. ExamView is available 
within the PowerL ecture CD-ROM. 


Solution Builder www.cengage.com/solutionbuilder 

This online instructor database offers complete worked solutions to all exercises in the 
text, allowing you to create customized, secure solutions printouts (in PDF format) 
matched exactly to the problems you assign in class. 
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PowerLecture with ExamView 

ISBN-10: 1-111-56815-4; ISBN-13: 978-1-111-56815-3 

This CD-ROM provides the instructor with dynamic media tools for teaching. Create, de- 
liver, and customize tests (both print and online) in minutes with ExamView® Computer- 
ized Testing Featuring Algorithmic Equations. Easily build solution sets for homework or 
exams using Solution Builder's online solutions manual. M icrosoft® PowerPoint® lecture 
Slides and figures from the book are also included on this CD-ROM. 


STUDENT RESOURCES 
Printed 


Student Solution Manual 

ISBN-10: 0-8400-6923-5; ISBN-13: 978-0-8400-6923-8 

Contains fully worked-out solutions to all of the odd-numbered exercises in the text, giv- 
ing students a way to check their answers and ensure that they took the correct steps to ar- 
rive at an answer. 


Study Guide |SBN-10: 1-111-56810-3; ISBN-13: 978-1-111-56810-8 
This carefully crafted learning resource helps students develop their problem-solving 
skills while reinforcing their understanding with detailed explanations, worked-out ex- 
amples, and practice problems. Students will also find listings of key ideas to master. Each 
section of the main text has a corresponding section in the Study Guide. 


Media 


Enhanced WebAssign |SBN-10: 0-538-73810-3; |SBN-13: 978-0-538-73810-1 
Exclusively from Cengage Learning, Enhanced WebAssign® offers an extensive online 
program for Precalculus to encourage the practice that's so critical for concept mastery. 
You'll receive multimedia tutorial support as you complete your assignments. Y ou'll also 
benefit from a new Premium eB ook with highlighting and search features; Personal Study 
Plans (based on diagnostic quizzing) that identify chapter topics you still need to master; 
and links to video solutions, interactive tutorials, and even live online help. 


Book Companion Website 

A new website www.stewartmath.com contains Discovery Projects for each chapter and 
Focus on Problem Solving sections that highlight different problem-solving principles 
outlined in the Prologue. 


CengageBrain.com 

Visit www.cengagebrain.com to access additional course materials and companion re- 
sources. At the CengageB rain.com home page, search for the ISBN of your title (from the 
back cover of your book) using the search box at the top of the page. This will take you 
to the product page where free companion resources can be found. 


Text-Specific DVDs |ISBN-10: 1-111-57275-5; ISBN-13: 978-1-111-57275-4 

The Text-Specific DVDs include new learning objective based lecture videos. These 
DV Ds provide comprehensive coverage of the course— along with additional explana- 
tions of concepts, sample problems, and applications— to help students review essential 
topics. 


TO THE STUDENT 


This textbook was written for you to use as a guide to mastering algebra and trigonome- 
try. Here are some suggestions to help you get the most out of your course. 

First of all, you should read the appropriate section of text before you attempt your 
homework problems. Reading a mathematics text is quite different from reading a novel, 
a newspaper, or even another textbook. You may find that you have to reread a passage 
several times before you understand it. Pay special attention to the examples, and work 
them out yourself with pencil and paper as you read. Then do the linked exercises referred 
to in “Now Try Exercise...” at the end of each example. With this kind of preparation 
you will be able to do your homework much more quickly and with more understanding. 

Don’t make the mistake of trying to memorize every single rule or fact you may come 
across. Mathematics doesn’t consist simply of memorization. M athematics is a problem- 
solving art, not just a collection of facts. To master the subject you must solve problems— 
lots of problems. Do as many of the exercises as you can. Be sure to write your solutions 
in a logical, step-by-step fashion. Don’t give up on a problem if you can’t solve it right 
away. Try to understand the problem more clearly— reread it thoughtfully and relate it to 
what you have learned from your teacher and from the examples in the text. Struggle with 
it until you solve it. Once you have done this a few times you will begin to understand 
what mathematics is really all about. 

Answers to the odd-numbered exercises, as well as all the answers to the concept exer- 
cises and to each chapter test, appear at the back of the book. If your answer differs from the 
one given, don’t immediately assume that you are wrong. There may be a calculation that 
connects the two answers and makes both correct. For example, if you get 1/(/2 — 1) but 
the answer given is 1 + \/2, your answer is correct, because you can multiply both numer- 
ator and denominator of your answer by 2 + 1 to change it to the given answer. In round- 
ing approximate answers, follow the guidelines in the Appendix: Calculations and Signifi- 
cant Figures. 

The symbol @) is used to warn against committing an error. We have placed this sym- 
bol in the margin to point out situations where we have found that many of our students 
make the same mistake. 
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Chuck Painter/Stanford News Service 


GEORGE POLYA (1887-1985) is famous 
among mathematicians for his ideas on 
problem solving. His lectures on prob- 
lem solving at Stanford University at- 
tracted overflow crowds whom he held 
on the edges of their seats, leading 
them to discover solutions for them- 
selves. He was able to do this because 
of his deep insight into the psychology 
of problem solving. His well-known 
book How To Solve It has been trans- 
lated into 15 languages. He said that 
Euler (see page 92) was unique among 
great mathematicians because he ex- 
plained how he found his results. Polya 
often said to his students and col- 
leagues, “Yes, | see that your proof is 
correct, but how did you discover it?” In 
the preface to How To Solve It, Polya 
writes,“A great discovery solves a great 
problem but there is a grain of discov- 
ery in the solution of any problem. Your 
problem may be modest; but if it chal- 
lenges your curiosity and brings into 
play your inventive faculties, and if you 
solve it by your own means, you may 
experience the tension and enjoy the 
triumph of discovery.” 


mcenmencninam PRINCIPLES OF PROBLEM SOLVING 


The ability to solve problems is a highly prized skill in many aspects of our lives; itis cer- 
tainly an important part of any mathematics course. There are no hard and fast rules that 
will ensure success in solving problems. However, in this Prologue we outline some gen- 
eral steps in the problem-solving process and we give principles that are useful in solv- 
ing certain problems. These steps and principles are just common sense made explicit. 
They have been adapted from George Polya’s insightful book How To Solve It. 


1. Understand the Problem 


The first step is to read the problem and make sure that you understand it. Ask yourself 
the following questions: 


What is the unknown? 
What are the given quantities? 
What are the given conditions? 


For many problems it is useful to 
draw a diagram 
and identify the given and required quantities on the diagram. Usually, it is necessary to 
introduce suitable notation 


In choosing symbols for the unknown quantities, we often use letters such as a, b, c, m, 
n, x, and y, but in some cases it helps to use initials as suggestive symbols, for instance, 
V for volume or t for time. 


2. Think of a Plan 


Find a connection between the given information and the unknown that enables you to 
calculate the unknown. It often helps to ask yourself explicitly: “How can | relate the 
given to the unknown?” If you don’t see a connection immediately, the following ideas 
may be helpful in devising a plan. 


> Try to Recognize Something Familiar 


Relate the given situation to previous knowledge. Look at the unknown and try to recall 
a more familiar problem that has a similar unknown. 


P1 


P2 


Prologue 


> Try to Recognize Patterns 


Certain problems are solved by recognizing that some kind of pattern is occurring. The 
pattern could be geometric, numerical, or algebraic. If you can see regularity or repetition 
ina problem, then you might be able to guess what the pattern is and then prove it. 


> Use Analogy 


Try to think of an analogous problem, that is, a similar or related problem but one that is 
easier than the original. If you can solve the similar, simpler problem, then it might give 
you the clues you need to solve the original, more difficult one. For instance, if a prob- 
lem involves very large numbers, you could first try a similar problem with smaller num- 
bers. Or if the problem is in three-dimensional geometry, you could look for something 
similar in two-dimensional geometry. Or if the problem you start with is a general one, 
you could first try a special case. 


> Introduce Something Extra 


You might sometimes need to introduce something new—an auxiliary aid— to make 
the connection between the given and the unknown. For instance, in a problem for which 
a diagram is useful, the auxiliary aid could be a new line drawn in the diagram. In a more 
algebraic problem the aid could be a new unknown that relates to the original unknown. 


> Take Cases 


You might sometimes have to split a problem into several cases and give a different ar- 
gument for each case. For instance, we often have to use this strategy in dealing with ab- 
solute value. 


> Work Backward 


Sometimes it is useful to imagine that your problem is solved and work backward, step 
by step, until you arrive at the given data. Then you might be able to reverse your steps 
and thereby construct a solution to the original problem. This procedure is commonly 
used in solving equations. For instance, in solving the equation 3x — 5 = 7, we suppose 
that x is a number that satisfies 3x — 5 = 7 and work backward. We add 5 to each side of 
the equation and then divide each side by 3 to get x = 4. Since each of these steps can be 
reversed, we have solved the problem. 


> Establish Subgoals 


In a complex problem it is often useful to set subgoals (in which the desired situation is 
only partially fulfilled). If you can attain or accomplish these subgoals, then you might be 
able to build on them to reach your final goal. 


> Indirect Reasoning 


Sometimes it is appropriate to attack a problem indirectly. In using proof by contradic- 
tion to prove that P implies Q, we assume that P is true and Q is false and try to see why 
this cannot happen. Somehow we have to use this information and arrive at a contradic- 
tion to what we absolutely know is true. 


> Mathematical Induction 


In proving statements that involve a positive integer n, it is frequently helpful to use the 
Principle of Mathematical Induction, which is discussed in Section 13.5. 


3. Carry Out the Plan 


In Step 2, a plan was devised. In carrying out that plan, you must check each stage of the 
plan and write the details that prove that each stage is correct. 


Try a special case > 


Understand the problem > 


Introduce notation > 


State what is given > 


Identify the unknown > 


Connect the given 
with the unknown 
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4. Look Back 


Having completed your solution, it is wise to look back over it, partly to see whether any 
errors have been made and partly to see whether you can discover an easier way to solve 
the problem. Looking back also familiarizes you with the method of solution, which may 
be useful for solving a future problem. Descartes said, “Every problem that | solved be- 
came a rule which served afterwards to solve other problems.” 


We illustrate some of these principles of problem solving with an example. 


PROBLEM | Average Speed 


A driver sets out on a journey. For the first half of the distance, she drives at the leisurely 
pace of 30 mi/h; during the second half she drives 60 mi/h. What is her average speed on 
this trip? 


THINKING ABOUT THE PROBLEM 


It is tempting to take the average of the speeds and say that the average speed for 
the entire trip is 


30 + 60 
2 


But is this simple-minded approach really correct? 

Let's look at an easily calculated special case. Suppose that the total distance 
traveled is 120 mi. Since the first 60 mi is traveled at 30 mi/h, it takes 2 h. The 
second 60 mi is traveled at 60 mi/h, so it takes one hour. Thus, the total time is 
2 + 1 = 3 hours and the average speed is 

120 


a = 40 mi/h 


So our guess of 45 mi/h was wrong. 


= 45 mi/h 


SOLUTION 
We need to look more carefully at the meaning of average speed. It is defined as 


distance traveled 
time elapsed 


average speed = 


Let d be the distance traveled on each half of the trip. Let t, and t, be the times taken for 
the first and second halves of the trip. Now we can write down the information we have 
been given. For the first half of the trip we have 


d 
30 = & 
and for the second half we have 
d 
60 = é 


Now we identify the quantity that we are asked to find: 


total distance 2d 
total time t+ t 


average speed for entire trip = 


To calculate this quantity, we need to know t, and t,, so we solve the above equations for 
these times: 
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Don't feel bad if you can't solve these 


So the average speed for the entire trip is 40 mi/h. 


Now we have the ingredients needed to calculate the desired quantity: 


average speed = = = 2d 
a ae 
30 = 60 
60(2d) 
= Multiply numerator and 
eo( = i 5) denominator by 60 
30 = 60 
120d 120d 
Wed ad 


problems right away. Problems 1 and 4 
were sent to Albert Einstein by his 
friend Wertheimer. Einstein (and his 
friend Bucky) enjoyed the problems 1 
and wrote back to Wertheimer. Here is 

part of his reply: 


Your letter gave us a lot of 
amusement. The first intelli- 
gence test fooled both of us 
(Bucky and me). Only on work- 


ing it out did | notice that no 3 


time is available for the down- 
hill run! Mr. Bucky was also 
taken in by the second example, 
but | was not. Such drolleries 
show us how stupid we are! 


(See Mathematical Intelligencer, Spring 1990, 
page 41.) 


PROBLEMS 


. Distance, Time, and Speed = An old car has to travel a 2-mile route, uphill and down. 


Because it is so old, the car can climb the first mile— the ascent— no faster than an average 
speed of 15 mi/h. How fast does the car have to travel the second mile— on the descent it can 
go faster, of course— to achieve an average speed of 30 mi/h for the trip? 


. Comparing Discounts Which price is better for the buyer, a 40% discount or two suc- 


cessive discounts of 20%? 


. Cutting up aWire A piece of wire is bent as shown in the figure. You can see that one 


cut through the wire produces four pieces and two parallel cuts produce seven pieces. H ow 
many pieces will be produced by 142 parallel cuts? Write a formula for the number of pieces 
produced by n parallel cuts. 


/\ 
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. Amoeba Propagation An amoeba propagates by simple division; each split takes 


3 minutes to complete. When such an amoeba is put into a glass container with a nutrient 
fluid, the container is full of amoebas in one hour. How long would it take for the container 
to be filled if we start with not one amoeba, but two? 


. Batting Averages Player A has a higher batting average than player B for the first half 


of the baseball season. Player A also has a higher batting average than player B for the sec- 
ond half of the season. Is it necessarily true that player A has a higher batting average than 
player B for the entire season? 


. Coffee and Cream _ A spoonful of cream is taken from a pitcher of cream and put into a 


cup of coffee. The coffee is stirred. Then a spoonful of this mixture is put into the pitcher of 
cream. Is there now more cream in the coffee cup or more coffee in the pitcher of cream? 


. Wrapping the World A ribbon is tied tightly around the earth at the equator. How 


much more ribbon would you need if you raised the ribbon 1 ft above the equator every- 
where? (You don’t need to know the radius of the earth to solve this problem.) 


. Ending Up Where You Started A woman starts at a point P on the earth’s surface 
and walks 1 mi south, then 1 mi east, then 1 mi north, and finds herself back at P, the start- 
ing point. Describe all points P for which this is possible. [Hint: There are infinitely many 
such points, all but one of which lie in Antarctica. ] 


Many more problems and examples that highlight different problem-solving principles are 
available at the book companion website: www.stewartmath.com. Y ou can try them as 


you progress through the book. 
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CHAPTER |-o 


P.1 Real Numbers and 
Their Properties 


P.2 The Real Number 
Line and Order 


P.3 Integer Exponents 


P.4 Rational Exponents 
and Radicals 


P.5 Algebraic Expressions 
P.6 Factoring 
P.7_ Rational Expressions 


FOCUS ON MODELING 
Modeling the Real World 
with Algebra 


We use numbers every day. Sometimes we notice patterns in numbers, and 
that’s where algebra comes in. By using letters to stand for numbers, we write 
formulas that help us to predict properties of real-world objects or processes. 
For example, an ocean diver knows that the deeper he dives, the higher the 
water pressure. The pattern of how pressure changes with depth can be 
expressed as an algebra formula (or model). If we let P stand for pressure (in 
Ib/in?) and d for depth (in ft) we can express the relationship by the formula 


P = 14.7 + 0.45d 


This formula can be used to predict water pressure at great depths (without 
having to dive to those depths). To get more information from this model, such 
as the depth at a given pressure, we need to know the rules of algebra, that is, 
the rules for working with numbers. In this chapter we review these rules. 


with depth 


reases 


T 


Water pressure inc 


2 CHAPTER P | Prerequisites 


P.1 REAL NUMBERS AND THEIR PROPERTIES 


The different types of real numbers 
were invented to meet specific needs. 
For example, natural numbers are 
needed for counting, negative num- 
bers for describing debt or below-zero 
temperatures, rational numbers for 
concepts such as “half a gallon of 
milk,” and irrational numbers for mea- 
suring certain distances, such as the 
diagonal of a square. 


A repeating decimal such as 
X = 35474747... 


is arational number. To convert it to a 
ratio of two integers, we write 


1000x = 3547.47474747. .. 
10x =  35.47474747... 
990x = 3512.0 


Thus x = 333. (The idea is to multiply x 


by appropriate powers of 10 and then 
subtract to eliminate the repeating part.) 


Types of Real Numbers ® Operations on Real Numbers > Properties of Real 
Numbers ® Addition and Subtraction ® Multiplication and Division 


V Types of Real Numbers 


Let's review the types of numbers that make up the real number system. We start with the 
natural numbers: 


1,2,3,4,... 
The integers consist of the natural numbers together with their negatives and 0: 
6 = 3S 2, =], 0; 1,2; 344+. 


We construct the rational numbers by taking ratios of integers. Thus any rational num- 
ber r can be expressed as 


r=— 
n 


where m and n are integers and n # 0. Examples are 

> 5 46 = 0.17 = it 
(Recall that division by 0 is always ruled out, so expressions such as 3 and § are 
undefined.) There are also real numbers, such as \/2, that cannot be expressed as a ratio 
of integers and are therefore called irrational numbers. It can be shown, with varying de- 
grees of difficulty, that these numbers are also irrational: 
3 


V3 V5 wW2 7 =) 
T 
The set of all real numbers is usually denoted by the symbol RR. When we use the word 
number without qualification, we will mean “real number.” Figure 1 is a diagram of the 


types of real numbers that we work with in this book. 


Irrational numbers 


3 
V3, oe V2, Th 


Rational numbers 


1 3 
3? ~7? 46, 0.17, 0.6, 0.317 


Integers 
2 Natural numbers 


cea =o) =, —Il, 0, ae 


FIGURE 1. Thereal number system 
Every real number has a decimal representation. If the number is rational, then its cor- 
responding decimal is repeating. For example, 
+ = 0.5000... = 0.50 $= 0.66666... = 0.6 
age = 0.3171717... = 0.317 $= 1,285714285714... = 1.285714 


(The bar indicates that the sequence of digits repeats forever.) If the number is irrational, 
the decimal representation is nonrepeating: 


V2 = 1.414213562373095. .. am = 3.141592653589793. .. 


BHASKARA (born 1114) was an In- 
dian mathematician, astronomer, and 
astrologer. Among his many accom- 
plishments was an ingenious proof of 
the Pythagorean Theorem. (See Focus 
on Problem Solving 5, Problem 12, 

at the book companion website 
www.stewartmath.com.) His impor- 
tant mathematical book Lilavati [The 
Beautiful] consists of algebra problems 
posed in the form of stories to his 
daughter Lilavati. Many of the prob- 
lems begin “Oh beautiful maiden, sup- 
pose...” The story is told that using as- 
trology, Bhaskara had determined that 
great misfortune would befall his 
daughter if she married at any time 
other than at a certain hour of a certain 
day. On her wedding day, as she was 
anxiously watching the water clock, a 
pearl fell unnoticed from her head- 
dress. It stopped the flow of water in 
the clock, causing her to miss the 
opportune moment for marriage. 
Bhaskara’s Lilavati was written to 
console her. 
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If we stop the decimal expansion of any number at a certain place, we get an approxima- 
tion to the number. For instance, we can write 


aw ~ 3.14159265 


where the symbol = is read “is approximately equal to.” The more decimal places we re- 
tain, the better our approximation. 


EXAMPLE 1 | Classifying Real Numbers 


Determine whether each given real number is a natural number, an integer, a rational num- 
ber, or an irrational number. 


(a) 999 (b) —§ 


SOLUTION 

(a) 999 is a positive whole number, so it is a natural number. 

(b) —% is aratio of two integers, so it is a rational number. 

(c) —§$ equals —2, so it is an integer. 

(d) 25 equals 5, so it is a natural number. 

(e) V3 is anonrepeating decimal (approximately 1.7320508075689), so it is an irra- 
tional number. 
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(c) —§ (d) V25 (e) V3 


V Operations on Real Numbers 


Real numbers can be combined by using the familiar operations of addition, subtraction, 
multiplication, and division. When evaluating arithmetic expressions that contain several 
of these operations, we use the following conventions to determine the order in which the 
operations are performed: 


1. Perform operations inside parentheses first, beginning with the innermost pair. 
In dividing two expressions, the numerator and denominator of the quotient are 
treated as if they are within parentheses. 


2. Perform all multiplications and divisions, working from left to right. 
3. Perform all additions and subtractions, working from left to right. 


EXAMPLE 2 | Evaluating an Arithmetic Expression 


Find the value of the expression 


(2 +4) -25 +9) 


2:3 


SOLUTION First we evaluate the numerator and denominator of the quotient, since 
these are treated as if they are inside parentheses: 


(ie | 4) 2(5 +9) -3(2 +4) ~ 25 +9) 


Evaluate numerator 
and denominator 


= 333 + 4) — 2(5 + 9) Evaluate quotient 
=3-7—-2-14 Evaluate parentheses 
= 21 — 28 Evaluate products 
=-—] Evaluate difference 
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V Properties of Real Numbers 


We all know that 2 + 3 = 3 + 2. Wealso know that5 + 7=7+5,13 + 87 = 87 + 13, 
and so on. In algebra, we express all these (infinitely many) facts by writing 


at+b=bt+a 


where a and b stand for any two numbers. In other words, “a + b = b + a” is aconcise 
way of saying that “when we add two numbers, the order of addition doesn’t matter.” This 
fact is called the Commutative Property of Addition. From our experience with numbers 
we know that the properties in the following box are also valid. 


PROPERTIES OF REAL NUMBERS 
Property Example Description 


Commutative Properties 
at+b=bc+a dar 3 = Sob 7 When we add two numbers, order doesn’t matter. 


3-5=5-3 When we multiply two numbers, order doesn’t 
matter. 


Associative Properties 
(a+b)+c=at+(b+c) (2+4)+7=2+(4+7) When weadd three numbers, it doesn’t matter which 


two we add first. 
(ab)c = a(bc) (3-7)-5 =3-(7-5) When we multiply three numbers, it doesn’t 
matter which two we multiply first. 
Distributive Property 


a(b +c) = ab + ac 2-(34+5) =2-34+2-5 When we multiply a number by a sum of two 


(b + c)a =ab +ac (3+5)-2=2-342-5 numbers, we get the same result as multiplying 
the number by each of the terms and then adding 
the results. 


The Distributive Property is crucial The Distributive Property applies whenever we multiply a number by a sum. Figure 2 
because it describes the way addition explains why this property works for the case in which all the numbers are positive inte- 


and multiplication interact with each gers, but the property is true for any real numbers a, b, and c. 
other. 


2(3 + 5) 
eee e 
eee eeeee 
eee eeceee 
eee eeceee 
23 2e5 


FIGURE 2 The Distributive Property 


EXAMPLE 3 | Using the Properties of Real Numbers 


(a) 2+ (38+7)=2+(7+3) Commutative Property of Addition 
=(2+7)+3 Associative Property of Addition 


AY 
(b) 2(x + 3) =2-x + 2-3 Distributive Property 
=2x+6 Simplify 


@ Don't assume that —a is a negative 
number. Whether —a is negative or 
positive depends on the value of a. For 
example, if a = 5, then -a = —5,a 
negative number, but if a = —5, then 
—a = —(—5) = 5 (Property 2), a pos- 
itive number. 
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(c) (a + b)(x + y) = (a + b)x + (a + b)y Distributive Property 
= (ax + bx) + (ay + by) Distributive Property 
= ax + bx + ay + by Associative Property of Addition 


In the last step we removed the parentheses because, according to the Associative 
Property, the order of addition doesn’t matter. 
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V Addition and Subtraction 


The number 0 is special for addition; it is called the additive identity because 
a + 0 =a for any real number a. Every real number a has a negative, —a, that satisfies 
a + (—a) = 0. Subtraction is the operation that undoes addition; to subtract a number 
from another, we simply add the negative of that number. By definition 


a—b=a + (-b) 


To combine real numbers involving negatives, we use the following properties. 


PROPERTIES OF NEGATIVES 


Property Example 
1. 


2 
3 
4. 
5 
6 


Property 6 states the intuitive fact that a — b and b — a are negatives of each other. 
Property 5 is often used with more than two terms: 


=a O-+ t= —b = 2 =< 


EXAMPLE 4 | Using Properties of Negatives 


Let x, y, and z be real numbers. 


(a) -3+2)=-3-2 Property 5: -(a +b) =-a- b 
(b) -K + 2)=-x-2 Property 5: -(a +b) =-a- b 
(c) -(x+y -—z) = -x -y —(-z) Property 5: -(a +b) =-a- b 
=-x-ytz Property 2: -(-a) =a 
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V Multiplication and Division 


The number 1 is special for multiplication; itis called the multiplicative identity because 
a + 1 =a for any real number a. Every nonzero real number a has an inverse, 1/a, that 
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PROPERTIES OF FRACTIONS 
Property 


1. 


a c 
: If = qr then ad = be 


The word algebra comes from the 
9th-century Arabic book Hisdb al- 

Jabr w’al-Muqabala, written by 
al-Khowarizmi. The title refers to trans- 
posing and combining terms, two 
processes that are used in solving 
equations. In Latin translations the title 
was shortened to Aljabr, from which we 
get the word algebra. The author's 
name itself made its way into the 
English language in the form of our 
word algorithm. 


satisfies a -(1/a) = 1. Division is the operation that undoes multiplication; to divide by a 
number, we multiply by the inverse of that number. If b # 0, then by definition 
1 
a=+b=a a 


We write a -(1/b) as simply a/b. We refer to a/b as the quotient of a and b or as the frac- 
tion a over b; a is the numerator and b is the denominator (or divisor). To combine real 
numbers using the operation of division, we use the following properties. 


Example 
Zoe eo AD 


Description 


When multiplying fractions, multiply numerators 


37 = 37 © 01 and denominators. 


28 14 When dividing fractions, invert the divisor and 


eee 
3.5 


2° Y 15 multiply. 


Ve ae lane ieee | When adding fractions with the same denomi- 


+ 


5. OS nator, add the numerators. 


When adding fractions with different denomina- 


tors, find a common denominator. Then add the 
numerators. 


Cancel numbers that are common factors in the 
numerator and denominator. 


Cross-multiply. 


W hen adding fractions with different denominators, we don’t usually use Property 4. In- 
stead we rewrite the fractions so that they have the smallest possible common denominator 
(often smaller than the product of the denominators), and then we use Property 3. This de- 
nominator is the Least Common Denominator (LCD) described in the next example. 


EXAMPLE 5 | Using the LCD to Add Fractions 


5 7 
Evaluate. =~ + ——~ 
auet® 36” 120 
SOLUTION Factoring each denominator into prime factors gives 


36 = 2.3" 120 = 2«3-5 


We find the least common denominator (LCD) by forming the product of all the factors 
that occur in these factorizations, using the highest power of each factor. Thus the LCD 
is 23- 37-5 = 360. So 


and 


° d a —_ = Use common denominator 
36 6=6©120)0)=—336-10)=3=—120-3 
50 ns 21 71 Property 3: Adding fractions with the 
~ 360 360 360 same denominator 
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CONCEPTS 21. Distributive Property, 4(A +B) = 
1. Give an example of each of the following: 22. Distributive Property, 5x + 5y = 
(a) A natural number 
(b) An integer that is not a natural number 23-28 m Use properties of real numbers to write the expression 
(c) A rational number that is not an integer without parentheses. 
d) An irrational number 
(d) 23. 3(x + y) 24. (a — b)8 
2. Complete each statement, and name the property of real Fi 
numbers you have used. 25. 4(2m) 26. 3(—6y) 
5 
(a) ab = Property 27. —5(2x — 4y) 28. (3a)(b + € = 2d) 
(by a+ += PROpEley 29-40 m Perform the indicated operations. 
(c) a(b+c)= ; Property % 29.344 30. 5+ 
7 two fractions, t first th that th 
3. To add two fractions, you must first express them so that they 31.223 143-1 
ia - a 7 a 33, 2(6 — 3) 34, 0.25(8 + 3) 
4. To divide two fractions, you _______ the divisor and then 1/4 _ 4 1 na. 
aie 35. (2+ D0 -9 6. 0-DG+) 
2 S ss 
37.5 -2 38. 4 
3 2 a7 3 
SKILLS 7=3 re 
39. 7-7 40. 7-3 
5-6 m List the elements of the given set that are 273 to * 15 
(a) natural numbers 
(b) integers 41-42 = Express each repeating decimal as a fraction. (See the 
(c) rational numbers margin note on page 2.) 
(d) irrational numbers 41. (a) 0.7 (b) 0.28 (c) 0.57 


= = —} 3 <e = nee 
~ 5. {0, —10, 50, ¥, 0.538, V7, 1.23, —3, V2} 42. (a) 5.23 (b) 1.37 (c) 2.135 


6. {1.001, 0.333..., —a, —11, 11, #, V16, 3.14, 2 
7-10 = Evaluate the arithmetic expression. 
©. 7, -2 + [4-7 —5(9 - §$)] APPLICATIONS 
8. 3(4-6 — 2-10) + 7(15 — 8-2) 43. Area ofaGarden Mary's backyard vegetable garden 
547 measures 20 ft by 30 ft, so its area is 20 x 30 = 600 ft. 
©. 9, 6[12 — (17 — 2-3)] She decides to make it longer, as shown in the figure, so 
3 that the area increases to A = 20(30 + x). Which property of 
10. 1 — 2[3 — 4(5 — 6-7)] real numbers tells us that the new area can also be written 
A = 600 + 20x? 


11-18 m State the property of real numbers being used. 
11.7+10=10+7 30 ft x 
12. 233 +5) =(3 + 5)2 
13. (x + 2y) + 32 =X + (2y + 32) 
14, 2(A +B) = 2A + 2B 

“15. aa + 1)3 = 15x +3 
16. (x + a)(x + b) = (x + a)x + (K+ a)b 
17, 2x(3 + y) = (3 + y)2x 


20 ft 


18. 7(a+b+c) =7(a+b) + 7c DISCOVERY = DISCUSSION = WRITING 
19-22 m Rewrite the expression using the given property of 44, Sums and Products of Rational and Irrational 
real numbers. Numbers Explain why the sum, the difference, and the 


©. 19, Commutative Property of Addition, x +3 = product of two rational numbers are rational numbers. 
Is the product of two irrational numbers necessarily 
20. Associative Property of Multiplication, 7(3x) = irrational? W hat about the sum? 
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. Combining Rational Numbers with Irrational 
Numbers s+ V2 rational or irrational? Is 5 V2 
rational or irrational? In general, what can you say about 
the sum of a rational and an irrational number? W hat about the 


(e) Are the actions of washing laundry and drying it 
commutative? 

(f) Give an example of a pair of actions that is commutative. 

(g) Give an example of a pair of actions that is not 


product? commutative. 


46. Commutative and Noncommutative Operations 
We have seen that addition and multiplication are both 
commutative operations. 

(a) Is subtraction commutative? 

(b) Is division of nonzero real numbers commutative? 

(c) Are the actions of putting on your socks and putting on 
your shoes commutative? 

(d) Are the actions of putting on your hat and putting on your 
coat commutative? 


P.2 THE REAL NUMBER LINE AND ORDER 


The Real Line B® Order on the Real Line B Sets and Intervals B Absolute 
Value and Distance 


V The Real Line 


The real numbers can be represented by points on aline, as shown in Figure 1. The positive 
direction (toward the right) is indicated by an arrow. We choose an arbitrary reference point 
0, called the origin, which corresponds to the real number 0. Given any convenient unit of 
measurement, each positive number x is represented by the point on the line a distance of x 
units to the right of the origin, and each negative number —x is represented by the point x 
units to the left of the origin. Thus every real number is represented by a point on the line, 
and every point P on the line corresponds to exactly one real number. The number associ- 
ated with the point P is called the coordinate of P, and the line is then called a coordinate 
line, or a real number line, or simply a real line. Often we identify the point with its co- 
ordinate and think of a number as being a point on the real line. 


111 
-4.9 -4.7 —3.1725 “168 41 J3 4.2 4.4 4.9999 
\ $2.63 -V2\\y2  V2y V5 7 NYY 
5\ -4 3 2 1 of 1 2 3 4fr 5 
—4.85 0.3 4.3 4.5 


FIGURE 1 Thereal line 


V Order on the Real Line 


The real numbers are ordered. We say that a is less than b and writea < bifb —aisa 
positive number. Geometrically, this means that a lies to the left of b on the number line. 
Equivalently, we can say that 6 is greater than a and write b > a. The symbol a =b 
(or b = a) means that either a < b or a = b andis read “a is less than or equal to b.” For 
instance, the following are true inequalities (see Figure 2): 


—7T< -3 V2 <2 2<2 7<74<75 


a Pp 74 75 


FIGURE 2 


FIGURE 3 


Sn ae 
=. 0 


FIGURE 4 


+ 
SS 

Vy 2354p 5p 8h Tare 

ee ee ee 
5 V 


FIGURE 5 The open interval (a, b) 
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EXAMPLE 1 | Graphing Inequalities 


(a) On the real line, graph all the numbers x that satisfy the inequality x < 3. 
(b) On the real line, graph all the numbers x that satisfy the inequality x = —2. 


SOLUTION 


(a) We must graph the real numbers that are smaller than 3— those that lie to the left of 
3 on the real line. The graph is shown in Figure 3. Note that the number 3 is 
indicated with an open dot on the real line, since it does not satisfy the inequality. 

(b) We must graph the real numbers that are greater than or equal to —2: those that lie 
to the right of —2 on the real line, including the number —2 itself. The graph is 
shown in Figure 4. Note that the number —2 is indicated with a solid dot on the 
real line, since it satisfies the inequality. 
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V Sets and Intervals 


A set is acollection of objects, and these objects are called the elements of the set. If S 
is a set, the notation a € S means that a is an element of S, and b € S means that b is not 
an element of S. For example, if Z represents the set of integers, then —3 € Z but a ¢ Z. 

Some sets can be described by listing their elements within braces. For instance, the 
set A that consists of all positive integers less than 7 can be written as 


A = {1, 2,3, 4,5, 6} 
We could also write A in set-builder notation as 
A = {x| xis an integer and0 <x < 7} 


which is read “A is the set of all x such that x is an integer and 0 < x < 7.” 

If S and T are sets, then their union S U T is the set that consists of all elements that 
are in S or T (or in both). The intersection of S and T is the set S MT consisting of all el- 
ements that are in both S and T. In other words, S M T is the common part of S and T. The 
empty set, denoted by ©, is the set that contains no element. 


EXAMPLE 2 | Union and Intersection of Sets 


lf S = {1, 2, 3, 4, 5}, T = {4, 5, 6, 7}, and V = {6, 7, 8}, find the setsS UT,S AT, 
andS mV. 


SOLUTION 
SUT = {1, 2,3, 4,5, 6, 7} All elements in S or T 
SAT = {4, 5} Elements common to both S and T 
SNV=© S and V have no element in common 
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Certain sets of real numbers, called intervals, occur frequently in calculus and corre- 
spond geometrically to line segments. For example, if a <b, then the open interval from 
a to b consists of all numbers between a and b and is denoted by the symbol (a, b). Us- 
ing set-builder notation, we can write 


(a,b) = {x]}a <x <b} 


Note that the endpoints, a and b, are excluded from this interval. This fact is indicated by 
the parentheses( ) in the interval notation and the open circles on the graph of the inter- 
val in Figure 5. 


10 CHAPTER P | Prerequisites 


$e 


a b 


FIGURE 6 The closed interval [a, b] 


(1, 3) 
Oe) 
0 1 3 
[2,7] 
0 2 7 
[2, 3) 
oO 
0 2 3 


FIGURE 7 (1, 3) 92, 7] 


The closed interval from a to b is the set 


[a,b] = {x|a =x =b} 


Here the endpoints of the interval are included. This is indicated by the square brackets 
[ ]in the interval notation and the solid circles on the graph of the interval in Figure 6. 
It is also possible to include only one endpoint in an interval, as shown in the table of in- 


tervals below. 


We also need to consider infinite intervals, such as 


(a,oo) = {x|a < x} 


This does not mean that co (“infinity”) is a number. The notation (a, oo) stands for the set 
of all numbers that are greater than a, so the symbol co simply indicates that the interval 
extends indefinitely far in the positive direction. 

The following table lists the nine possible types of intervals. W hen these intervals are 
discussed, we will always assume that a < b. 


Notation Set description Graph 
(a, b) {x a<x<b} Se eee 
a b 
[a,b] {x a=x=b} = 
a b 
[a, b) {x|a =x <b} he aed 
a b 
(a, b] {x|a <x <b} SO 
a b 
(a, 00) {x|a <x} —— 
< SF 
[a, co) {x|a =x} 7 
(—co, b) {x| x < b} —— 
(—oo, b] {x| x = b} ————- 
(—co, 00) RR (set of all real numbers) ——— 


EXAMPLE 3 | Graphing Intervals 


Express each interval in terms of inequalities, and then graph the interval. 


(a) [-1,2) = {x|-1<x <2} 


(b) [1.5,4] = {x|1.5 =x <4} 


(c) (—3, 00) = {x| -3 < x} 
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EXAMPLE 4 | Finding Unions and Intersections of Intervals 


Graph each set. 
(a) (1,3) M [2,7] 


SOLUTION 


(b) (1,3) U [2,7] 


(a) The intersection of two intervals consists of the numbers that are in both 


intervals. Therefore 


(1,3) N [2,7] = {x]1<x<3and2 <x =7} 
S27 2x23)= (2,3) 


This set is illustrated in Figure 7. 


(1, 7] 


ee 


o 1 7 
FIGURE 8 (1, 3) U[2, 7] 


Mie ak) [si=s 


FIGURE 9 


No Smallest or Largest Number 
in an Open Interval 

Any interval contains infinitely many 
numbers—every point on the graph of 
an interval corresponds to a real num- 
ber. In the closed interval [0, 1], the 
smallest number is 0 and the largest is 
1, but the open interval (0, 1) contains 
no smallest or largest number. To see 
this, note that 0.01 is close to zero but 
0.001 is closer, 0.0001 is closer yet, and 
so on. So we can always find a number 
in the interval (0, 1) closer to zero than 
any given number. Since 0 itself is not 
in the interval, the interval contains no 
smallest number. Similarly, 0.99 is close 
to 1, but 0.999 is closer, 0.9999 closer 
yet, and so on. Since 1 itself is not in 
the interval, the interval has no largest 
number. 
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(b) The union of two intervals consists of the numbers that are in either one 
interval or the other (or both). Therefore 


(1,3) U [2,7] = {x| 1 <x<30r2 <x s7} 
={x|1<xs<7}=(1,7] 
This set is illustrated in Figure 8. 
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V Absolute Value and Distance 


The absolute value of a number a, denoted by |a|, is the distance from a to 0 on 
the real number line (see Figure 9). Distance is always positive or zero, so we have 
|a| = 0 for every number a. Remembering that —a is positive when a is negative, we 
have the following definition. 


DEFINITION OF ABSOLUTE VALUE 


If a is areal number, then the absolute value of a is 


ifa=0 
ifa <0 


a 
jal=4_- 


EXAMPLE 5 | Evaluating Absolute Values of Numbers 


(a) |3| =3 

(b) |-3| = -(-3) =3 

(c) |0| =0 

(d) |V2-—1| = V2-1 (sinceeV2 >1>V2-—1>0) 

() |3 -—7| =-3-a7)=7-3 (Sinceexr >353-7<0) 
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When working with absolute values, we use the following properties. 


PROPERTIES OF ABSOLUTE VALUE 
Example 
—3| =3=20 


Property Description 


The absolute value of 
a number is always positive 
or zero. 


A number and its negative 
have the same absolute 
value. 


The absolute value of a 
product is the product of 
the absolute values. 

The absolute value of a 
quotient is the quotient of 
the absolute values. 


lo la] =o 


a| = |-al elie) 


ab| = |a||b| 


—2-5/] = |—2|]5| 
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W hat is the distance on the real line between the numbers —2 and 11? From Figure 10 
we see that the distance is 13. We arrive at this by finding either |11 — (—2)| = 13 
or |(—2) — 11| = 13. From this observation we make the following definition (see 


Figure 11). 
« 13 » « |b-a 
eS SS — o> 
—2 0 11 a b 
FIGURE 10 FIGURE 11 Length of aline 


segment is |b — a| 


DISTANCE BETWEEN POINTS ON THE REAL LINE 


If a and b are real numbers, then the distance between the points a and b on the 


real line is 
d(a,b) = |b — a| 


From Property 6 of negatives it follows that |b — a| = |a — b|. This confirms that, 
as we would expect, the distance from a to b is the same as the distance from b to a. 


EXAMPLE 6 | Distance Between Points on the Real Line 
The distance between the numbers —8 and 2 is 

d(a,b) = |-8 — 2| = |—10| = 10 
We can check this calculation geometrically, as shown in Figure 12. 


< 10 » 
FIGURE 12 = Ge 
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CONCEPTS 6. The absolute value of the difference between a and b is (geo- 
1, Explain how to graph numbers on a real number line. metrically) the ______ between them on the real number line. 


2. If a <b, how are the points on a real line that correspond to 
the numbers a and b related to each other? 


3. The set of numbers between but not including 2 and 7 can be SKILLS 
written as follows: 7-8 m Place the correct symbol (<, >, or =) in the space. 


in set-builder notation and 7. (a) 3 EZ b) 39-2 (352 
—_______ in interval notation. 8. (a) 3 0.67 (b) 3 —0.67 (c) |0.67| | —0.67 | 
4. Explain the difference between the following two sets of 
numbers: 9-16 m State whether each inequality is true or false. 
pS e) Bate) 9. -6 < —10 10, V2>141 
5. The symbol |x| stands for the ______ of the number x. If x 10 12 1 
1. —<— 12 SoS] 
is not 0, then the sign of |x| is always _____. ll 13 2 
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13. —7 > -3 14.8 <9 41, -2<x<l 42.x =-5 
15. 11> 1.1 16.8 <8 43. x >-1 44. -5<x<2 
17-20 = On areal number line, graph the numbers that satisfy the 45-46 m Express each set in interval notation. 
inequality. 45. (a) —-—___—-_ > 
1 -3 0 5 
a = = 
17, X25 18. x > —4 (b) 
*.19 3 20. x <0 = ° 
19.425 .x< 
* : a6, (6) = — a 
0 2 


21-24 m Find the inequality whose graph is given. 
(b)§ —o——_—_— 4p —_______ > 


21. V—_—_—_—e ae 
‘ ; 2 0 
2? a 47-52 = Graph the set. 
-2 0 ®.47, (—2,0) U(-1,1) 48. (—2,0) N(-1,1) 
23. — 49. [—4,6] A [0,8) 50. [—4, 6) U [0, 8) 
51. (—co, —4) U (4,0) 52. (—oo, 6] MN (2, 10) 
26. 6 5 ’ 53-58 m Evaluate each expression. 
©. 53. (a) |100| (b) | —73| 
25-26 m= Write each statement in terms of inequalities. 
ne 54. (a) |V/5 — 5| (b) |10 — =| 
25. (a) x is positive. 
(b) tis less than 4. 55. (a) |-6|-|-4]| (b) | 
(c) a is greater than or equal to zr. et 
(d) x is less than 3 and is greater than —5. 56. (a) [2 — |—12I| (b) -1 - |1 - |-1]| 
(e) The distance from p to 3 is at most 5. F 
. 57. (a) |(—2)-6| (b) |(—3)(—15)| 
26. (a) y is negative. ' = 
(b) z is greater than 1. 58. 7e b | = | 
(c) b is at most 8. (a) 24 (b) 127; 


(d) w is positive and is less than or equal to 17. 


(e) y is at least 2 units from 59-62 m Find the distance between the given numbers. 


59. ——— — 
27-30 m Find the indicated set if 3-2-1 0 1 2 3 
A = {1,2,3, 4,5, 6,7 B = {2,4, 6,8 C = {7, 8,9, 10 60. e+ 
t } t } t } ee ae 0 12 3 
©.27. (a) AUB (b) ANB 
28. (a) BUC (b) BAC © .61. (a) 2 and 17 (b) —3 and 21 (c) a and - 
29. (a) AUC (b) ANC 62. (a) Gand—+ = (b) —38 and -57 ~— (c) —2.6 and -1.8 
30. (a) AUBUC (b) AN BAC 
31-32 m Find the indicated set if APPLICATIONS 
A=—2|X 2-2} Bo{xlxx4p C=f|=-l<x=5} 63. Temperature Variation § The bar graph shows the daily 
31. (a) BUC (b) BAC high temperatures for Omak, Washington, and Geneseo, N ew 
York, during a certain week in June. Let T, represent the tem- 
32. (a) ANC (b) ANB perature in Omak, and let T, represent the temperature in 


Geneseo. CalculateT, — Tg and |T) — T,| for each day 


33-38 = Express the interval in terms of inequalities, and then shown. Which of these two values gives more information? 


graph the interval. 


&. 33. (—3, 0) 34. (2, 8] _ {§) Omak, WA 
& 80 @ Geneseo, NY 
35. (2, 8) 36. |—6, —3] bo 
2B 75 
37. [2,c0) 38. (—0o, 1) 2s 
A & 70 
39-44 m Express the inequality in interval notation, and then Q : 
graph the corresponding interval. 65 


Sun Mon Tue Wed Thu Fri _ Sat 
39. x <1 4..1=x<2 Day 
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64. Fuel Consumption Suppose an automobile’s fuel con- 


sumption is 28 mi/gal in city driving and 34 mi/gal in highway DISCOVERY =DISCUSSION * WRITING 


driving. If x denotes the number of city miles and y denotes 66. Signs of Numbers Leta, b, and c be real numbers such 
the number of highway miles, then the total miles this car can thata > b > 0, and c <0. Find the sign of each expression. 
travel on a 15-gallon tank of fuel must satisfy the inequality (a) —a (b) —c (c) bc 
ax tay S15 (d) ae (e) c—a (f) a — be 
ag (g) c (h) —abc 
Use this inequality to answer the following questions. (A s- <a . . 
sume that the car has a full tank of fuel.) 67. Limiting Behavior of Reciprocals Complete the 
(a) Can the car travel 165 city miles and 230 highway miles tables. What happens to the size of the fraction 1/x as x gets 
before running out of gas? large? As x gets small? 
(b) If the car has been driven 280 miles in the city, how many ——— 
highway miles can it be driven before running out of fuel? EG 1x x 1x 
65. Mailing a Package The post office will accept only ul 1.0 
packages for which the length plus the “girth” (distance 2 0.5 
around) is no more than 108 inches. Thus for the package in 10 0.1 
the figure, we must have 100 0.01 
L + 2(x + y) = 108 sla mee 
(a) Will the post office accept a package that is 6 in. wide, 68, Irrational Numbers and Geometry Using the 


8 in. deep, and 5 ft long? What about a package that mea- 
sures 2 ft by 2 ft by 4 ft? 

(b) What is the greatest acceptable length for a package that 
has a square base measuring 9 in. by 9 in? 


following figure, explain how to locate the point V2 ona 
number line. Can you locate V5 by a similar method? W hat 
about V6? List some other irrational numbers that can be 
located this way. 


/k#—— L —>| 5 ft = 60 in. i 
a... 7 ara 
Ee io 

= 0 i > 


P.3 


INTEGER EXPONENTS 


Exponential Notation B® Rules for Working with Exponents B® Scientific 


Notation 


In this section we review the rules for working with exponent notation. We also see how 
exponents can be used to represent very large and very small numbers. 


V Exponential Notation 


A product of identical numbers is usually written in exponential notation. For example, 
5-5-5 is written as 5°. In general, we have the following definition. 


EXPONENTIAL NOTATION 


If ais any real number and n is a positive integer, then the mth power of a is 


an =ad-a-:::-q 
Se 


n factors 


The number a is called the base, and n is called the exponent. 


@ Note the distinction between 
(—3)* and —3*, In (—3)* the exponent 
applies to —3, but in —3* the exponent 
applies only to 3. 
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EXAMPLE 1 | Exponential Notation 
(a) GY = BEHEAG) = 3 

(b) (—3)* = (—3) -(—3) -(—3) «(—3) = 81 
(c) —34 = —(3-3-3-3) = -81 


©. NOW TRY EXERCISES 13 AND 15 | 


We can state several useful rules for working with exponential notation. To discover 
the rule for multiplication, we multiply 54 by 5”: 


54652 = (5-5-5 -5)(5+5) = 5-55-5525 = 56 = Ht? 


4factors 2 factors 6 factors 


It appears that to multiply two powers of the same base, we add their exponents. In gen- 
eral, for any real number a and any positive integers m and n, we have 


ama" = (a-a+--+-aj)(a-a-::+-a) = 9 aedevess go gn 


m factors n factors m + n factors 


Thus a™a" = a™*". 
We would like this rule to be true even when m and n are 0 or negative integers. For 
instance, we must have 


29.23 = 20+3 _ 23 
But this can happen only if 2° = 1. Likewise, we want to have 
54.574 _ 54+(-4) = 54-4 = 50 =] 


and this will be true if 5~* = 1/54. These observations lead to the following definition. 


ZERO AND NEGATIVE EXPONENTS 


If a # Ois any real number and n is a positive integer, then 


a2 


n 


EXAMPLE 2 | Zero and Negative Exponents 


(a) (5) = 1 
1 1 
=), oy eas Se 
(b) x? = 5 = 
l 1 1 
—3 
(c) ( 2) ( 2 —8 8 
©. NOW TRY EXERCISE 19 a 


V Rules for Working with Exponents 


Familiarity with the following rules is essential for our work with exponents and bases. In 
the table the bases a and b are real numbers, and the exponents m and n are integers. 
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LAWS OF EXPONENTS 


Example Description 
BE eee aioe cy To multiply two powers of the same number, add the exponents. 


To divide two powers of the same number, subtract the exponents. 


Go) To raise a power to a new power, multiply the exponents. 


(oa) eA? To raise a product to a power, raise each factor to the power. 


me hey To raise a quotient to a power, raise both numerator and denominator 


a to the power. 


PROOF OF LAW 3_ If mandn are positive integers, we have 


(a™)? = (a-a-:++-a)" 
m factors 
=(a-a--+--a)(a-a-:++-a) id (a-a-:+++a) 
m factors m factors m factors 


n groups of factors 


=a-raerssegzqm 
Ss — 
mn factors 


The cases for which m = 0 or n S 0 can be proved using the definition of negative 
exponents. | 


PROOF OF LAW 4 If nis apositive integer, we have 
(ab)" = (ab)(ab) --- (ab) = (a-a-----a)-(b-b-----b) = a"b" 


n factors n factors n factors 


Here we have used the Commutative and Associative Properties repeatedly. If n =< 0, 
Law 4 can be proved by using the definition of negative exponents. | 


You are asked to prove Laws 2 and 5 in Exercise 97. 


EXAMPLE 3 | Using Laws of Exponents 


(a) x4x? = x4*#7 = yh baw lea™"= amen 


(b) y‘y7 => yo? = y? = ; Law 1: a™a" = amin 


9 m 


Co _ 9-5 _ 4 , a am—n 

(c) a C C Law 2: 3 a 
(d) (by = bab Law 3: ia"? =a 
(e) (3x)? = 3°x? = 27x3 Law 4: (ab)" = a"b" 
X 5 xX? x° a\" an 
(f) (3) 30 Law 5: (2) ~ pa 


©. NOW TRY EXERCISES 37, 41, AND 45 4 


LAWS OF EXPONENTS 
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EXAMPLE 4 | Simplifying Expressions with Exponents 


Simplify: 

(a) (2a%b*)(3ab*)? 
SOLUTION 

(a) (2a°b?)(3ab*)? = (2a%b’)[3°a3(b*)?) 
2a°b*)(27a*b’?) 
= (2)(27)a3a3b7b¥ 


©. NOW TRY EXERCISES 47 AND 61 


x 3/ y2x 
oC: 


Law 4: (ab)" = a"b" 
Law 3: (a")"=a™ 
Group factors with the same base 


Law ise"a" =a" 


Laws 5 and 4 


Law 3 


Group factors with the same base 


Laws 1 and 2 


When simplifying an expression, you will find that many different methods will lead 
to the same result; you should feel free to use any of the rules of exponents to arrive at 
your own method. We now give two additional laws that are useful in simplifying ex- 


pressions with negative exponents. 


Description 


To raise a fraction to a negative power, invert the fraction and change 


the sign of the exponent. 


To move a number raised to a power from numerator to denominator or 
from denominator to numerator, change the sign of the exponent. 


PROOF OF LAW 7 Using the definition of negative exponents and then Property 2 of 


fractions (page 6), we have 


a" 1a" 


1 b™_ pm 


bo" 1b" 


a" 1 a" 


You are asked to prove L aw 6 in Exercise 98. 


EXAMPLE 5 | Simplifying Expressions with Negative Exponents 


Eliminate negative exponents, and simplify each expression. 


6st ~4 y ) 
@ ee (5 
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MATHEMATICS IN 
THE MODERN WORLD 


Although we are often unaware of its 
presence, mathematics permeates 
nearly every aspect of life in the modern 
world.With the advent of modern tech- 
nology, mathematics plays an ever 
greater role in our lives. Today you were 
probably awakened by a digital alarm 
clock ina room whose temperature is 
controlled by a digital thermostat, made 
a phone call that used digital transmis- 
sion, sent an e-mail message over the In- 
ternet, drove a car with digitally con- 
trolled fuel injection, and listened to 
music ona CD or MP3 player. Mathemat- 
ics is crucially involved in each of these 
activities. In general, a property such as 
the intensity or frequency of sound, the 
oxygen level in a car’s exhaust emission, 
the colors in an image, or the tempera- 
ture in your bedroom is transformed 
into sequences of numbers by sophisti- 
cated mathematical algorithms. These 
numerical data, which usually consist of 
many millions of bits (the digits 0 and 1), 
are then transmitted and reinterpreted. 
Dealing with such huge amounts of 
data was not feasible until the invention 
of computers, machines whose logical 
processes were invented by mathemati- 
cians. 

The contributions of mathematics 
in the modern world are not limited to 
technological advances. The logical 
processes of mathematics are now 
used to analyze complex problems in 
the social, political, and life sciences in 
new and surprising ways. Advances in 
mathematics continue to be made, 
some of the most exciting of these just 
within the past decade. 

In other Mathematics in the Modern 
World vignettes, we will describe in 
more detail how mathematics affects 
us in our everyday activities. 


SOLUTION 


(a) We use Law 7, which allows us to move a number raised to a power from the nu- 
merator to the denominator (or vice versa) by changing the sign of the 
exponent. 


t-* moves to denominator 
and becomes t* 


6st-* _ 6ss? 
ae es 
s ? moves to numerator 
and becomes s? ; 
35 
= Ee Law 1 
t 


(b) We use Law 6, which allows us to change the sign of the exponent of a fraction by 
inverting the fraction. 


=) ~() 
(4 = y Law 6 
928 
= 2 Laws 5 and 4 


©. NOW TRY EXERCISES 63 AND 67 a 


V Scientific Notation 


Exponential notation is used by scientists as a compact way of writing very large num- 
bers and very small numbers. For example, the nearest star beyond the sun, Proxima Cen- 
tauri, is approximately 40,000,000,000,000 km away. The mass of a hydrogen atom is 
about 0.00000000000000000000000166 g. Such numbers are difficult to read and to 
write, so scientists usually express them in scientific notation. 


SCIENTIFIC NOTATION 


A positive number x is said to be written in scientific notation if it is expressed 
as follows: 


= a >< oO! 


where 1 S a < 10 and nis an integer 


For instance, when we state that the distance to the star Proxima Centauri is 
4 x 10% km, the positive exponent 13 indicates that the decimal point should be moved 
13 places to the right: 


4 x 10% = 40,000,000,000,000 
a a 


Move decimal point 13 places to the right 


When we state that the mass of a hydrogen atom is 1.66 x 10-*4 g, the exponent —24 in- 
dicates that the decimal point should be moved 24 places to the left: 


1.66 x 10-*4 = 0,00000000000000000000000166 
a 


Move decimal point 24 places to the left 


To use scientific notation on a calcula- 


tor, use a key labeled 


EE 


or 


EXP] or |EEX|to enter the exponent. 


For example, to enter the number 
3.629 x 10% on aTI-83 calculator, 


we enter 


3.629 | 2np 


EE 


15 


and the display reads 


3.629615 


For guidelines on working with signifi- 


cant figures, see the A ppendix, Calcu- 
lations and Significant Figures. 
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EXAMPLE 6 | Changing from Decimal to Scientific Notation 


Write each number in scientific notation. 


(a) 56,920 (b) 0.000093 
SOLUTION 
(a) 56,920 = 5.692 x 104 (b) 0.000093 = 9.3 x 10° 
4 places 5 places 
©. NOW TRY EXERCISES 73 AND 75 | 


EXAMPLE 7 | Changing from Decimal to Scientific Notation 


Write each number in decimal notation. 


(a) 6.97 x 10° (b) 4.6271 x 10° 
SOLUTION 
(a) 6.97 x 10° = 6,970,000,000 M ove decimal 9 places to the right 
ees 

9 places 
(b) 4.6271 x 10~® = 0.0000046271 = Move decimal 6 places to the left 

a ee 

6 places 

® NOW TRY EXERCISES 81 AND 83 | 


Scientific notation is often used on a calculator to display a very large or very small 
number. For instance, if we use a calculator to square the number 1,111,111, the display 
panel may show (depending on the calculator model) the approximation 


1.234568 12) or |1.-23468 £12 


Here the final digits indicate the power of 10, and we interpret the result as 
1.234568 x 10” 


EXAMPLE 8 | Calculating with Scientific Notation 


If a ~ 0.00046, b ~ 1.697 x 1077, andc ~ 2.91 x 10~)8, use a calculator to approxi- 
mate the quotient ab/c. 


SOLUTION Wecould enter the data using scientific notation, or we could use laws of 
exponents as follows: 


ab (4.6 x 10°*)(1.697 x 1072) 


C 2.91 x 10°38 
(4.6)(1.697) 


we SA =m Qt 22 48 


2.91 
= 2.7 x 10% 


We state the answer rounded to two significant figures because the least accurate of the 
given numbers is stated to two significant figures. 


©. NOW TRY EXERCISE 91 a 
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CONCEPTS 49, b'(3ab*)(2a’b *) 50. (2st) (zs't)(16t’) 
L Using exponential notation, we can write the product BL (5x’y’)(3xy’)4 52. (2a*b’)*(5a’b)? 
5-5-5-5-5-5as__ 53. (s *t)?(t)? 5A. (2u’v*)3(3u3v)? 
2. In the expression 34, the number 3 is called the —_____, 55. (rs) ~?(2rs’)? 56. 3x ty’) yxy)? 
and the number 4 is called the 6y*z = 2x%y' 
3. When we multiply two powers with the same base, we 2ye? ry 
the exponents. So 34. 3° = ey coal 
4. When we divide two powers with the same base, we (xyz) aia ay 
2\5 3 3 2 
5 n at)?( abt 2\ (2 
the exponents, SoS; = a (F)( 3 ) - Gall 3 
— --2 
5. When we raise a power to a new power, we the a Bat * ay 
ne 2a °b xy? 
exponents. So (3*)* = “eT 
ie 
6. Express the following numbers without using exponents. a Bry a 
(a) 2+ = (b) 2°? = i 
-1 2 67, 3a 63. 
(9 (‘= op 
y \3 ae 
SKILLS @. (5h) n (23) 
7-28 m Evaluate each expression. (ee) ai (5) 
7. 52-5 & 23.22 9. (23)? ie xyz" 
3)0 _R\0 0 
je = ‘ = 2 ‘ Z ° , 73-80 mw Write each number in scientific notation. 
teas ia ae am (5) 9) ©. 73. 69,300,000 74. 7,200,000,000,000 
16. 5°-5~? 17. ae 138. ay ©. 75. 0.000028536 76. 0.0001213 
3 77. 129,540,000 78. 7,259,000,000 
2 5 2 1)\-2 
~ 19, (3)'2- ye aL (4) 79. 0.0000000014 80. 0.0007029 
2\-3 3)\-2. 9 1)4/5)—2 
22. (5) 23. (3) “+16 2A. (3)'(3) 81-88 = Write each number in decimal notation. 
2 -2 
B (4YO~O? a3 ©. BL 3.19 x 10° 82 2.721 x 10° 
©. 83. 2.670 x 10-° 84, 9.999 x 10° 
27.2°*+2% 28. 31-33 
85. 7.1 x 10¥ 86. 6 x 10” 
29-46 m Simplify each expression. 87. 8.55 X 10-3 88. 6.257 x 10-29 
29, Xx 30. (3y)(4y’) 3L xx® 
32 xe 3B www 3A, 5,-3,-4 89-90 7 Write the number indicated in each statement in sci- 
entific notation. 
yy x ‘ aa? ' ; 
3. —- 3%. = . 37. 89. (a) A light-year, the distance that light travels in one year, is 
y a : about 5,900,000,000,000 mi. 
z°z4 (b) The diameter of an electron is about 
Bo 39. (2y')’ 40. (8x)’ 0,0000000000004 cm, 
®.4L (aa') 42. (aa)! 43. (32)%(622)>3 (c) A drop of water contains more than 33 billion billion 
9a ; molecules. 
MA, (22”) 521° ©. 45. (=) 46. (*) 90. (a) The distance from the earth to the sun is about 93 million 


miles. 

(b) The mass of an oxygen molecule is about 
0.000000000000000000000053 g. 

(c) The mass of the earth is about 
5,970,000,000,000,000,000,000,000 kg. 


47-72 = Simplify the expression, and eliminate any negative 
exponent(s). 


©. 47. (4xy')(2%y) 48. (8a'z)(3a°-") 


= 


91-96 m Use scientific notation, the Laws of Exponents, and a cal- 
culator to perform the indicated operations. State your answer rounded 
to the number of significant digits indicated by the given data. 


- 91, 
92. 


93. 


94, 


95. 


96. 


97. 


98. 


(7.2 x 10~*)(1.806 x 10-”) 
(1.062 x 1074)(8.61 x 107°) 
1.295643 x 10° 
(3.610 x 10~7’)(2.511 x 10°) 

(73.1)(1.6341 x 1078) 
0.0000000019 
(0.0000162)(0.01582) 
(594,621,000)(0.0058) 
(3.542 x 10~°)° 
(5.05 x 104)? 


Prove the given Laws of Exponents for the case in which m 
and n are positive integers and m > n. 
(a) Law 2 (b) Law 5 


Prove Law 6 of Exponents. 


APPLICATIONS 


99. 


100. 


101. 


102. 


103. 


104. 


Distance to the Nearest Star Proxima Centauri, the 
star nearest to our solar system, is 4.3 light-years away. Use the 
information in Exercise 89(a) to express this distance in miles. 


Speed of Light The speed of light is about 186,000 mi/s. 
Use the information in Exercise 90(a) to find how long it takes 
for a light ray from the sun to reach the earth. 


Volume of the Oceans The average ocean depth is 
3.7 X 10? m, and the area of the oceans is 3.6 X 10¥ m?. 
W hat is the total volume of the ocean in liters? (One cubic 
meter contains 1000 liters.) 


National Debt As of July 2010, the population of the 
United States was 3.070 x 10°, and the national debt was 
1.320 x 10} dollars. How much was each person's share of 
the debt? 


Number of Molecules A sealed room in a hospital, 
measuring 5 m wide, 10 m long, and 3 m high, is filled with 
pure oxygen. One cubic meter contains 1000 L, and 22.4 L 


of any gas contains 6.02 x 1073 molecules (Avogadro's num- 


ber). How many molecules of oxygen are there in the room? 


Body-Mass Index The body-mass index is a measure 
that medical researchers use to determine whether a person is 
overweight, underweight, or of normal weight. For a person 


105. 
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who weighs W pounds and who is H inches tall, the body- 
mass index B is given by 


W 
B= 1035 


A body-mass index is considered “normal” if it satisfies 

18.5 <B < 24.9, while a person with body-mass index 

B = 30 is considered obese. 

(a) Calculate the body-mass index for each person listed in 
the table, then determine whether he or she is of normal 
weight, underweight, overweight, or obese. 


Person Weight H eight 
Brian 295 |b 5 ft 10 in. 
Linda 105 Ib 5 ft 6 in. 
Larry 220 Ib 6 ft 4 in. 
Helen 110 Ib 5 ft 2 in. 


(b) Determine your own body-mass index. 


InterestonaCD A sum of $5000 is invested in a 5-year 
certificate of deposit paying 3% interest per year, com- 
pounded monthly. After n years the amount of interest | that 
has accumulated is given by 


| = 5000[(1.0025)2" — 1] 


Complete the following table, which gives the amount of in- 
terest accumulated after the given number of years. 


Year Total interest 
1 $152.08 
2 308.79 
3 
4 
5 


DISCOVERY = DISCUSSION = WRITING 


106. How Big Is a Billion? 


107. 


108. 


109. 


If you had a million (10°) dollars 
in a suitcase, and you spent a thousand (107) dollars each 
day, how many years would it take you to use all the money? 
If you spent at the same rate, how many years would it take 
you to empty a suitcase filled with a billion (10°) dollars? 


Easy Powers That Look Hard Calculate these expres- 
sions in your head. Use the Laws of Exponents to help you. 
5 
HE (b) 20°- (0.5)® 
Distances Between Powers Which pair of numbers is 
closer together? 
10° and10°° = or ~— 107° and 102° 


Signs of Numbers Leta, b, and c be real numbers 
with a > 0, b <0, andc <0. Determine the sign of each 
expression. 
(a) b° 


(d) (b — a) 


(c) ab2c3 
arc? 
b®c& 


(b) p20 
(e) (b — a) (f) 
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P.4 RATIONAL EXPONENTS AND RADICALS 


It is true that the number 9 has two 
square roots, 3 and —3, but the nota- 
tion V9 is reserved for the positive 
square root of 9 (sometimes called the 
principal square root of 9). If we want 


the negative root, we must write — V9, 


which is —3. 


| Radicals B> Rational Exponents ® Rationalizing the Denominator 
In this section we learn to work with expressions that contain radicals or rational exponents. 


V Radicals 


We know what 2” means whenever n is an integer. To give meaning to a power, such as 
24/5, whose exponent is a rational number, we need to discuss radicals. 
The symbol VV means “the positive square root of.” Thus 


Va=b means beta and b=0 


Since a = b? = 0, the symbol Va makes sense only when a = 0. For instance, 
V9=3 because 3°=9 and 320 


Square roots are special cases of nth roots. The nth root of x is the number that, when 
raised to the nth power, gives x. 


DEFINITION OF nth ROOT 


If n is any positive integer, then the principal mth root of a is defined as follows: 


Wa =b means bia 


If n is even, we must havea = 0 andb=0. 


Thus 
V81 = 3 because 34=81 and 320 
W-8=-2 because (-2)?=-8 
But V—8, W—8, and ¥/—8 are not defined. (For instance, \/—8 is not defined because 


the square of every real number is nonnegative.) 
Notice that 


VeR=VIb=4 but V(-4=VI6=4=|-4| 


So the equation Va? = ais not always true; itis true only when a = 0. However, we can 
always write Va? = |a|. This last equation is true not only for square roots, but for any 
even root. This and other rules used in working with nth roots are listed in the following 
box. In each property we assume that all the given roots exist. 


PROPERTIES OF nth ROOTS 
Property Example 


1. Vab = WaWb W-8-27 = W-BW27 = (-2)(3) 


4, Wa" =a if nis odd 
5. Wa" = |a|_ ifniseven 


@ Avoid making the following error: 


va +b ¥ va+ vo 


For instance, if we let a = 9 and 
b = 16, then we see the error: 


V9 + 16 
V25 


uo 


2V9+ V16 
2344 
27 Wrong! 
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EXAMPLE 1 | Simplifying Expressions Involving nth Roots 
(a) \/x4 = Wx3x Factor out the largest cube 
a VV X Property 1: Vab = W/aW/b 
= xx Property 4: War =a 
(b) W/81x8yt = W81W/x8W/y4 Property 1: Wabc = WaW/bWe 
= W(x)" y | Property 5: Wa‘ = |a| 
= 3x’|y| Property 5: Wa‘ = Jal, |x2| =x? 
©. NOW TRY EXERCISES 31 AND 33 ea 


Itis frequently useful to combine like radicals in an expression such as 2V/3 + 5V3. 
This can be done by using the Distributive Property. Thus 


2V3 + 5V3 =(2+5)V3 =7V3 


The next example further illustrates this process. 


EXAMPLE 2 | Combining Radicals 
V32 + V200 = V16-2 + V100-2 Factor out the largest squares 
= V16V2 + V100V2 Property 1 
=4V2 + 10V2 =14V2 __ Distributive Property 
©. NOW TRY EXERCISE 39 a 


V Rational Exponents 


To define what is meant by a rational exponent or, equivalently, a fractional exponent such 
as a’/?, we need to use radicals. To give meaning to the symbol a*” in a way that is con- 
sistent with the Laws of Exponents, we would have to have 


(aby = q (t/n)n =al=a 


So by the definition of nth root, 


al 


In general, we define rational exponents as follows. 


DEFINITION OF RATIONAL EXPONENTS 


For any rational exponent m/n in lowest terms, where m and n are integers and 
n > 0, we define 


am = (Wa)™ — or, equivalently, a™ = V/a™ 


If n is even, then we require that a = 0. 


With this definition it can be proved that the Laws of Exponents also hold for rational 
exponents. 
EXAMPLE 3 | Using the Definition of Rational Exponents 
(a) 4? = V4 =2 
(b) 822 = (W8)? =2?=4 Alternative solution: 823 = W/8? = VW/64 = 4 
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1 1 1 
c) 125743 = =— = 
(c) 1253 Wi25 5 
a er 
ya 
©. NOW TRY EXERCISES 17 AND 19 |_| 


EXAMPLE 4 | Using the Laws of Exponents 
with Rational Exponents 


(a) a¥?a78 = a8? Law 1:a™a" = a™+n 
2/5. 7/5 i 
azq 
(b) == a2s+75—3/5 — 96/5 Law 1, Law 2: = ann 
a 


(c) (2a°b*)2? = 297(a7)77(b4)?” Law 4: (abc)" = a"b"c" 
= (V2)3a32/)p 42) Law 3: any = am 
= 2V2a/"b6 


2x3/4 3 y4 Fix)? 
(d) (=r) (a) ~ (yi s(y*x¥?) — Laws5, 4, and 7 


= Bx phe 


Law 3 
y 
= 8x MW/Ay3 Laws 1 and2 
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EXAMPLE 5 | Simplifying by Writing Radicals 
as Rational Exponents 


(a) (2Vx)(3Wx) = (2x1?)(3x¥9) Definition of rational exponents 
=o" = 6 Lew 
(b) Viv = (ot? Definition of rational exponents 
=e") Law 1 
= Law 3 
©. NOW TRY EXERCISES 71 AND 81 Ba 


V Rationalizing the Denominator 


Itis often useful to eliminate the radical in a denominator by multiplying both numerator 
and denominator by an appropriate expression. This procedure is called rationalizing the 
denominator. |f the denominator is of the form Va, we multiply numerator and denom- 
inator by Va. In doing this we multiply the given quantity by 1, so we do not change its 
value. For instance, 


1 1,1 va_ va 
Va Va Va Va a 
Note that the denominator in the last fraction contains no radical. In general, if the de- 


nominator is of the form V/a™ with m <n, then multiplying the numerator and denomi- 
nator by \/a"-™ will rationalize the denominator, because (for a > 0) 


Varv/anm = Vamtn-m — Wala 
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EXAMPLE 6 | Rationalizing Denominators 


Rationalize the denominator in each fraction. 


(a) 2. Sr () eg 
SOLUTION This equals 1 
2 rE | v3 
Oe Multiply by —= 
2V3 
v3 V3-V3=3 
1 1 % Ws? 
b = Multiply b 
(b) We WES ply Yea 
3 
7 = VEVe = = 5 
1 1 3 vx 
(c) ra Tye : NE eta 
Sago 
= SESE = WE = x 
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25 


P.4 EXERCISES 


CONCEPTS 

. Using exponential notation, we can write W5 as 

. Using radicals, we can write 5? as 

. Is there a difference between \/5? and (V5)?? Explain. 


rm WN 


(U2) = o (4)— = 
5. Explain how we rationalize a denominator, then complete the 


1 
following steps to rationalize —= 
ee V3 


a 

V3 V3 

6. Find the missing power in the following calculation: 
51h. 5 a, 


. Explain what 43? means, then calculate 43” in two different ways: 


SKILLS 


7-14 m Write each radical expression using exponents, and each 
exponential expression using radicals. 


Radical expression Exponential expression 


1 
7. — 
V5 
8 /7 


Radical expression 


Exponential expression 


9. 
10. 
11. ya 
12. 
13. : 
14, Wr 


15-24 m Evaluate each expression. 


15. (a) V16 
16. (a) V64 
17. (a) V3 


18. (a) V7 V/28 


®.19. (a) (§)-¥ 
20. (a) 1024-°? 
21. (a) (%)" 
22. (a) (—1000)-?7 


(b) W/16 

(b) \/—64 
(b) V/256 
vas 

V3 

(b) (—32)2° 
(b) (—3)8 
(b) (27)~4 
(b) 10,000-37 


(b) 


42/3 
11 —3/2 


2-15 
q2/5 


(c) WE 
(c) \/—32 
(c) 


(c) 724 V54 
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23. (a) 100°-+° 
24. (a) taro 


(b) 42/3 . 62/3 . 92/3 
(b) 0.25-°° 


(c) 0.001-2 
(c) gl/3 : 153 é 2543 


25-28 m Evaluate the expression using x = 3, y = 4, andz = —1. 


25. Vx? + y? 
27. (9x)?3 + 


(2y)?8 a 72/3 


26. W/x3 + 14y + 2z 
28. (xy)* 


29-38 m Simplify the expression. Assume that the letters denote 


any real numbers. 
29. Wx! 
®.31, 1/168 
©2333. Vx?y 
35. V/a°p’ 
37. V V64x5 


39-48 m Simplify the expression. 


© 239, V32 + VI18 


41, V125 — V45 
43. \/108 — \/32 
45. V245 — V125 


47, V/96 + V3 


30. Vx! 

32. Wx3y° 

34, Vx"y" 

36. V/a*b Va*b 
38. V/x4y2? 

40. V75 + V48 
42, W/54 - W/16 
44, V8 + V50 
46. W/24 — V/81 
48. W/48 — V3 


49-68 m Simplify the expression and eliminate any negative expo- 
nent(s). Assume that all letters denote positive numbers. 


49, x3/4y5/4 
51. (4b)12(8b*) 


wpe 


= 
~ 53. wi 


55. (8a 
57. (8y?) 28 
59. (x- Ayla 3/5 


a®p2/2)2/3 


ae 


©.61, 


te 1/4 
63. Us 
. 


1/6 — 
67. cs = 
xy 


WG 


b 


°) 


a2/2yi3 


50. y2hy4/3 

52. (3a3/*)2(5a¥?) 

ee(ggs\? 
g¥2 

56. (4a°b*)3? 

58. (Uap cas 

60. (2x3y—¥/4)2(By-3/2) -¥3 
(32y~5200) 45 

. (64y®2~12) -1/6 


—gy3/4 -1/3 
64, (= or ) 
yz 2/3 x36 13 
(Fa) Ge) 


68 (Ost)? 7357) 
” (2783-4)? 4t3 


[-2) 
a 


69-82 m Simplify the expression and express the answer using ra- 
tional exponents. A ssume that all letters denote positive numbers. 


09. (WV?) 
& 71. (6VK)(24%) 


70. W/b?>Vb 
72. (2Va )(W/a’) 


73. V4st?W/s3t? 74, W/ By Wy 


5, = 76. a 
77, _ 78, — = 
my 

81. Wyvy 82. VsvVs3 
83-88 m Rationalize the denominator. 

*.88. (a) Je (o) Chen 
84, (a) (0) 3 Che 
85. (a) ar (b) ma (o a 
86. (@) (6) (0 a 

®. 87. (a) : 5 (b) a (c) = 
88. (a) (0) Cre 
APPLICATIONS 


89. How Far Can You See? Because of the curvature of the 
earth, the maximum distance D that you can see from the top 
of a tall building of height h is estimated by the formula 


= V2rh + h? 


where r = 3960 mi is the radius of the earth and D and h are 
also measured in miles. How far can you see from the observa- 
tion deck of the Toronto CN Tower, 1135 ft above the ground? 


CN Tower \~ 


90. Speed of a Skidding Car Police use the formula 
s = V30fd to estimate the speed s (in mi/h) at which a car is 
traveling if it skids d feet after the brakes are applied suddenly. 
The number f is the coefficient of friction of the road, which is 
a measure of the “slipperiness” of the road. The following 
table gives some typical estimates for f. 


Tar Concrete Gravel 
Dry | 1.0 0.8 02 


Wet 0.5 0.4 0.1 


(a) If acar skids 65 ft on wet concrete, how fast was it 
moving when the brakes were applied? 

(b) If acar is traveling at 50 mi/h, how far will it skid on 
wet tar? 


91. Sailboat Races The speed that a sailboat is capable of 
sailing is determined by three factors: its total length L, the 
surface area A of its sails, and its displacement V (the volume 
of water it displaces), as shown in the sketch. 

In general, a sailboat is capable of greater speed if itis 
longer, has a larger sail area, or displaces less water. To make 
sailing races fair, only boats in the same “class” can qualify to 
race together. For a certain race, a boat is considered to qualify if 


0.30L + 0.38A2? — 3v12 < 16 


where L is measured in feet, A in square feet, and V in cubic 

feet. Use this inequality to answer the following questions. 

(a) A sailboat has length 60 ft, sail area 3400 ft?, and dis- 
placement 650 ft?. Does this boat qualify for the race? 

(b) A sailboat has length 65 ft and displaces 600 ft?. W hat is 
the largest possible sail area that could be used and still 
allow the boat to qualify for this race? 
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92. Flow Speed in a Channel The speed of water flowing 
in a channel, such as a canal or river bed, is governed by the 
Manning Equation, 

ABS v2 

p23n 


Here V is the velocity of the flow in ft/s; A is the cross- 

sectional area of the channel in square feet; S is the downward 

slope of the channel; p is the wetted perimeter in feet (the dis- 

tance from the top of one bank, down the side of the channel, 

across the bottom, and up to the top of the other bank); and n 

is the roughness coefficient (a measure of the roughness of the 

channel bottom). This equation is used to predict the capacity 

of flood channels to handle runoff from heavy rainfalls. 

For the canal shown in the figure, A = 75 ft’, S = 0.050, 

p = 24.1 ft, and n = 0.040. 

(a) Find the speed at which water flows through the canal. 

(b) How many cubic feet of water can the canal discharge per 
second? [Hint: Multiply V by A to get the volume of the 
flow per second. ] 


DISCOVERY =DISCUSSION = WRITING 


93. Limiting Behavior of Powers Complete the following 
tables. What happens to the nth root of 2 as n gets large? What 
about the nth root of 3? 


n ple n (3) 
1 1 
2 2 
5 5 
10 10 
100 100 


Construct a similar table for n”". What happens to the nth root 
of n as n gets large? 


94. Comparing Roots Without using a calculator, determine 
which number is larger in each pair. 


(a) 21/2 or 213 (b) Gy" or or 
(c) 7/4 or 44/3 (d) 5 or V3 
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P.5 ALGEBRAIC EXPRESSIONS 


Distributive Property 
ac + bc = (a + b)c 


Adding and Subtracting Polynomials ® Multiplying Algebraic Expressions 
b> Special Product Formulas 


A variable is a letter that can represent any number from a given set of numbers. If we 
start with variables, such as x, y, and z and some real numbers, and we combine them us- 
ing addition, subtraction, multiplication, division, powers, and roots, we obtain an alge- 
braic expression. Here are some examples: 


y-—2z 
y7+4 

A monomial is an expression of the form ax*, where a is a real number and k is a non- 
negative integer. A binomial is a sum of two monomials and a trinomial is a sum of three 


monomials. In general, asum of monomials is called a polynomial. For example, the first 
expression listed above is a polynomial, but the other two are not. 


2x* — 3x +4 Vx + 10 


POLYNOMIALS 


A polynomial in the variable x is an expression of the form 


anX" + a, 4x7 tb +++) + ayx + ay 


where ao, a;,..., 4, are real numbers, and n is anonnegative integer. If a, # 0, 
then the polynomial has degree n. The monomials a,x‘ that make up the poly- 
nomial are called the terms of the polynomial. 


Note that the degree of a polynomial is the highest power of the variable that appears 
in the polynomial. 


Polynomial Type Terms Degree 
2x? - 3x+4 trinomial | 2x?, —3x, 4 2 
x8 + 5x binomial | x®, 5x 8 
8 —x +x? — 3x3] fourterms | —35x?, x*, -x, 8 3 
5x +1 binomial 5x, 1 1 
9x° monomial | 9x° 5 
6 monomial | 6 0 


V Adding and Subtracting Polynomials 


We add and subtract polynomials using the properties of real numbers that were dis- 
cussed in Section P.1. The idea is to combine like terms (that is, terms with the same vari- 
ables raised to the same powers) using the Distributive Property. For instance, 


5x? + 3x? = (5 + 3)x? = 8x? 


In subtracting polynomials, we have to remember that if a minus sign precedes an ex- 
pression in parentheses, then the sign of every term within the parentheses is changed 
when we remove the parentheses: 


=(b +0) = =h=¢ 
[This is simply a case of the Distributive Property, a(b + c) = ab + ac, witha = —1.] 


The acronym FOIL helps us renember 
that the product of two binomials is the 
sum of the products of the First terms, 
the Outer terms, the Inner terms, and 
the Last terms. 
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EXAMPLE 1 | Adding and Subtracting Polynomials 
(a) Find the sum (x? — 6x? + 2x + 4) + (x? + 5x? — 7x). 

(b) Find the difference (x? — 6x? + 2x + 4) — (x? + 5x? — 7x), 
SOLUTION 

(a) (x? — 6x? + 2x + 4) + (x? + 5x? — 7x) 


= (x? + x3) + (—6x? + 5x2) + (2x — 7x) +4 — Group like terms 


= 2x? -x?-5x +4 Combine like terms 
(b) (x? — 6x? + 2x + 4) — (x? + 5x? — 7x) 
= x? — 6x? + 2x + 4 — x? — 5x? + 7x Distributive Property 


= (x? — x3) + (—6x? — 5x”) + (2x + 7x) +4 — Group like terms 
= —llx? + 9x +4 Combine like terms 
&. NOW TRY EXERCISE 21 | 


V Multiplying Algebraic Expressions 


To find the product of polynomials or other algebraic expressions, we need to use the 
Distributive Property repeatedly. In particular, using it three times on the product of two 
binomials, we get 


(a+b)(c +d) =a(c +d) + b(c +d) =ac + ad + bc + bd 


This says that we multiply the two factors by multiplying each term in one factor by each 
term in the other factor and adding these products. Schematically, we have 


7—~ 


(a + b)(c +d) =ac + ad + be + bd 


a oe ij t t t 


F 0) | L. 


In general, we can multiply two algebraic expressions by using the Distributive Prop- 
erty and the Laws of Exponents. 


EXAMPLE 2 | Multiplying Binomials Using FOIL 


(2x + 1)(3x — 5) = 6x? — 10x + 3x - Distributive Property 


= 6x? — 7x —5 Combine like terms 


©. NOW TRY EXERCISE 41 | 


When we multiply trinomials or other polynomials with more terms, we use the Dis- 
tributive Property. It is also helpful to arrange our work in table form. The next example 
illustrates both methods. 


EXAMPLE 3 | Multiplying Polynomials 
Find the product: (2x + 3)(x? — 5x + 4) 
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(2x + 3)(x? -— 


See the Discovery Project referenced 
on page 33 for a geometric interpreta- 
tion of some of these formulas. 


SOLUTION 1: Using the Distributive Property 


5x + 4) = 2x(x? — 5x + 4) + 3(x? — 5x + 4) Distributive Property 
= (2x-x? — 2x-5x + 2x-4) + (3-x? — 3-5x + 3-4) _ Distributive Property 
= (2x? — 10x? + 8x) + (3x? — 15x + 12) Laws of Exponents 
= 2x? — 7x? — 7x + 12 Combine like terms 


SOLUTION 2: Using Table Form 


x?-— 5x+ 4 
2x+ 3 
3x? -— 15x +12 = Multiply x? — 5x + 4 by 3 
2x? — 10x? + 8x Multiply x2 — 5x + 4 by 2x 


2x? — 7x? -— Ix +12 Add like terms 
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V Special Product Formulas 


Certain types of products occur so frequently that you should memorize them. You can 
verify the following formulas by performing the multiplications. 


SPECIAL PRODUCT FORMULAS 


If A and B are any real numbers or algebraic expressions, then 
. (A +B)(A —B) = A?-B? Sum and difference of same terms 


= A? + 2AB + B? Square of asum 
Square of a difference 
3 = A? + 3A7B + 3AB? + B? Cube of a sum 
A} — 3A°B + 3AB? — B? Cube of a difference 


The key idea in using these formulas (or any other formula in algebra) is the 
Principle of Substitution: We may substitute any algebraic expression for any letter ina 
formula. For example, to find (x? + y?)? we use Product Formula 2, substituting x? for A 
and y? for B, to get 


(KPa YP)? Se ae AUK") sey)? 


(A+B)? = A* + 2AB + &B? 


EXAMPLE 4 | Using the Special Product Formulas 
Use a Special Product Formula to find each product. 
(a) (3x +5)? (b) (x? — 2)? 
SOLUTION 
(a) Substituting A = 3x and B = 5 in Product Formula 2, we get 
(3x + 5)? = (3x)? + 2(3x)(5) + 5? = 9x? + 30x + 25 
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(b) Substituting A = x? and B = 2 in Product Formula 5, we get 
G2 = OF) — See) aay = 2 
= x® — 6x4 + 12x? — 8 
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EXAMPLE 5 | Using the Special Product Formulas 

Find each product. 

(a) (2x — Vy)(2x + Vy) (b) (x+y -—1)(x+y+1) 

SOLUTION 

(a) Substituting A = 2x and B = Vy in Product Formula 1, we get 
(2x — Vy)(2x + VY) = (2x)? — (Vy)? = 4x? = y 


(b) If we group x + y together and think of this as one algebraic expression, we can 
use Product Formula 1 with A =x + yandB = 1. 


x+y -Daty+ 1 =[K+y) — 1K +y) +1] 


=(x+y’r-L Product Formula 1 
=x? +2dxy +y?-1 Product Formula 2 
©. NOW TRY EXERCISES 65 AND 89 | 
CONCEPTS Polynomial Type Terms Degree 
1. Which of the following expressions are polynomials? 8. 2x5 + 4x2 
(a) 2x?-3x = (b) X83 + 2VK-— (ce) 9 + 2x4 + 4X +3 — 
2. To add polynomials, we add _____ terms. So 
2 2 10. 3x’ 
(3x* + 2x + 4) + (8x°-—x +1) = 
3. To subtract polynomials, we subtract_____ terms. So IL. x— x? +x? —x4 
(2x3 + 9x? +x +10) -(00 +x? 4+ 6x +8) = ___. 12. V2x — V3 
4. Explain how we multiply two polynomials, then perform the 
. ee 13-18 = Determine whether the expression is a polynomial. If it 
following multiplication: (x + 2)(x + 3) = ___. is, state its degree. 
5. The Special Product Formula for the “square of a sum” is B. Vee 3x9 1D = 2 
(A+B = So(ax+ 3% =____-"n x — ax + 6 
1 1 1 
6. The Special Product Formula for the “sum and difference 15. 3x° + VX — 4 16. mx° — 7x + V3 
of the same terms” is (A + B)(A — B) = ______.. So 17. eee. V3x +1 18. ty + 1 
2x3 VI 2 
(5 + x) — x) = ___. 
19-36 m Find the sum, difference, or product. 
SKILLS 19, (12x — 7) — (5x — 12) 20. (5 — 3x) + (2x — 8) 
7-12 = Complete the following table by stating whether the poly- ~ 21, (3x? + x + 1) + (2x? — 3x — 5) 
nomial is amonomial, binomial, or trinomial, then list its terms 22, (3x2 + x +1) — (2x2 — 3x — 5) 


and state its degree. 


23. (x? + 6X? — 4x + 7) — (3x? + 2x — 4) 
24, 3(x — 1) + 4x +2) 


Polynomial Type Terms Degree ( 
7.x? -— 3x +7 25, 8(2x + 5) — 7(x — 9) 


, 


) 
51, (3x + 4 


fo) 
wo 
= 
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26. 4(x? — 3x + 5) — 3(x? — 2x + 1) 

27. 2x(x — 1) 28, 3y(2y + 5) 

29. x2(x + 3) 30. —y(y? — 2) 

31, 2(2 —5t)+t(t+10) 32. 5(3t — 4) — 2t(t — 3) 
33. r(r? — 9) + 3r°(2r —1) 34. v3(v — 9) — 2v2(2 — 20) 


35. x*(2x? — x + 1) 


36. 3x3(x* — 4x? + 5) 


37-48 m Multiply the algebraic expressions using the FOIL 


method, and simplify. 


37. (x + 4)(x — 3) 

9. (r — 3)(r + 5) 

1, (3t — 2)(7t — 4) 
43, (3x + 5)(2x — 1) 
45. (x + 3y)(2x — y) 
47, (2r — 5s)(3r — 2s) 


38. (y — 1)(y + 5) 
40. (5 + 8)(s — 2) 
42. (4s — 1)(2s + 5) 
44. (ly — 3)(2y — 1) 
46. (4x — 5y)(3x — y) 
48. (6u + 5v)(u — 2v) 


49-70 m= Multiply the algebraic expressions using a Special 


Product Formula, and simplify. 
49, (x + 3) 


y 

53. (2u + v)? 
55. (2x + 3y)" 
57, (x? + 17 
59. (x + 5)(x — 5) 
61. (3x — 4)(3x + 4) 
63. (x + 3y)(x — 3y) 
65. (Vx + 2)(Vx — 2) 
67. (y + 27 

9. (1 — 2ry 


50. (x — 2)? 

52. (1 — 2y)? 

54. (x — 3y)? 

56. (r — 2s)? 

58. (2 + y°) 

60. (y — 3)(y + 3) 
62. (2y + 5)(2y — 5) 
64. (2u + v)(2u — v) 
66. (Vy + V2)\(Vy — V2) 
68. (x — 3? 

70. (3 + 2y)? 


71-90 m Perform the indicated operations, and simplify. 
71, (x + 2)(x? + 2x + 3) 


73. (2x — 5)(x? — x + 1) 
75. Vx(x — Vx) 
77. yihy23 “he y>3) 


72. (x + 1)(2x? — x + 1) 
74, (1 + 2x)(x? — 3x + 1) 
76. x3(Vx — 1/Vx) 

78. x2/4(2x3/4 — x4) 


2 
80. (« + 1) 
C 


82. GP +4 yt?) (xt? = 


yi) 


86. (1 — b)*(1 + b)? 


81. (x? — a7)(x? + a?) 

83. (Va — b)(Va + b) 

84. (Wh? +1 4+ 1)(Vh? + 1-1) 
85. (1 + x22)(1 — x2) 

BF. (x= 1) + PK 1) —X’) 
88. (x + (2 + x’))(x — (2 + x’)) 


» (2X + y — 3)(2X + y + 3) 


90. (x + y + z)(X — y — z) 


APPLICATIONS 


91. 


92. 


93. 


Volume of a Box An open box is constructed from a 6 in. 
by 10 in. sheet of cardboard by cutting a square piece from 
each corner and then folding up the sides, as shown in the 
figure. The volume of the box is 


V =x(6 — 2x)(10 — 2x) 


(a) Explain how the expression for V is obtained. 

(b) Expand the expression for V. What is the degree of the re- 
sulting polynomial? 

(c) Find the volume when x = 1 and when x = 2. 


r< 10 in >| 
x x 
% 410 — 2m * 
6 in. 6 — 2x! 
x ee oe x 
x x 
Building Envelope The building code in a certain town 


requires that a house be at least 10 ft from the boundaries of 
the lot. The buildable area (or building envelope) for the rec- 
tangular lot shown in the figure is given by 


A = (x — 20)(y — 20) 


(a) Explain how the expression for A is obtained. 

(b) Expand to express A as a polynomial in x and y. 

(c) A contractor has a choice of purchasing one of two rectan- 
gular lots, each having the same area. One lot measures 
100 ft by 400 ft; the other measures 200 ft by 200 ft. 
Which lot has the larger building envelope? 


y 10 ft 


10 ft 


Interest on an Investment A 3-year certificate of de 
posit pays interest at a rate r compounded annually. If $2000 
is invested, then the amount at maturity is 


A = 2000(1 + r) 


(a) Expand the expression for A. What is the degree of the 
resulting polynomial? 
(b) Find the amounts A for the values of r in the table. 


Interestrater | 2% | 3% | 45% | 6% | 10% 


AmountA 


94. Profit A wholesaler sells graphing calculators. For an order 
of x calculators, his total cost in dollars is 


C = 50 + 30x — 0.1x? 
and his total revenue is 
R = 50x — 0,05x? 


(a) Find the profit P on an order of x calculators. 
(b) Find the profit on an order of 10 calculators and on an 
order of 20 calculators. 


DISCOVERY = DISCUSSION = WRITING 


95. An Algebra Error Beginning algebra students sometimes 
make the following error when squaring a binomial: 


(x + 5)Yx + 25 


(a) Substitute a value for x to verify that this is an error. 
(b) What is the correct expansion for (x + 5)?? 


P.6 FACTORING 
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96. Degrees of Sums and Products of Polynomials 

M ake up several pairs of polynomials, then calculate the sum 

and product of each pair. On the basis of your experiments 

and observations, answer the following questions. 

(a) How is the degree of the product related to the degrees of 
the original polynomials? 

(b) How is the degree of the sum related to the degrees of the 
original polynomials? 

(c) Test your conclusions by finding the sum and product of 
the following polynomials: 


2x3 +x-3 and —2x3-x+7 


DISCOVERY 


PROJECT Visualizing a Formula 


In this project we discover geometric interpretations of some 
of the Special Product Formulas. You can find the project at 
the book companion website: www.stewartmath.com 


Common Factors B® Factoring Trinomials B Special Factoring Formulas > 
Factoring an Expression Completely > Factoring by Grouping Terms 


We use the Distributive Property to expand algebraic expressions. We sometimes need to 
reverse this process (again using the Distributive Property) by factoring an expression as 
a product of simpler ones. For example, we can write 


mE FACTORING E> 
x? — 4 = (x — 2)(x + 2) 
= EXPANDING 


We say that x — 2 and x + 2 are factors of x? — 4. 


Vv Common Factors 
The easiest type of factoring occurs when the terms have a common factor. 


EXAMPLE 1 | Factoring Out Common Factors 
Factor each expression. 
(a) 3x? — 6x (b) 8x4y2 + 6x7y? — 2xy4 
SOLUTION 
(a) The greatest common factor of the terms 3x? and —6x is 3x, So we have 
3x? — 6x = 3x(x — 2) 
(b) We note that 
8, 6, and —2 have the greatest common factor 2 


x4, x3, and x have the greatest common factor x 
y?, y?, and y“ have the greatest common factor y? 
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CHECK YOUR ANSWER 


Multiplying gives 


+ 3)\(x+4)=x?+7x+12 
factors of a 
J 4 
ax? + bx + ¢ = (px + r)(qx + 5) 
t t 


factors of c 


So the greatest common factor of the three terms in the polynomial is 2xy”, and we have 
Bx"y? + 6x2y? — 2xy* = (2xy*)(4x?) + (2xy?)(3x’y) + (2xy*)(-y’) 
= 2xy?(4x? + 3x7y — y?) 


(a) Multiplying gives (b) Multiplying gives 
3x(x — 2) = 3x?-6x  W 2xy*(4x? + 3xy — y?) 
= 8x4y? + 6x3y? — 2xyt 
©. NOW TRY EXERCISES 7 AND 9 a 


EXAMPLE 2 | Factoring Out a Common Factor 
Factor: (2x + 4)(x — 3) — 5(x — 3) 


SOLUTION Thetwo terms have the common factor x — 3. 


(2x + 4)(x — 3) — 5(x — 3) = [(2x + 4) — 5](x — 3) Distributive Property 
= (2x — 1)(x — 3) Simplify 


® NOW TRY EXERCISE 11 a 


V Factoring Trinomials 
To factor a trinomial of the form x* + bx + c, we note that 
(x +r)(x +s) =x? + (r +s)x +15 


sO we need to choose numbers r ands so thatr +s = bandrs =c. 


EXAMPLE 3 | Factoring x? + bx + C by Trial and Error 


Factor: x?+7x +12 


SOLUTION Weneed to find two integers whose product is 12 and whose sum is 7. 
By trial and error we find that the two integers are 3 and 4. Thus the factorization is 


x? + 7x + 12 = (x + 3)(x + 4) 
—— 
factors of 12 


® NOW TRY EXERCISE 13 i 


To factor a trinomial of the form ax? + bx + c witha # 1, we look for factors of the 
form px + r and qx + s: 


ax? + bx +c = (px +r)(qx +s) = pgx? + (ps + qr)x + rs 


Therefore we try to find numbers p, g, r, ands such that pq = a, rs = c, ps + qr = b. If 
these numbers are all integers, then we will have a limited number of possibilities to try 
for p, q, r, and s. 
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EXAMPLE 4 | Factoring ax? + bx + C by Trial and Error 


Factor: 6x2+7x—5 


SOLUTION Wecan factor 6 as6-1or3-2, and —5 as —5-lor5-(-—1). By trying 
these possibilities, we arrive at the factorization 


factors of 6 
Multiplying gives , v 
(3x + 5)(2x — 1) = 6x2+7x-5 o 6x? + 7x — 5 = (3x + 5)(2x — 1) 
_—— 
factors of —5 
©. NOW TRY EXERCISE 17 | 


EXAMPLE 5 | Recognizing the Form of an Expression 
Factor each expression. 
(a) x? — 2x -3 (b) (5a + 1)? — 2(5a + 1) — 3 


SOLUTION 
(a) x? — 2x —3 = (x -—3)(x +1) Trial anderror 
(b) This expression is of the form 


22-3 


where represents 5a + 1. This is the same form as the expression in part (a), so it 
will factor as ( — 3) + 1). 


(5a+1) —-25a+1)-3=((5a+1)- 3](5a+1)+ 1] 
= (5a — 2)(5a + 2) 
©. NOW TRY EXERCISE 19 a 


V Special Factoring Formulas 


Some special algebraic expressions can be factored using the following formulas. The first 
three are simply Special Product Formulas written backward. 


FACTORING FORMULAS 

Formula Name 

1. Difference of squares 
+B)? Perfect square 


A -—B)/? Perfect square 


2 
3 
4. A? — B? = (A — B)(A? + AB + B?) Difference of cubes 
5. A? +B? =(A + B)(A? — AB + B?) Sum of cubes 


EXAMPLE 6 | Factoring Differences of Squares 


Factor each expression. 
(a) 4x? — 25 (b) (x + y)? — 2? 
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SOLUTION 
(a) Using the Difference of Squares Formula with A = 2x andB = 5, we have 


4x? — 25 = (2x)? — 5? = (2x — 5)(2x + 5) 


A? 3 (A B)(A + B) 
(b) We use the Difference of Squares Formula with A = x + y and B = z. 
(x+y? —-22=(x+y—z)(x+y +42) 
©. NOW TRY EXERCISES 21 AND 57 A 


EXAMPLE 7 | Factoring Differences and Sums of Cubes 
Factor each polynomial: 

(a) 27x? -1 (b) x°+8 

SOLUTION 

(a) Using the Difference of Cubes Formula with A = 3x and B = 1, weget 


27x3 — 1 = (3x)? — 1? = (3x — 1)[(3x)? + (3x)(1) + 1] 
= (3x — 1)(9x? + 3x + 1) 
(b) Using the Sum of Cubes Formula with A = x? and B = 2, we have 
x® + 8 = (x7)3 + 23 = (x? + 2)(x* — 2x? + 4) 


©. NOW TRY EXERCISES 23 AND 25 wl 


A trinomial is a perfect square if it is of the form 
A?+2AB +B? or A?—2AB +B? 

So we recognize a perfect square if the middle term (2AB or —2AB) is plus or minus 
twice the product of the square roots of the outer two terms. 
EXAMPLE 8 | Recognizing Perfect Squares 
Factor each trinomial: 
(a) x? + 6x +9 (b) 4x? — 4xy + y? 
SOLUTION 


(a) HereA = x andB = 3, So 2AB = 2-x:+3 = &x. Since the middle term is 6x, the 
trinomial is a perfect square. By the Perfect Square Formula we have 


x? + 6X +9 = (x + 3) 


(b) HereA = 2x and B = y, so 2AB = 2-2x-y = 4xy. Since the middle term is —4xy, 
the trinomial is a perfect square. By the Perfect Square Formula we have 


4x? — dxy + y? = (2x — y)? 
©. NOW TRY EXERCISES 53 AND 55 a 


V Factoring an Expression Completely 


When we factor an expression, the result can sometimes be factored further. In general, 
we first factor out common factors, then inspect the result to see whether it can be fac- 
tored by any of the other methods of this section. We repeat this process until we have fac- 
tored the expression completely. 
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EXAMPLE 9 | Factoring an Expression Completely 
Factor each expression completely. 
(a) 2x* — 8x? (b) x°y? — xy® 


SOLUTION 
(a) We first factor out the power of x with the smallest exponent. 


2x4 — 8x? = 2x2(x? — 4) Common factor is 2x? 
= 2x*(x — 2)(x + 2) Factor x* — 4 as a difference of squares 
(b) We first factor out the powers of x and y with the smallest exponents. 
x°y? — xy® = xy2(x4 — y4) Common factor is xy? 
= xy*(x? + y?)(x? — y’) Factor x* — y* as a difference of squares 
= xy?(x? + y?)(x + y)(K — y) Factor x? — y? as a difference of squares 


©. NOW TRY EXERCISES 67 AND 71 B 


In the next example we factor out variables with fractional exponents. This type of fac- 
toring occurs in calculus. 
EXAMPLE 10 | Factoring Expressions with Fractional Exponents 
Factor each expression. 
(a) 3x3? — 9x1? + 6x? (b) (2 + x)7?3x + (2 + x)¥8 
SOLUTION 
(a) Factor out the power of x with the smallest exponent, that is, x~¥/, 

3x3? — Ox¥2 + 6x4? = 3x-V(x2 — 3x + 2) Factor out 3x~ 1? 


= 3x-¥#(x — 1)(x — 2) Factor the quadratic x? — 3x + 2 


(b) Factor out the power of 2 + x with the smallest exponent, that is, (2 + 8 ae 


(2 + x)729x + (2 + x)¥3 = (2 + x)-77[x + (2 +x)] Factor out (2 + x) 23 
= (2 + x)727(2 + 2x) Simplify 
= 2(2 + x)-2(1 + x) Factor out 2 
To see that you have factored correctly, multiply using the Laws of Exponents. 
(a) 3x~¥(x2 — 3x + 2) (b) (2 + x)~72[x + (2 + x)] 
= 3x3? — 9x42 4 6x2 = (2+ x) 7x +(24+x)8B y 
©. NOW TRY EXERCISES 85 AND 87 5 


V Factoring by Grouping Terms 


Polynomials with at least four terms can sometimes be factored by grouping terms. The 
following example illustrates the idea. 


EXAMPLE 11 | Factoring by Grouping 


Factor each polynomial. 
(a) x°+x7+4x +4 (b) x? — 2x* — 3x + 6 
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SOLUTION 


(a) x?+x?24+ 4x +4=(x 
x 


(b) x? — 2x? — 3x + 6 = (x? — 2x?) — (3x — 6) 


+ x?) + (4x + 4) Group terms 
= x(x + 1) + 4(x + 1) Factor out common factors 
= (x? + 4)(x + 1) Factor out x + 1 from each term 


Group terms 


= x*(x — 2) — 3(x - 2) Factor out common factors 


Factor out x — 2 from each term 


®. NOW TRY EXERCISE 29 


CONCEPTS 
1. Consider the polynomial 2x° + 6x* + 4x3, 
How many terms does this polynomial have? 
List the terms: 
W hat factor is common to each term? 
Factor the polynomial: 2x° + 6x* + 4x3 = 


2. To factor the trinomial x* + 7x + 10, we look for two integers 


whose product is and whose sum is 


These integers are and 


factors as 


3. The Special Factoring Formula for the “difference of squares” 


isA?—B?= . $0 4x? — 25 factors as 
4. The Special Factoring Formula for a “perfect square” is 


A? + 2AB + B? = 


, 80 the trinomial 


. 50 x* + 10x + 25 factors as 


SKILLS 
5-12 m Factor out the common factor. 
5. 5a — 20 6. —3b + 12 
®. 7. -2x3 + 16x 8. 2x4 + 4x3 — 14y? 
©. 9, 2x2y — 6xy? + 3xy 


©.11. y(y — 6) + 9(y — 6) 12. (2 + 2)? — 5(z + 2) 


13-20 m Factor the trinomial. 


©2113. x2 + 2x -—3 14. x? — 6x +5 
15. x? + 2x —15 16. 2x2 — 5x —7 
© 217. 3x? — 16x +5 18, 5x2 — 7x —6 


©.19, (3x + 2)? + 8(3x + 2) +12 
20. 2(a + b}? + 5(a +b) —3 


10. —7x“y? + 14xy? + 21xy* 


21-28 = Usea Factoring Formula to factor the expression. 
©. 21, 9a? — 16 22. (x +3" -4 
©. 23, 27x3 + y3 24. a? — b® 
© 225, 853 — 125t3 26. 1 + 1000y? 

27. x? + 12x + 36 28. 162? — 242 + 9 


29-34 m Factor the expression by grouping terms. 

©229, x3. + 4x2 4+ x44 30. 3x3 — x2 + 6x -2 
31. 2x? + x? — 6x —3 32. —9x? — 3x? + 3x41 
33. x3+x274+x41 


34. x5 +x44+x41 


35-82 m Factor the expression completely. 


35. 12x? + 18x 36. 30x? + 15x4 
37. 6y* — 15y? 38. 5ab — 8abc 
39. k* = 2k =6 40. x? — 14x + 48 
41. y? -— 8y +15 42. z* + 62 — 16 
43. 2x? + 5x + 3 44, 2x* + 7x -—4 
45. 9x? — 36x — 45 46. 8x? + 10x + 3 
47. 6x? — 5x — 6 48. 6 + 5t — 6t? 
49. x? — 36 50. 4x? — 25 
51. 49 — 4y? 52. 4t? — 9s? 
© 253. t? — 6 +9 54. x? + 10x + 25 
©.55. 4x? + dxy + y? 56. 12 — 6rs + 9s? 
1\? 1\? 
©.57. (a + b)? — (a — b)? 58. (1 +2) -(1-2) 
59. x2(x2— 1) — 9(x2—1) 60, (a? — 1)b? — 4(a? — 1) 
61. t? +1 62. x? — 27 
63. 8x? — 125 64. x° + 64 
65. x° — 8y? 66. 27a? + b® 
©. 67, x3 + 2x2 4x 68. 3x? — 27x 
69. x4 + 2x3 — 3x? 70. x? + 3x? -x-3 


* 71. 
73. 
75. 
77: 
78, 
79. 
80. 


82. 


x4y3 — x2y5 72. 18y2x? — 2xy4 

y? — 3y* - 4y +12 74, y2-y*+y-1 
2x3 4+ 4x? +x+2 76. 3x? + 5x* — 6x — 10 
(x — 1)(x + 2)? — (x — 1)*(x + 2) 

(x + 1)?x — 2(x + 1)*x? + x(x + 1) 

yy + 2)? + yy + 2) 

nx — y) + (n= 1)ly =x) 

a’ + 1)? — 7a? + 1) + 10 

a? + 2a)* — 2(a* + 2a) — 3 


83-90 m Factor the expression completely. Begin by factoring out 
the lowest power of each common factor. 


83. 
*. 85. 
©. 87. 
Wx x + 1)? + xx +:1)71? 


xo/2 — yl? 84, 3x~ 12 + dy? + y3/ 


x32 + Dx V2 4 yl 6.0= 1)? =% = 1)” 


(x2 + 1)? + 2(x? + 1)-¥? 


2x2/3(x = 2)28 = 5x43(x = 2)? 
3x 2x2 ie 1)54 _ x3/2(x? + 14 


91-96 m Factor the expression completely. (This type of expres- 
sion arises in calculus in using the “product rule.”) 


91. 3x°(4x — 12)? + x3(2)(4x — 12)(4) 
92. 5(x? + 4)4(2x)(x — 2)4 + (x2 + 4)5(4)(x — 2)3 
93. 3(2x — 1)?(2)(x + 3)!2 + (2x — 1)3(4)(x + 3)7¥” 
94, 5(x + 6)~27(2x — 3)? + (x + 6)49(2)(2x — 3)(2) 
95. (x2 + 3) 13 — 3x°(x? + 3) 748 
96, 5x V2(3x + 4)? + 3x¥2(3x + 4) 
97. (a) Show that ab = 3\(a + b)* — (a? + b’)|. 
(b) Show that (a2 + b?)? — (a? — b?)? = 4a’b. 
(c) Show that 
(a? + b*)(c? + d?) = (ac + bd)? + (ad — bc)? 
(d) Factor completely: 4a2c? — (a? — b? + c?)?. 
98. Verify Factoring Formulas 4 and 5 by expanding their right- 
hand sides. 
APPLICATIONS 
99. Volume of Concrete A culvert is constructed out of 


large cylindrical shells cast in concrete, as shown in the figure 
at the top of the next column. Using the formula for the vol- 
ume of a cylinder given on the inside front cover of this book, 
explain why the volume of the cylindrical shell is 


V = @R2h — ah 
Factor to show that 
V = 2ar- average radius - height- thickness 


Use the “unrolled” diagram to explain why this makes sense 
geometrically. 
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t 


100. Mowing a Field A square field in a certain state park is 


mowed around the edges every week. The rest of the field is 
kept unmowed to serve as a habitat for birds and small ani- 
mals (see the figure). The field measures b feet by b feet, and 
the mowed strip is x feet wide. 
(a) Explain why the area of the mowed portion is 
b? — (b — 2x)’, 
(b) Factor the expression in part (a) to show that the area of 
the mowed portion is also 4x(b — x). 


DISCOVERY = DISCUSSION = WRITING 


101. 


102. 


103. 


The Power of Algebraic Formulas Use the Differ- 
ence of Squares Formula to factor 17* — 16%. Notice that it is 
easy to calculate the factored form in your head but not so 
easy to calculate the original form in this way. Evaluate each 
expression in your head: 

(a) 528-527? (b) 122-120? — (ce) 10207 — 10107 


Now use the product formula (A — B)(A + B) =A? — B*to 
evaluate these products in your head: 


(d) 49-51 (e) 998 - 1002 


Differences of Even Powers 

(a) Factor the expressions completely: A* — B* and A® — B®. 

(b) Verify that 18,335 = 124 — 74 and that 
2,868,335 = 12° — 7°, 

(c) Use the results of parts (a) and (b) to factor the integers 
18,335 and 2,868,335. Show that in both of these factor- 
izations, all the factors are prime numbers. 


Factoring A” — 1 Verify the factoring formulas in the list 
by expanding and simplifying the right-hand side in each case. 


A2—1=(A-1)(A +1) 
AS—1=(A—1)(A2?+A 41) 
At‘—1=(A-1)(A2+A274+A 41) 


On the basis of the pattern displayed in this list, how do you 
think A> — 1 would factor? Verify your conjecture. Now gen- 
eralize the pattern you have observed to obtain a factorization 
formula for A" — 1, where n is a positive integer. 
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P.7 RATIONAL EXPRESSIONS 


Expression Domain 
1 

; {x| x # 0} 

Vx {x| x = 0} 

7 {x|x > 0} 


The Domain of an Algebraic Expression > Simplifying Rational Expressions 
> Multiplying and Dividing Rational Expressions B Adding and Subtracting 
Rational Expressions B Compound Fractions ® Rationalizing the 
Denominator or the Numerator ® Avoiding Common Errors 


A quotient of two algebraic expressions is called a fractional expression. H ere are some 
examples: 


2x Vx +3 i. 
x-1 x+1 y7+4 


A rational expression is a fractional expression in which both the numerator and de- 
nominator are polynomials. For example, the following are rational expressions: 


2x X x3 — x 
x-1 x*4+1 x? — 5x +6 


In this section we learn how to perform algebraic operations on rational expressions. 


V The Domain of an Algebraic Expression 


In general, an algebraic expression may not be defined for all values of the variable. The do- 
main of an algebraic expression is the set of real numbers that the variable is permitted to 
have. The table in the margin gives some basic expressions and their domains. 


EXAMPLE 1 | Finding the Domain of an Expression 


Consider the expression 
ax +4 
x—3 
(a) Find the value of the expression for x = 2. 
(b) Find the domain of the expression. 


SOLUTION 
(a) We find the value by substituting 2 for x in the expression: 
2(2) + 4 
jaa —8 Substitute x = 2 


(b) The denominator is zero when x = 3. Since division by zero is not defined, we 
must have x # 3. Thus the domain is all real numbers except 3. We can write this 
in set notation as 


{x| x # 3} 
©. NOW TRY EXERCISE 9 |_| 


EXAMPLE 2 | Finding the Domain of an Expression 


Find the domains of the following expressions. 
x Vx 
x? — 5x + 6 x-5 


(a) 2x* + 3x —1 (b) 


@ Wecan't cancel the x?'s in 


x2-1 ed 
wages because x is not a factor. 


x? + Xx 
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SOLUTION 
(a) This polynomial is defined for every x. Thus the domain is the set R of real numbers. 
(b) We first factor the denominator: 


x 7 x 
x?—5x+6 (x — 2)(x — 3) 


Denominator would be 0 if 
KS 2Orn= 3 


Since the denominator is zero when x = 2 or 3, the expression is not defined for 
these numbers. The domain is {x| x # 2 and x # 3}. 

(c) For the numerator to be defined, we must have x = 0. Also, we cannot divide by 
zero, SOX #5. 


M ust have x = 0 
to take square root 


Vx Denominator would 


—3 beQifx =5 


>< 


Thus the domain is {x| x = 0 andx # 5}. 
©. NOW TRY EXERCISE 13 | 


V Simplifying Rational Expressions 


To simplify rational expressions, we factor both numerator and denominator and use the 
following property of fractions: 


This allows us to cancel common factors from the numerator and denominator. 


EXAMPLE 3 | Simplifying Rational Expressions by Cancellation 


x?-1 
Simplify: } ——— = 
Pee ayo 
SOLUTION 
ee ene?) Factor 
x7+x-2 (x—1)(x +2) 
Xx4+1 
= Cancel common factors 
Xx+2 
& NOW TRY EXERCISE 23 =a) 


V Multiplying and Dividing Rational Expressions 


To multiply rational expressions, we use the following property of fractions: 


_ AC 


A 
B D BD 


& 
D 


This says that to multiply two fractions, we multiply their numerators and multiply their 
denominators. 
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Avoid making the following error: 


—_~¥- Pe. 
B+C B C 

For instance, if weletA = 2,B =1, 
and C = 1, then we see the error: 


EXAMPLE 4 | Multiplying Rational Expressions 


x? +2x-—3 3x412 
x?+8x+16 x-1 


Perform the indicated multiplication and simplify: 


SOLUTION We first factor. 


x*+2x-—3 3x+12 
x7+8x+16 x-1 


(x — 1) + 3) 3K + 4) 
(x+4)?2 ~ x-1 
= a — a 4 Property of fractions 
_ 3(x + 3) 
x+4 


©. NOW TRY EXERCISE 31 a 


Factor 


Cancel common 
factors 


To divide rational expressions, we use the following property of fractions: 


This says that to divide a fraction by another fraction, we invert the divisor and multiply. 


EXAMPLE 5 | Dividing Rational Expressions 


Perform the indicated division and simplify: 


x-4 x?-3x-4 
x7-4 °° x? +5x+6 
SOLUTION 
x-4  x*-3x-4 x-4 x?4+5x4+6 Invert divisor 
x?7-4 °° x*+5x+6 x?-4 x?-3x-4 and multiply 
(x — 4)(x + 2)(x + 3) 
= Factor 
(x — 2)(x + 2)(x — 4)(K + 1) 
= x + 3 Cancel common 
(x — 2)(x + 1) factors 
& NOW TRY EXERCISE 37 |_| 


V Adding and Subtracting Rational Expressions 


To add or subtract rational expressions, we first find a common denominator and then 
use the following property of fractions: 


Although any common denominator will work, it is best to use the least common de- 
nominator (LCD) as explained in Section P.1. The LCD is found by factoring each de- 
nominator and taking the product of the distinct factors, using the highest power that ap- 
pears in any of the factors. 


DIOPHANTUS lived in Alexandria 
about 250 a.p. His book Arithmetica is 
considered the first book on algebra. In 
it he gives methods for finding integer 
solutions of algebraic equations. Arith- 
metica was read and studied for more 
than a thousand years. Fermat (see 
page 143) made some of his most im- 
portant discoveries while studying this 
book. Diophantus’ major contribution is 
the use of symbols to stand for the un- 
knowns in a problem. Although his 
symbolism is not as simple as what we 
use today, it was a major advance over 
writing everything in words. In 
Diophantus’ notation the equation 


 — 7x2 + 8x—5=24 
is written 
° 
AK Yasnpt A’CMev"kd 


Our modern algebraic notation did not 
come into common use until the 17th 
century. 
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EXAMPLE 6 | Adding and Subtracting Rational Expressions 


Perform the indicated operations and simplify. 


3 X 1 2 
ed x40 b) 2 (x + 1) 
SOLUTION 
(a) Here the LCD is simply the product (x — 1)(x + 2). 
3 e . . 302) | x(x — 1) Write fractions using 
Xx-1 x42 (x-1)x+2)) (K-1)x4+2) LCD 
3x +6 + x?-x 
(x —)x+2) Add fractions 
x? + 2x + 6 Combine terms in 
~ (x — 1)(x + 2) numerator 
(b) The LCD of x? — 1 = (x — 1)(x + 1) and (x + 1)? is (x — 1)(x +1). 
: Z = : é Factor 
xX?-1 (x41)? (-1K4H1) (x41) 


(x + 1) — 2(x - 1) 
(x — 1)(x + 1)? 
= X+1—2xt2 Distributive Property 
(x — 1)(x + 1)? 
3-xX 
(x — 1)(x + 1)? 


Combine fractions 
using LCD 


Combine terms in 
numerator 
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V Compound Fractions 


A compound fraction is a fraction in which the numerator, the denominator, or both are 


themselves fractional expressions. 


EXAMPLE 7 | Simplifying a Compound Fraction 


aoa 
Simplify: ——— 
1 — 
x 
SOLUTION 1 Wecombine the terms in the numerator into a single fraction. We do the 
same in the denominator. Then we invert and multiply. 
x + 
us + 1 one 
yw 
1-¥ I 
x x 
x+y xX 
y xX7Yy 
_ X(x + y) 
y(x — y) 
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SOLUTION 2 We find the LCD of all the fractions in the expression, then multiply 
numerator and denominator by it. In this example the LCD of all the fractions is xy. 


Thus 
x 
=44 244 
y _y xy Multiply numerator 
y y xy and denominator by xy 
1- 2 1- ¥ 
x? + xy — 
= 9 Simplify 
xy —y 
x(x + 
= 1) Factor 
y(x — y) 
&. NOW TRY EXERCISES 67 AND 69 a 


The next two examples show situations in calculus that require the ability to work with 
fractional expressions. 


EXAMPLE 8 | Simplifying a Compound Fraction 
i 
ath a 
h 


SOLUTION We begin by combining the fractions in the numerator using a common 
denominator. 


Simplify: 


1 1 a-—(a+h) 


a+h a a(a + h) Combine fractions in the 
h = h numerator 
a 2. - (seh eee 
= : nvert divisor and multi 
a(at+h) h a 
= eae tout = Distributive Property 
a(a +h) hh ‘ 
ees ee Simplif 
a(a +h) h os 
-1 
= ——_ Cancel common factors 
a(a + h) 
& NOW TRY EXERCISE 77 |_| 


EXAMPLE 9 | Simplifying a Compound Fraction 


(1 + x2)¥2 — x21 + x2) “12 
1+ x? 


Simplify: 


SOLUTION 1 Factor (1 + x2)~1? from the numerator. 


Cy asta Ce aS x 


Factor out the power of 1 + x? with 1+ x? 1+ x? 
the smallest exponent, in this case = 
(1 + x?)-¥2, ; Rae 1 


1+ x? (1 + x2)3? 
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SOLUTION 2 Since(1 + x2)-¥? = 1/(1 + x2)!” is a fraction, we can clear all frac- 
tions by multiplying numerator and denominator by (1 + x?)¥, 
aera) (ee =x) eee 


1+x? 1+ x? “(1 + x2)! 


(1 + x’) — x? 1 


(Laere Geyer 
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V Rationalizing the Denominator or the Numerator 


If a fraction has a denominator of the form A + B VC, we may rationalize the denomi- 
nator by multiplying numerator and denominator by the conjugate radical A — B VC. 
This is effective because, by Product Formula 1 in Section P.5, the product of the denom- 
inator and its conjugate radical does not contain a radical: 


(A+BVC)(A —BVC) =A? - BC 


EXAMPLE 10 | Rationalizing the Denominator 


1 
1+ v2 
SOLUTION Wemultiply both the numerator and the denominator by the conjugate 
radical of 1 + V2, whichis 1 — V2. 


1 iT {aad Multiply numerator and 
= : denominator by the 
1+V2 1+ V2 1-2 conjugate radical 


Rationalize the denominator: 


= v2 Product Formula 1: 
VP - (v2) (a + b)(a —b) =a? — b? 
1-v2 1-v2 
1-2 -l ve-1 
®. NOW TRY EXERCISE 89 |_| 


EXAMPLE 11 | Rationalizing the Numerator 


“A + — 
Rationalize the numerator: “aun 
SOLUTION Wemultiply numerator and denominator by the conjugate radical 
V4+h4+2. 
VAERH2 ASR =? wee +? M ultiply numerator and 
= : denominator by the 
h h V4+h+2 conjugate radical 
(V4 +h)? — 2? Product Formula 1: 
~ h(a +h + 2) (a + b)(a — b) = a’ — b? 
— 4+h-4 
h(V4 +h + 2) 
h 1 


Cancel common factors 


WVe tht 2) Vath +2 
©. NOW TRY EXERCISE 95 | 
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P.7 EXERCISES 


V Avoiding Common Errors 


Don’t make the mistake of applying properties of multiplication to the operation of addi- 
tion. Many of the common errors in algebra involve doing just that. The following table 
states several properties of multiplication and illustrates the error in applying them to 
addition. 


Correct multiplication property | Common error with addition 
(a+b)? = a2-b? (a+ by Ka +b? 
Va-b = Vavb (a,b =0) Va +b¥ va + Vb 
Va?-b2=a-b (a,b=0) Var +b? Ya +b 
iL 1 te iL 

a 


Z 
b a-b a blNa+b 


a-t-b-? = (a-b)7? an} + b1¥ (a +b)? 


To verify that the equations in the right-hand column are wrong, simply substitute 
numbers for a and b and calculate each side. For example, if we take a = 2 and b = 2 
in the fourth error, we find that the left-hand side is 


whereas the right-hand side is 
ee | 
a+b 2+2 4 
Since 1 # j, the stated equation is wrong. You should similarly convince yourself of the 
error in each of the other equations. (See Exercise 113.) 


2 XxX, 
CONCEPTS $0 79 is the same as 
j i i ions? 
1. Which of the following are rational ae {b) To divide two rational expressions, we ss 
(a) 3x (b) Vx +1 oem _ oe 
eet 3 ek oe divisor, then multiply. So [25 yao is the same as 


2. To simplify a rational expression, we cancel factors that are 


2 X 


: ; roe 
common to the and . So the expression 5. Consider the expression > 
Xx x+1 (x41) 
(K+ 1)X +2). f (a) How many terms does this expression have? 
(x + 3)(x + 2) simplifies to (b) Find the least common denominator of all the terms. 
(c) Perform the addition and simplify. 
3. True or false? 
~+3,. .. 3 3x2 3 6. True or false? 
(a) -,——~ simplifies to —. =.7 simplifies to =. 11 1 
+5 3 3x 3 (a) 5 + isthe same as 5— 
4, (a) To multiply two rational expressions, we multiply their ‘ 
1 Ls Xx+2 
together and multiply their ______ together. (b) a is the same as x 


SKILLS 


7-14 m An expression is given. (a) Evaluate it at the given value. 


(b) Find its domain. 


7 


©. 9 


rn 


11 


®13. 


. 4x7- 10x +3, x=5 
2x +1 
ae x=7 
»~VxX+3, x=6 
+1 
»; X= s2 
Y~-x-2 


10. 


15-28 = Simplify the rational expression. 


25 


27. 


y ty 
= 


2x? — x? — 6x 
2x? - 7x +6 


16. 


18. 


26. 


28. 


81x3 
18x 
14t? — t 
7t 
A(x? — 1 
6. 
12(x + 2)(x — 1) 
Dy ne 
9g Aes 
xP Ss] 
Y-—x-12 
24, ————_ 
x? + 5x + 6 
y? — 3y — 18 
2y? + 5y + 3 
1-¥? 
¥~-1 


29-44 m Perform the multiplication or division and simplify. 


4x x+2 
si x —4 16x 0 
2 
ra xi 2x— 15 x+3 
Losi‘ 
t= 3° ts 
3. 929 
35 x + 7x +12 4+ 5x +6 
" y24 3x42 24+ 6x49 
a Pay 2e =x =" 
. x — y? x? — xy — 2y? 
37 x+3. P+%x4+12 
"Ay? = 9” 2? + Tx = 15 
2+1l | 6x*-x-2 
a: aye. X+3 
39 2x2°+3x+1 x +6x4+5 
“yx? 4+2x-15 9 2x? - 7x +3 
ig a°=9 2a'+y—3 
“2y?+9y-18 y?+5y-6 


Y-—25 x+4 
Y-—16 x+5 


x +2x-3 3-x 
x? —2x-3 34x 


~y-x-6 4x 


e+2x x2 — 2x —3 


65-76 m Simplify the compound fractional expression. 


1-2 
65. ; 
a 
dl 
Map2 
ie 1 
X+2 
X+2 2-3 
YS )L X= 2 
oa x+2 
oy 
y x 
oa 
x2 y? 
x 2+y? 
73. 
3 typ 


1 
aa 
‘ 1 
ry 
1 
r Deal 
aco 
ci 
x-3 x42 
x-4 x41 
- x+3 
2 
ae A 
y X 
x tty? 
MB Ory 
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x? 2x? — 3x —2 

+ a 
a. i acae aT 

x2 + 2x41 x-+x-—2 
a3, ~4 a4, * 
zZ y/z 
45-64 m@ Perform the addition or subtraction and simplify. 
45.2 + —— 46, ~—— - 1 
Mgt 3 48. = 
Ma ee 
a a x+1 oe: Tee es 
53.u + 1+ —— 5-5 5 
55. 5 + 5+ 545 
7 eer 8G fe 
8 ats 0. oT 2 x si 4 
61. 5 | = a 
1 2 

a: x? ; 6 x4 x-3 

1 1 
a r+3x+2 x2 -2x-3 
Cer x Dp a4 
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5.1 - 6.14 1 101-108 m State whether the given equation is true for all values 
, 1 of the variables. (Disregard any value that makes a denominator 
L- 7 1+ zero.) 
Xx 1+x ‘ 
iy ieee ee 
77-82 w Simplify the fractional expression. (Expressions like 16 16 b - c 
these arise in calculus.) 103. a : a 104. ~~ ; -* 
1 1 i. -< : Ue 
l+xt+h 1+x Vath Vx x 1 (2) 2a 
© 77, ; 105. a a |) oe 
77 ; 78. h 05 “ay 1 106. 2 b > 
1 1 =a a 
(x+hy x ce > ip 
79. h ; 
1+Xx+x 1 
(x +h)? — 7(x +h) — (x3 — 7x) ms: x ror 
80. 
h 
81. 1+(—4) 82, 1+(e-3) APPLICATIONS 
1— 4x 


109. Electrical Resistance |f two electrical resistors with re- 
sistances R, and R, are connected in parallel (see the figure), 


83-88 m Simplify the expression. (This type of expression arises then the total resistance R is given by 


in calculus when using the “quotient rule.”) ye 1 
98 3(x + 2)*(x = 3)? = (x + 2)7(2)(x = 3) i,t 
, (x — 3)' Ry RS 
2x(x + 6)* — x°(4)(x + 6)? (a) Simplify the expression for R. 
: (x + 6) (b) If R, = 10 ohms and R, = 20 ohms, what is the total 
resistance R? 
‘~ 2(1 + x)¥? — x(1 + x) 7? 
«85. 
Xx+1 R, 
1 — x2)'2 4 x21 — 2 1/2 
ga 
1-x 
3(1 + x)? — x(1 + x) 727 
87, ( ) ( ) R, 
(1 + x)%8 
(7 — 3x)¥? + 3x(7 — 3x) 7-4? 
88. 7 — 3x 110. Average Cost A clothing manufacturer finds that the 
cost of producing x shirts is 500 + 6x + 0.01x? dollars. 
oo ; (a) Explain why the average cost per shirt is given by the 
89-94 m Rationalize the denominator. rational expression 
1 2 2 
© 89. 90. — 500 + 6x + 0.01x 
2 1 
91. ———__= 92. (b) Complete the table by calculating the average cost per 
V2 + V7 Ve +1 shirt for the given values of x. 
93, —» gg, 205) 
"V3+ Vy "Vx - vy 
ap Average cost 
95-100 m Rationalize the numerator. 10 
20 
& 95 12 V5 gg, V3 V5 50 
3 2 100 
gp og, Vea Vth 200 
' 2  hVKVK +A bi 
99, Vx? +1-x 100. Vx +1 -— Vx 


112. Is This Rationalization? 


DISCOVERY = DISCUSSION = WRITING 


111. Limiting Behavior of a Rational Expression The 
rational expression 


x29 

13 
is not defined for x = 3. Complete the tables and determine 
what value the expression approaches as x gets closer and 


closer to 3. Why is this reasonable? To see why, factor the 
numerator of the expression and simplify. 


" x?-9 : x?7-9 
x-3 x—-3 
2.80 3.20 
2.90 3.10 
2.95 3.05 
2.99 3.01 
2.999 3.001 


In the expression 2/1/x we 
would eliminate the radical if we were to square both numer- 
ator and denominator. Is this the same thing as rationalizing 
the denominator? 
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113. Algebraic Errors The left-hand column in the table lists 


some common algebraic errors. In each case, give an exam- 
ple using numbers that show that the formula is not valid. An 
example of this type, which shows that a statement is false, 
is called a counterexample. 


Algebraic error Counterexample 
a ee Lk 
a bé\a+b 2 2 2+2 
(a+ b)? a + b? 

Vai +b?Ya +b 


=X 
(a+ a € +b 
a/a" Wan 


. Define each term in your own words. (Check by referring to 
the definition in the text.) 


(a) An integer 

(b) A rational number 
(c) An irrational number 
(d) A real number 


. State each of these properties of real numbers. 
(a) Commutative Property 
(b) Associative Property 
(c) Distributive Property 


. Explain what is meant by the union and intersection of sets. 
W hat notation is used for these ideas? 


. What is an open interval? W hat is a closed interval? W hat no- 
tation is used for these intervals? 


. What is the absolute value of a number? 


. (a) In the expression a*, which is the base and which is the 
exponent? 
(b) What does a* mean if x = n, a positive integer? 
(c) What if x = 0? 


10. 


11, 


(d) What if x is a negative integer: x = —n, where n is a posi- 
tive integer? 

(e) What if x = m/n, a rational number? 

(f) State the Laws of Exponents. 


» (a) What does Va = b mean? 


(b) Why is Va? = |a|? 
(c) How many real nth roots does a positive real number have 
if nis odd? If n is even? 


. Explain how the procedure of rationalizing the denominator 


works. 


. State the Special Product Formulas for 


(A +B)(A 
(A — B)?, 
State each Special Factoring Formula. 
(a) Difference of squares 

(b) Difference of cubes 

(c) Sum of cubes 


B), (A + B)2, (A — B)2, (A + B)3, and 


(a) Explain how to multiply two rational expressions. 
(b) Explain how to divide two rational expressions. 
(c) Explain how to add or subtract two rational expressions. 
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M EXERCISES 


1-2 m= Determine whether each number is rational or irrational. If 
it is rational, determine whether it is a natural number, an integer, 
or neither. 


1, (a) 16 (b) —16 (c) V16 (d) V2 
(e) § (f) -3 

2.(a)-5 = (b) -2 (c) V25 (d) 377 
(e) i (f) 107° 


3-6 m State the property of real numbers being used. 
3.34 2x =2x+3 

4. (a + b)(a — b) = (@ — b)a + b) 

5. A(x + y) = Ax + Ay 

6 (A+ 1xK+y)=(A+1)x +A + Dy 


7-10 m Evaluate each expression. Express your answer as a 
fraction in lowest terms. 


7. (a) 2+ 2 (n) 2 - = 
8 (a) TF (b) D+ 
9. (a) ) +2 
10. (a) + 2 (9) >. 


11-14 m Express the interval in terms of inequalities, and then 
graph the interval. 


11. [-2, 6) 
13. (—o0, 4] 


12. (0, 10] 
14, [—2, 00) 


15-18 m Express the inequality in interval notation, and then 
graph the corresponding interval. 


15. x=5 16. x < —3 

17, -1<x=5 18. 0=<x=} 

19-22 m Thesets A, B, C, and D are defined as follows: 
A = {-1,0, 1, 2, 3} B ={3,1,4} 
C ={x/0<x=2} D =(-1,1] 
Find each of the following sets. 

19. (a) AUB (b) ANB 

20. (a) C UD (b) C ND 

21. (a) ANC (b) BND 

22. (a) AND (b) BNC 


23-34 m Evaluate the expression. 


23. |7 — 10| 24, |-3 — 5) 
25. |3 — |-9]| 26. 1—|1 -|-1|| 
7.27°=3" 28, 21g"? 


29, 216 2/3 30. 642 

ai 22 32, W/4 \/324 
V2 

33. W/—-125 34, V2V50 


35-36 m Express the distance between the given numbers on the 
real line using an absolute value. Then evaluate this distance. 


35. (a) 3 and5 (b) 3 and —5 
36. (a) 0 and —4 (b) 4 and —4 


37-44 m Write the expression as a power of x. 


ae 38. xVXx 
x 
39, 2x3)" 40. ((x""y" 
Al. x°x?x° 42. ((x?)?)° 
x2 nyd 
43. xe yten hy? 44, ( } 


45-48 m Express the radical as a power with a rational exponent. 
45. (a) V7 (b) W/7! 46. (a) W/5’ —(b) (1/5)? 
47. (a) W/x> (b) (Vx)? 48. (a) Vy? (b) (Wy)? 


49-58 m Simplify the expression. 
49, (2x2y(3x~ ly’) 50. (a*) 3(a3b)?(b3)4 


x"(3x)? 7254/3 6 
aa 1s 
53. W/(x*y)2y4 54. Vx’y4 
x Vx +1 
55. ——_—= 56. ————_ 
2+ Vx Vx-1 
Brt?2s5-3 25)" 
hs essa i — 
? 2r-2s4 ae 2a*b 4 


59. Write the number 78,250,000,000 in scientific notation. 
60. Write the number 2.08 x 10-® in decimal notation. 


61. If a ~ 0.00000293, b ~ 1.582 x 10°“, and 
c ~ 2.8064 x 10’, use a calculator to approximate 
the number ab/c. 


62. If your heart beats 80 times per minute and you live to be 
90 years old, estimate the number of times your heart beats 
during your lifetime. State your answer in scientific notation. 


63-84 m Factor the expression. 


63. 2xy — 6xy? 64, 12x2y4 — 3xy> + 9x7y? 
65. x? — 9x + 18 66. x? + 3x — 10 

67. 3x2 — 2x -1 68. 6x? + x — 12 

69. 4t? — 13t — 12 70. x* — 2x2 +1 

71. 25 — 16t 72, 2y® — 32y? 


73. x°-1 74, y? — 2y?-y+2 


76. a*b? + ab° 
78. 8x3 + y® 
2 ee sD 


75. x~¥2 — 2x¥? + x3 
77. 4x3 — 8x? + 3x — 6 
79. (x? + 2)9? + 2x(x? 4 
80. 3x? — 2x2 + 18x — 12 
81. a’y — by 

82. ax? + bx*-a—b 
83. (x+ 1% -—Ax+1)4+1 
84, (a + bY + 2(a +b) — 15 


85-108 m Perform the indicated operations. 
85. (2x + 13x — 2) — 5(4x — 1) 
6. (2y — 7\2y + 7) 
87. (2a? — b 
88. (1 + x)(2 — x) -(3 — x)3 +x) 
9. ( 
0. ( 


X — IK — 2)(x — 3) 

2x + 1) 
91. Vx(Vx + 1)(2Vx - 1) 
92. x3(x — 6)? + x*(x — 6) 
93. x2(x — 2) + x(x — 2) 


x3 + 2x? + 3x x? — 2x —3 
OO oo 
X = 2x? + 5x +3 
t-1 ~+2x-3 3x+12 
: 7. . 
ae t?-1 : ?+8x+16 x-1 
e/(x - 1 
og, 10D 
x7/(x? — 1) 
x —2x-15  x-x-12 
ie e-—6x+5 xX-1 
100. x — d 
Xe 
1 X 
ei ea 
102. + d | 2 
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103. 


104, aa 5 


105. 


<irRl_x<xlrR 
< 
t 
fa 


x< 
t 
a 


107. 


, Ye Xx : . 
108 =A (rationalize the numerator) 


109-112 m Find the domain of the algebraic expression. 


x+5 2x 
EO: x + 10 ns -— 9 
1, ——Y* 112. a vx — 3 
x — Bx — 4 x — 4x +4 
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113-120 m State whether the given equation is true for all values 
of the variables. (Disregard any value that makes a denominator 0.) 


1+Va ih 
113. (x + yP =x? + y? 114, = 
Ser Sey l-a 1-vVa 
12 + 
m5, P= a 116. Wa +b = Wa+ Wb 
117. Va? =a ae 
x+4 x 4 
119, x? + y? = (x + y)(x? + xy + y?) 
+1 1 
1 2x +1 


121, If m >n>Oanda = 2mn,b=m2-—n?,c=m2+4+n 
show that a2 + b? = c?, 


122. Ift = (x? — <) and x > 0, show that 


Virt =3(8 +5) 
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. Determine whether each number is rational or irrational. If it is rational, determine whether it 


is anatural number, an integer, or neither. 
(a) 5 (b) V5 (c) —3 (d) —1,000,000 


. LetA = {—2, 0, 1,3, 5}andB = {0, 5, 1,5, 7}. Find each of the following sets. 


(a) ANB (b) AUB 


. (a) Graph the intervals [—4, 2) and [0, 3] on a real line. 


(b) Find the intersection and the union of the intervals in part (a), and graph each of them ona 
real line. 

(c) Use an absolute value to express the distance between —4 and 2 on the real line, and then 
evaluate this distance. 


. Evaluate each expression: 


720 
(a) —2° (b) (—2)° (c) 2-6 (d) 72 
a\ V32 nei = 
(e) (3) (f) wie (9) 5 (h) 81 
. Write each number in scientific notation. 
(a) 186,000,000,000 (b) 0.0000003965 
» Simplify each expression. Write your final answer without negative exponents. 
(a) V200 — V32 (b) (3a7b3)(4ab2)? 
,[125 3x3/2y3 -2 
(c) es (d) (So 


. Perform the indicated operations and simplify. 


(a) 3(x + 6) + 42x — 5) (b) (x + 3)(4x — 5) (c) (Va + Vb)(Va — Vb) 


(d) (2x + 3Y (e) (x + 2p (F) x2(x — 3)(x + 3) 
8. Factor each expression completely. 
(a) 4x? — 25 (b) 2x? + 5x — 12 (c) x?— 3x? — 4x + 12 
(d) x‘ + 27x (e) 3x2? — 9x2 + 6x~? (f) x3y — 4xy 
9. Simplify the rational expression. 
ae Gea oes 1. Yao 
(a) Yr —x-2 (b) 2-9 Xx+1 
a. 
(c) x x+1 (d) xX y 
= 4 X+2 161 
y xX 
10. Rationalize the denominator, and simplify. 
6 v6 
(a) Va (b) 745 


FOCUS ON MODELING 


Modeling the Real World with Algebra 


In algebra we use letters to stand for numbers. This allows us to describe patterns that we 
see in the real world. 

For example, if we let N stand for the number of hours you work and W stand for your 
hourly wage, then the formula 


P =NW 


gives your pay P. The formula P = NW isa description or model for pay. We can also call 
this formula an algebra model. We summarize the situation as follows: 


Real World Algebra M odel 
You work for an hourly wage. Y ou would like to _ 

P=NW 
know your pay for any number of hours worked. 


The model P = NW gives the pattern for finding the pay for any worker, with any hourly 
wage, working any number of hours. That's the power of algebra: By using letters to stand 
for numbers, we can write a single formula that describes many different situations. 

We can now use the model P = NW to answer questions such as “| make $10 an hour, 
and | worked 35 hours; how much do | get paid?” or “| make $8 an hour; how many hours 
do | need to work to get paid $1000?” 

In general, a model is a mathematical representation (such as a formula) of a real- 
world situation. M odeling is the process of making mathematical models. Once a model 
has been made, it can be used to answer questions about the thing being modeled. 


Making a model 
a 
Se 

Using the model 


The examples we study in this section are simple, but the methods are far reaching. 
This will become more apparent as we explore the applications of algebra in subsequent 
Focus on Modeling sections that follow each chapter. 


V Using Algebra Models 

We begin our study of modeling by using models that are given to us. In the next subsec- 
tion we learn how to make our own models. 

EXAMPLE 1 | Using a Model for Pay 


Use the model P = NW to answer the following question: Aaron makes $10 an hour and 
worked 35 hours last week. How much did he get paid? 


SOLUTION Weknow that N = 35h and W = $10. We substitute these values into the 


formula: 
P =NW M odel 
=35 x10 — SubstituteN =35, W =10 
= 350 Calculator 
So Aaron got paid $350. a 
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EXAMPLE 2 | Using a Model for Pay 


Use the model P = NW to solve the following problem: Neil makes $9.00 an hour tutoring 
mathematics in the Learning Center. He wants to earn enough money to buy a calculus text 
that costs $126 (including tax). How many hours does he need to work to earn this amount? 


SOLUTION Weknow that Neil’s hourly wage is W = $9.00 and the amount of pay he 
needs to buy the book is P = $126. To find N, we substitute these values into the formula: 


P =NW M odel 
126 = ON Substitute P = 126, W =9.00 


26 _ 
9 


N= 14 Calculator 


N Divide by 9 


So Neil must work 14 hours to buy this book. | 


EXAMPLE 3 | Using an Elevation-Temperature Model 
A mountain climber uses the model 

T = 20- 10h 
to estimate the temperature T (in °C) at elevation h (in kilometers, km). 


(a) Make a table that gives the temperature for each 1-km change in elevation, from 
elevation 0 km to elevation 5 km. How does temperature change as elevation increases? 


(b) If the temperature is 5°C, what is the elevation? 
SOLUTION 
(a) Let's use the model to find the temperature at elevation h = 3 km: 
T =20-— 10h M odel 
=20-10(3) — Substituteh =3 
= -10 Calculator 


So at an elevation of 3 km the temperature is —10°C. The other entries in the fol- 
lowing table are calculated similarly. 


Elevation (km) | Temperature (°C ) 
0 20° 


UBRWNH 
| 
be 
(=) 
° 


We see that temperature decreases as elevation increases. 
(b) We substitute T = 5°C in the model and solve for h: 


T = 20 — 10h M odel 
5 = 20 — 10h Substitute T =5 


—15 = -10h Subtract 20 

-15 oe 

Ta h Divide by -10 
15=h Calculator 


The elevation is 1.5 km. | 
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V Making Algebra Models 


In the next example we explore the process of making an algebra model for a real-life 
situation. 


EXAMPLE 4 | Making a Model for Gas Mileage 


The gas mileage of a car is the number of miles it can travel on one gallon of gas. 


(a) Find a formula that models gas mileage in terms of the number of miles driven and 
the number of gallons of gasoline used. 


(b) Henry’s car used 10.5 gallons to drive 230 miles. Find its gas mileage. 


12 mi/gal 40 mi/gal 


THINKING ABOUT THE PROBLEM 


Let's try a simple case. If a car uses 2 gallons to drive 100 miles, we easily see that 


1 
gas mileage = = = 50 mi/gal 


So gas mileage is the number of miles driven divided by the number of gallons used. 


SOLUTION 
(a) To find the formula we want, we need to assign symbols to the quantities involved: 


In Words In Algebra 
Number of miles driven N 
Number of gallons used G 
Gas mileage (mi/gal) M 


We can express the model as follows: 


number of miles driven 


i _ 
sass number of gallons used 
M= . M odel 
(b) To get the gas mileage, we substitute N = 230 and G =10.5 in the formula: 
M = . M odel 
230 7 _ 
= 105 Substitute N = 230,G =10.5 
= 219 Calculator 
The gas mileage for Henry’s car is 21.9 mi/gal. | 
PROBLEMS 


1-10 m Use the model given to answer the questions about the object or process being modeled. 


1. Sales Tax Thesales tax T in a certain county is modeled by the formula T = 0.08x. Find 
the sales tax on an item whose price is $120. 


2. Cost A company finds that the cost C (in dollars) of manufacturing x compact discs is 
modeled by 


C = 500 + 0.35x 


Find the cost of manufacturing 1000 compact discs. 
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. Sales Tax A company models the profit P (in dollars) on the sale of x CDs by 


P = 0.8x — 500 
Find the profit on the sale of 1000 CDs. 


. Volume The volume V of acylindrical can is modeled by the formula 


V = ah 


where r is the radius and h is the height of the can. Find the volume of a can with radius 3 in. 
and height 5 in. 


. Gas Mileage The gas mileage M (in mi/gal) of a car is modeled by M = N/G, whereN 


is the number of miles driven and G is the number of gallons of gas used. 
(a) Find the gas mileage M for a car that drove 240 miles on 8 gallons of gas. 


(b) A car with a gas mileage M = 25 mi/gal is driven 175 miles. How many gallons of gas 
are used? 


. Elevation and Temperature A mountain climber models the temperature T (in °F) at 


elevation h (in ft) by 

T = 70 — 0.003h 
(a) Find the temperature T at an elevation of 1500 ft. 
(b) If the temperature is 64°F, what is the elevation? 


. Iceberg The portion of a floating iceberg that is below the water surface is much larger 


than the portion above the surface. The total volume V of an iceberg is modeled by 
V = 9.5S 
where S is the volume showing above the surface. 
(a) Find the total volume of an iceberg if the volume showing above the surface is 4 km?. 
(b) Find the volume showing above the surface for an iceberg with total volume 19 km?. 
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8. Power The power P measured in horsepower (hp) needed to drive a certain ship at a speed 
of s knots is modeled by 


P = 0.06s? 
(a) Find the power needed to drive the ship at 12 knots. 
(b) At what speed will a 7.5-hp engine drive the ship? 


9. Depth and Pressure An ocean diver models the pressure P (in Ib/in2) at depth d (in ft) 
by 
P = 14.7 + 0.45d 


(a) Make a table that gives the pressure for each 10-ft change in depth, from a depth of 0 ft 
to 60 ft. 


(b) If the pressure is 30 Ib/in?, what is the depth? 


10. Water Usage Arizonans use an average of 40 gallons of water per person each day. 
(a) Find a model for the number of gallons W of water used by x Arizona residents each day. 


(b) M ake a table that gives the number of gallons of water used for each 1000-person 
increase in population, from 0 to 5000. 


(c) Estimate the population of an Arizona town whose water usage is 140,000 gallons per 
day. 


11-18 » Making a Model Write an algebraic formula that models the given quantity. 
11. The number N of days in w weeks 

12. The number N of cents in q quarters 

13. The average A of two numbers a and b 

14. The average A of three numbers a, b, and c 

15. The cost C of purchasing x gallons of gas at $3.50 a gallon 

16. The amount T of a 15% tip on a restaurant bill of x dollars 

17. The distance d in miles that a car travels in t hours at 60 mi/h 

18. The speed r of a boat that travels d miles in 3 hours 


19. Cost of a Pizza A pizza parlor charges $12 for a cheese pizza and $1 for each topping. 
(a) How much does a 3-topping pizza cost? 
(b) Find a formula that models the cost C of a pizza with n toppings. 
(c) If a pizza costs $16, how many toppings does it have? 
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20. 


21. 


22. 


23. 


24. 


Renting aCar Ata certain car rental agency a compact car rents for $30 a day and 10¢ a 
mile. 


(a) How much does it cost to rent a car for 3 days if the car is driven 280 miles? 

(b) Find a formula that models the cost C of renting this car for n days if itis driven m miles. 
(c) If the cost for a 3-day rental was $140, how many miles was the car driven? 

Energy Cost fora Car The cost of the electricity needed to drive an all-electric car is 


about 4 cents per mile. The cost of the gasoline needed to drive the average gasoline-powered 
car is about 12 cents per mile. 


(a) Find a formula that models the energy cost C of driving x miles for (i) the all-electric car 
and (ii) the average gasoline-powered car. 


(b) Find the cost of driving 10,000 miles with each type of car. 

Volume of Fruit Crate A fruit crate has square ends and is twice as long as it is wide 
(see the figure below). 

(a) Find the volume of the crate if its width is 20 inches. 

(b) Find a formula for the volume V of the crate in terms of its width x. 


Cost of a Phone Call A phone card company charges a $1 connection fee for each call 
and 10¢ per minute. 


(a) How much does a 10-minute call cost? 
(b) Find a formula that models the cost C of a phone call that lasts t minutes. 
(c) If a particular call cost $2.20, how many minutes did the call last? 


(d) Find a formula that models the cost C (in cents) of a phone call that lasts t minutes if the 
connection fee is F cents and the rate is r cents per minute. 


Grade Point Average |n many universities students are given grade points for each 
credit unit according to the following scale: 

A 4 points 

B 3 points 

C 2 points 

D 1 point 

F 0 point 


For example, a grade of A in a 3-unit course earns 4 x 3 = 12 grade points and a grade of B 

in a5-unit course earns 3 X 5 = 15 grade points. A student’s grade point average (GPA) for 

these two courses is the total number of grade points earned divided by the number of units; 

in this case the GPA is (12 + 15)/8 = 3.375. 

(a) Find a formula for the GPA of a student who earns a grade of A ina units of course 
work, B in b units, C inc units, D ind units, and F in f units. 

(b) Find the GPA of a student who has earned a grade of A in two 3-unit courses, B in one 
4-unit course, and C in three 3-unit courses. 
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CHAPTER 


1.1 Basic Equations 


1.2 Modeling with 
Equations 


1.3 Quadratic Equations 
1.4 Complex Numbers 

1.5 Other Types of Equations 
1.6 Inequalities 


1.7 Absolute Value Equations 
and Inequalities 


FOCUS ON MODELING 
Making the Best Decisions 


Equations are the basic mathematical tool for solving real-world problems. 
In this chapter we learn how to solve equations, as well as how to construct 
equations that model real-world situations. 

Here’s a type of equation you may encounter as a college student. Suppose 
you need to end up with an average of 85 on three midterm tests. On the first 
two tests, you got 76 and 87. What score must you get on the third test? 

If we let x be your score on the third test, the average A on the three tests is 


76+ 87 + 
Pe ea X 


5) 
Since you want an average of 85, we set A to be 85 and get the equation 
35 = 16 + : +X 


This equation says, “The average of 76, 87, and x is 85.” We want to find the 
value of x that makes the equation true. To do this, we need to use the rules of 
algebra. You can check that you need a score of 92 on the third exam. In this 
chapter we learn how to solve linear, quadratic, and other types of equations. 
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1.1 Basic EQuaTioNns 


X = 3 is asolution of the equation 
4x + 7 = 19, because substituting 
X = 3 makes the equation true: 


x=3 


Solving Linear Equations > Solving Power Equations ® Solving for One 
Variable in Terms of Others 


Equations are the basic mathematical tool for solving real-world problems. In this chap- 
ter we learn how to solve equations, as well as how to construct equations that model real- 
life situations. 

An equation is a statement that two mathematical expressions are equal. For example, 


3+5=8 


is an equation. M ost equations that we study in algebra contain variables, which are sym- 
bols (usually letters) that stand for numbers. In the equation 


4x+7=19 


the letter x is the variable. We think of x as the “unknown” in the equation, and our goal 
is to find the value of x that makes the equation true. The values of the unknown that make 
the equation true are called the solutions or roots of the equation, and the process of find- 
ing the solutions is called solving the equation. 

Two equations with exactly the same solutions are called equivalent equations. To 
solve an equation, we try to find a simpler, equivalent equation in which the variable 
stands alone on one side of the equal sign. Here are the properties that we use to solve an 
equation. (In these properties, A, B, and C stand for any algebraic expressions, and the 
symbol <> means “is equivalent to.”) 


PROPERTIES OF EQUALITY 


Property Description 


1A=B = A+C=B+C Adding the same quantity to both sides of 


an equation gives an equivalent equation. 


2,.A=B <= CA=CB (C #0) Multiplying both sides of an equation by 
the same nonzero quantity gives an equiv- 
alent equation. 


These properties require that you perform the same operation on both sides of an equa- 
tion when solving it. Thus if we say “add —7” when solving an equation, that is just a 
short way of saying “add —7 to each side of the equation.” 


V Solving Linear Equations 


The simplest type of equation is a linear equation, or first-degree equation, which is an 
equation in which each term is either a constant or a nonzero multiple of the variable. 


LINEAR EQUATIONS 
A linear equation in one variable is an equation that is equivalent to one of the form 
ax +b =0 


where a and b are real numbers and x is the variable. 


Because it is important to CHECK 
YOUR ANSWER, we do this in many 
of our examples. In these checks, LHS 
stands for “left-hand side” and RHS 
stands for “right-hand side” of the 
original equation. 
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Here are some examples that illustrate the difference between linear and nonlinear equa- 
tions. 


Linear equations Nonlinear equations 


Not linear; contains the 


4x -—5=3 x? + 2x =8 square of the variable 
2x =4x-7 Vx — 6x = 0 Not linear; contains the 
square root of the variable 
Xx 3 
X= 65 3 a 2x=1 Not linear; contains the 


reciprocal of the variable 


EXAMPLE 1 | Solving a Linear Equation 
Solve the equation 7x — 4 = 3x + 8. 


SOLUTION Wesolve this by changing it to an equivalent equation with all terms that 
have the variable x on one side and all constant terms on the other: 


7x — 4 = 3x + 8 Given equation 
(7x — 4) +4 = (8x + 8) +4 Add 4 
7x = 3x + 12 Simplify 
7X — 3X = (8x + 12) — 3x Subtract 3x 
4x = 12 Simplify 
z°4x =4-12 Multiply by z 
x=3 Simplify 
= 2 “v 
x =3: LHS = 7(3) — 4 RHS = 3(3) + 8 
=17 =17 
LHS = RHS v 
©. NOW TRY EXERCISE 17 | 


When a linear equation involves fractions, solving the equation is usually easier if we 
first multiply each side by the lowest common denominator (LCD) of the fractions, as we 
see in the following examples. 


EXAMPLE 2 | Solving an Equation That Involves Fractions 


wk » 2.3 
a 
Solve the equation 613 ax 
SOLUTION TheLCD of the denominators 6, 3, and 4 is 12, so we first multiply each 
side of the equation by 12 to clear the denominators: 


2 3 
. —-+— = — i 
12 € *) 12 rhe Multiply by LCD 


2x + 8 = 9x Distributive Property 
= 7X Subtract 2x 
: = X Divide by 7 


The solution is x = $. 
©. NOW TRY EXERCISE 21 a 
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In the next example we solve an equation that doesn’t look like a linear equation, but 
it simplifies to one when we multiply by the LCD. 


EXAMPLE 3 | An Equation Involving Fractional Expressions 


1 1 x+3 
+ = 1 
Solve the equation ee ie er 


SOLUTION TheLCD of the fractional expressions is (x + 1)(x — 2) =x? -—x-2. 
So as long as x # —1 and x # 2, we can multiply both sides of the equation by the LCD 
to get 


1 1 


x + 3 M ulitipl 
x+1)(x-2 + = (x + 1\(x — 2)( =——~ py 
(x + 1)( (5 1) ( dC (3) by LCD 
(x-— 2) +(xX+1)=x+3 Expand 
2X=-1=x+3 Simplify 
x=4 Solve 
The solution is x = 4. 
1 1 4+3 7 
Xx=4: LHS =77 4 +79 RHS R-4-2> 10 
ss pe et 
~5 2° «10 
LHS = RHS v 
©. NOW TRY EXERCISE 43 2, 
@ Itis always important to check your answer, even if you never make a mistake in your 


calculations. This is because you sometimes end up with extraneous solutions, which are 
potential solutions that do not satisfy the original equation. The next example shows how 
this can happen. 


EXAMPLE 4 | An Equation with No Solution 


> xl 
x-4 x-4 


Solve the equation 2 + 


SOLUTION First, we multiply each side by the common denominator, which is x — 4: 


5 x+1 

= + = i = 
(x (2 =.) (x a(**4) Multiply by x — 4 

enka soso _ 

X=4: 
2x-8+5=x+1 Distributive Property 
LHS =2 : =24 ° 
4—4 "0 2x-3=x+1 Simplify 
x=4 Subtract x 


Impossible— can’t divide by 0. LHS 
and RHS are undefined, so x = 4 is not 
a solution. x 


But now if we try to substitute x = 4 back into the original equation, we would be divid- 
ing by 0, which is impossible. So this equation has no solution. 


®. NOW TRY EXERCISE 47 i 
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The first step in the preceding solution, multiplying by x — 4, had the effect of multi- 
@ plying by 0. (Do you see why?) Multiplying each side of an equation by an expression 
that contains the variable may introduce extraneous solutions. That is why it is important 

to check every answer. 


V Solving Power Equations 


Linear equations have variables only to the first power. N ow let’s consider some equations 
that involve squares, cubes, and other powers of the variable. Such equations will be stud- 
ied more extensively in Sections 1.3 and 1.5. Here we just consider basic equations that 
can be simplified into the form X" = a. Equations of this form are called power equa- 
tions and can be solved by taking radicals of both sides of the equation. 


“Algebra is a merry science,” Uncle SOLVING A POWER EQUATION 

akob would say. “We go hunting for : 
: iiticantinal ae ie ae oe The power equation X" = a has the solution 
know, so we call it x. When we bag our X=wWa ifnisodd 
game we pounce on it and give it its 
right name.” 


X==+Wa_ ifnisevenanda=0 


ALBERT EINSTEIN If n is even and a < 0, the equation has no real solution. 


Here are some examples of solving power equations. 


The equation x° = 32 has only one real solution: x = W/32 = 2. 

The equation x* = 16 has two real solutions: x = +W16 = +2. 

The equation x° = —32 has only one real solution: x = W/-32 = -2. 

The equation x* = —16 has no real solutions because W—16 does not exist. 


EXAMPLE 5 | Solving Power Equations 


Solve each equation. 


(a) x?-5=0 (b) (x -— 4)? =5 
SOLUTION 
(a) x?-5 =0 

xe = 5 Add5 


X=+V5 Take the square root 
The solutions are x = V5 andx = —V5. 


EUCLID (circa 300 B.c.) taught in Alexandria, or social status. Euclid was revered in his own time and was referred to by 
Egypt. His Elements is the most widely influ- the title“ The Geometer” or“ The Writer of the Elements.” The greatness of 


ential scientific book in history. For 2000 the Elements stems from its precise, logical, and systematic treatment of 
years it was the standard introduction to geometry. For dealing with equality, Euclid lists the following rules, which 
geometry in the schools, and for many gen- he calls “common notions.” 

erations it was considered the best way to 1. Things that are equal to the same thing are equal to each other. 


develop logical reasoning. Abraham Lincoln, 
for instance, studied the Elements as a way 
to sharpen his mind. The story is told that 
King Ptolemy once asked Euclid whether 
there was a faster way to learn geometry 
than through the Elements. Euclid replied that there is “no royal road to 
geometry”—meaning by this that mathematics does not respect wealth 


. If equals are added to equals, the sums are equal. 


. If equals are subtracted from equals, the remainders are equal. 


© Mary Evans Picture Library/Alamy 


. Things that coincide with one another are equal. 


ao fF WN 


. The whole is greater than the part. 
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@ 'f nis even, the equation 
x" = c (c > 0) has two solutions, 
x =" and x = —c¥", 


@ 'f nis even, the equation x™ = c 
has two solutions, x = c™" and 
x= —cmn 


(b) We can take the square root of each side of this equation as well: 
(x- 4? =5 
x-4=24V5 Take the square root 
x=4+V5 Add4 
The solutions arex = 4+ V5andx =4—- V5. 
Be sure to check that each answer satisfies the original equation. 
©. NOW TRY EXERCISES 53 AND 59 | 


We will revisit equations like the ones in Example 5 in Section 1.3. 


EXAMPLE 6 | Solving Power Equations 


Find all real solutions for each equation. 


(a) x? = -8 
(b) 16x* = 81 
SOLUTION 


(a) Since every real number has exactly one real cube root, we can solve this equation 
by taking the cube root of each side: 


(x3)¥3 = (—8)43 
Xx=-2 


(b) Here we must remember that if n is even, then every positive real number has two 
real nth roots, a positive one and a negative one: 


Cat Divide by 16 
(x4)¥4 = +(%)4 Take the fourth root 
x= +3 
©. NOW TRY EXERCISES 61 AND 63 i 


The next example shows how to solve an equation that involves a fractional power of 
the variable. 


EXAMPLE 7 | Solving an Equation with a Fractional Power 
Solve the equation 5x7? — 2 = 43. 


SOLUTION The idea is to first isolate the term with the fractional exponent, then raise 
both sides of the equation to the reciprocal of that exponent: 


5x73 — 2 = 43 
5x23 = 45 Add 2 
x72 = 9 Divide by 5 


x = +93? Raise both sides to 3 power 
X= +27 Simplify 


The solutions are x = 27 and x = —27. 


This is Newton's Law of Gravity. It 
gives the gravitational force F between 
two masses m and M that are a distance 
r apart. The constant G is the universal 
gravitational constant. 


FIGURE 1 A closed rectangular box 


SECTION 1.1 | Basic Equations 65 


X= 27: X= —27: 
LHS = 5(27)2? — 2 LHS = 5(-27)?? — 2 
= 5(9) — 2 = 5(9) — 2 
= 43 = 43 
RHS = 43 RHS = 43 
LHS =RHS Vv LHS =RHS  v 
©. NOW TRY EXERCISE 73 sal 


V Solving for One Variable in Terms of Others 


Many formulas in the sciences involve several variables, and it is often necessary to ex- 
press one of the variables in terms of the others. In the next example we solve for a vari- 
able in Newton's Law of Gravity. 


EXAMPLE 8 | Solving for One Variable in Terms of Others 


Solve for the variable M in the equation 


SOLUTION Although this equation involves more than one variable, we solve it as usual 
by isolating M on one side and treating the other variables as we would numbers: 


— (St )n Factor M from RHS 
r? r? Gm Gm 
(<r = ()f 72 )n Multiply by reciprocal of e 
2 
F 
cm =M Simplify 
_, r?F 
The solutionisM = —. 
Gm 
®. NOW TRY EXERCISE 83 | 


EXAMPLE 9 | Solving for One Variable in Terms of Others 


The surface area A of the closed rectangular box shown in Figure 1 can be calculated from 
the length |, the width w, and the height h according to the formula 


A = 2lw + 2wh + 2Ih 


Solve for w in terms of the other variables in this equation. 
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SOLUTION Although this equation involves more than one variable, we solve it as 


usual by isolating w on one side, treating the other variables as we would numbers: 


A = (2lw + 2wh) + 2Ih 
A — 2lh = 2lw + 2wh 
A — 2lh = (21 + 2h)w 


Collect terms involving w 
Subtract 2Ih 


Factor w from RHS 


A —2Ih 
42h Ww Divide by 2] + 2h 
a A — 2Ih 
The solution is w = 4 Dh’ 
&® NOW TRY EXERCISE 85 |_| 
x3/2 
CONCEPTS 10. grx-8 
{= 
1. Which of the following equations are linear? (a) x = (b) x =8 
X 2 
a) = + 2x = 10 b) — - 2x=1 = 
ae: ) i <= =" © #0) 
(c) x + 7=5 — 3x (a) x= (b) x =b 
2. Explain why each of the following equations is not linear. 
4 y oe ie. bye pas 
(a) x(x +1) =6 (b) Vx +2 =x a i 
(c) 3x? - 2x -1=0 fa) x=5 (b) x= 


3. True or false? 
(a) Adding the same number to each side of an equation 
always gives an equivalent equation. 


13-50 m The given equation is either linear or equivalent to a 
linear equation. Solve the equation. 


(b) Multiplying each side of an equation by the same number 13. 2x +7=31 14. 5x —3=4 
always gives an equivalent equation. 1 7 Hee 
(c) Squaring each side of an equation always gives an equiva- 1. 7x—-8=1 16.3 + 5x=5 
lent equation. 217. x - 3 =2x +6 18. 4x + 7 = 9x — 13 

4. To solve the equation x? = 125, we take the root of 19. —7w = 15 — 2w 20. 5t — 13 = 12 —5t 

each side. So the solution is x =_____. S21 ty-2=3y 2, 2 = a. 47 

10 
23. 2(1 = 3(1 + 2x) 4 
SKILLS scious as Gee aks 
24 +9=-2 2)-1 

5-12 m Determine whether the given value is a solution of the oa ee 0 ) i 

ion. 2 1 y + 
oe 25, 4(y —3)-y=6(5—y) 26 Sy + 5-3) =-5 
5. 4x + 7 = 9x — 3 

aa iy x=2 27. x — 3x —5x-5= 6 yo a Ag 
6. 2—-5x=8+x 2 4 

=-] =1 = 

(a) x (b) x 99, 1-444 30. 2% i: __# 

7.1-—[2-(3-x)] =4x-(6 +x) x 3x x+2 5 
= =4 

(a) x (b) x 31, 2-3 3, 2 ,_t_ 1! 

xa 1 i t+6 t-1 t=1° 3t=2 3 
ea 33. r — 2[1 — 3(2r + 4)] = 61 

eh eS tai 34, (t— 4)? = (t+ 4)? + 32 
9, 2x47 -3=1 ai 

(a) x=-1 (b) x= 8 35. V3x + Viz =~ 96, xo tty 


2 6 6 5 
ak aa oe pad 
3 1 1 4 2 35 
er | 2 3x+3 a | X+1 x*-1 
2x-7 2 12x =5 5 
cae wr wa) a 
1 1 dh 10 1 
& pee eee 
woe 2z 52 zt+l1 - 3 a 
1- 
2+w 
u 
Oui" 
2 
1 4 16 
% x 1 1 5 2 
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51-74 m The given equation involves a power of the variable. 
Find all real solutions of the equation. 


51. x? = 49 52. x? = 18 
©.53, x? — 24 =0 54. x?-7=0 
55. 8x2 — 64 = 0 56. 5x? —- 125 =0 
57. x7 +16=0 58. 6x* + 100 =0 
©.59 (x +2) =4 60. 3(x — 5)? = 15 
®&\6L 3 =27 62. x5 + 32 =0 
©. 63. x4 16 =0 64. 64x° = 27 
65. x* + 64 =0 66. (x — 1)? +8=0 
67. (x + 2)*-81=0 68. (x + 1)4+16=0 
69. 3(x — 3)? = 375 70. 4(x +2) =1 
71. Wx =5 72. x43 — 16 =0 
©. 73. 2x58 + 64 =0 74. 6x27 — 216 =0 


75-82 m Find the solution of the equation rounded to two decimals. 
75. 3.02x + 1.48 = 10.92 76. 8.36 — 0.95x = 9.97 

77, 2.15x — 4.63 =x +119 78. 3.95 — x = 2.32x + 2.00 
79. 3.16(x + 4.63) = 4.19(x — 7.24) 

80. 2.14(x — 4.06) = 2.27 — 0.11x 


0.26x — 1.94 1.73x 
gia ee oe 


83-96 m Solve the equation for the indicated variable. 


©.83, PV =nRT; forR 84.F =G 


mM 
ry form 


2 , 


1 1 
©2385. P = 21+ 2w; forw 86. ae at for Ry 
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87. ae 2; for x 
cx +d 
88. a — 2[b — 3(c — x)] = 6; forx 
89. ax +(a—1) =(a+1)x; forx 
atl a-1 b+l 
90. he ae 4, fora 
91. V = }ar’h; forr 92.F =G for r 
93. a° +b? =c?; forb 
by? 
94. A = (1 +i) > fori 
95. V =4ar>, forr 96. x4 +y4+24=100; forx 
APPLICATIONS 
97. Shrinkage in Concrete Beams As concrete dries, it 
shrinks; the higher the water content, the greater the shrinkage. 
If a concrete beam has a water content of w kg/m?, then it will 
shrink by a factor 
5 = 0.032w — 2.5 
10,000 

where S is the fraction of the original beam length that disap- 

pears owing to shrinkage. 

(a) A beam 12.025 m long is cast in concrete that contains 
250 kg/m? water. W hat is the shrinkage factor $? How 
long will the beam be when it has dried? 

(b) A beam is 10.014 m long when wet. We want it to shrink to 
10.009 m, so the shrinkage factor should be S = 0.00050. 
W hat water content will provide this amount of 
shrinkage? 

98. Manufacturing Cost A toy maker finds that it costs 

C = 450 + 3.75x dollars to manufacture x toy trucks. If 

the budget allows $3600 in costs, how many trucks can be 

made? 

99. Power Produced by a Windmill When the wind blows 


with speed v km/h, a windmill with blade length 150 cm 

generates P watts (W) of power according to the formula 

P = 15.607, 

(a) How fast would the wind have to blow to generate 
10,000 W of power? 

(b) How fast would the wind have to blow to generate 
50,000 W of power? 
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100. Food Consumption The average daily food consump- 


tion F of aherbivorous mammal with body weight x, where 
both F and x are measured in pounds, is given approximately 
by the equation F = 0.3x3/*, Find the weight x of an elephant 
that consumes 300 |b of food per day. 


is really a family of equations, because for each value of k, 
we get a different equation with the unknown x. The letter k 
is called a parameter for this family. What value should we 
pick for k to make the given value of x a solution of the 
resulting equation? 


(a) x =0 (b) x=1 (c) x =2 


102. Proof That 0 = 1? The following steps appear to give 
equivalent equations, which seem to prove that 1 = 0. 
Find the error. 


x=1 Given 
x?=x Multiply by x 
x>—x=0 — Subtract x 
x(x — 1) =0 Factor 
DISCOVERY = DISCUSSION = WRITING X= Divide by x — 1 
101. A Family of Equations The equation i= Given x =1 


3x +k—-—5=kx-—k4+1 


1.2 MODELING WITH EQUATIONS 


Making and Using Models ® Problems About Interest B Problems About 
Area or Length ® Problems About Mixtures > Problems About the Time 
Needed to Do a Job ® Problems About Distance, Rate, and Time 


Many problems in the sciences, economics, finance, medicine, and numerous other fields 
can be translated into algebra problems; this is one reason that algebra is so useful. In this 
section we use equations as mathematical models to solve real-life problems. 


V Making and Using Models 


We will use the following guidelines to help us set up equations that model situations de- 
scribed in words. To show how the guidelines can help you to set up equations, we note 
them as we work each example in this section. 


GUIDELINES FOR MODELING WITH EQUATIONS 


1. Identify the Variable. |dentify the quantity that the problem asks you to find. 
This quantity can usually be determined by a careful reading of the question 
that is posed at the end of the problem. Then introduce notation for the vari- 
able (call it x or some other letter). 


. Translate from Words to Algebra. Read each sentence in the problem again, 
and express all the quantities mentioned in the problem in terms of the variable 


you defined in Step 1. To organize this information, it is sometimes helpful to 
draw a diagram or make a table. 


. Set Up the Model. Find the crucial fact in the problem that gives a relation- 
ship between the expressions you listed in Step 2. Set up an equation (or 
model) that expresses this relationship. 


. Solve the Equation and Check Your Answer. Solve the equation, check your an- 
swer, and express it as a sentence that answers the question posed in the problem. 


CHECK YOUR ANSWER 


total cost = mileage cost + daily cost 
= 0.15(320) + 2(30) 
=108 v 
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The following example illustrates how these guidelines are used to translate a “word 
problem” into the language of algebra. 
EXAMPLE 1 | Renting a Car 


A car rental company charges $30 a day and 15¢ a mile for renting a car. Helen rents a 
car for two days, and her bill comes to $108. How many miles did she drive? 


SOLUTION Identify the variable. Weare asked to find the number of miles Helen has 
driven. So we let 


X = number of miles driven 


Translate from words to algebra. Now we translate all the information given in the 
problem into the language of algebra: 


In Words In Algebra 
Number of miles driven x 
Mileage cost (at $0.15 per mile) 0.15x 
Daily cost (at $30 per day) 2(30) 


Set up the model. Now we set up the model: 


mileage cost + daily cost = total cost 


0.15x + 2(30) = 108 


Solve. Now we solve for x: 
0.15x = 48 Subtract 60 


aoe. 
0.15 


X = 320 Calculator 


X Divide by 0.15 


Helen drove her rental car 320 miles. 
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In the examples and exercises that follow, we construct equations that model problems 
in many different real-life situations. 


V Problems About Interest 


When you borrow money from a bank or when a bank “borrows” your money by keeping 
it for you in a savings account, the borrower in each case must pay for the privilege of us- 
ing the money. The fee that is paid is called interest. The most basic type of interest is 
simple interest, which is just an annual percentage of the total amount borrowed or de- 
posited. The amount of aloan or deposit is called the principal P. The annual percentage 
paid for the use of this money is the interest rater. We will use the variable t to stand for 
the number of years that the money is on deposit and the variable | to stand for the total 
interest earned. The following simple interest formula gives the amount of interest | 
earned when a principal P is deposited for t years at an interest rate r. 


| = Pirie 
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@ When using this formula, remember to convert r from a percentage to a decimal. For ex- 


ample, in decimal form, 5% is 0.05. So at an interest rate of 5%, the interest paid on a 
$1000 deposit over a 3-year period is | = Prt = 1000(0.05)(3) = $150. 


EXAMPLE 2 | Interest on an Investment 


Mary inherits $100,000 and invests it in two certificates of deposit. One certificate pays 
6% and the other pays 44% simple interest annually. If M ary’s total interest is $5025 per 
year, how much money is invested at each rate? 


SOLUTION Identify the variable. The problem asks for the amount she has invested 
at each rate. So we let 
xX = the amount invested at 6% 


Translate from words to algebra. Since Mary’s total inheritance is $100,000, it fol- 
lows that she invested 100,000 — x at 45%. We translate all the information given into the 
language of algebra: 


In Words In Algebra 
Amount invested at 6% Xx 

Amount invested at 44% 100,000 — x 
Interest earned at 6% 0.06x 

Interest earned at 43% 0.045(100,000 — x) 


Set up the model. Weuse the fact that M ary’s total interest is $5025 to set up the model: 


interest at6% + interest at45% = total interest 
0.06x + 0.045(100,000 — x) = 5025 
Solve. Now we solve for x: 
0.06x + 4500 — 0.045x = 5025 Multiply 
0.015x + 4500 = 5025 Combine the x-terms 
0.015x = 525 Subtract 4500 
525 ne 
X= 0015 ~ 35,000 Divide by 0.015 

So Mary has invested $35,000 at 6% and the remaining $65,000 at 45%. 


CHECK YOUR ANSWER 


total interest = 6% of $35,000 + 43% of $65,000 
= $2100 + $2925 = $5025 Vv 
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V Problems About Area or Length 


W hen we use algebra to model a physical situation, we must sometimes use basic formu- 
las from geometry. For example, we may need a formula for an area or a perimeter, or the 
formula that relates the sides of similar triangles, or the Pythagorean Theorem. M ost of 
these formulas are listed in the inside front cover of this book. The next two examples use 
these geometric formulas to solve some real-world problems. 


FIGURE 1 
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EXAMPLE 3 | Dimensions of a Garden 


A square garden has a walkway 3 ft wide around its outer edge, as shown in Figure 1. If 
the area of the entire garden, including the walkway, is 18,000 ft?, what are the dimen- 
sions of the planted area? 


SOLUTION Identify the variable. We are asked to find the length and width of the 
planted area. So we let 


x = the length of the planted area 


Translate from words to algebra. Next, translate the information from Figure 1 into 
the language of algebra: 


In Words In Algebra 
Length of planted area x 

Length of entire garden x+6 
Area of entire garden (x + 6)? 


Set up the model. We now set up the model: 
area of entire garden = 18,000 ft? 
(x + 6)? = 18,000 


Solve. Now we solve for x: 


x + 6 = V18,000 Take square roots 
x = V18,000 —6 Subtract 6 
X = 128 
The planted area of the garden is about 128 ft by 128 ft. 
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EXAMPLE 4 | Determining the Height of a Building 
Using Similar Triangles 


A man who is 6 ft tall wishes to find the height of a certain four-story building. He mea- 
sures its shadow and finds it to be 28 ft long, while his own shadow is 35 ft long. How tall 
is the building? 


SOLUTION Identify the variable. The problem asks for the height of the building. 
So let 


h = the height of the building 


Translate from words to algebra. We use the fact that the triangles in Figure 2 on the 
next page are similar. Recall that for any pair of similar triangles the ratios of corre- 
sponding sides are equal. Now we translate these observations into the language of 
algebra: 


In Words In Algebra 


Height of building 
Ratio of height to base in large triangle 
Ratio of height to base in small triangle 


lo = a> 


Nad 
ul 
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FIGURE 2 


Set up the model. Since the large and small triangles are similar, we get the equation 


ratio of heightto = > ratio of height to 
baseinlargetriangle ~ basein small triangle 
D8 
283.5 
Solve. Now we solve for h: 
6-28 
h= 35 7 48 Multiply by 28 
So the building is 48 ft tall. 
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V Problems About Mixtures 


Many real-world problems involve mixing different types of substances. For example, 
construction workers may mix cement, gravel, and sand; fruit juice from concentrate may 
involve mixing different types of juices. Problems involving mixtures and concentrations 
make use of the fact that if an amount x of a substance is dissolved in a solution with vol- 
ume V, then the concentration C of the substance is given by 


So if 10 g of sugar is dissolved in 5 L of water, then the sugar concentration isC = 10/5 
= 2 g/L. Solving a mixture problem usually requires us to analyze the amount x of the 
substance that is in the solution. When we solve for x in this equation, we see that x = CV. 
Note that in many mixture problems the concentration C is expressed as a percentage, as 
in the next example. 


EXAMPLE 5 | Mixtures and Concentration 


A manufacturer of soft drinks advertises its orange soda as “naturally flavored,” although it 
contains only 5% orange juice. A new federal regulation stipulates that to be called “nat- 
ural,” a drink must contain at least 10% fruit juice. How much pure orange juice must this 
manufacturer add to 900 gal of orange soda to conform to the new regulation? 


SOLUTION Identify the variable. The problem asks for the amount of pure orange 
juice to be added. So let 


x = the amount (in gallons) of pure orange juice to be added 
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Translate from words to algebra. In any problem of this type— in which two different 
substances are to be mixed— drawing a diagram helps us to organize the given informa- 


tion (See Figure 3). 


Volume 900 gallons X gallons 900 + x gallons 
Amount of 5% of 900 gallons 100% of xgallons 10% of 900 + x gallons 
orange juice = 45 gallons = X gallons = 0.1(900 + x) gallons 


FIGURE 3 


We now translate the information in the figure into the language of algebra: 


In Words In Algebra 
Amount of orange juice to be added x 

Amount of the mixture 900 + x 
Amount of orange juice in the first vat 0.05(900) = 45 
Amount of orange juice in the second vat 1-x =x 
Amount of orange juice in the mixture 0.10(900 + x) 


Setup the model. To set up the model, we use the fact that the total amount of orange 
juice in the mixture is equal to the orange juice in the first two vats: 


amount of amount of amount of 
Orange juice + orangejuice = _ orange juice 
in first vat in second vat in mixture 


45+ x =0.1(900 + x) — From Figure3 


Solve. Now wesolve for x: 


45 +x = 90 + 0.1x Distributive Property 
0.9x = 45 Subtract 0.1x and 45 
4 
X= = = 50 Divide by 0.9 
The manufacturer should add 50 gal of pure orange juice to the soda. 


CHECK YOUR ANSWER 


amount of juice before mixing = 5% of 900 gal + 50 gal pure juice 
= 45 gal + 50 gal = 95 gal 
amount of juice after mixing = 10% of 950 gal = 95 gal 


Amounts are equal. v 
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V Problems About the Time Needed to Do a Job 


When solving a problem that involves determining how long it takes several workers to 
complete a job, we use the fact that if a person or machine takes H time units to complete 
the task, then in one time unit the fraction of the task that has been completed is 1/H. For 
example, if a worker takes 5 hours to mow a lawn, then in 1 hour the worker will mow 1/5 
of the lawn. 


EXAMPLE 6 | Time Needed to Do a Job 


Because of an anticipated heavy rainstorm, the water level in a reservoir must be lowered 
by 1 ft. Opening spillway A lowers the level by this amount in 4 hours, whereas opening 
the smaller spillway B does the job in 6 hours. How long will it take to lower the water 
level by 1 ft if both spillways are opened? 


SOLUTION Identify the variable. Weare asked to find the time needed to lower the 
level by 1 ft if both spillways are open. So let 


x = the time (in hours) it takes to lower the water level 
by 1 ftif both spillways are open 


Translate from words to algebra. Finding an equation relating x to the other quantities in 
this problem is not easy. Certainly x is not simply 4 + 6, because that would mean that to- 
gether the two spillways require longer to lower the water level than either spillway alone. 
Instead, we look at the fraction of the job that can be done in 1 hour by each spillway. 


In Words In Algebra 
Time it takes to lower level 1 ft withA and B together xh 
Distance A lowers level in 1h i ft 
Distance B lowers level in 1h i ft 
DistanceA and B together lower levels in 1h i ft 


Set up the model. Now we set up the model: 


fraction done by A + fraction done by B = fraction done by both 


Solve. Now we solve for x: 
3x + 2x = 12 Multiply by the LCD, 12x 


5x = 12 Add 
X= 2 Divide by 5 


It will take 22 hours, or 2 h 24 min, to lower the water level by 1 ft if both spillways are 
open. 
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V Problems About Distance, Rate, and Time 
The next example deals with distance, rate (speed), and time. The formula to keep in mind 


here is 
distance = rate x time 
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where the rate is either the constant speed or average speed of a moving object. For ex- 
ample, driving at 60 mi/h for 4 hours takes you a distance of 60-4 = 240 mi. 


EXAMPLE 7 | Distance, Speed, and Time 


Bill left his house at 2:00 p.m. and rode his bicycle down M ain Street at aspeed of 12 mi/h. 
When his friend M ary arrived at his house at 2:10 p.m., Bill’s mother told her the direc- 
tion in which Bill had gone, and Mary cycled after him at a speed of 16 mi/h. At what 
time did M ary catch up with Bill? 


SOLUTION Identify the variable. Weare asked to find the time that it took M ary to 
catch up with Bill. Let 


t = the time (in hours) it took M ary to catch up with Bill 


Translate from words to algebra. In problems involving motion, it is often helpful to 
organize the information in a table, using the formula distance = rate x time. First we 
fill in the “Speed” column in the table, since we are told the speeds at which M ary and 
Bill cycled. Then we fill in the “Time” column. (Because Bill had a 10-minute, or ¢-hour 
head start, he cycled for t + 4 hours.) Finally, we multiply these columns to calculate the 
entries in the “Distance” column. 


Distance (mi) Speed (mi/h) Time (h) 
Mary 16t 16 t 
Bill 12(t + é) 12 t+é 


Setup the model. Atthe instant when M ary caught up with Bill, they had both cycled 
the same distance. We use this fact to set up the model for this problem: 


distance traveled by Mary = distance traveled by Bill 


16t = 12(t+%) From table 


Now we solve for t: 


lot = 12t + 2 Distributive Property 
4t=2 Subtract 12t 
t=5 Divide by 4 


Mary caught up with Bill after cycling for half an hour, that is, at 2:40 p.m. 


CHECK YOUR ANSWER 


Bill traveled for 3 + § = 3h, so 
distance Bill traveled = 12 mi/h x $h = 8 mi 
distance M ary traveled = 16 mi/h x 3h = 8 mi 
Distances are equal. Vv 
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CONCEPTS 


1 


Explain in your own words what it means for an equation to 
model a real-world situation, and give an example. 


. Inthe formula! =Prt for simple interest, P stands for 


,t for , and t for 


. Give a formula for the area of the geometric figure. 


(a) A square of sidex: A= 
(b) A rectangle of length | and width w: A = : 
(c) A circle of radiusr: A= 


. Balsamic vinegar contains 5% acetic acid, so a 32-0z bottle 


of balsamic vinegar contains ounces of acetic acid. 


. A painter paints a wall in x hours, so the fraction of the wall 


that she paints in 1 hour is 


. The formula d = rt models the distance d traveled by an ob- 


ject moving at the constant rate r in time t. Find formulas for 
the following quantities. 


(= = 


SKILLS 


7-18 m Express the given quantity in terms of the indicated variable. 


7. 


18. 


. The sum of three consecutive integers; 


. The distance (in mi) that a car travels in 45 min; 


The sum of three consecutive integers; 
the three 


n = first integer of 


n = middle integer of 
the three 


. The average of three test scores if the first two scores are 


78 and 82; s = third test score 


. The average of four quiz scores if each of the first three scores 


is8; q = fourth quiz score 


. The interest obtained after one year on an investment at 23% 


simple interest per year; x = number of dollars invested 


. The total rent paid for an apartment if the rent is $795 a 


month; n = number of months 


. The area (in ft?) of a rectangle that is three times as long as it 


iswide; w = width of the rectangle (in ft) 


. The perimeter (in cm) of a rectangle that is 5 cm longer than it 


is wide; w = width of the rectangle (in cm) 
Ss = speed 
of the car (in mi/h) 


. The time (in hours) it takes to travel a given distance at 


55 mi/h; d = given distance (in mi) 


» The concentration (in oz/gal) of salt in a mixture of 3 gal of 


brine containing 25 oz of salt to which some pure water has 
been added; x = volume of pure water added (in gal) 


The value (in cents) of the change in a purse that contains 
twice as many nickels as pennies, four more dimes than 
nickels, and as many quarters as dimes and nickels combined; 
p = number of pennies 


APPLICATIONS 


«19, 


20. 


21 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


31, 


Renting aTruck A rental company charges $65 a day and 
20 cents a mile for renting a truck. M ichael rents a truck for 
3 days, and his bill comes to $275. How many miles did he drive? 


Cell Phone Costs A cell phone company charges a 
monthly fee of $10 for the first 1000 text messages and 

10 cents for each additional text message. M iriam’s bill for 
text messages for the month of J une is $38.50. How many text 
messages did she send that month? 


Investments Phyllis invested $12,000, a portion earning a 
simple interest rate of 43% per year and the rest earning a rate of 
4% per year. After 1 year the total interest earned on these invest- 
ments was $525. How much money did she invest at each rate? 


Investments If Ben invests $4000 at 4% interest per year, 
how much additional money must he invest at 55% annual in- 
terest to ensure that the interest he receives each year is 43% 
of the total amount invested? 


Investments What annual rate of interest would you have 
to earn on an investment of $3500 to ensure receiving $262.50 
interest after 1 year? 


Investments Jack invests $1000 at a certain annual inter- 
est rate, and he invests another $2000 at an annual rate that is 
one-half percent higher. If he receives a total of $190 interest 
in 1 year, at what rate is the $1000 invested? 


Salaries An executive in an engineering firm earns a 
monthly salary plus a Christmas bonus of $8500. If she earns a 
total of $97,300 per year, what is her monthly salary? 


Salaries A woman earns 15% more than her husband. 
Together they make $69,875 per year. W hat is the husband’s 
annual salary? 


Inheritance Craig is saving to buy a vacation home. He 
inherits some money from a wealthy uncle, then combines this 
with the $22,000 he has already saved and doubles the total in 
a lucky investment. He ends up with $134,000— just enough to 
buy a cabin on the lake. How much did he inherit? 


Overtime Pay Helen earns $7.50 an hour at her job, but if 
she works more than 35 hours in a week, she is paid 15 times 
her regular salary for the overtime hours worked. One week 
her gross pay was $352.50. How many overtime hours did she 
work that week? 


Labor Costs A plumber and his assistant work together to 
replace the pipes in an old house. The plumber charges $45 an 
hour for his own labor and $25 an hour for his assistant’s labor. 
The plumber works twice as long as his assistant on this job, 
and the labor charge on the final bill is $4025. How long did 
the plumber and his assistant work on this job? 


A Riddle A father is four times as old as his daughter. In 
6 years, he will be three times as old as she is. How old is the 
daughter now? 


A Riddle A movie star, unwilling to give his age, posed the 
following riddle to a gossip columnist: “Seven years ago, | 
was eleven times as old as my daughter. Now | am four times 
as old as she is.” How old is the movie star? 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


©. 39, 


40. 


Career Home Runs _ During his major league career, 
Hank Aaron hit 41 more home runs than Babe Ruth hit during 
his career. Together they hit 1469 home runs. How many 
home runs did Babe Ruth hit? 


Value of Coins A change purse contains an equal number 
of pennies, nickels, and dimes. The total value of the coins is 
$1.44. How many coins of each type does the purse contain? 


Value of Coins Mary has $3.00 in nickels, dimes, and 
quarters. If she has twice as many dimes as quarters and five 
more nickels than dimes, how many coins of each type does 
she have? 


Length of aGarden A rectangular garden is 25 ft wide. 
If its area is 1125 ft?, what is the length of the garden? 


Width of a Pasture A pasture is twice as long asit is 
wide. Its area is 115,200 ft?. How wide is the pasture? 


Dimensions of aLot A square plot of land has a 
building 60 ft long and 40 ft wide at one corner. The rest of 
the land outside the building forms a parking lot. If the parking 
lot has area 12,000 ft?, what are the dimensions of the entire 
plot of land? 


Dimensions of aLot A half-acre building lot is five 
times as long as it is wide. What are its dimensions? 
[Note: 1 acre = 43,560 ft2.] 


Geometry Find the length y in the figure if the shaded 
area is 120 in’. 


y y 


area = 120 in? 


Geometry Find the length x in the figure if the shaded 
area is 144 cm?, 


10cm 


area = 144 cm? 
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©. 41, Framing a Painting Ali paints with watercolors ona 


sheet of paper 20 in. wide by 15 in. high. He then places this 
sheet on a mat so that a uniformly wide strip of the mat shows 
all around the picture. The perimeter of the mat is 102 in. How 
wide is the strip of the mat showing around the picture? 


15 in. 


20 in. > 


. Dimensions of a Poster A poster has a rectangular 


printed area 100 cm by 140 cm and a blank strip of uniform 
width around the edges. The perimeter of the poster is 13 times 
the perimeter of the printed area. W hat is the width of the 
blank strip? 


wy 
x 
== - 
140 cm 
v ay 
x 
ia 


. Length of aShadow A manis walking away from 


a lamppost with a light source 6 m above the ground. The man 
is 2 m tall. How long is the man’s shadow when he is 10 m 
from the lamppost? [Hint: Use similar triangles. ] 


. Height of aTree A woodcutter determines the height of a 


tall tree by first measuring a smaller one 125 ft away, then 
moving so that his eyes are in the line of sight along the tops 
of the trees and measuring how far he is standing from the 
small tree (see the figure on the next page). Suppose the small 


78 


47. 


49. 


51, 


52. 
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tree is 20 ft tall, the man is 25 ft from the small tree, and his 
eye level is 5 ft above the ground. How tall is the taller tree? 


. Mixture Problem What quantity of a 60% acid solution 


must be mixed with a 30% solution to produce 300 mL of a 
50% solution? 


. Mixture Problem = What quantity of pure acid must be 


added to 300 mL of a50% acid solution to produce a 60% 
acid solution? 


Mixture Problem A jeweler has five rings, each weighing 
18 g, made of an alloy of 10% silver and 90% gold. She decides 
to melt down the rings and add enough silver to reduce the gold 
content to 75%. How much silver should she add? 


. Mixture Problem A pot contains 6 L of brine at a con- 


centration of 120 g/L. How much of the water should be 
boiled off to increase the concentration to 200 g/L? 


Mixture Problem The radiator in a car is filled with a so- 
lution of 60% antifreeze and 40% water. The manufacturer of 
the antifreeze suggests that for summer driving, optimal cool- 
ing of the engine is obtained with only 50% antifreeze. If the 
capacity of the radiator is 3.6 L, how much coolant should be 
drained and replaced with water to reduce the antifreeze con- 
centration to the recommended level? 


. Mixture Problem A health clinic uses a solution of 


bleach to sterilize petri dishes in which cultures are grown. 
The sterilization tank contains 100 gal of a solution of 2% or- 
dinary household bleach mixed with pure distilled water. N ew 
research indicates that the concentration of bleach should be 
5% for complete sterilization. How much of the solution 
should be drained and replaced with bleach to increase the 
bleach content to the recommended level? 


Mixture Problem A bottle contains 750 mL of fruit 
punch with a concentration of 50% pure fruit juice. Jill drinks 
100 mL of the punch and then refills the bottle with an equal 
amount of a cheaper brand of punch. If the concentration of 
juice in the bottle is now reduced to 48%, what was the con- 
centration in the punch that Jill added? 


Mixture Problem A merchant blends tea that sells for 
$3.00 a pound with tea that sells for $2.75 a pound to produce 
80 Ib of a mixture that sells for $2.90 a pound. How many 
pounds of each type of tea does the merchant use in the blend? 


. Sharing aJob Candy and Tim share a paper route. It takes 


Candy 70 min to deliver all the papers, and it takes Tim 80 min. 
How long does it take the two when they work together? 


54, 
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Sharing a Job Stan and Hilda can mow the lawn in 
40 min if they work together. If Hilda works twice as fast as 
Stan, how long does it take Stan to mow the lawn alone? 


Sharing a Job Betty and K aren have been hired to paint 
the houses in a new development. Working together, the 
women can paint a house in two-thirds the time that it takes 
K aren working alone. Betty takes 6 h to paint a house alone. 
How long does it take K aren to paint a house working alone? 


Sharing a Job Next-door neighbors Bob and Jim use 
hoses from both houses to fill Bob’s swimming pool. They 
know that it takes 18 h using both hoses. They also know that 
Bob’s hose, used alone, takes 20% less time than Jim’s hose 
alone. How much time is required to fill the pool by each hose 
alone? 


Distance, Speed, and Time Wendy took atrip from 
Davenport to Omaha, a distance of 300 mi. She traveled part 
of the way by bus, which arrived at the train station just in 
time for Wendy to complete her journey by train. The bus av- 
eraged 40 mi/h, and the train averaged 60 mi/h. The entire trip 
took 53 h. How long did Wendy spend on the train? 


Distance, Speed, and Time Two cyclists, 90 mi apart, 
start riding toward each other at the same time. One cycles 
twice as fast as the other. If they meet 2 h later, at what aver- 
age speed is each cyclist traveling? 


Distance, Speed, and Time A pilot flew a jet from 
Montreal to Los Angeles, a distance of 2500 mi. On the return 
trip, the average speed was 20% faster than the outbound 
speed. The round-trip took 9 h 10 min. What was the speed 
from Montreal to Los Angeles? 


Distance, Speed, and Time A woman driving a car 

14 ft long is passing a truck 30 ft long. The truck is traveling 
at 50 mi/h. How fast must the woman drive her car so that she 
can pass the truck completely in 6 s, from the position shown 
in figure (a) to the position shown in figure (b)? 
feet and seconds instead of miles and hours.] 


[Hint: Use 


Law of the Lever The figure shows a lever system, simi- 
lar to a seesaw that you might find in a children’s playground. 


62. 


For the system to balance, the product of the weight and its 
distance from the fulcrum must be the same on each side; 
that is, 


W 1X, = WX 


This equation is called the law of the lever and was first dis- 
covered by Archimedes (see page 767). 

A woman and her son are playing on a seesaw. The boy is 
at one end, 8 ft from the fulcrum. If the son weighs 100 Ib and 
the mother weighs 125 Ib, where should the woman sit so that 


the seesaw is balanced? 
X2 —| 


kK 


Law of the Lever A plank 30 ft long rests on top of a 
flat-roofed building, with 5 ft of the plank projecting over 
the edge, as shown in the figure. A worker weighing 240 Ib 
sits on one end of the plank. What is the largest weight that 
can be hung on the projecting end of the plank if it is to 
remain in balance? (Use the law of the lever stated in 
Exercise 61.) 


63. Dimensions of aLot A rectangular parcel of land is 


50 ft wide. The length of a diagonal between opposite corners 
is 10 ft more than the length of the parcel. What is the length 
of the parcel? 


64. Dimensions of a Track A running track has the shape 


shown in the figure, with straight sides and semicircular ends. 
If the length of the track is 440 yd and the two straight parts 
are each 110 yd long, what is the radius of the semicircular 
parts (to the nearest yard)? 


|<—— 110 yd ——>| 


65. Dimensions of a Structure A storage bin for corn con- 


sists of a cylindrical section made of wire mesh, surmounted 
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by a conical tin roof, as shown in the figure. The height of the 
roof is one-third the height of the entire structure. If the total 
volume of the structure is 14007 ft? and its radius is 10 ft, 
what is its height? [Hint: Use the volume formulas listed on 
the inside front cover of this book.] 


66. An Ancient Chinese Problem This problem is taken 
from a Chinese mathematics textbook called Chui-chang suan- 
shu, or Nine Chapters on the Mathematical Art, which was 
written about 250 B.c. 


A 10-ft-long stem of bamboo is broken in such a way that 
its tip touches the ground 3 ft from the base of the stem, 
as shown in the figure. What is the height of the break? 


[Hint: Use the Pythagorean Theorem.] 


DISCOVERY = DISCUSSION = WRITING 


67. Historical Research Read the biographical notes on 
Euclid (page 63), Pythagoras (page 261), and Archimedes 
(page 767). Choose one of these mathematicians, and find out 
more about him from the library or on the Internet. Write a 
short essay on your findings. Include both biographical infor- 
mation and a description of the mathematics for which he is 
famous. 


DISCOVERY 
PROJECT Equations Through the Ages 


In this project we investigate equations that were created and 


solved by the ancient peoples of Egypt, Babylon, India, 
and China. You can find the project at the book companion 
website: www.stewartmath.com 
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1.3 QUADRATIC EQUATIONS 


Linear Equations 
4x=-] 
6x — 8 = 21 


2+3x=3-ix 


Quadratic Equations 
x? — 2x —-8 =0 
3x + 10 = 4x? 
ox? + 9% -G=0 


X=3: 

(3)? + 573) =9+15=24 ¥ 
x= —-8: 
(-8)? + 5(-8) = 64-40=24 y 


Solving Quadratic Equations by Factoring ® Solving Quadratic Equations 
by Completing the Square B® The Quadratic Formula ® The Discriminant 
> Modeling with Quadratic Equations 


In Section 1.1 we learned how to solve linear equations, which are first-degree equations 
such as 2x + 1 = 5o0r4 — 3x = 2. In this section we learn how to solve quadratic equa- 
tions, which are second-degree equations such as x? + 2x — 3 = Oor 2x? + 3 = 5x.We 
will also see that many real-life problems can be modeled by using quadratic equations. 


QUADRATIC EQUATIONS 


A quadratic equation is an equation of the form 


ax? ++ bx +c =0 


where a, b, and c are real numbers with a # 0. 


VY Solving Quadratic Equations by Factoring 


Some quadratic equations can be solved by factoring and using the following basic prop- 
erty of real numbers. 


ZERO-PRODUCT PROPERTY 


AB =0 if and only if A=0 or B=0 


This means that if we can factor the left-hand side of a quadratic (or other) equation, then 
we can solve it by setting each factor equal to 0 in turn. This method works only when the 
right-hand side of the equation is 0. 


EXAMPLE 1 | Solving a Quadratic Equation by Factoring 
Solve the equation x? + 5x = 24. 


SOLUTION Wemust first rewrite the equation so that the right-hand side is 0: 
x? + 5x = 24 — Given equation 
x? + 5x — 24 =0 Subtract 24 
(x — 3)(x + 8) =0 Factor 
x-3=0 or x+8=0 Zero-Product Property 

X=3 X= -8 Solve 
The solutions are x = 3 andx = —8. 
®. NOW TRY EXERCISE 5 oH 


Do you see why one side of the equation must be 0 in Example 1? Factoring the equa- 
tion as x(x + 5) = 24 does not help us find the solutions, since 24 can be factored in 
infinitely many ways, such as 6 4, 3-48, (—3)-(—60), and so on. 
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VY Solving Quadratic Equations by Completing the Square 


As we saw in Section 1.1, Example 5(b), if a quadratic equation is of the form 
(x + a)? = c, then wecan solve it by taking the square root of each side. In an equation of 
this form the left-hand side is a perfect square: the square of a linear expression in x. So if 


Completing the Square a quadratic equation does not factor readily, then we can solve it by completing the square. 


The area of the blue region is 


a 2(3) = x? + bx 


Add a small square of area (b/2)? to 
“complete” the square. 


COMPLETING THE SQUARE 


2 
To make x* + bx a perfect square, add (3) , the square of half the coefficient 


of x. This gives the perfect square 
2 b : 
+ bx + [| = 
x bx (3) 


To complete the square, we add a constant to a quadratic expression to make it a per- 
fect square. For example, to make 


b 
2 


N|o 


x? + 6X 
a perfect square, we must add ($)? = 9. Then 
x? + 6X +9 = (x + 3) 


is a perfect square. The table gives some more examples of completing the square. 


Expression Add Complete the square 
2 
x? + 8x (3) =16 x? + 8x + 16 = (x + 4)? 
2 iz ; _— 2 2 
x* — 12x =a) 36 xX — 12x + 36 = (x — 6) 
3\? 9 9 3\? 
2 Pasi ae 24 H 
x* + 3x (3) m x* + 3x 4 (: 5 
“ey a a ( “ay 
2 _ 2 
x? — 73x ( 5 rn x? — 3x ri XG 


EXAMPLE 2 | Solving Quadratic Equations by Completing 
the Square 

Solve each equation. 

(a) x? — 8x + 13 =0 

(b) 3x? — 12x +6 =0 


SOLUTION 
(a) x? — 8x + 13 =0 Given equation 
x? — 8x = -13 Subtract 13 
x? — 8x + 16 = —13 + 16 Complete the square: add (3) = 16 
(x — 4)? = 3 Perfect square 
Xx-4=+V3 Take square root 


x=4+4+ V3 


Add 4 
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@ When completing the square, 


make sure the coefficient of x? is 1. If 
it isn’t, you must factor this coefficient 


from both terms that contain x: 
2 2 b 
ax” + bx = al x* + ax 


Then complete the square inside the 
parentheses. Remember that the term 
added inside the parentheses is multi- 
plied by a. 


Library of Congress 


FRANCOIS VIETE (1540-1603) had a 
successful political career before taking 
up mathematics late in life. He became 
one of the most famous French mathe- 
maticians of the 16th century. Viete in- 
troduced a new level of abstraction in 
algebra by using letters to stand for 
known quantities in an equation. Be- 
fore Viéte's time, each equation had to 
be solved on its own. For instance, the 
quadratic equations 


3x° + 2x +8=0 


5x — 6x + 4=0 


had to be solved separately by com- 
pleting the square. Viéte's idea was to 
consider all quadratic equations at 
once by writing 


ax* + bx+c=0 


where a, b, and c are known quantities. 
Thus he made it possible to write a for- 
mula (in this case, the Quadratic For- 
mula) involving a, 6,and c that can be 
used to solve all such equations in one 
fell swoop. 

Viéte’s mathematical genius proved 
quite valuable during a war between 
France and Spain. To communicate 
with their troops, the Spaniards used a 
complicated code that Viete managed 
to decipher. Unaware of Viéte’s accom- 
plishment, the Spanish king, Philip II, 
protested to the Pope, claiming that 
the French were using witchcraft to 
read his messages. 


(b) After subtracting 6 from each side of the equation, we must factor the coefficient of 
x? (the 3) from the left side to put the equation in the correct form for completing 


the square: 
3x? - 12x + 6 =0 Given equation 
3x? — 12x = -6 — Subtract 6 
3(x? — 4x) = -6 Factor 3 from LHS 


Now we complete the square by adding (—2)? = 4 inside the parentheses. Since 
everything inside the parentheses is multiplied by 3, this means that we are actually 
adding 3-4 = 12 to the left side of the equation. Thus we must add 12 to the right 


side as well: 
3(x? — 4x + 4) = -6+ 3-4 — Complete the square: add 4 
3(x — 2)? =6 Perfect square 
(x — 2)? =2 Divide by 3 
x-2=+V2 Take square root 
x=2+4 V2 Add 2 
®. NOW TRY EXERCISES 17 AND 25 a 


V The Quadratic Formula 


We can use the technique of completing the square to derive a formula for the roots of the 
general quadratic equation ax? + bx + c = 0. 


THE QUADRATIC FORMULA 


The roots of the quadratic equation ax? + bx + c = 0, wherea # 0, are 


a —b + Vb? — 4ac 
2a 


PROOF First, we divide each side of the equation by a and move the constant to the 
right side, giving 
gp ie Divide by a 
a a 


We now complete the square by adding (b/2a)? to each side of the equation: 


ore. 
xe + =x + =— 
a 2a 


2 
Complete the square: A dd (>) 


2a 
(: + : " —4ac + b? Perfect square 
2a 4a? _ 
b Vb? — 4ac 
X + =+ Take square root 
2a 2a 
—b + Vb? — 4ac b 
X= 7a Subtract > ™ 


The Quadratic Formula could be used to solve the equations in Examples 1 and 2. You 
should carry out the details of these calculations. 


Another Method 
4x? + 12x +9=0 
(2x + 3)? =0 
2Xx+3=0 

x= -4 
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EXAMPLE 3 | Using the Quadratic Formula 


Find all solutions of each equation. 
(a) 3x? - 5x -1=0 (b) 4x2 + 12x +9 =0 (c) x2? + 2x+2=0 


SOLUTION 
(a) In this quadratic equation a = 3,b = —5, andc = —1: 


b=-5 


3x? — 5x -1=0 


By the Quadratic Formula, 


—(-5) + V(-5)? — 43)(-1) 5+ 37 


2(3) 6 
If approximations are desired, we can use a calculator to obtain 
X= mane = 1.8471 and X= — = —0.1805 


(b) Using the Quadratic Formula with a = 4, b = 12, andc = 9 gives 
= —12 + V(12)?— 4-4-9 -12+0 3 
2-4 8 2 
This equation has only one solution, x = —3. 
(c) Using the Quadratic Formula with a = 1, b = 2, andc = 2 gives 
ee ee eee ee ee 
2 2 2 


Since the square of any real number is nonnegative, V’—1 is undefined in the real 
number system. The equation has no real solution. 


©. NOW TRY EXERCISES 31, 39, AND 45 | 


l+v-l1 


X 


In the next section we study the complex number system, in which the square roots of 
negative numbers do exist. The equation in Example 3(c) does have solutions in the com- 
plex number system. 


V The Discriminant 


The quantity b* — 4ac that appears under the square root sign in the Quadratic Formula 
is called the discriminant of the equation ax? + bx + c = 0 and is given the symbol D. 
If D <0, then \/b? — 4ac is undefined, and the quadratic equation has no real solution, 
as in Example 3(c). lf D = 0, then the equation has only one real solution, as in Example 
3(b). Finally, if D > 0, then the equation has two distinct real solutions, as in Example 
3(a). The following box summarizes these observations. 


THE DISCRIMINANT 


The discriminant of the general quadratic ax? + bx +c = 0 (a #0) is 
D = b? — 4ac. 


1. If D > 0, then the equation has two distinct real solutions. 
2. If D = 0, then the equation has exactly one real solution. 
3. If D <0, then the equation has no real solution. 
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EXAMPLE 4 | Using the Discriminant 


Use the discriminant to determine how many real solutions each equation has. 
(a) x2 + 4x -1=0 (b) 4x2 — 12x + 9=0 (c) 4x? - 2x +4=0 


SOLUTION 


(a) The discriminant is D = 4? — 4(1)(—1) = 20 > 0, so the equation has two dis- 
tinct real solutions. 


(b) The discriminant is D = (—12)? — 4-4-9 = 0, so the equation has exactly one 


real solution. 

(c) The discriminant is D = (—2)? — 4(3)4 = —3 < 0, so the equation has no real 
solution. 

& NOW TRY EXERCISES 65, 67, AND 69 a 


V Modeling with Quadratic Equations 


Let's look at some real-life problems that can be modeled by quadratic equations. The 
principles discussed in Section 1.2 for setting up equations as models are useful here as 
well. 


EXAMPLE 5 | Dimensions of a Building Lot 


A rectangular building lot is 8 ft longer than it is wide and has an area of 2900 ft?. Find 
the dimensions of the lot. 


SOLUTION Identify the variable. Weare asked to find the width and length of the lot. 
So let 
w = width of lot 


Translate from words to algebra. Then we translate the information given in the prob- 
lem into the language of algebra (see Figure 1): 


In Words In Algebra 
w+8 Width of lot w 
Length of lot wt+8 


FIGURE 1 
Set up the model. Now we set up the model: 


width length area 


of lot of lot of lot 

w(w + 8) = 2900 
Solve. 

w? + 8w = 2900 Expand 

w* + 8w — 2900 = 0 Subtract 2900 
(w — 50)(w + 58) = 0 Factor 
w = 50 or w= —58 Zero-Product Property 

Since the width of the lot must be a positive number, we conclude that w = 50 ft. The 
length of the lotisw + 8 = 50+ 8 = 58 ft. 
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EXAMPLE 6 | A Distance-Speed-Time Problem 


A jet flew from New York to Los Angeles, a distance of 4200 km. The speed for the re- 
turn trip was 100 km/h faster than the outbound speed. If the total trip took 13 hours, what 
was the jet’s speed from New York to Los Angeles? 


SOLUTION Identify the variable. Weare asked for the speed of the jet from New Y ork 
to Los Angeles. So let 


S = speed from New Y ork to Los Angeles 
Then s + 100 = speed from Los Angeles to N ew Y ork 


Translate from words to algebra. Now we organize the information in a table. We fill 
in the “Distance” column first, since we know that the cities are 4200 km apart. Then we 
fill in the “Speed” column, since we have expressed both speeds (rates) in terms of the 
variable s. Finally, we calculate the entries for the “Time” column, using 


distance 
time = 
rate 
Distance (km) Speed (km/h) Time (h) 
N.Y. toL.A. 4200 S a 
L.A. toN.Y. 4200 s + 100 am 
s + 100 


Set up the model. The total trip took 13 hours, so we have the model 


timefrom , timefrom _ total 
N.Y. to L.A. L.A. to N.Y. time 
4200 4200 _ B 
S 5 + 100 


Multiplying by the common denominator, s(s + 100), we get 
4200(s + 100) + 4200s = 13s(s + 100) 
8400s + 420,000 = 13s? + 1300s 
0 = 13s* — 7100s — 420,000 


Solve. Although this equation does factor, with numbers this large itis probably quicker 
to use the Quadratic Formula and a calculator: 


, _ Too + V(—7100)? — 4(13)(—420,000) 


2(13) 
: 7100 + 8500 
26 
—1400 
s = 600 or S= 6 —53.8 


Since s represents speed, we reject the negative answer and conclude that the jet’s speed 
from New York to Los Angeles was 600 km/h. 
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This formula depends on the fact that 
acceleration due to gravity is constant 
near the earth’s surface. Here, we 
neglect the effect of air resistance. 


Y 
descent 


6400 ft 


e | 
10,000 ft 


EXAMPLE 7 | The Path of a Projectile 


An object thrown or fired straight upward at an initial speed of v, ft/s will reach a height 
of h feet after t seconds, where h and t are related by the formula 


h = —16t? + vot 


Suppose that a bullet is shot straight upward with an initial speed of 800 ft/s. Its path is 
shown in Figure 2. 


(a) When does the bullet fall back to ground level? 
(b) When does it reach a height of 6400 ft? 

(c) When does it reach a height of 2 mi? 

(d) How high is the highest point the bullet reaches? 


SOLUTION Since the initial speed in this case is v) = 800 ft/s, the formula is 
h = —16t? + 800t 
(a) Ground level corresponds to h = 0, so we must solve the equation 
0 = —16t?+ 800t Seth=0 
0 = —16t(t — 50) Factor 


Thus t = 0 ort = 50. This means the bullet starts (t = 0) at ground level and returns 
to ground level after 50 s. 
(b) Setting h = 6400 gives the equation 


6400 = —16t? + 800t Seth = 6400 


16t? — 800t + 6400 = 0 All terms to LHS 
t? — 50t + 400 = 0 Divide by 16 
(t — 10)(t — 40) = 0 Factor 


t= 10 or t = 40 Solve 


The bullet reaches 6400 ft after 10 s (on its ascent) and again after 40 s (on its 
descent to earth). 


(c) Two miles is 2 X 5280 = 10,560 ft: 
10,560 = —16t? + 800t Seth = 10,560 
16t? — 800t + 10,560 = 0 All terms to LHS 
t? — 50t + 660 = 0 Divide by 16 


The discriminant of this equation is D = (—50)? — 4(660) = —140, which is nega- 
tive. Thus the equation has no real solution. The bullet never reaches a height of 2 mi. 
Each height that the bullet reaches is attained twice: once on its ascent and once on 
its descent. The only exception is the highest point of its path, which is reached only 
once. This means that for the highest value of h, the following equation has only one 
solution for t: 


(d 


— 


h = —16t? + 800t 
16t? — 800t +h =0 All terms to LHS 
This in turn means that the discriminant D of the equation is 0, so 
D = (-—800)? — 4(16)h = 0 
640,000 — 64h = 0 
h = 10,000 
The maximum height reached is 10,000 ft. 
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®.17. 


©.31. x? — 7x +10 =0 
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CONCEPTS 


1. The Quadratic Formula gives us the solutions of the equation 
ax? +bx+c=0, 


(a) State the Quadratic Formula: x = 

(b) In the equation 3x? --x -4=0,a=_____, 
b= 
equation is x = 


,andc = . So the solution of the 


2. Explain how you would use each method to solve the equation 
x? — 4x-—5 =0. 


(a) By factoring: 
(b) By completing the square: 
(c) By using the Quadratic Formula: 
3. For the quadratic equation ax? + bx + c = 0 the discriminant 


isD = . The discriminant tells us how many solu- 
tions a quadratic equation has. 


If D > 0, the equation has solution(s). 
If D = 0, the equation has solution(s). 
If D < 0, the equation has solution(s). 


4. Make up quadratic equations that have the following number 
of solutions: 


Two solutions: 


One solution: 
No solution: 
SKILLS 
5-16 m Solve the equation by factoring. 
®. 5x2 +x = 12 6. x? + 3x =4 
7. x2 -— 7x +12 =0 8 x? + 8x+12=0 
9. 3x? -— 5x -—-2=0 10. 4x? — 4x — 15 =0 
11, 2y?+ 7y+3=0 12. 4w? = 4w + 3 
13. 6x’ + 5x =4 14, 3x? + 1 = 4x 
15. x? = 5(x + 100) 16. 6x(x — 1) = 21 -x 
17-28 m Solve the equation by completing the square. 
x +2x-5=0 18. x? — 4x +2=0 
19, x — 6x — 11 =0 20. x° + 3x -f= 
21. x? +x-7=0 22. x° — 5x +1=0 
23. x’ + 22x + 21 =0 24, x? — 18x = 19 
~25. 2x? + 8x +1=0 26. 3x? — 6x -1=0 
27. 4x? -x =0 28. x? = 4x -§ 


29-52 m@ Find all real solutions of the equation. 

29. x? - 2x - 15 =0 30. x? + 5x -6=0 
32. x? + 30x + 200 = 0 
34, 3x° + 7x +4=0 


33. 2x°+x-3=0 


a 


.65. x? - 6X +1=0 
- 67. x? + 2.20x + 1.21 =0 
69, 4x? + 5x + F=0 


35. x + 3x +1=0 36. 2x? — 8x + 4=0 
37. x? + 12x — 27 =0 38. 8x’ — 6x -9 =0 
~39, 3x? + 6x —5 =0 40. x? — 6x +1=0 
41.2 -2+2=0 42. 2y? -y —;=0 
43. 4x? + lox —-9 =0 44.0=x°-4x4+1 
-45. w? = 3(w — 1) 46.3 +52+2=0 
47. x? - V5x+1=0 48. Vox? + 2x — V3 = 
49. 10y? — 16y +5 =0 50. 25x? + 70x + 49 =0 


51. 3x? + 2x +2=0 52. 5x*- 7x +5=0 


53-58 m Use the quadratic formula and a calculator to find all real 
solutions, rounded to three decimals. 

53. x? — 0.011x — 0.064 =0 54, x? — 2.450x + 1.500 = 0 
55. x — 2.450x + 1.501=0 56. x? — 1.800x + 0.810 = 0 
57. 2.232x* — 4.112x = 6.219 58, 12.714x? + 7.103x = 0.987 


59-64 m Solve the equation for the indicated variable. 


ae n(n + 1) 
59, h = 5gt° + uot} fort 60. S = 5 ; forn 
61. A = 2x? + 4xh;_ for x 62. A =2ar*+2arh; forr 
63. : d a fors 

sta stb c 
1 2 4 
~- +=; 
64. . Tap forr 


65-72 m Use the discriminant to determine the number of real so- 
lutions of the equation. Do not solve the equation. 

66. x? = 6x — 9 

68. x2 + 2.21x + 1.21 =0 

70. 9x? — 4x +$=0 


71. x? +rx-—s=0 (§>0) 

72. x? -—rx +s=0 (s>0,r >2V5) 
73-76 m Solve the equation for x. 

73. a*x? + 2ax+1=0 (a #0) 


74. bx? — 5bx +4=0 (b #0) 
75. ax? — (2a + 1)x+(at+1)=0 (a #0) 
76. bx? + 2x + 0 (b #0) 


77-78 @ Find all values of k that ensure that the given equation 
has exactly one solution. 


77, 4x? + kx + 25 =0 78. kx? + 36x +k =0 


APPLICATIONS 


79. Number Problem Find two numbers whose sum is 55 
and whose product is 684. 


80. Number Problem The sum of the squares of two con- 
secutive even integers is 1252. Find the integers. 


88 
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82. 


83. 


84, 
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86. 
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CHAPTER 1 | Equations and Inequalities 


Dimensions of aGarden A rectangular garden is 10 ft 
longer than it is wide. Its area is 875 ft. W hat are its dimensions? 


Dimensions of aRoom A rectangular bedroom is 7 ft 
longer than it is wide. Its area is 228 ft?. W hat is the width of 
the room? 


Dimensions of aGarden A farmer has a rectangular 
garden plot surrounded by 200 ft of fence. Find the length and 
width of the garden if its area is 2400 ft”. 


perimeter = 200 ft 


Geometry Find the length x if the shaded area is 160 in’. 


area = 160 in2 


Geometry Find the length x if the shaded area is 1200 cm?. 


x >| \k- 
lcm 


area = 1200 cm? 


Profit A small-appliance manufacturer finds that the profit 
P (in dollars) generated by producing x microwave ovens per 
week is given by the formulaP = 75x(300 — x) provided that 
0 = x = 200. How many ovens must be manufactured in a 
given week to generate a profit of $1250? 


Dimensions of a Box A box with a square base and no 
top is to be made from a square piece of cardboard by cutting 
4-in. squares from each corner and folding up the sides, as 
shown in the figure. The box is to hold 100 in?. How big a 
piece of cardboard is needed? 


4 in. 


88. 
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90. 


© 291, 


93. 


94. 


Dimensions of aCan_ A cylindrical can has a volume of 
40a cm? and is 10 cm tall. What is its diameter? 

[Hint: Use the volume formula listed on the inside front cover 
of this book.] 


Dimensions of aLot A parcel of land is 6 ft longer 
than it is wide. Each diagonal from one corner to the opposite 
corner is 174 ft long. What are the dimensions of the 

parcel? 


Height of aFlagpole A flagpole is secured on opposite 
sides by two guy wires, each of which is 5 ft longer than the 
pole. The distance between the points where the wires are 
fixed to the ground is equal to the length of one guy wire. 
How tall is the flagpole (to the nearest inch)? 


Distance, Speed, and Time _ A salesman drives from 
Ajax to Barrington, a distance of 120 mi, at a steady speed. He 
then increases his speed by 10 mi/h to drive the 150 mi from 
Barrington to Collins. If the second leg of his trip took 6 min 
more time than the first leg, how fast was he driving between 
Ajax and Barrington? 


. Distance, Speed,and Time _ Kiran drove from Tortula 


to Cactus, a distance of 250 mi. She increased her speed by 
10 mi/h for the 360-mi trip from Cactus to Dry J unction. 

If the total trip took 11 h, what was her speed from Tortula to 
Cactus? 


Distance, Speed, and Time __|t took a crew 2 h 40 min 
to row 6 km upstream and back again. If the rate of flow of the 
stream was 3 km/h, what was the rowing speed of the crew in 
still water? 


Speed of a Boat Two fishing boats depart a harbor at the 
same time, one traveling east, the other south. (See the follow- 
ing figure.) The eastbound boat travels at a speed 3 mi/h faster 
than the southbound boat. A fter two hours the boats are 30 mi 
apart. Find the speed of the southbound boat. 


95-96 = Falling-Body Problems Suppose an object is 
dropped from a height h, above the ground. Then its height after t 
seconds is given by h = —16t? + ho, where h is measured in feet. 
Use this information to solve the problem. 


95. If a ball is dropped from 288 ft above the ground, how long 
does it take to reach ground level? 


96. A ball is dropped from the top of a building 96 ft tall. 
(a) How long will it take to fall half the distance to ground 
level? 
(b) How long will it take to fall to ground level? 


97-98 = Falling-Body Problems Use the formula 
h = —16t? + uot discussed in Example 7. 


97. A ball is thrown straight upward at an initial speed of 
Vo = 40 ft/s. 
(a) When does the ball reach a height of 24 ft? 
(b) When does it reach a height of 48 ft? 
(c) What is the greatest height reached by the ball? 
(d) When does the ball reach the highest point of its path? 
(e) When does the ball hit the ground? 


98. How fast would a ball have to be thrown upward to reach a 
maximum height of 100 ft? [Hint: Use the discriminant of 
the equation 16t? — vt + h = 0.] 


99. Fish Population The fish population in a certain lake 
rises and falls according to the formula 


F = 1000(30 + 17t — t’) 


Here F is the number of fish at time t, where t is measured in 

years since J anuary 1, 2002, when the fish population was 

first estimated. 

(a) On what date will the fish population again be the same 
as it was on J anuary 1, 2002? 

(b) By what date will all the fish in the lake have died? 


100. Comparing Areas A wire 360 in. long is cut into two 
pieces. One piece is formed into a square, and the other is formed 
into a circle. If the two figures have the same area, what are the 
lengths of the two pieces of wire (to the nearest tenth of an inch)? 


OL 
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101. Width of aLawn_ A factory is to be built on a lot mea- 
suring 180 ft by 240 ft. A local building code specifies that a 
lawn of uniform width and equal in area to the factory must 
surround the factory. W hat must the width of this lawn be, 
and what are the dimensions of the factory? 


102. Reach of aLadder A 195-foot ladder leans against a 
building. The base of the ladder is 73 ft from the building. 
How high up the building does the ladder reach? 


103. Sharing aJob Henry and Irene working together can 
wash all the windows of their house in 1 h 48 min. Working 
alone, it takes Henry 13h more than Irene to do the job. How 
long does it take each person working alone to wash all the 
windows? 


104. Sharing aJob Jack, Kay, and Lynn deliver advertising 
flyers in a small town. If each person works alone, it takes 
Jack 4h to deliver all the flyers, and it takes Lynn 1h longer 
than it takes K ay. Working together, they can deliver all the 
flyers in 40% of the time it takes K ay working alone. How 
long does it take K ay to deliver all the flyers alone? 


105. Gravity If an imaginary line segment is drawn between 
the centers of the earth and the moon, then the net gravita- 
tional force F acting on an object situated on this line seg- 
ment is 

—K | _0.012kK 

x2" (239 — x)? 


F 


where K > 0 is a constant and x is the distance of the object 
from the center of the earth, measured in thousands of miles. 
H ow far from the center of the earth is the “dead spot” where 
no net gravitational force acts upon the object? (Express your 
answer to the nearest thousand miles.) 
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tionship between roots and coefficients holds for the follow- 
ing equations: 


DISCOVERY = DISCUSSION = WRITING 


106. Relationship Between Roots and Coefficients yi =0¥= 8 = 0 


The Quadratic Formula gives us the roots of a quadratic 
equation from its coefficients. We can also obtain the 
coefficients from the roots. For example, find the roots of the 
equation x? — 9x + 20 = 0 and show that the product of the 
roots is the constant term 20 and the sum of the roots is 9, 


x?7+4x+2=0 


Use the Quadratic Formula to prove that in general, if the 
equation x* + bx + c = Ohas roots r, and r., then c = rr, 
and b = —(r, + 1). 


the negative of the coefficient of x. Show that the same rela- 


1.4 COMPLEX NUMBERS 


Arithmetic Operations on Complex Numbers B Square Roots of Negative 
Numbers > Complex Solutions of Quadratic Equations 


In Section 1.3 we saw that if the discriminant of a quadratic equation is negative, the equa- 
See the note on Cardano (page 311) for _ tion has no real solution. For example, the equation 


an example of how complex numbers 


2 = 
are used to find real solutions of poly- tt 
nomial equations. has no real solution. If we try to solve this equation, we get x* = —4, so 
X= +V—-4 


But this is impossible, since the square of any real number is positive. [For example, 
(—2)? = 4, a positive number.] Thus negative numbers don’t have real square roots. 

To make it possible to solve all quadratic equations, mathematicians invented an ex- 
panded number system, called the complex number system. First they defined the new 


number 
i= V-1 


This means that i? = —1.A complex number is then a number of the forma + bi, where 
a and b are real numbers. 


DEFINITION OF COMPLEX NUMBERS 
A complex number is an expression of the form 
a + bi 


where a and b are real numbers and i? = —1. The real part of this complex 
number is a and the imaginary part is b. Two complex numbers are equal if and 
only if their real parts are equal and their imaginary parts are equal. 


Note that both the real and imaginary parts of a complex number are real numbers. 


EXAMPLE 1 | Complex Numbers 
The following are examples of complex numbers. 


3+ 4i — Real part 3, imaginary part 4 
5-41 — Real part 5, imaginary part —3 
61 Real part 0, imaginary part 6 
-7 Real part —7, imaginary part 0 


©. NOW TRY EXERCISES 5 AND 9 a 
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A number such as 6i, which has real part 0, is called a pure imaginary number. A real 
number like —7 can be thought of as a complex number with imaginary part 0. 

In the complex number system every quadratic equation has solutions. The numbers 2i 
and —2i are solutions of x? = —4 because 


(21)? = 272 =4(-1) = -4 and = (-2i)? = (—2)*1? = 4(-1) = -4 


Although we use the term imaginary in this context, imaginary numbers should not be 
thought of as any less “real” (in the ordinary rather than the mathematical sense of that word) 
than negative numbers or irrational numbers. All numbers (except possibly the positive in- 
tegers) are creations of the human mind— the numbers —1 and V2 as well as the number i. 
Westudy complex numbers because they complete, in a useful and elegant fashion, our study 
of the solutions of equations. In fact, imaginary numbers are useful not only in algebra and 
mathematics, but in the other sciences as well. To give just one example, in electrical theory 
the reactance of a circuit is a quantity whose measure is an imaginary number. 


V Arithmetic Operations on Complex Numbers 


Complex numbers are added, subtracted, multiplied, and divided just as we would any 
number of the form a + b Vc. The only difference that we need to keep in mind is that 


i? = —1. Thus the following calculations are valid. 


(a + bi)(c + di) = ac + (ad + bc)i + bdi? Multiply and collect like terms 
=ac + (ad + bc)i + bd(—1) i?=-1 
= (ac — bd) + (ad + bc)i Combine real and imaginary parts 


We therefore define the sum, difference, and product of complex numbers as follows. 


ADDING, SUBTRACTING, AND MULTIPLYING COMPLEX NUMBERS 
Definition 
Addition 

(a+ bi)+(c+di)=(a+c) + 


Subtraction 


(a+ bi) -(c+di) =(a-—c) + 


Multiplication 


Description 


(b + d)i To add complex numbers, add the real parts and the 
imaginary parts. 


(b — d)i To subtract complex numbers, subtract the real parts and 
the imaginary parts. 


(a + bi)-(c + di) = (ac — bd) + (ad + bc)i Multiply complex numbers like binomials, using 


Graphing calculators can perform arith- 
metic operations on complex numbers. 


(Bera Yer CS=2 7 
(Grou 

CS Sr Ga eae) 
224+141 


i2 = -1. 


EXAMPLE 2 | Adding, Subtracting, and Multiplying 
Complex Numbers 


Express the following in the form a + bi. 


(a) (3 + 5i) + (4 — 2i) (b) (3 + 5i) — (4 - 2i) 
(c) (3 + 5i)(4 — 21) (d) i23 
SOLUTION 


(a) According to the definition, we add the real parts and we add the imaginary parts. 
(3+ 51I)+ (4-21) =(3+4)+(5-2)i=74+3i 
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Complex Conjugates 


Number | Conjugate 
342i 3 - 2i 
1-i 1+i 

4i —4j 
5 5 


Library of Congress 


LEONHARD EULER (1707-1783) was 
born in Basel, Switzerland, the son of a 
pastor. When Euler was 13, his father 
sent him to the University at Basel to 
study theology, but Euler soon decided 
to devote himself to the sciences. Be- 
sides theology he studied mathemat- 
ics, medicine, astronomy, physics, and 
Asian languages. It is said that Euler 
could calculate as effortlessly as“ 

men breathe or as eagles fly.” One hun- 
dred years before Euler, Fermat (see 
page 143) had conjectured that 27" + 1 
is a prime number for all n. The first five 
of these numbers are 5, 17,257,65537, 
and 4,294,967,297. It is easy to show 
that the first four are prime. The fifth 
was also thought to be prime until 
Euler, with his phenomenal calculating 
ability, showed that it is the product 
641 X 6,700,417 and so is not prime. 
Euler published more than any other 
mathematician in history. His collected 
works comprise 75 large volumes. 
Although he was blind for the last 

17 years of his life, he continued to 
work and publish. In his writings he 
popularized the use of the symbols 77, 
e, and i, which you will find in this text- 
book. One of Euler’s most lasting con- 
tributions is his development of com- 
plex numbers. 


Equations and Inequalities 


(b) (3 + 5i) — (4-21) = (3 — 4) + [5 - (-2)]i 
=-1+7i 
(c) (3 + 5i)(4 — 21) = [3-4 — 5(—2)] + [3(-2) +5 -4]i 
= 22 + 14i 
(d) i22 = (22+? = (j2)4j = (-1)4j = (-1)i = -i 
©. NOW TRY EXERCISES 15, 19, 25, AND 33 a 


Division of complex numbers is much like rationalizing the denominator of a radical 
expression, which we considered in Section P.7. For the complex number z = a + bi we 
define its complex conjugate to be z = a — bi. Note that 

z+Z = (a+ bi)(a — bi) = a? + b? 


So the product of a complex number and its conjugate is always a nonnegative real num- 
ber. We use this property to divide complex numbers. 


DIVIDING COMPLEX NUMBERS 


: 
ahaee , multiply the numerator and the denominator by 


at + 
To simplify the quotient aT 


the complex conjugate of the denominator: 


a + bi (: =aC =) _ (ac + bd) + (bc — ad)i 


Cd = “ound =a ed? 


Rather than memorizing this entire formula, it is easier to just remember the first step and 
then multiply out the numerator and the denominator as usual. 


EXAMPLE 3 | Dividing Complex Numbers 


Express the following in the form a + bi. 
3+ 5i 7 + 3i 
ee] a a 
SOLUTION We multiply both the numerator and denominator by the complex con- 
jugate of the denominator to make the new denominator a real number. 


(a) The complex conjugate of 1 — 2) is1 — 2i = 1 + 2i: 


345) (FSS) -74+1li 7, 
t=2 Vilas e27 7 


5 a) 
(b) The complex conjugate of 4i is —4i. Therefore 


7 + 3i (743)(-4) 12-281 3 uf 
4, Ai -4i) 1 #4 4 


©. NOW TRY EXERCISES 37 AND 43 A 


V Square Roots of Negative Numbers 


J ust as every positive real number r has two square roots (/r and — Vr), every negative 
number has two square roots as well. If —r is a negative number, then its square roots are 


+i Vr, because (i Vr)? = i2r = —r and (-i Vr)? = (-1)*i?r = —r. 
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SQUARE ROOTS OF NEGATIVE NUMBERS 
If —r is negative, then the principal square root of —r is 


Vat =ive 


The two square roots of —r arei Vr and —i Vr. 


We usually write i Vb instead of V/bi to avoid confusion with Vbi. 


EXAMPLE 4 | Square Roots of Negative Numbers 
(a) V-1=ivl =i (b) V—16 = i V16 = 4i (c) V-3 =i v3 
©. NOW TRY EXERCISES 47 AND 49 a 


Special care must be taken in performing calculations that involve square roots of neg- 
ative numbers. Although Va-Vb = Vab when a and b are positive, this is not true 
when both are negative. For example, 


V=2- V=3 =iV2-1V3 = i?V6 = -V6 


but V(-2)(-3) = V6 
so V=2-V-3 ¥ V-2)-3) 


When multiplying radicals of negative numbers, express them first in the form ivr 
(where r > 0) to avoid possible errors of this type. 
EXAMPLE 5 | Using Square Roots of Negative Numbers 
Evaluate (12 — V—3)(3 + V—4) and express in the forma + bi. 
SOLUTION 
(V12 — V—3)(3 + V—-4) = (V12 - iV3)3 + i V4) 
= (2V3 -iV3)3 + 2i) 
= (6V3 + 2V3) + i(2-2 V3 - 3V3) 
=8V3+ivV3 
©. NOW TRY EXERCISE 51 a 


V Complex Solutions of Quadratic Equations 


We have already seen that if a #0, then the solutions of the quadratic equation 
ax* + bx +c =Oare 


: —b + Vb? - 4ac 
2a 
If b? — 4ac <0, then the equation has no real solution. But in the complex number sys- 


tem this equation will always have solutions, because negative numbers have square roots 
in this expanded setting. 


EXAMPLE 6 | Quadratic Equations with Complex Solutions 


Solve each equation. 
(a) x7+9=0 (b) x? + 4x +5 =0 
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SOLUTION 
(a) The equation x* + 9 = 0 means x* = —9, so 
X= +V-9 = +i1-V9 = 43i 
The solutions are therefore 3i and —3i. 
(b) By the Quadratic Formula we have 
—-4+ V4 —- 4-5 
2 
“4+ V-4 
2 
eee 22 
2 2 
So the solutions are —2 + i and —2 —i. 
®. NOW TRY EXERCISES 57 AND 59 B 


We see from Example 6 that if a quadratic equation with real coefficients has complex 
solutions, then these solutions are complex conjugates of each other. So if a + bi is a so- 
lution, then a — bi is also a solution. 


EXAMPLE 7 | Complex Conjugates as Solutions of a Quadratic 
Show that the solutions of the equation 
4x* — 24x + 37 =0 
are complex conjugates of each other. 
SOLUTION Weuse the Quadratic Formula to get 


24 + V/(24)? — 4(4)(37) 


_ 2(4) 
24+ V-16 24+ 4i 341 
8 8 ~ 2 
So the solutions are 3 + 3i and 3 — i, and these are complex conjugates. 
©. NOW TRY EXERCISE 65 | 
CONCEPTS SKILLS 
1. The imaginary number i has the property thati?= 5-14 m Find thereal and imaginary parts of the complex number. 
2. For the complex number 3+ 4i thereal partis____———s and Ss ™. 5. 5 — Ti 6. —6 + 4i 
theimaginary partis___—. 7, —2 —-5i 8. 44+ 7i 
3. (a) The complex conjugate of 3+ 4i is3 + 4i = 3 2 
(b) G+4)G74)= “. 93 10. —) 
4. If 3 + 4i is a solution of a quadratic equation with real coeffi- 1. — i 12. i V3 


cients, then is also a solution of the equation. 1B. V3 + V—4 14,2 — v—-5 


15-46 m Evaluate the expression and write the result in the form 


a+t bi. 
©.15, (2 — 5i) + (3 + 4i) 16. (2 + 5i) + (4 — Gi) 
17. (-6 + 61) + (9 — i) 18. (3 — 21) + (-5 — ji) 
©.19, (7 — Zi) — (5 + 3i) 20. (—4 + i) — (2 - 5i) 
21, (-12 + 81) -(7+ 4i) 22. 6i - (4-1) 
23. 4(-1 + 2i) 24. 2i(3 — i) 
©.25. (7 — i)(4 + 2i) 26. (5 — 3i)(1 + i) 
27. (3 — 41)(5 — 12i) 28. (3 + 12i)(§ + 24i) 
29. (6 + 5i)(2 — 3i) 30. (—2 + i)(3 — 7i) 
31. i? 32. (2i)4 
+ . 33. j 100 34, j 1002 
1 1 
35. = 36. 
2:= 3i il 
& 
eg aa 
26 + 39i 25 
ar = baer 
10i ae 
41. 5 42. (2 — 3i) 
4 + 6i —3 +5) 
*& ‘ . 1" 
alae) eas | 
i 1 (1 + 2i)(3 - i) 
ee 1-i a 241 
47-56 m Evaluate the radical expression, and express the result in 
the forma + bi. 
©.47, V—=25 as. .|—2 
4 
©.49, V-3V-12 50. Viv—27 
©.51 (3 — V—5)(1 + V-1) 
52. (V3 — V—4)(V6 — V-8) 
+ V-8 1-v-1 
53. 4, ———— 
+ Ale? eae V=i 


1.5 OTHER TYPES OF EQUATIONS 


55 


SECTION 1.5 | Other Types of Equations 95 


V—36 
"V=2V-9 


57-72 @ Find all solutions of the equation, and express them in 
the forma + bi. 


© 257 


©. 59, 


.x?+49=0 58. 
x?- 4x +5=0 60. 
~x?4+2x+5=0 62 
»xe7+x+1=0 64. 
. 2x? -2x+1=0 66 
t+34+2=0 68 
. 6x? +:12x+7=0 70. 
.5x7-x+5=0 72. 


Qx?+4=0 
x?7+2x+2=0 


.x?-6x+10=0 
~x?— 3x+3=0 
. 2x*+3=2x 


12 


.z+4+—=0 


4x* — 16x +19 =0 
x2 +5x+1=0 


73-80 Recall that the symbol z represents the complex conju- 
gate of z. If z =a + bi andw =c + di, prove each statement. 


73.z72+w=7Fw0 74. 70 = 7-0 
75. (z)? = 22 76.27 =2 

77, z +z is areal number. 

78. z — z iS a pure imaginary number. 

79. z-z iS areal number. 

80. z = z if and only if z is real. 


DISCOVERY = DISCUSSION = WRITING 


81. Complex Conjugate Roots Suppose that the equation 
ax? + bx + c = 0 has real coefficients and complex roots. 
W hy must the roots be complex conjugates of each other? 
(Think about how you would find the roots using the 


82. 


Quadratic Formula.) 


Powers of i 
i,i7, 13), 


Calculate the first 12 powers of i, that is, 
.., 1/4, Do you notice a pattern? Explain how you 


would calculate any whole number power of i, using the pattern 
that you have discovered. Use this procedure to calculate i 444°. 


Polynomial Equations B® Equations Involving Radicals B Equations 
of Quadratic Type > Applications 


So far, we have learned how to solve linear and quadratic equations. In this section we 
study other types of equations, including those that involve higher powers, fractional ex- 


pressions, and radicals. 


V Polynomial Equations 


Some equations can be solved by factoring and using the Zero-Product Property, which 
says that if a product equals 0, then at least one of the factors must equal 0. 
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EXAMPLE 1 | Solving an Equation by Factoring 
Solve the equation x° = 9x3. 


SOLUTION Webring all terms to one side and then factor: 


x? — 9x3 = 0 Subtract 9x? 
x3(x? — 9) = 0 Factor x3 
x(x — 3)(x + 3) =0 Difference of squares 
¥=0 of x-3=0 or x+3=0 Zero-Product Property 
x=0 Xx=3 X= -3 Solve 


The solutions are x = 0, x = 3, and x = —3. You should check that each of these satisfies 
the original equation. 


©. NOW TRY EXERCISE 5 a 


To divide each side of the equation in Example 1 by the common factor x? would be 
wrong, because in doing so, we would lose the solution x = 0. Never divide both sides of 
an equation by an expression that contains the variable unless you know that the expres- 
sion cannot equal 0. 


EXAMPLE 2 | Factoring by Grouping 
Solve the equation x? + 3x? — 4x — 12 = 0. 


SOLUTION The left-hand side of the equation can be factored by grouping the terms 


in pairs: 
(x3? + 3x?) — (4x + 12) =0 Group terms 
x*(x + 3) — 4(x + 3) =0 Factor x? and 4 
(x? — 4)(x + 3) =0 Factor x +3 
(x — 2)(X + 2)(xk + 3) =0 Difference of squares 
x-2=0 or x+2=0 or x+3=0 Zero-Product Property 
X=2 X= -2 X= -3 Solve 
The solutions are x = 2, —2, and —3. 
©. NOW TRY EXERCISE 15 | 


EXAMPLE 3 | An Equation Involving Fractional Expressions 


Solve the equation 2 + ae =2. 
X+2 


SOLUTION Tosimplify the equation, we multiply each side by the common denominator: 


3 b) ! 
€ + = 5 M0 + 2) = 2x(x + 2) Multiply by LCD x(x +2) 


3(x + 2) + 5x = 2x? + 4x Expand 
8x + 6 = 2x? + 4x Expand LHS 


= 3: 
| 5 
LHS =3 +3557 2 
RHS = 2 
LHS =RHS YW 


x= lh: 


3 5 
LHS ag 
RHS = 2 


LHS =RHS WY 


CHECK YOUR ANSWERS 


RHS = 1— V2 —(-%) 
=1-}=-3 

LHS =RHS W 

X=1: 

LHS = 2(1) =2 

RHS =1-vV2—-1 
=1-1=0 

LHS #RHS X 


2 


SECTION 1.5 | Other Types of Equations 97 


0 = 2x? — 4x — 6 Subtract 8x + 6 
0=x?- 2x -3 Divide both sides by 2 
0=(x —3)\(x +1) Factor 
x-3=0 or x+1=0 Zero-Product Property 
x=3 x=-l Solve 


We must check our answers because multiplying by an expression that contains the vari- 
able can introduce extraneous solutions (see the Warning on page 63). From Check Your 
Answers we see that the solutions are x = 3 and —1. 
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V Equations Involving Radicals 

When you solve an equation that involves radicals, you must be especially careful to check 
your final answers. The next example demonstrates why. 

EXAMPLE 4 | An Equation Involving a Radical 

Solve the equation 2x = 1 — V2 —x. 


SOLUTION To eliminate the square root, we first isolate it on one side of the equal 
sign, then square: 


2x-1l=-v2-x Subtract 1 
(2x —1)?=2-x Square each side 
4x? -4x+1=2-x Expand LHS 
4x? —- 3x -1=0 Add —2 +x 
(4x + 1)(x- 1) =0 Factor 
4x+1=0 or x-1l= Zero-Product Property 
X=—4 Ki Solve 
The values x = —4 and x = 1 are only potential solutions. We must check them to see 
whether they satisfy the original equation. From Check Your Answers we see that x = — 
is a solution but x = 1 is not. The only solution is x = —4. 
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When we solve an equation, we may end up with one or more extraneous solutions, 
that is, potential solutions that do not satisfy the original equation. In Example 4 the value 
X = Lis an extraneous solution. Extraneous solutions may be introduced when we square 
each side of an equation because the operation of squaring can turn a false equation into a 
true one. For example, —1 # 1, but (—1)? = 12. Thus the squared equation may be true 
for more values of the variable than the original equation. That is why you must always 
check your answers to make sure that each satisfies the original equation. 


V Equations of Quadratic Type 


An equation of the form aW? + bW +c = 0, where W is an algebraic expression, is an 
equation of quadratic type. We solve equations of quadratic type by substituting for the 
algebraic expression, as we see in the next two examples. 
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EXAMPLE 5 | An Equation of Quadratic Type 


2 
Solve the equation (2 + *) = 6( + *) +8=0. 


SOLUTION Wecould solve this equation by multiplying it out first. But it’s easier to 
think of the expression 1 + } as the unknown in this equation and give it a new name, W. 
This turns the equation into a quadratic equation in the new variable W: 


2 
(1+2) -6(1+2) +80 
X X 


w?-6W+8=0 


Given equation 


LetW=1+- 
(W — 4)(W — 2) =0 
w-4=0 or W-2=0 
w=4 W=2 


Factor 
Zero-Product Property 
Solve 


Now we change these values of W back into the corresponding values of x: 


i<==a 4e2=2- ene 
x Xx X 
1 1 
—=3 —=l1 Subtract 1 
x x 
1 
x= 3 x=1 Take reciprocals 


The solutions are x = } and x = 1. 
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MATHEMATICS IN THE MODERN WORLD 


Error-Correcting 

Codes 

The pictures sent back by the 
Pathfinder spacecraft from the 
surface of Mars on July 4, 
1997, were astoundingly clear. 
But few watching these pic- 
tures were aware of the com- 
plex mathematics used to ac- 
complish that feat. The 
distance to Mars is enormous, 
and the background noise (or static) is many times stronger than the orig- 
inal signal emitted by the spacecraft. So when scientists receive the signal, 


(the digits 0 or 1; see page 158).To help the receiver recognize errors, the 
message is “coded” by inserting additional bits. For example, suppose you 
want to transmit the message”10100.”A very simple-minded code is as fol- 
lows: Send each digit a million times. The person receiving the message 
reads it in blocks of a million digits. If the first block is mostly 1's, the person 
concludes that you are probably trying to transmit a 1,and so on.To say that 
this code is not efficient is a bit of an understatement; it requires sending a 
million times more data than the original message. Another method inserts 
“check digits.” For example, for each block of eight digits insert a ninth digit; 
the inserted digit is 0 if there is an even number of 1’s in the block and 1 if 
there is an odd number. So if a single digit is wrong (a0 changed to a 1 or 
vice versa), the check digits allow us to recognize that an error has occurred. 
This method does not tell us where the error is, so we can't correct it. Mod- 


Courtesy of NASA 


it is full of errors. To get a clear picture, the errors must be found and cor- 
rected. This same problem of errors is routinely encountered in transmit- 
ting bank records when you use an ATM or voice when you are talking on 
the telephone. 

To understand how errors are found and corrected, we must first under- 
stand that to transmit pictures, sound, or text, we transform them into bits 


ern error-correcting codes use interesting mathematical algorithms that re- 
quire inserting relatively few digits but that allow the receiver to not only 
recognize, but also correct, errors. The first error-correcting code was devel- 
oped in the 1940s by Richard Hamming at MIT. It is interesting to note that 
the English language has a built-in error correcting mechanism; to test it, try 
reading this error-laden sentence: Gve mo libty ox giv ne deth. 
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EXAMPLE 6 | A Fourth-Degree Equation of Quadratic Type 
Find all solutions of the equation x* — 8x? + 8 = 0. 
SOLUTION If wesetW = x?, then we get a quadratic equation in the new variable W: 


(x*)? — 8x? +8 =0 Write x* as (x2)? 
w?-8W+8=0 Let W =x? 
=(-8) 2 V(-8)* = 4-8 
W= a ‘ ) =4+2V2 — Quadratic Formula 
x?=4+42V2 W =? 
X=+V4+42V2 Take square roots 


So there are four solutions: 


V4+2V2 V4 —-2V2 —-V4+2V2 —-V4-2v2 


Using a calculator, we obtain the approximations x ~ 2.61, 1.08, —2.61, —1.08. 
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EXAMPLE 7 | An Equation Involving Fractional Powers 
Find all solutions of the equation x¥3 + x¥/6—2=0, 


SOLUTION This equation is of quadratic type because if we let W = x*/6, then 
W2 = (x"6)2 = xi 


x¥3 + x62 = 9 Given equation 
Ww?7+W-2=0 Let W =x¥é 
(W —1)\(W + 2) =0 Factor 
W-1=0 or W+2=0 Zero-Product Property 
W=1 W=-2 Solve 
ea x6 = —2 W =x¥ 
c= eT X =(-2)®=64 — Takethe 6th power 


From Check Your Answers we see that x = 1 is a solution but x = 64 is not. The only 
solution is xX = 1. 


XS xX = 64: 
LHS =143+1%°_2=0 LHS = 6443 + 64¥6 — 2 
=44+2-2=4 
RHS =0 RHS = 0 
LHS =RHS v LHS #RHS =X 
®. NOW TRY EXERCISE 45 = 
V Applications 


M any real-life problems can be modeled with the types of equations that we have studied 
in this section. 
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Equations and Inequalities 


EXAMPLE 8 | Dividing a Lottery Jackpot 


A group of people come forward to claim a $1,000,000 lottery jackpot, which the winners 
are to share equally. Before the jackpot is divided, three more winning ticket holders show 
up.Asa result, the share of each of the original winners is reduced by $75,000. How many 
winners were in the original group? 


SOLUTION Identify the variable. Weare asked for the number of people in the orig- 
inal group. So let 
X = number of winners in the original group 


Translate from words to algebra. We translate the information in the problem as fol- 
lows: 


In Words In Algebra 
Number of winners in original group Xx 
Number of winners in final group X43 
yt = 1,000,000 
Winnings per person, originally a 
ae ; 1,000,000 
Winnings per person, finally es, 
Set up the model. Now we set up the model: 
winnings per _ winnings per 
person, originally ey person, finally 
1,000,000 1,000,000 
——— — 75,000 = ——__ 
x Xx +3 


Solve. Solve for x: 


1,000,000(x + 3) — 75,000x(x + 3) = 1,000,000x Multiply by LCD x(x +3) 


AQ(x + 3) — 3x(x + 3) = 40x Divide by 25,000 
2 _ _ Expand, simplify, and 
ee alee ae divide by 3 
(x + 8)(x — 5) =0 Factor 
x+8=0 or x-5=0 Zero-Product Property 
x=-8 x=5 Solve 


Since we can’t have a negative number of people, we conclude that there were five win- 
ners in the original group. 


CHECK YOUR ANSWER 


winnings per person, originally = sad = $200,000 
winnings per person, finally = nee = $125,000 


$200,000 — $75,000 = $125,000 Vv 
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EXAMPLE 9 | Energy Expended in Bird Flight 


Ornithologists have determined that some species of birds tend to avoid flights over large 
bodies of water during daylight hours, because air generally rises over land and falls over 
water in the daytime, so flying over water requires more energy. A bird is released from 
point A on an island, 5 mi from point B, the nearest point on a straight shoreline. The bird 
flies to a point C on the shoreline and then flies along the shoreline to its nesting area at 
point D, as shown in Figure 1. Suppose the bird has 170 kcal of energy reserves. It uses 
10 kcal/mi flying over land and 14 kcal/mi flying over water. 


(a) Where should the point C be located so that the bird uses exactly 170 kcal of en- 
ergy during its flight? 

(b) Does the bird have enough energy reserves to fly directly from A to D? 

SOLUTION 

(a) Identify the variable. Weare asked to find the location of C. So let 


FIGURE 1 


X = distance from B to C 
Translate from words to algebra. From the figure, and from the fact that 
energy used = energy per mile x miles flown 


we determine the following: 


In Words In Algebra 

Distance from B to C Xx 

Distance flown over water (from A to C ) Vx? +25 Pythagorean Theorem 
Distance flown over land (from C to D ) 12 —x 

Energy used over water 14V x? + 25 

Energy used over land 10(12 — x) 


Set up the model. Now we set up the model: 


total energy _ energy used 4 energy used 
used over water over land 


170 = 14V’ x? + 25 + 10(12 — x) 


Solve. To solve this equation, we eliminate the square root by first bringing all 
other terms to the left of the equal sign and then squaring each side: 


170 — 10(12 — x) = Vx? + 25 Heol hada 
50 + 10x = 14Vx? + 25 Simplify LHS 
(50 + 10x)? = (14)*(x? + 25) Square each side 
2500 + 1000x + 100x? = 196x? + 4900 Expand 


0 = 96x? — 1000x + 2400 All terms to RHS 


This equation could be factored, but because the numbers are so large, it is easier 
to use the Quadratic Formula and a calculator: 


r 1000 + VV(—1000)? — 4(96)(2400) 1000 + 280 
7 2(96) 192 
x=63 or x= 3} 
Point C should be either 63 mi or 37 mi from point B so that the bird uses exactly 
170 kcal of energy during its flight. 
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(b) By the Pythagorean Theorem (see page 261), the length of the route directly from 
\V/5* + 12? = 13 mi, so the energy the bird requires for that route is 


A to D is 


14 x 13 = 182 kcal. This is more energy than the bird has available, so it can’t use 


this route. 
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CONCEPTS 


1 


(a) The solutions of the equation x?(x — 4) = Oare 


(b) To solve the equation x? — 4x? = 0, we the 


left-hand side. 


2. Solve the equation V2x + x = 0 by doing the following 
steps. 
(a) Isolate the radical: 
(b) Square both sides: ___. 
(c) The solutions of the resulting quadratic equation are 
(d) The solution(s) that satisfy the original equation are 
3. The equation (x + 1)? — 5(x + 1) + 6 = Ois of ____ 
type. To solve the equation, we set W = . The result- 
ing quadratic equation is 
4. The equation x® + 7x? — 8 = Ois of type. To solve 
the equation, we set W = . The resulting quadratic 
equation is 
SKILLS 
5-60 m Find all real solutions of the equation. 
©. 5, x3 = 16x 6. x° = 27x? 
7. x®° — 81x? =0 8. x° — 16x = 0 
9, x° + 8x? =0 10. x* + 64x =0 
11. x? — 5x? + 6x =0 12. x* — x3 — 6x? =0 
13. x4 + 4x3 + 2x? =0 14, (x — 2)° — 9(x — 2)? =0 
®.15, x3 -—5x2-2x+10=0 16. 2x3+x?2-18x-9=0 
7. x3 —x?4+x-1=x?4+1 
18. 7x? -—x+1= x3 + 3x?4+x 
1 1 5 10 12 
& i = — as = 
ee go A ee 
x? 
aye 00 
2x 2 4 
ee (x+3)(x+4) x43 x44 
x+5 5 28 Xx x+1 
2 ee x24 ayy 


Ore. 
1 2 X 
5. 0 26. ris 
34+- 
X 
27. Vx +2=x 28. V4 — 6x = 2x 
©.29, V2x #1+1=x 30. x — V9 — 3x =0 
31. V5—-x+1=x-2 32. 2x + Vx +1=8 
33 K- VKF3=5 34. x + 2Vx—7 = 10 
35. (x + 5)? — 3(x +5) -10=0 
2 
36, (“**) -a(%24) 43-0 
X xX 
1 \ 1 
2 = 
37, (4) (+) 8 =0 


x \ 4x 
at () X+2 

© 039, x4 — 13x? + 40 = 
41, 2x4 + 4x?+1=0 


43, x®° — 26x? - 27 =0 


40. x* —5x*+4=0 
42. x° — 2x3? -3=0 
44, x® + 15x* = 16 


@.45, x48 — 5x72 +6 =0 46. Vx — 3Vx-—4=0 
47. 4(x + 1)¥? — 5(x +13? + (x +:1)5? = 0 
48, 2(x — 4)77 — (x — 4/48 — (x - 4)8 =0 
49, x32 + 8x12 + 16x12 = 0 


50. x22 + 3x22 = 10x-3/2 
BL. x12 — 3x23 = 3x69 


1 4 4 
ta = 0 
X X 


55.5 VVxt+54+x=5 


57. x°Vx + 3 = (x + 3)3? 


< 


52. x —-5Vx +6=0 
54. 4x-* — 16x-7+4=0 


56. W4x2 — 4x = x 


2 
58. V/11 — x? Vana =1 
59. Vx+ Vx +2=2 
60. V1+ Vx + Vixt l= V5 + VK 
61-70 m Find all solutions, real and complex, of the equation. 
61. x? =1 62. x*- 16 =0 
63. x? +x27+x=0 64. x4 + x3 +x27+x=0 
65. x* — 6x7 +8=0 66. x? + 3x? + 9x + 27 


68. x° + 9x4 — 4x* — 36 =0 
8 

69. Vx? +1 x2 +9 

Vxe4+1 

70.1 —- Vx?+7=6-x? 

71-74 w Solve the equation for the variable x. The constants a 

and b represent positive real numbers. 

71. x* + 5ax* + 4a? =0 72. 22x? +b? =0 

73. Vx tat Vx—a= V2VxXx+6 


67. x®° — 9x7 +8=0 


74. Vx t+awx + bWk + ab =0 
APPLICATIONS 


© .75. Chartering a Bus A social club charters a bus at a cost of 


$900 to take a group of members on an excursion to A tlantic 
City. At the last minute, five people in the group decide not to 
go. This raises the transportation cost per person by $2. How 
many people originally intended to take the trip? 


76. Buying a Cottage A group of friends decides to buy a 
vacation home for $120,000, sharing the cost equally. If they 
can find one more person to join them, each person's contribu- 
tion will drop by $6000. How many people are in the group? 


77. Fish Population A large pond is stocked with fish. 
The fish population P is modeled by the formula 
P = 3t + 10 Vt + 140, where t is the number of days since 
the fish were first introduced into the pond. How many days 
will it take for the fish population to reach 500? 


78. The Lens Equation fF is the focal length of a convex 
lens and an object is placed at a distance x from the lens, then 
its image will be at a distance y from the lens, where F, x, and 
y are related by the lens equation 


Foxy 


Suppose that a lens has a focal length of 4.8 cm and that the 
image of an object is 4 cm closer to the lens than the object it- 
self. How far from the lens is the object? 


79. Volume of Grain Grain is falling from a chute onto the 
ground, forming a conical pile whose diameter is always three 
times its height. How high is the pile (to the nearest hundredth 
of a foot) when it contains 1000 ft? of grain? 


80. Radius of aTank A spherical tank has a capacity of 
750 gallons. Using the fact that 1 gallon is about 0.1337 ft?, 
find the radius of the tank (to the nearest hundredth of a foot). 
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81. Radius of aSphere A jeweler has three small solid 
spheres made of gold, of radius 2 mm, 3 mm, and 4 mm. He 
decides to melt these down and make just one sphere out of 
them. What will the radius of this larger sphere be? 


82. Dimensions of a Box A large plywood box has a vol- 
ume of 180 ft, Its length is 9 ft greater than its height, and its 
width is 4 ft less than its height. W hat are the dimensions of 
the box? 


ED 


paca 


. 83. Construction Costs The town of Foxton lies 10 mi north 


of an abandoned east-west road that runs through Grimley, 

as shown in the figure. The point on the abandoned road clos- 
est to Foxton is 40 mi from Grimley. County officials are 
about to build a new road connecting the two towns. They 
have determined that restoring the old road would cost 
$100,000 per mile, while building a new road would cost 
$200,000 per mile. How much of the abandoned road should 
be used (as indicated in the figure) if the officials intend to 
spend exactly $6.8 million? Would it cost less than this 
amount to build a new road connecting the towns directly? 


84. Distance, Speed, and Time _ A boardwalk is parallel to 
and 210 ft inland from a straight shoreline. A sandy beach lies 
between the boardwalk and the shoreline. A man is standing 
on the boardwalk, exactly 750 ft across the sand from his 
beach umbrella, which is right at the shoreline. The man walks 
4 ft/s on the boardwalk and 2 ft/s on the sand. How far should 
he walk on the boardwalk before veering off onto the sand if 
he wishes to reach his umbrella in exactly 4 min 45 s? 
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85. 


86. 


87. 


1. 


Dimensions of aLot A city lot has the shape of a right 
triangle whose hypotenuse is 7 ft longer than one of the other 
sides. The perimeter of the lot is 392 ft. How long is each side 
of the lot? 


TV Monitors Two television monitors sitting beside each 
other on a shelf in an appliance store have the same screen 
height. One has a conventional screen, which is 5 in. wider 
than it is high. The other has a wider, high-definition screen, 
which is 1.8 times as wide as it is high. The diagonal measure 
of the wider screen is 14 in. more than the diagonal measure 
of the smaller. W hat is the height of the screens, rounded to 
the nearest 0.1 in.? 


Depth of a Well One method for determining the depth of 
a well is to drop a stone into it and then measure the time it 
takes until the splash is heard. If d is the depth of the well (in 
feet) and t, the time (in seconds) it takes for the stone to fall, 
then d = 16t?, sot, = Vd/4. Now if t, is the time it takes for 
the sound to travel back up, then d = 1090t, because the speed 
of sound is 1090 ft/s. So t, = d/1090. Thus the total time 
elapsed between dropping the stone and hearing the splash is 
t, +t, = Vd/4 + d/1090. How deep is the well if this total 
time is 3 s? (See the following figure.) 


6 INEQUALITIES 


DISCOVERY = DISCUSSION = WRITING 


88. Solving an Equation in Different Ways Wehave 


learned several different ways to solve an equation in this section. 
Some equations can be tackled by more than one method. For ex- 
ample, the equation x — Vx — 2 = 0 is of quadratic type: We 
can solve it by letting Vx = u and x = u’ and factoring. Or we 
could solve for \’x, square each side, and then solve the resulting 
quadratic equation. Solve the following equations using both 
methods indicated, and show that you get the same final answers. 


(a) x — Vx —2=0 Quadratic type; solve for the radical, 
and square 


0 Quadratic type; 
multiply by LCD 


Solving Linear Inequalities B Solving Nonlinear Inequalities B Modeling 


with Inequalities 


Some problems in algebra lead to inequalities instead of equations. An inequality looks 
just like an equation, except that in the place of the equal sign is one of the symbols, <, 
>, S, or =. Here is an example of an inequality: 


4x+7<19 


4x+7<19 The table in the margin shows that some numbers satisfy the inequality and some num- 
bers do not. 
1 1l<=19 v To solve an inequality that contains a variable means to find all values of the variable 
2 b=19 v that make the inequality true. Unlike an equation, an inequality generally has infinitely 
7 19=19 v many solutions, which form an interval or a union of intervals on the real line. The 
: = zi : following illustration shows how an inequality differs from its corresponding equation: 
Solution Graph 
Equation. 4x+7=19 x= 3 t— — : — 
Inequality; 4x+7=19 x<3 So 


To solve inequalities, we use the following rules to isolate the variable on one side of 
the inequality sign. These rules tell us when two inequalities are equivalent (the symbol 


RULES FOR INEQUALITIES 


Rule 
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<> means “is equivalent to”). In these rules, the symbols A, B, and C stand for real num- 
bers or algebraic expressions. Here we state the rules for inequalities involving the sym- 
bol <, but they apply to all four inequality symbols. 


Description 


-ASB = A+CZ=B+C Adding the same quantity to each side of an inequality gives 


an equivalent inequality. 


;A\SB = A=-CSsh—e€ Subtracting the same quantity from each side of an inequal- 


.IfC >0, thn ATSB = 


.IfC <0, thn A=TB = 


.IfA>0O and B>0Q, 
then ASB 


ity gives an equivalent inequality. 

Multiplying each side of an inequality by the same positive 
quantity gives an equivalent inequality. 

Multiplying each side of an inequality by the same negative 
quantity reverses the direction of the inequality. 

Taking reciprocals of each side of an inequality involving 
positive quantities reverses the direction of the inequality. 


~IfA=B and C =D, thn A+C=B+0D Inequalities can be added. 


Multiplying by the negative number —2 
reverses the direction of the inequality. 


-2 0 


FIGURE 1 


Pay special attention to Rules 3 and 4. Rule 3 says that we can multiply (or divide) each 
side of an inequality by a positive number, but Rule 4 says that if we multiply each side 
of an inequality by a negative number, then we reverse the direction of the inequality. For 
example, if we start with the inequality 


3<5 
and multiply by 2, we get 
6< 10 
but if we multiply by —2, we get 
—6>-10 


V Solving Linear Inequalities 

An inequality is linear if each term is constant or a multiple of the variable. To solve a 
linear inequality, we isolate the variable on one side of the inequality sign. 

EXAMPLE 1 | Solving a Linear Inequality 


Solve the inequality 3x < 9x + 4, and sketch the solution set. 


SOLUTION 
3x < 9x + 4 Given inequality 
3x — 9x < 9x + 4 — 9x Subtract 9x 
—6x <4 Simplify 
(—&§)(—6x) > (-§)(4) Multiply by —2 (or divide by —6) 
x> —3 Simplify 


The solution set consists of all numbers greater than — 3. In other words, the solution of 
the inequality is the interval (—$, oo). Itis graphed in Figure 1. 
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EXAMPLE 2 | Solving a Pair of Simultaneous Inequalities 
Solve the inequalities 4 = 3x — 2 < 13. 


SOLUTION Thesolution set consists of all values of x that satisfy both of the inequal- 
ities 4 = 3x — 2 and 3x — 2 < 13. Using Rules 1 and 3, we See that the following in- 
equalities are equivalent: 


4=3x-2<13 Given inequality 


6 = 3x < 15 Add 2 
oOo 2 Ss 2<x<5 Divide by 3 
FIGURE 2 Therefore the solution set is [2,5), as shown in Figure 2. 
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V Solving Nonlinear Inequalities 


To solve inequalities involving squares and other powers of the variable, we use factoring, 
together with the following principle. 


THE SIGN OF A PRODUCT OR QUOTIENT 


If a product or a quotient has an even number of negative factors, then its value is 


positive. 


If a product or a quotient has an odd number of negative factors, then its value is 
negative. 


For example, to solve the inequality x? — 5x = —6, we first move all terms to the left- 
hand side and factor to get 


(x — 2)(x — 3) <0 


This form of the inequality says that the product (x — 2)(x — 3) must be negative or zero, 
so to solve the inequality, we must determine where each factor is negative or positive (be- 
cause the sign of a product depends on the sign of the factors). The details are explained 
in Example 3, in which we use the following guidelines. 


GUIDELINES FOR SOLVING NONLINEAR INEQUALITIES 


1. Move All Terms to One Side. _|f necessary, rewrite the inequality so that all 
nonzero terms appear on one side of the inequality sign. If the nonzero side of 
the inequality involves quotients, bring them to a common denominator. 


2. Factor. Factor the nonzero side of the inequality. 


3. Find the Intervals. Determine the values for which each factor is zero. 
These numbers will divide the real line into intervals. List the intervals that are 


determined by these numbers. 


. Make aTable or Diagram. Use test values to make a table or diagram of the 
signs of each factor on each interval. In the last row of the table determine the 
sign of the product (or quotient) of these factors. 


. Solve. Determine the solution of the inequality from the last row of the sign 
table. Be sure to check whether the inequality is satisfied by some or all of the 
endpoints of the intervals. (This may happen if the inequality involves < or =.) 
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@ The factoring technique that is described in these guidelines works only if all nonzero 
terms appear on one side of the inequality symbol. If the inequality is not written in this 
form, first rewrite it, as indicated in Step 1. 

EXAMPLE 3 | Solving a Quadratic Inequality 


Solve the inequality x? = 5x — 6. 


SOLUTION Wewill follow the guidelines on page 106. 
Move all terms to one side. Wemoveall the terms to the left-hand side: 
x>=5x—6 — Giveninequality 
x — 5x +6=0 Subtract 5x, add 6 


Factor. Factoring the left-hand side of the inequality, we get 


(x — 2)(x — 3) =0 Factor 
(—00,2) (2, 3) (3, 0) Find the intervals. The factors of the left-hand side are x — 2 and x — 3. These factors 
; 5 5 * are zero when x is 2 and 3, respectively. As shown in Figure 3, the numbers 2 and 3 di- 


vide the real line into the three intervals 
(—co, 2), (2, 3), (3, 00) 


The factors x — 2 and x — 3 change sign only at 2 and 3, respectively. So these factors 
maintain their sign on each of these three intervals. 


FIGURE 3 


Test value Test value Test value Make atable ordiagram. To determine the sign of each factor on each of the intervals that 


Kell MSs Kee we found, we use test values. We choose a number inside each interval and check the sign of 

. i Pas. S58 i , _ the factors x — 2 and x — 3 at the number we chose. For the interval (—oo, 2), let's choose 

0 2 3 the test value 1 (see Figure 4). Substituting 1 for x in the factors x — 2 and x — 3, weget 
FIGURE 4 x= 2=1=-2=-1<0 


x-3=1-3=-2<0 


So both factors are negative on this interval. Notice that we need to check only one test 
value for each interval because the factors x — 2 and x — 3 do not change sign on any of 
the three intervals we found. 

Using the test values x = 25 and x = 4 for the intervals (2, 3) and (3, oo) (see Figure 4), 
respectively, we construct the following sign table. The final row of the table is obtained 
from the fact that the expression in the last row is the product of the two factors. 


Interval (—co, 2) (2, 3) (3, 00) 
Sign of x — 2 - + + 
Sign of x — 3 7 — + 
Sign of (x — 2)(x — 3) + = a: 


If you prefer, you can represent this information on a real line, as in the following 
sign diagram. The vertical lines indicate the points at which the real line is divided into 


intervals: 
2 3 
e ad > 
Sign of x — 2 = + + 
Sign of x — 3 7 7 + 
Sign of (x — 2)(x — 3) + = + 
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FIGURE 5 


FIGURE 6 


Equations and Inequalities 


Solve. Weread from the table or the diagram that (x — 2)(x — 3) is negative on the in- 
terval (2, 3). Thus the solution of the inequality (x — 2)(x — 3) = 0is 


{x|2 <x S 3} = [2,3] 


We have included the endpoints 2 and 3 because we seek values of x such that the prod- 
uct is either less than or equal to zero. The solution is illustrated in Figure 5. 
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EXAMPLE 4 | Solving an Inequality 


Solve the inequality 2x? — x > 1. 


SOLUTION Wewill follow the guidelines on page 106. 
Move all terms to one side. Wemoveall the terms to the left-hand side: 
2x?-—x>1 _ Given inequality 
2xX7—-x-—1>0 — Subtract1 
Factor. Factoring the left-hand side of the inequality, we get 
(2x + 1)(x -— 1) >0 Factor 


Find the intervals. The factors of the left-hand side are 2x + 1 and x — 1. These fac- 
tors are zero when x is —4 and 1. These numbers divide the real line into the intervals 


(—00, -2), (-2, 1), (1, 00) 
Make a diagram. We make the following diagram, using test points to determine the 
sign of each factor in each interval: 


Sign of 2x + 1 - + + 


Sign of x — 1 = = + 


Sign of (2x + 1)(x — 1) + = a 


Solve. From the diagram we see that (2x + 1)(x — 1) > 0 for x in the interval 
(—oo, —3) or for x in (1, 00). So the solution set is the union of these two intervals: 


(—o0, —3) U (1, 00) 
The solution set is graphed in Figure 6. 
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EXAMPLE 5 | Solving an Inequality with Repeated Factors 
Solve the inequality x(x — 1)?(x — 3) <0. 
SOLUTION All nonzero terms are already on one side of the inequality, and the non- 


zero side of the inequality is already factored. So we begin by finding the intervals for this 
inequality. 


Find the intervals. The factors of the left-hand side are x, (x — 1)’, and x — 3. These 
are zero when x = 0, 1, 3. These numbers divide the real line into the intervals 


(~oo, 0), (0, 1), (1, 3), (3, 00) 


FIGURE 7 


@ Itis tempting to multiply both 
sides of the inequality by 1 — x (as you 
would if this were an equation). But 
this doesn’t work because we don’t 
know whether 1 — x is positive or neg- 
ative, so we can’t tell whether the in- 
equality needs to be reversed. (See Ex- 
ercise 97.) 
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Make a diagram. We make the following diagram, using test points to determine the 
sign of each factor in each interval: 


0 1 3 
Sign of x = i. 4 7 is 
Sign of (x — 1)2 + + ee + 
Sign of (x — 3) = = _ a 
Sign of x(x — 1)2(x — 3) f = es 


Solve. From the diagram we see that x(x — 1)*(x — 3) <0 for x in the interval (0, 1) 
or for x in (1, 3). So the solution set is the union of these two intervals: 


(0,1) U (1, 3) 
The solution set is graphed in Figure 7. 
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EXAMPLE 6 | Solving an Inequality Involving a Quotient 
Solve the inequality aie =1. 


SOLUTION Moveall terms to one side. Wemove the terms to the left-hand side and 


simplify using a common denominator: 


oa =1 Given inequalit 
tog q y 
l= xX 
= 0 Subtract 1 
1 =x 
Lox =x : 
= =0 Common denominator 1 - x 
L=—x 12=x 
deseoxX ee eX ; ; 
12x =0 Combine the fractions 
2x 
=0 implif 
— Simplify 


Find the intervals. The factors of the left-hand side are 2x and 1 — x. These are zero 
when x is 0 and 1. These numbers divide the real line into the intervals 


(—co, 0), (0, 1), (1, co) 


Make a diagram. We make the following diagram using test points to determine the 
sign of each factor in each interval: 


Sign of 2x cad + + 


Sign of 1 — x + + - 
2X 


Sign of 


1 
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FIGURE 8 


Equations and Inequalities 


2x 
1-x 
the endpoint 0 because the original inequality requires that the quotient be greater than or 
equal to 1. However, we do not include the other endpoint 1 because the quotient in the 
inequality is not defined at 1. So the solution set is the interval 


[0, 1) 


Solve. From the diagram we see that = 0 for x in the interval [0, 1). We include 


The solution set is graphed in Figure 8. 
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Example 6 shows that we should always check the endpoints of the solution set to see 
whether they satisfy the original inequality. 


V Modeling with Inequalities 


Modeling real-life problems frequently leads to inequalities because we are often inter- 
ested in determining when one quantity is more (or less) than another. 


EXAMPLE 7 | Carnival Tickets 
A carnival has two plans for tickets: 

PlanA: $5 entrance fee and 25¢ each ride 

PlanB: $2 entrance fee and 50¢ each ride 
How many rides would you have to take for PlanA to be less expensive than Plan B? 
SOLUTION Identify the variable. Weare asked for the number of rides for which Plan 
A is less expensive than Plan B. So let 

X = number of rides 


Translate from words to algebra. The information in the problem may be organized as 
follows: 


In Words In Algebra 
Number of rides X 

Cost with Plan A 5 + 0.25x 
Cost with Plan B 2 + 0.50x 


Set up the model. Now we set up the model: 


cost with cost with 
PlanA ~~ PlanB 
5 + 0.25x < 2 + 0.50x 
Solve. Solve for x. 
3 + 0.25x <0.50x = Subtract 2 
3 <0.25x — Subtract 0.25x 
12 <x Divide by 0.25 
So if you plan to take more than 12 rides, Plan A is less expensive. 
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EXAMPLE 8 | Relationship Between Fahrenheit and Celsius Scales 


The instructions on a bottle of medicine indicate that the bottle should be stored at a tem- 
perature between 5°C and 30°C. What range of temperatures does this correspond to on 
the Fahrenheit scale? 


SOLUTION The relationship between degrees Celsius (C ) and degrees Fahrenheit (F ) 
is given by the equation C = 3(F — 32). Expressing the statement on the bottle in terms 
of inequalities, we have 


5<C < 30 
So the corresponding Fahrenheit temperatures satisfy the inequalities 
5 <3(F — 32) <30 Substitute = 3(F — 32) 


2-5<F — 32 <#?-30 M ultiply by 2 
9<F —32< 54 Simplify 
9+ 32<F <54+ 32 Add 32 
41 <F < 86 Simplify 
The medicine should be stored at a temperature between 41°F and 86°F. 
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1.6 EXERCISES | 
CONCEPTS 15. 7-x25 16. 5 — 3x = -16 
1, Fill in the blank with an appropriate inequality sign. 17. 2x+1<0 18. 0 <5 — 2x 
(a) If x <5, thenx — 3 ®.19, 3x + 11 = 6x +8 20.6 -x=2x+9 
(b) If x <5, then 3x 21. 4x -—$>2 22. 2x +1<#-2x 
(c) If x = 2, then —3x —___ 23. jx +2<jx-1 24.2-}x=}4+x 
(d) If x < —2, then —x_____2., 25. 4 — 3x = —(1 + 8x) 26. 2(7x — 3) = 12x + 16 
2. True or false? 27,.25x+5<4 28.5 =3x-4=14 
(a) If x(x + 1) > 0, then x and x + 1 are either both positive 29, -1<2x-5<7 30.1<3x+4=16 
or both negative. 
(b) If x(x + 1) > 5, then x and x + 1 are each greater than 5. 31, —-2<8-2x=-1 Saas 


SKILLS 


3-10 m LetS = {—2, -1,0,}3,1, V2, 2, 4}. Determine which 
elements of S satisfy the inequality. 


3. xX -—3>0 4x+1<2 
5.3 —2x <3 6. 2x-1=x 
7.1<2x-4s7 8 —-2=3-x<2 
1 1 
9, —-== 10. x7+2<4 
Xx 2 


11-34 m Solve the linear inequality. Express the solution using 
interval notation and graph the solution set. 


11. 2x <7 12. —4x = 10 
13. 2x —5 >3 14. 3x + 11<5 


35-74 m Solve the nonlinear inequality. Express the solution using 
interval notation and graph the solution set. 


35. (x + 2)(x — 3) <0 36. (x — 5)(x + 4) =0 


37. x(2x +7) =0 38. x(2 — 3x) =0 
~39, x? — 3x —-18 =0 40. x? +5x+6>0 
~41, 2x? +x=1 42. x?<x+2 

43. 3x? — 3x <2x?+4 44, 5x? + 3x = 3x? +2 
45, x? > 3(x + 6) 46. x? + 2x >3 

An x? <4 48, x? >=9 


49. (x + 2)(x — 1)(x — 3) <0 
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50. (x — 5)(x — 2)(x +1) >0 
51. (x — 4)(x + 2)? <0 52. (x + 3)°(x +1) >0 
(x — 2)%(x — 3)(x + 1) <0 


54. x(x? — 1) = 0 


« (X 


55. x? — 4x >0 56. 16x = x3 
X=3 2x +6 
es te aa =) 
dy Xe 
59. >? 60. -2< "5 
61 xt a3 62, 2X a] 
X=5 3=x 
4 X 
63. — <x 64 3x 
X x+1 
6.1+—~-<2 ote 
x+1 x x= 1 x 
6 6 x 5 
2. oo" a ae 
X22 .x= 1 1 
eee aes ee ny a 
(x = 1)(K +2) (2x — 1)(x - 3) 
i 
aa = 72 i 0 


73. x* > x? 74, x°> x? 


75-78 m Determine the values of the variable for which the ex- 
pression is defined as a real number. 


75. V16 — 9x? 76. V3x* — 5x +2 


1 12 4/1 — x 
77. | = 78. 
(a) 24+x 


79. Solve the inequality for x, assuming that a, b, and c are posi- 


tive constants. 
(a) a(bx — c) = be 


80. Suppose that a, b, c, and d are positive numbers such that 


(b) a=bx+c<2a 


aoat 
how that — < 
Show at ge 


APPLICATIONS 


©. 81. Temperature Scales Use the relationship between C and 


F given in Example 8 to find the interval on the Fahrenheit 
scale corresponding to the temperature range 20 =C < 30. 


82. Temperature Scales What interval on the Celsius scale 


corresponds to the temperature range 50 =F =< 95? 


©. 83. Car Rental Cost A car rental company offers two plans 


for renting a car: 
PlanA: $30 per day and 10¢ per mile 
PlanB: $50 per day with free unlimited mileage 


For what range of miles will Plan B save you money? 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Long-Distance Cost A telephone company offers two 
long-distance plans: 


PlanA: $25 per month and 5¢ per minute 
PlanB: $5 per month and 12¢ per minute 


For how many minutes of long-distance calls would Plan B be 
financially advantageous? 


Driving Cost It is estimated that the annual cost of 
driving a certain new car is given by the formula 


C = 0.35m + 2200 


where m represents the number of miles driven per year and C 
is the cost in dollars. J ane has purchased such a car and de- 
cides to budget between $6400 and $7100 for next year’s dri- 
ving costs. W hat is the corresponding range of miles that she 
can drive her new car? 


Air Temperature As dry air moves upward, it expands 
and, in so doing, cools at a rate of about 1°C for each 
100-meter rise, up to about 12 km. 
(a) If the ground temperature is 20°C, write a formula for the 
temperature at height h. 
(b) What range of temperatures can be expected if an 
airplane takes off and reaches a maximum height of 
5 km? 


Airline Ticket Price A charter airline finds that on its 

Saturday flights from Philadelphia to London all 120 seats 

will be sold if the ticket price is $200. However, for each 

$3 increase in ticket price, the number of seats sold decreases 

by one. 

(a) Find a formula for the number of seats sold if the ticket 
price is P dollars. 

(b) Over acertain period the number of seats sold for this 
flight ranged between 90 and 115. W hat was the corre- 
sponding range of ticket prices? 


Accuracy of a Scale A coffee merchant sells a customer 
3 Ib of Hawaiian Kona at $6.50 per pound. The merchant's 
scale is accurate to within +0.03 Ib. By how much could the 
customer have been overcharged or undercharged because of 
possible inaccuracy in the scale? 


Gravity The gravitational force F exerted by the earth on 
an object having a mass of 100 kg is given by the equation 


4,000,000 
F= ge 


where d is the distance (in km) of the object from the center of 
the earth, and the force F is measured in newtons (N). For what 
distances will the gravitational force exerted by the earth on 
this object be between 0.0004 N and 0.01 N? 


Bonfire Temperature _|n the vicinity of a bonfire the 
temperature T in °C at a distance of x meters from the center 
of the fire was given by 
_ 600,000 
x? + 300 


91. 


92. 


93. 


At what range of distances from the fire’s center was the tem- 
perature less than 500°C? 


Falling Ball Using calculus, it can be shown that if a ball 
is thrown upward with an initial velocity of 16 ft/s from the 
top of a building 128 ft high, then its height h above the 
ground t seconds later will be 


h = 128 + 16t — 16t? 


During what time interval will the ball be at least 32 ft above 
the ground? 


Gas Mileage The gas mileage g (measured in mi/gal) for 
a particular vehicle, driven at v mi/h, is given by the formula 
g = 10 + 0.9v — 0.01v?, as long as v is between 10 mi/h and 
75 mi/h. For what range of speeds is the vehicle’s mileage 
30 mi/gal or better? 


Stopping Distance For acertain model of car the dis- 
tance d required to stop the vehicle if it is traveling at v mi/h is 
given by the formula 

2. 


dwt Sy 


95. 


. Manufacturer’s Profit 
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where d is measured in feet. K erry wants her stopping distance 
not to exceed 240 ft. At what range of speeds can she travel? 


< 240 ft >| 


If a manufacturer sells x units of a 
certain product, revenue R and cost C (in dollars) are given by 


R = 20x 
C = 2000 + 8x + 0.0025x? 
Use the fact that 


profit = revenue — cost 


to determine how many units the manufacturer should sell to 
enjoy a profit of at least $2400. 


Fencing a Garden A determined gardener has 120 ft of 
deer-resistant fence. She wants to enclose a rectangular veg- 

etable garden in her backyard, and she wants the area that is 

enclosed to be at least 800 ft?. W hat range of values is possi- 
ble for the length of her garden? 


DISCOVERY = DISCUSSION = WRITING 


96. 


97. 


Do Powers Preserve Order? Ifa <b,isa* <b”? 
(Check both positive and negative values for a and b.) If 

a <b, isa? < b?? On the basis of your observations, state a 
general rule about the relationship between a" and b" when 
a <b and n isa positive integer. 


What’s Wrong Here? _|t is tempting to try to solve an in- 
equality as if it were an equation. For instance, we might try to 
solve 1 < 3/x by multiplying both sides by x, to get x < 3, so 
the solution would be (—oo, 3). But that’s wrong; for example, 
X = —1 lies in this interval but does not satisfy the original in- 
equality. Explain why this method doesn’t work (think about 
the sign of x). Then solve the inequality correctly. 


1.7 ABSOLUTE VALUE EQUATIONS AND INEQUALITIES 


| Absolute Value Equations Absolute Value Inequalities 


P|-3|—S 15 |= 5s 
e—_t—_+>—_+—_+—_+—_+—_+—"_ +--+" * 
=5 0 =) 
FIGURE 1 

|5-2|=|2-5|=3 
a: 

t t + t t + t al 

0 2 2) 


FIG 


URE 2 


* — Recall from Section P.2 that the absolute value of a number a is given by 


ifa=0 
ifa <0 


a 
lal=4", 


and that it represents the distance from a to the origin on the real number line (see 
Figure 1). More generally, |x — a| is the distance between x and a on the real number 
line. Figure 2 illustrates the fact that the distance between 2 and 5 is 3. 
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V Absolute Value Equations 


We use the following property to solve equations that involve absolute value. 


|x| =C is equivalent to x= +C 


This property says that to solve an absolute value equation, we must solve two separate 
equations. For example, the equation |x| = 5 is equivalent to the two equations x = 5 and 


X= —5. 
EXAMPLE 1 | Solving an Absolute Value Equation 
— Solve the equation |2x — 5| = 3. 
Se ies hs SOLUTION The equation |2x — 5| = 3 is equivalent to two equations: 
=|-3|=3=RHS v 2x -5=3 or 2x-5=-3 
2x =8 2x =2 Add 5 
x=4: 
LHS = |2-4-5]| x=4 xXx=1 Divide by 2 


=|3]} =3=RHS ¥ The solutions are 1 and 4. 
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EXAMPLE 2 | Solving an Absolute Value Equation 
Solve the equation 3|x — 7| +5 = 14. 


SOLUTION We first isolate the absolute value on one side of the equal sign. 
3|\x-7[/+5=14 


3|x-7| =9 Subtract 5 
|Ix-7| =3 Divide by 3 
x-7=3 or X—7=-3 _ Takecases 
x= 10 x=4 Add7 
The solutions are 4 and 10. 
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V Absolute Value Inequalities 
We use the following properties to solve inequalities that involve absolute value. 


PROPERTIES OF ABSOLUTE VALUE INEQUALITIES 


These properties hold when x is re- Inequality Equivalent form Graph 
placed by any algebraic expression. ; <c =(2y2¢ 


]$ efx 
=C¢ x. 0 ic 
ls|> 

FIGURE 3 
2 2 
ae 


FIGURE 4 


=2 
FIGURE 5 


oO 
wa |to 
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These properties can be proved by using the definition of absolute value. To prove 
Property 1, for example, note that the inequality |x| <c says that the distance from x to 
0 is less than c, and from Figure 3 you can see that this is true if and only if x is between 
c and —c. 

EXAMPLE 3 | Solving an Absolute Value Inequality 
Solve the inequality |x —5| <2. 
SOLUTION 1 Theinequality |x — 5| < 2 is equivalent to 
—2<x-5<2 Property 1 
3<x<7 Add5 
The solution set is the open interval (3, 7). 


SOLUTION 2 Geometrically, the solution set consists of all numbers x whose distance 
from 5 is less than 2. From Figure 4 we see that this is the interval (3,7). 
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EXAMPLE 4 | Solving an Absolute Value Inequality 
Solve the inequality |3x + 2| = 4. 
SOLUTION By Property 4 the inequality | 3x + 2| = 4 is equivalent to 
3x +224 or 3x +25 -4 
3x =2 3x = -6 Subtract 2 
x24 X=-2 Divide by3 
So the solution set is 
{x|x=-2 or x= 3} =(-o0, -2] U [§, 00) 
The solution set is graphed in Figure 5. 
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EXAMPLE 5 | Piston Tolerances 


The specifications for a car engine indicate that the pistons have diameter 3.8745 in. with 
a tolerance of 0.0015 in. This means that the diameters can vary from the indicated spec- 
ification by as much as 0.0015 in. and still be acceptable. 


(a) Find an inequality involving absolute values that describes the range of possible 
diameters for the pistons. 


(b) Solve the inequality. 


SOLUTION 


(a) Letd represent the actual diameter of a piston. Since the difference between the ac- 
tual diameter (d) and the specified diameter (3.8745) is less than 0.0015, we have 


|d — 3.8745| = 0.0015 
(b) The inequality is equivalent to 
—0.0015 = d — 3.8745 = 0.0015 Property 1 
3.8730 <d < 3.8760 Add 3.8745 
Acceptable piston diameters may vary between 3.8730 in. and 3.8760 in. 
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1.7 EXERCISES 


CONCEPTS 49-52 m A phrase that describes a set of real numbers is given. 
Express the phrase as an inequality involving an absolute value. 


1. The equation |x| = 3 has the two solutions ______ and 
49. All real numbers x less than 3 units from 0 


2. The solution of the inequality |x| = 3 is the interval 50. All real numbers x more than 2 units from 0 


3. The solution of the inequality |x| = 3 is aunion of two inter- 51. All real numbers x at least 5 units from 7 
vals U ; 52. All real numbers x at most 4 units from 2 
4. (a) The set of all points on the real line whose distance from 
zero is less than 3 can be described by the absolute value 53-56 m A set of real numbers is graphed. Find an inequality 
‘ : involving an absolute value that describes the set. 
inequality | x| 
(b) The set of all points on the real line whose distance from 33. ~§-4-3-9-1 0 12 3 4 5 
zero is greater than 3 can be described by the absolute 54 
i sees nL GL EE ee 
value inequality |x| —— —-5-4-3-2-10 12 3 4 5 
55, —+—+— +4 +9} 
=) =4=3 2-10 1 23 4 5 
56, ——> 4 41 1 4 
SKILLS —s=4/-3 =—2—-1, 0 1. 2 3 4 5 
5-22 m Solve the equation. 
5. |4x| = 24 6. |6x| = 15 
7. 5|x| +3 = 28 8. 3x) -7=2 APPLICATIONS 
9 |x -—3| =2 10. |2x —3| =7 © .57. Thickness of aLaminate A company manufactures 
1. |x +4) =05 12. |x — 4] = -3 industrial laminates (thin nylon-based sheets) of thickness 
ra : 0.020 in., with a tolerance of 0.003 in. 
13. [4x +7| = 9 14, |3x—2| =1 (a) Find an inequality involving absolute values that describes 
15. 4 — |3x + 6| =1 16. |5 — 2x| +6= 14 the range of possible thickness for the laminate. 
&.17. 3)x +5) +6=15 18. 20 + |2x — 4) =15 (b) Solve the inequality that you found in part (a). 
19, 8 + 5|3x — 3| = 33 20. |x +2|-7=4 
21. |x —1| = |3x +2| 22. |X + 3| = {2x +1} Y 
= 0.020 in. 
t 
23-48 m Solve the inequality. Express the answer using interval 
notation. 
23. |x| <4 24, |3x| <15 
25. |2x| >7 26. 3|x| =1 ; , 
58. Range of Height The average height of adult males is 
~27. |x —5| =3 28. |x — 9| > 9 68.2 in., and 95% of adult males have height h that satisfies 
29. |x +1) =1 30. |x + 4| <0 the inequality 
31. |x +5] =2 32. |x +1) =3 1532 | <2 
33. [2x — 3| = 04 34, [5x — 2| <6 28 
ges ea Solve the inequality to find the range of heights. 
35. |—~—| <2 36. 
3 2 
37. |x + 6| < 0.001 38. |x —a| <d 
, | DISCOVERY ® DISCUSSION = WRITING 
39. 4|x + 2| -3< 13 40. 3 — |2x+4| <1 . : 
59. Using Distances to Solve Absolute Value 
41, 8 — |2x— 1] =6 42. 7|x +2) +5>4 Inequalities Recall that |a — b| is the distance between 
43. 34x +3) >3 44, 2|kx +3) +3<51 a and b on the number line. For any number x, what do 
: |x — 1| and |x — 3| represent? Use this interpretation to 
45. 1= |x| =4 46. 0< |x—5| S73 solve the inequality |x — 1] < |x — 3| geometrically. In 
1 1 general, if a < b, what is the solution of the inequality 
——————q“— ———w— = 
47. res ae 48. esa |x —a| < |x —b|? 
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1, What is a solution or root of an equation? 


2. Write the general form of each type of equation. 
(a) A linear equation 
(b) A quadratic equation 


. What are the three ways to solve a quadratic equation? 
. State the Zero-Product Property. 

. Describe the process of completing the square. 

. State the quadratic formula. 


. What is the discriminant of a quadratic equation? 


on oOo UU P WwW 


. For the complex number a + bi, what is the real part and what 
is the imaginary part? 

9. Describe how to perform the following arthmetic operations 

with complex numbers. 

(a) Addition 

(c) Multiplication 


(b) Subtraction 
(d) Division 


M EXERCISES 


10. Define the complex conjugate of the complex number a + bi 
and state one of its properties. 


11. How do you solve an equation involving radicals? W hy is it 
important to check your answers when solving equations of 
this type? 


12. What is an equation of quadratic type? Give an example, and 
use it to show how you solve such equations. 

13. State the rules for working with inequalities. 

14. How do you solve 
(a) a linear inequality? 
(b) a nonlinear inequality? 

15. (a) How do you solve an equation involving an absolute value? 
(b) How do you solve an inequality involving an absolute value? 


1-18 m Find all real solutions of the equation. 


1, 5x + 11 = 36 23-x=5+ 3x 
3. 3x + 12 = 24 4. 5x —7 = 42 
5. 7X-6=4x+9 6. 8 — 2x =14+x 
7, ix -—}=2 8. 3x +2=5 — 2x 
9. 2(x + 3) — 4(x — 5) = 8 — 5x 

X=5 2x5: 5 
MD: 3 6 

Xd. 2x1 Xx 1 
a4 Wee aces Reo 
13. x? = 144 14, 4x? = 49 
15. 5x*— 16 =0 16. x? - 27 =0 
17. 5x?-15=0 18, 6x*+15=0 


19-22 m Solve the equation for the indicated variable. 


X+ 
19, A= “=, solve for x 


20. V = xy + yz + xz; solve for y 


tr .1 
21. | =F tot 3p solve for t 
qi92 


22. F =k—>-_ solve for r 
r 


23-48 m Find all real solutions of the equation. 
23. (x + 1)? = -64 24. (x + 2)? -2=0 


25. Vx = —3 26. x72 -4=0 
27. 4x34 — 500 = 0 28. (x — 2)'5 =2 
x+1 3x a ee 
0 ae 30. (x + 2)? =(x — 4) 
31. x? - 9x + 14=0 32. x* + 24x + 144 =0 
33. 2x? +x=1 34, 3x? +5x -2=0 
35. 4x3 — 25x =0 36. x? — 2x*-5x + 10 =0 
37. 3x*° + 4x -1=0 38. x* — 3x +9=0 
1 2 X 1 8 
a Sl baa 2° x+2 yx2-4 
41, x4 — 8x*?-9=0 42. x — 4Vx = 32 


43, x-¥? — 2x12 + x32 =0 

44, (1+ Vx)? — 2(1 + Vx) —15=0 

45. |x-7| =4 46. |3x| = 18 

47. |2x-—5| =9 48. 4|3-—x| +3 =15 


49, A shopkeeper sells raisins for $3.20 per pound and nuts for 
$2.40 per pound. She decides to mix the raisins and nuts and 
sell 50 |b of the mixture for $2.72 per pound. W hat quantities 
of raisins and nuts should she use? 
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50. 


51. 


52. 


53. 


55. 


56. 


Anthony leaves K ingstown at 2:00 p.m. and drives to 
Queensville, 160 mi distant, at 45 mi/h. At 2:15 p.m. Helen 
leaves Queensville and drives to Kingstown at 40 mi/h. At 
what time do they pass each other on the road? 


A woman cycles 8 mi/h faster than she runs. Every morning 
she cycles 4 mi and runs 24 mi, for a total of 1 hour of exer- 
cise. How fast does she run? 


The approximate distance d (in feet) that drivers travel after 
noticing that they must come to a sudden stop is given by the 
following formula, where x is the speed of the car (in mi/h): 
2 


x 
d=x +55 


If a car travels 75 ft before stopping, what was its speed before 


the brakes were applied? 
The hypotenuse of a right triangle has length 20 cm. The sum 


of the lengths of the other two sides is 28 cm. Find the lengths 


of the other two sides of the triangle. 


. Abbie paints twice as fast as Beth and three times as fast as 


Cathie. If it takes them 60 min to paint a living room with all 
three working together, how long would it take A bbie if she 
works alone? 


A rectangular swimming pool is 8 ft deep everywhere and 
twice as long as it is wide. If the pool holds 8464 ft? of water, 
what are its dimensions? 


A gardening enthusiast wishes to fence in three adjoining gar- 
den plots, one for each of his children, as shown in the figure. 
If each plot is to be 80 ft? in area and he has 88 ft of fencing 
material at hand, what dimensions should each plot have? 


57-66 m Evaluate the expression and write the result in the form 
a+ bi. 


57. 


(3 — 5i) — (6 + 4i) 58. (=2 431) eG =) 


59. (2 + 7i)(6 — i) 
2 - 3i 
2 + 3i 
63. i* 
65. (1 — V—3)(2 + V—4) 


61. 


ai 
60. 3(5 ~ 2i) 


2+i 
"4 — 3} 
64. (3 — i)? 
66. V—5-V—20 


62 


67-74 m Find all real and imaginary solutions of the equation. 


67. x? +16 =0 

69. x? + 6x + 10 =0 
71. x* — 256 = 0 

73. x? + 4x = (2x +1) 


68. x? = -12 

70. 2x? — 3x +2=0 

72. x? — 2x* + 4x -8 =0 
74, x? = 125 


75-88 @ Solve the inequality. Express the solution using interval 
notation, and graph the solution set on the real number line. 


75. 3x —2>-11 
7. =1< 2X +553 
79. x? + 4x-—12>0 
2x +5 _ 

X+1 
ered 

85. |x —5| <3 

87. |2x + 1,21 

88. |x — 1| < |x - 3] 


81. 


83. 


76. 12 — x = 7x 
78.3 -—x=2x-7 


84. .—_,—— < 0 
x3—x?- 4x +4 


86. |x — 4| < 0.02 


[Hint: Interpret the quantities as distances. ] 


89. For what values of x is the algebraic expression defined as a 


real number? 


(a) V24 — x — 3x? 


1 


b) —— 
0) raw 


90. The volume of a sphere is given by V = $ar?, where r is the 
radius. Find the interval of values of the radius so that the 
volume is between 8 ft? and 12 ft?, inclusive. 
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TEST 


. Find all real solutions of each equation. 


(a) 4x —3 =2x+7 


(b) 8x? = —125 
(c) x7? — 64 =0 

X x+3 
5 1 


. Einstein's famous equation E = mc? gives the relationship between energy E and mass m. In 


this equation c represents the speed of light. Solve the equation to express c in terms of E 
and m. 


. Natasha drove from Bedingfield to Portsmouth at an average speed of 100 km/h to attend a 


job interview. On the way back she decided to slow down to enjoy the scenery, so she drove 
at just 75 km/h. Her trip involved a total of 3.5 hours of driving time. What is the distance 
between Bedingfield and Portsmouth? 


. Calculate, and write the result in the standard form for complex numbers: a + bi. 


(a) (3 — 51) + (2 +i) 

(b) (3 — 51) — (2 + 1) 

(c) (1 + i)(5 — 2i) 
1+ 2i 

(a) 3-4 

(e) j2 


(f) (2 — V=2)(V8 - V=4) 


. Find all solutions, real and complex, of each equation. 


(a) x? -x -12=0 
(b) 2x? + 4x +3 =0 
(ec) V3 -Vx4+5=2 
(d) x1? — 3x¥4+2=0 
(e) x* — 16x? =0 

(f) 3|x —4] —10 =0 


. A rectangular parcel of land is 70 ft longer than it is wide. Each diagonal between opposite 


corners is 130 ft. What are the dimensions of the parcel? 


» Solve each inequality. Sketch the solution on areal number line, and write the answer using 


interval notation. 

(a) -1=5 — 2x < 10 
(b) x(x — 1)(x — 2) > 0 
(c) |x —3| <2 


2x4+5 
(d) x+1 at 


. A bottle of medicine must be stored at a temperature between 5°C and 10°C. What range 


does this correspond to on the Fahrenheit scale? [Note: The Fahrenheit (F ) and Celsius (C ) 
scales satisfy the relation C = 3(F — 32).] 


. For what values of x is the expression 4x — x? defined as a real number? 
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FOCUS ON MODELING 


Making the Best Decisions 


120 


W hen you buy a car, subscribe to a cell phone plan, or put an addition on your house, you 
need to make decisions. Such decisions are usually difficult because they require you to 
choose between several good alternatives. For example, there are many good car models, 
but which one has the optimal combination of features for the amount of money you want 
to spend? In this Focus we explore how to construct and use algebraic models of real-life 
situations to help make the best (or optimal) decisions. 


EXAMPLE 1 | Buying a Car 

Ben wants to buy a new car, and he has narrowed his choices to two models. 
Model A sells for $12,500, gets 25 mi/gal, and costs $350 a year for insurance. 
M odel B sells for $16,100, gets 48 mi/gal, and costs $425 a year for insurance. 

Ben drives about 36,000 miles a year, and gas costs about $1.50 a gallon. 

(a) Find a formula for the total cost of owning M odel A for any number of years. 


(b) Find a formula for the total cost of owning M odel B for any number of years. 


(c) Makea table of the total cost of owning each model from 1 year to 6 years, in 
1-year increments. 


(d) If Ben expects to keep the car for 3 years, which model is more economical? W hat 
if he expects to keep it for 5 years? 


THINKING ABOUT THE PROBLEM 


Model A has a smaller initial price and costs less in insurance per year but is more 
costly to operate (uses more gas) than M odel B. M odel B has a larger initial price 
and costs more to insure but is cheaper to operate (uses less gas) than M odel A. If 
Ben drives a lot, then what he will save in gas with M odel B could make up for the 
initial cost of buying the car and the higher yearly insurance premiums. So how 
many years of driving does it take before the gas savings make up for the initial 
higher price? To find out, we must write formulas for the total cost for each car: 


cost = price + insurance cost + gas cost 


The insurance costs and gas costs depend on the number of years Ben drives the car. 


SOLUTION Thecost of operating each model depends on the number of years of 
ownership. So let 
n = number of years Ben expects to own the car 


(a) For Model A we have the following: 


In Words In Algebra 

Price of car 12,500 

Insurance cost for n years 350n 

Cost of gas per year (36,000/25) x $1.50 = $2160 
Cost of gas for n years 2160n 


Let C represent the cost of owning model A for n years. Then 


t of seen insuran 
oases = |Ginitieleose) + 


+ t 
ownership cost Baas 


C = 12,500 + 350n + 2160n 
C = 12,500 + 2510n 
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(b) For Model B we have the following: 


In Words In Algebra 

Price of car 16,100 

Insurance cost for n years 425n 

Cost of gas per year (36,000/48) x $1.50 = $1125 
Cost of gas for n years 1125n 


Let C represent the cost of owning model B for n years: 


t of ere insuran 
ee = Binitiaitcoses) + rues = 


: + gas cost 
ownership cost 9 


C = 16,100 + 425n + 1125n 
C = 16,100 + 1550n 


(c) If Ben keeps the car for 2 years, the cost of ownership can be calculated from the 
formulas we found by substituting 2 for n: 


ForModelA: C = 12,500 + 2510(2) = 17,520 
ForModelB: C = 16,100 + 1550(2) = 19,200 


The other entries in the table are calculated similarly: 


Cost of ownership Cost of ownership 
Years Model A Model B 
1 15,010 17,650 
2 17,520 19,200 
3 20,030 20,750 
4 22,540 22,300 
5 25,050 23,350 
6 27,560 25,400 


(d) If Ben intends to keep the car 3 years, then M odel A is a better buy (see the table), 
but if he intends to keep the car 5 years, M odel B is the better buy. | 


EXAMPLE 2 | Equal Ownership Cost 


Find the number of years of ownership for which the cost to Ben (from Example 1) of 
owning M odel A equals the cost of owning M odel B. 


THINKING ABOUT THE PROBLEM 
We see from the table that the cost of owning Model A starts lower but then exceeds 
that for M odel B. We want to find the value of n for which the two costs are equal. 
SOLUTION We equate the cost of owning M odel A to that of Model B and solve for n. 
12,500 + 2510n = 16,100 + 1550n Set the two costs equal 
960n = 3600 Subtract 12,500 and 1550n 
n = 3.75 Divide by 960 


If Ben keeps the car for about 3.75 years, the cost of owning either model would be the 
same. | 
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CHECK YOUR ANSWER 


B loses 120 + 30 = 150 million. 
C loses 480 — 330 = 150 million. 
They lose equal amounts. Y 


EXAMPLE 3 | Dividing Assets Fairly 


W hen high-tech Company A goes bankrupt, it owes $120 million to Company B and $480 
million to Company C. Unfortunately, Company A has only $300 million in assets. How 
should the court divide these assets between Companies B and C? Explore the following 
methods and determine which are fair. 


(a) Companies B and C divide the assets equally. 
(b) The two companies share the losses equally. 
(c) The two companies get an amount that is proportional to the amount they are owed. 


THINKING ABOUT THE PROBLEM 


It might seem fair for Companies B and C to divide the assets equally between 
them. Or it might seem fair that they share the loss equally between them. To be 
certain of the fairness of each plan, we should calculate how much each company 
loses under each plan. 


SOLUTION 


(a) Under this method, Company B gets $150 million and Company C gets $150 mil- 
lion. Because B is owed only $120 million, it will get $30 million more than it is 
owed. This doesn’t seem fair to C, which will still lose $330 million. 

(b) We want B and C to each lose the same amount. L et x be the amount of money 


company B gets. Then company C would get the rest (300 — x). We can organize 
the information as follows. 


In Words In Algebra 

Amount B gets X 

Amount C gets 300 — x 

Amount B loses 120 — x 

Amount C loses 480 — (300 — x) = 180 + x 


Because we want B and C to lose equal amounts, we must have 
180 + x = 120 — x Amounts B and C lose are equal 
2x = —60 Add x, subtract 180 
x = —30 Divide by 2 
Thus B gets —30 million dollars. The negative sign means that B must give up an 
additional $30 million and pay it to C. So C gets all of the $300 million plus 
$30 million from B for a total of $330 million. Doing this would ensure that the 
two companies lose the same amount (see Check Your Answer). This method is 
clearly not fair. 
The claims total $120 million + $480 million = $600 million. The assets total 


$300 million. Because Company B is owed $120 million out of the total claim of 
$600 million, it would get 


— 


(c 


120 million = 7 

600 million x 300 million = $60 million 
Because Company C is owed 480 million, it would get 

480 million 


600 million * 300 million = $240 million 


This seems like the fairest alternative. | 
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PROBLEMS 


= 1. Renting Versus Buying a Photocopier A certain office can purchase a photocopier 
== for $5800 with a maintenance fee of $25 a month. On the other hand, they can rent the pho- 
tocopier for $95 a month (including maintenance). If they purchase the photocopier, each 
copy would cost 3¢; if they rent, the cost is 6¢ per copy. The office estimates that they make 
8000 copies a month. 


(a) Find a formula for the cost C of purchasing and using the copier for n months. 

(b) Find a formula for the cost C of renting and using the copier for n months. 

(c) Make a table of the cost of each method for 1 year to 6 years of use, in 1-year increments. 
(d) After how many months of use would the cost be the same for each method? 


2. Car Rental A businessman intends to rent a car for a 3-day business trip. The rental is 
$65 a day and 15¢ per mile (Plan 1) or $90 a day with unlimited mileage (Plan 2). He is not 
sure how many miles he will drive but estimates that it will be between 400 and 800 miles. 
(a) For each plan, find a formula for the cost C in terms of the number x of miles driven. 

(b) Which rental plan is cheaper if the businessman drives 400 miles? 800 miles? 
(c) At what mileage do the two plans cost the same? 

3. Cost and Revenue A tire company determines that to manufacture a certain type of tire, 
it costs $8000 to set up the production process. Each tire that is produced costs $22 in mater- 
ial and labor. The company sells this tire to wholesale distributors for $49 each. 


(a) Find a formula for the total cost C of producing x tires. 
(b) Find a formula for the revenue R from selling x tires. 
profit = revenue — cost (c) Find a formula for the profit P from selling x tires. 
(d) How many tires must the company sell to break even? 
4. Enlarging a Field A farmer has a rectangular cow pasture with width 100 ft and length 
180 ft. An increase in the number of cows requires the farmer to increase the area of her pas- 
ture. She has two options: 
Option 1: Increase the length of the field. 
Option 2: Increase the width of the field. 


It costs $10 per foot to install new fence. M oving the old fence costs $6 per linear foot of 
fence to be moved. 


(a) For each option, find a formula for A, the area gained, in terms of the cost C. 
(b) Complete the table for the area gained in terms of the cost for each option. 


Cost Area gain (Option 1) Area gain (Option 2) 


$1100 2500 ft* 180 ft? 


$1200 


$1500 


$2000 


$2500 


$3000 


(c) If the farmer has $1200 for this project, which option gives her the greatest gain in area 
for her money? What if she had $2000 for the project? 
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5. Edging a Planter A woman wants to make a small planter and surround it with edging 
material. She is deciding between two designs. 


EE Design 1: A square planter 
N - A Design 2: A circular planter 
Edging material costs $3 a foot for the straight variety, which she would use for Design 1, 
and $4 a foot for the flexible variety, which she would use for Design 2. 
(a) If she decides on a perimeter of 24 ft, which design would give her the larger planting 
area? 


(b) If she decides to spend $120 on edging material, which design would give her the larger 
planting area? 


6. Planting Crops A farmer is considering two plans of crop rotation on his 100-acre farm. 


Plan A: Plant tomatoes every season. 
Plan B: Alternate between soybeans and tomatoes each season. 


The revenue from tomatoes is $1600 an acre, and the revenue from soybeans is $1200 an 
acre. Tomatoes require fertilizing the land, which costs about $300 an acre. Soybeans do not 
require fertilizer; moreover, they add nitrogen to the soil so tomatoes can be planted the fol- 
lowing season without fertilizing. 
(a) Find a formula for the profit if Plan A is used for n years. 

profit = revenue — cost (b) Find a formula for the profit if Plan B is used for 2n years (starting with soybeans). 
(c) If the farmer intends to plant these crops for 10 years, which plan is more profitable? 


7. Cell Phone Plan Genevieve is mulling over the three cell phone plans shown in the table. 


Minutes included Monthly cost Each additional minute 


PlanA 500 $30 $0.50 
Plan B 500 $40 $0.30 
Plan C 500 $60 $0.10 


From past experience, Genevieve knows that she will always use more than 500 minutes of 

cell phone time every month. 

(a) Make a table of values that shows the cost of each plan for 500 to 1100 minutes, in 
100-minute increments. 

(b) Find formulas that give Genevieve’s monthly cost for each plan, assuming that she uses 
X minutes per month (where x = 500). 

(c) What is the charge from each plan when Genevieve uses 550 minutes? 975 minutes? 
1200 minutes? 

(d) Use your formulas from part (b) to determine the number of usage minutes for which: 
(i) PlanA and Plan B give the same cost. 
(ii) PlanA and Plan C give the same cost. 

8. Profit Sharing To form anew enterprise, Company A invests $1.4 million and Company 
B invests $2.6 million. The enterprise is sold a year later for $6.4 million. Explore the 
following methods of dividing the $6.4 million, and comment on their fairness. 

(a) Companies A and B divide the $6.4 million equally. 
(b) Companies A and B get their original investment back and share the profit equally. 
(c) Each company gets a fraction of the $6.4 million proportional to the amount it invested. 
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2.1 The Coordinate Plane 


2.2 Graphs of Equations in Two 
Variables 


2.3 Graphing Calculators: Solving 
Equations and Inequalities 
Graphically 


2.4 Lines 
2.5 Making Models Using Variation 


FOCUS ON MODELING 
Fitting Lines to Data 


The coordinate plane is the link between algebra and geometry. In the 
coordinate plane we can draw graphs of algebraic equations. The graphs 
allow us to “see” the relationship between the variables in the equation. 
In this chapter we study the coordinate plane and graphs of equations. 

Graphs are common in everyday life; we see them in newspapers, in 
magazines, and on TV. Graphs are so common because they are so useful. A 
graph can quickly indicate the state of the economy, how fast the temperature 
is changing, or how the national debt is faring. In the same way, graphs can 
help us to see the relationship between two varying quantities in an equation. 
For example, a graph of the equation y = x? allows us to see graphically 
how y changes as x changes. 

The coordinate plane was invented by René Descartes (see page 223). Each 
point in Descartes’ plane is assigned an address. An address like (4, 1) means 
that the point is 4 units from the y-axis and 1 unit from the x-axis, as shown in 
the figure. Although you can be lost in a featureless desert, you can never be 
lost in the coordinate plane. This is the idea behind all methods of locating 
points on the earth. If you are lost in a featureless desert or in a sailboat at sea, 
you can be found if you can radio in your coordinates. 


The desert The desert with coordinates 
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2.1 THE COORDINATE 


PLANE 


The Cartesian plane is named in honor 
of the French mathematician René 
Descartes (1596-1650), although 
another Frenchman, Pierre Fermat 
(1601-1665), also invented the princi- 
ples of coordinate geometry at the 
same time. (See their biographies on 
pages 223 and 143.) 


Although the notation for a point (a, b) 
is the same as the notation for an open 

interval (a, b), the context should make 
clear which meaning is intended. 


| The Coordinate Plane B® The Distance Formula > The Midpoint Formula 


The coordinate plane is the link between algebra and geometry. In the coordinate plane 
we can draw graphs of algebraic equations. The graphs, in turn, allow us to “see” the re- 
lationship between the variables in the equation. 


V The Coordinate Plane 


Just as points on aline can be identified with real numbers to form the coordinate line, 
points in a plane can be identified with ordered pairs of numbers to form the coordi- 
nate plane or Cartesian plane. To do this, we draw two perpendicular real lines that 
intersect at 0 on each line. Usually, one line is horizontal with positive direction to 
the right and is called the x axis; the other line is vertical with positive direction 
upward and is called the yaxis. The point of intersection of the x-axis and the y-axis 
is the origin O, and the two axes divide the plane into four quadrants, labeled |, II, 
Ill, and IV in Figure 1. (The points on the coordinate axes are not assigned to any 
quadrant.) 


ya yA 
| 
af P(a,b 
eee 
| 
Tea aa fons 
4 | ry 
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FIGURE 1 FIGURE 2 


Any point P in the coordinate plane can be located by a unique ordered pair of num- 
bers (a, b), as shown in Figure 1. The first number a is called the x-coordinate of P; the 
second number b is called the ycoordinate of P. We can think of the coordinates of P as 
its “address,” because they specify its location in the plane. Several points are labeled with 
their coordinates in Figure 2. 


EXAMPLE 1 | Graphing Regions in the Coordinate Plane 


Describe and sketch the regions given by each set. 


(a) {(x,y) | x = O} (b) {(xy) ly = 1} (c) {(%,y) [ly] <1} 


SOLUTION 
(a) The points whose x-coordinates are 0 or positive lie on the y-axis or to the right of 
it, as shown in Figure 3(a). 


(b) The set of all points with y-coordinate 1 is a horizontal line one unit above the 
x-axis, aS in Figure 3(b). 


Coordinates as Addresses 

The coordinates of a point in the xy- 
plane uniquely determine its location. 
We can think of the coordinates as the 
“address” of the point. In Salt Lake City, 
Utah, the addresses of most buildings 
are in fact expressed as coordinates. 
The city is divided into quadrants with 
Main Street as the vertical (North- 
South) axis and S. Temple Street as the 
horizontal (East-West) axis. An address 
such as 


1760 W 2100S 


indicates a location 17.6 blocks west 

of Main Street and 21 blocks south of 
S. Temple Street. (This is the address of 
the main post office in Salt Lake City.) 
With this logical system it is possible 
for someone who is unfamiliar with the 
city to locate any address immediately, 
as easily as one locates a point in the 
coordinate plane. 


d 500 North'St. 


S.TempleSt. @ 
4 4th South St. 
iz x 
3 2, 8 8 ib 
a= = lo 
i g in at 9th South St. 
v # # 
13th South St. 


N 
\ 5 17th South St. 


Post Office 
1760 W 2100S 


Issequs 


21st South St. 
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(c) Recall from Section 1.7 that 


ly| <1 if and only if -l<y<l 


So the given region consists of those points in the plane whose y-coordinates lie be- 
tween —1 and 1. Thus, the region consists of all points that lie between (but not on) 
the horizontal lines y = 1 and y = —1. These lines are shown as broken lines in Fig- 
ure 3(c) to indicate that the points on these lines do not lie in the set. 


y Ya Ya 
y=1 
0 x 0 x “0 x 
re mero 
(a)x=0 (b) y =1 (c) |y| <1 
FIGURE 3 
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V The Distance Formula 


We now find a formula for the distance d(A, B ) between two points A(x, y,) and B(x, yz) 
in the plane. Recall from Section P.3 that the distance between points a and b on a num- 
ber line is d(a,b) = |b — a]. So from Figure 4 we see that the distance between the 
points A(xX;, y;) and C(x», y,) ona horizontal line must be | x. — x, |, and the distance be- 
tween B(x3, yz) and C (x3, yz) ona vertical line must be | y. — yy]. 


ya 
yt ae yo) 
BY 
ee ly — yi 
y (A(x, we |x, — x,| >| Cl, y,) 
0 Xx, x 
FIGURE 4 


Since triangle ABC is a right triangle, the Pythagorean Theorem gives 


d(A,B) = Vix. — |? + [¥2 vil? = Vim x1)? + (V2 — ya)? 


DISTANCE FORMULA 


The distance between the points A(x;, y:) and B(X,, y2) in the plane is 


(A.B) = Vix =e a te 


EXAMPLE 2 | Finding the Distance Between Two Points 
Find the distance between the points A(2,5) and B(4, —1). 
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ya SOLUTION Using the Distance Formula, we have 
5+ A(2, 5) @ 2 2 
ml ‘ d(A,B) = V(4 — 2)? + (-1 — 5) 
3 ‘ = V2 + (-6) 
\d(A, B) ~ 6.32 
ae ae = V4 + 36 = V40 ~ 6.32 
\ 
1+ ‘ See Figure 5. 
O12 3 “4 5 &NOWTRY EXERCISE 25(b) Hl 
B(4, -1) 
FIGURE 5 EXAMPLE 3 | Applying the Distance Formula 
“ Which of the points P(1, —2) or Q(8, 9) is closer to the point A(5, 3)? 
+ 29Q(8,9) SOLUTION By the Distance Formula we have 
8+ / 
i y dP, A) = VG — 1)? + [3 -(-2)P = Ve +8? = VAT 
zl jf d(Q,A) = V(5 — 8)? + (3 — 9)? = V(—3)? + (-6)? = V45 
/ 
al SAS 3) This shows that d(P, A) < d(Q,A), so P is closer to A (see Figure 6). 
2+ a 
1 of ©. NOW TRY EXERCISE 39 z 
‘ol 7 i t+ ; a4 
=e MPL 2) Sa. of 
V The Midpoint Formula 
aVGURES Now let's find the coordinates (x, y) of the midpoint M of the line segment that joins the 


point A(x, y;) to the point B(x, yz). In Figure 7, notice that triangles APM and MQB are 
congruent because d(A, M) = d(M,B) and the corresponding angles are equal. 


B(X, Yo) 


Midpoint 


M(x, y) OQ 
A(x, yi) xy * >| 
P 
aa 
q x 
FIGURE 7 
It follows that d(A, P) = d(M, Q), so 
xX — X1 = X2 =-K 
+ + 
Solving for x, we get 2x = X; + X, $0 X = a 5 *2 Similarly, y = _ 


MIDPOINT FORMULA 


The midpoint of the line segment from A(X; yi) to B(x, Y2) is 


on an 
DR * 2 


0 


FIGURE 9 


sv 
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EXAMPLE 4 | Finding the Midpoint 
The midpoint of the line segment that joins the points (—2, 5) and (4, 9) is 


(+ 45 “ *) - (1,7) 


See Figure 8. 
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EXAMPLE 5 | Applying the Midpoint Formula 


Show that the quadrilateral with vertices P(1, 2), Q(4, 4), R(5, 9), and S(2, 7) is a paral- 
lelogram by proving that its two diagonals bisect each other. 


SOLUTION /f the two diagonals have the same midpoint, then they must bisect each 
other. The midpoint of the diagonal PR is 


CS 252) (3 =) 
Zz ° 2 "2 
and the midpoint of the diagonal QS is 
oS 451) (3 *) 
Zz * 2 "2 
so each diagonal bisects the other, as shown in Figure 9. (A theorem from elementary 
geometry states that the quadrilateral is therefore a parallelogram.) 
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CONCEPTS 6. Find the coordinates of the points shown in the figure. 
1. The point that is 3 units to the right of the y-axis and 5 units “ 
below the x-axis has coordinates (___, ___). +c 
2. If x is negative and y is positive, then the point (x, y) is in 
Quadrant 
. . F ¢D ©B 
3. The distance between the points (a, b) and (c, d) is F-1 eA 
. , + > 
________. So the distance between (1, 2) and (7, 10) is ie Om ; 
eH 
Ge 
4. The point midway between (a, b) and (c, d) is 
So the point midway between (1, 2) and(7, 10)is___— 
7-20 m Sketch the region given by the set. 
SKILLS 7. (Ky) [x <0} 8. {(x, y) ly = 0} 
5. Plot the given points in a coordinate plane: ©. 9. {(x, y) |x = 3} 10. {(x, y)| y = —2} 
(2, 3), (—2, 3), (4,5), (4, —5), (—4,5), (-4, -5) 11. {(x,y)| 1 <x <2} 12. {(x,y)|Osy = 4} 
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13. 
15. 
16. 
17. 
18. 
19, 
20. 


MN) Ee Oy 14. {(x, y) [xy > 0} 
{(x, y) |x = Landy < 3} 

{(x, y) | -2 <x <2andy = 3} 

{% y)| 1x1 > 4 

{%y)| ly] = 2} 

{(x, y)| |x| <2 and |y| = 3} 

{(x, y)| |x| > 2 and |y| > 3} 


21-24 w A pair of points is graphed. (a) Find the distance be 
tween them. (b) Find the midpoint of the segment that joins them. 


21. 


23. 


ya 22. yA 
PS r 
O| 1 O] 4 x 
Ya 24. YA 
2 
1 
> > 
1 , caer x 


25-34 w@ A pair of points is graphed. (a) Plot the points in a coor- 


dinate plane. (b) Find the distance between them. (c) Find the mid- 


point of the segment that joins them. 


~ 25, 
27. 
29. 
31. 
33. 
35. 


36. 


37. 


38. 


39, 


(0,8), (6, 16) 26. (—2,5), (10, 0) 
(—3, -6), (4, 18) 28. (—1, —1), (9,9) 
(6, -2), (-1,3) 30. (—1,6), (-1,—-3) 
(7,3), (11, 6) 32, (2, 13), (7,1) 

(3, 4), (3, -4) 34. (5, 0), (0, 6) 


Draw the rectangle with vertices A(1, 3), B(5, 3), C(1, —3), 
and D(5, —3) on a coordinate plane. Find the area of the 
rectangle. 


Draw the parallelogram with vertices A(1, 2), B(5, 2), C(3, 6), 
and D(7, 6) ona coordinate plane. Find the area of the 
parallelogram. 


Plot the points A(1, 0), B(5, 0), C(4, 3), and D(2,3) ona 
coordinate plane. Draw the segments AB, BC, CD, and DA. 
What kind of quadrilateral is ABCD, and what is its area? 


Plot the points P(5, 1), Q(0, 6), and R(—5, 1) on a coordinate 
plane. Where must the point S be located so that the quadrilat- 
eral PQRS is a square? Find the area of this square. 


Which of the points A(6, 7) and B(—5, 8) is closer to the 
origin? 


40. 


41, 


- 43. 


44, 


45. 


46. 


51. 


52. 


. Show that the points A(—2, 9), B(4, 6), C(1 


Which of the points C(—6, 3) and D(3, 0) is closer to the 
point E(—2,1)? 


Which of the points P(3, 1) and Q(—1, 3) is closer to the point 
R(—1, -1)? 


. (a) Show that the points (7, 3) and (3, 7) are the same 


distance from the origin. 
(b) Show that the points (a, b) and (b, a) are the same 
distance from the origin. 


Show that the triangle with vertices A(0, 2), B(—3, —1), and 
C(—4, 3) is isosceles. 


Find the area of the triangle shown in the figure. 


Refer to triangle ABC in the figure. 

(a) Show that triangle ABC is a right triangle by using the 
converse of the Pythagorean Theorem (see page 261). 

(b) Find the area of triangle ABC. 


Show that the triangle with vertices A(6, —7), B(11, —3), 

and C(2, —2) is aright triangle by using the converse of the 
Pythagorean Theorem. Find the area of the triangle. 

,0), and D(—5, 3) 
are the vertices of a square. 


. Show that the points A(—1, 3), B(3, 11), and C(5, 15) are 


collinear by showing that d(A,B) + d(B,C) = d(A, C). 


. Find a point on the y-axis that is equidistant from the points 


(5, —5) and (1,1). 


. Find the lengths of the medians of the triangle with vertices 


A(1, 0), B(3, 6), and C(8, 2). (A median is aline segment 
from a vertex to the midpoint of the opposite side.) 


Find the point that is one-fourth of the distance from the point 
P(—1, 3) to the point Q(7, 5) along the segment PQ. 


Plot the points P(—2, 1) and Q(12, —1) on a coordinate plane. 
Which (if either) of the points A(5, —7) and B(6, 7) lies on 
the perpendicular bisector of the segment PQ? 


53. Plot the points P(—1, —4), Q(1, 1), and R(4, 2) on a coordi- 


nate plane. Where should the point S be located so that the 
figure PQRS is a parallelogram? 


54. If M(6, 8) is the midpoint of the line segment AB, and if A has 


coordinates (2, 3), find the coordinates of B. 


55. (a) Sketch the parallelogram with vertices A(—2, —1), 
B(4, 2), C(7, 7), and D(1, 4). 


(b) Find the midpoints of the diagonals of this parallelogram. 
(c) From part (b), show that the diagonals bisect each other. 


56. The point M in the figure is the midpoint of the line segment AB. 


Show that M is equidistant from the vertices of triangle ABC. 


APPLICATIONS 


57. Distances in a City A city has streets that run north and 


south and avenues that run east and west, all equally spaced. 
Streets and avenues are numbered sequentially, as shown in 
the figure. The walking distance between points A and B is 


7 blocks— that is, 3 blocks east and 4 blocks north. To find the 


straight-line distances d, we must use the Distance Formula. 


(a) Find the straight-line distance (in blocks) between A and B. 


(b) Find the walking distance and the straight-line distance 


between the corner of 4th St. and 2nd Ave. and the corner 


of 11th St. and 26th Ave. 


(c) What must be true about the points P and Q if the walking 
distance between P and Q equals the straight-line distance 


between P and Q? 


ie ae 
W - al = Sth Ave. 


Ath Ave. 


3rd Ave. 


2nd Ave. 


1st Ave. 


58. Halfway Point Two friends live in the city described in 
Exercise 57, one at the corner of 3rd St. and 7th Ave. and the 
other at the corner of 27th St. and 17th Ave. They frequently 
meet at a coffee shop halfway between their homes. 

(a) At what intersection is the coffee shop located? 


(b) How far must each of them walk to get to the coffee shop? 
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59. Pressure and Depth The graph shows the pressure ex- 


perienced by an ocean diver at two different depths. Find and 
interpret the midpoint of the line segment shown in the graph. 


ya 
of 90 
S 
2 60 a 
a 
& 30 
— 
0 33 99 x 


Depth (ft) 


DISCOVERY =DISCUSSION = WRITING 
60. Shifting the Coordinate Plane Suppose that each 


61. 


62. 


point in the coordinate plane is shifted 3 units to the right and 

2 units upward. 

(a) The point (5, 3) is shifted to what new point? 

(b) The point (a, b) is shifted to what new point? 

(c) What point is shifted to (3, 4)? 

(d) Triangle ABC in the figure has been shifted to triangle 
A’B'C’. Find the coordinates of the points A’, B’, and C’. 


Reflecting in the Coordinate Plane Suppose that the 

y-axis acts as a mirror that reflects each point to the right 

of it into a point to the left of it. 

(a) The point (3, 7) is reflected to what point? 

(b) The point (a, b) is reflected to what point? 

(c) What point is reflected to (—4, -1)? 

(d) Triangle ABC in the figure is reflected to triangle A’B’C’. 
Find the coordinates of the points A’, B’, and C’. 


ya 
A’ A(3, 3) 
B’ B(6, 1) 
a 
0 x 
Cc’ | C(l, —4) 


Completing a Line Segment Plot the points M (6, 8) 
and A(2, 3) on a coordinate plane. If M is the midpoint of the 
line segment AB, find the coordinates of B. Write a brief de 
scription of the steps you took to find B and your reasons for 
taking them. 
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63. Completing a Parallelogram Plot the points P(0, 3), DISCOVERY 
Q (2, 2), and R(5, 3) on a coordinate plane. Where should the aiteh|<e = Visualizing Data 
point S be located so that the figure PQRS is a parallelogram? 
Write a brief description of the steps you took and your rea- 
sons for taking them. 


In this project we discover how graphing can help us find 
hidden patterns in data. Y ou can find the project at the book 
companion website: www.stewartmath.com 


2.2 GRAPHS OF EQUATIONS IN Two VARIABLES 
| Graphing Equations by Plotting Points Intercepts B® Circles Symmetry 


Fundamental Principle An equation in two variables, such as y = x? + 1, expresses a relationship between two 
of Analytic Geometry quantities. A point (x, y) satisfies the equation if it makes the equation true when the values 
A point (x, y) lies on the graph of an for x and y are substituted into the equation. For example, the point (3, 10) satisfies the equa- 
equation if and only if its coordinates tion y = x? + 1 because 10 = 3? + 1, but the point (1, 3) does not, because 3 # 1? + 1. 
satisfy the equation. 


THE GRAPH OF AN EQUATION 


The graph of an equation in x and y is the set of all points (x, y) in the coordi- 
nate plane that satisfy the equation. 


V Graphing Equations by Plotting Points 


The graph of an equation is a curve, so to graph an equation, we plot as many points as 
we can, then connect them by a smooth curve. 


EXAMPLE 1 | Sketching a Graph by Plotting Points 
Sketch the graph of the equation 2x — y = 3. 
SOLUTION We first solve the given equation for y to get 

y = 2x —3 


This helps us to calculate the y-coordinates in the following table: 


x y=2x-3 (xy) 
—1 —5 (-1, -5) 
0 —3 (0, -3) 
1 = a= 
2 1 (2, 1) 
3 3 (3,3) 
4 5 (4, 5) 


Of course, there are infinitely many points on the graph, and it is impossible to plot all of 
them. But the more points we plot, the better we can imagine what the graph represented 
by the equation looks like. We plot the points that we found in Figure 1; they appear to 
lieon aline. So we complete the graph by joining the points by aline. (In Section 2.4 we 
FIGURE 1 verify that the graph of this equation is indeed a line.) 


©. NOW TRY EXERCISE 15 a 


EXAMPLE 2 | Sketching a Graph by Plotting Points 
Sketch the graph of the equation y = x? — 2. 
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A detailed discussion of parabolasand SOLUTION We find some of the points that satisfy the equation in the table below. In 
their geometric properties is presented — Figure 2 we plot these points and then connect them by asmooth curve. A curve with this 


in Chapter 12. shape is called a parabola. 
yA x y=x-2 (xy 
3 7 (-3, 7) 
3 2 (=2,2) 
4 shi = =I (i) 
= 0 = (0, —2) 
1 =1 (Q,=1) 
2 2 (2,2) 
-4 | | Yo 4 3 7 (3, 7) 
©. NOW TRY EXERCISE 19 = 
enee EXAMPLE 3 | Graphing an Absolute Value Equation 


Sketch the graph of the equation y = |x|. 
SOLUTION Wemakea table of values: 


x y= |x (xy 

=3 3 (—3,3) 

=2 2 (—2,2) 

-1 1 (-1,1) 

0 0 (0, 0) 

1 1 (1,1) 

2 2 (2, 2) 

=4 | 2 0 2 4 x 3 3 (3,3) 

FIGURE 3 In Figure 3 we plot these points and use them to sketch the graph of the equation. 
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V Intercepts 


The x-coordinates of the points where a graph intersects the x-axis are called the 
x-intercepts of the graph and are obtained by setting y = 0 in the equation of the graph. 
The y-coordinates of the points where a graph intersects the y-axis are called the 
y-intercepts of the graph and are obtained by setting x = 0 in the equation of the graph. 


DEFINITION OF INTERCEPTS 
Intercepts How to find them Where they are on the graph 
x intercepts: 


The x-coordinates of points where the Set y = 0 and 
graph of an equation intersects the x-axis solve for x 


y-intercepts: 


The y-coordinates of points where the Set x = 0 and 
graph of an equation intersects the y-axis solve for y 
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x-intercepts 


> 
x 


27 y-intercept 
FIGURE 4 
ya 
P(x, y) 
> 
0 x 
FIGURE 5 


EXAMPLE 4 | Finding Intercepts 
Find the x- and y-intercepts of the graph of the equation y = x? — 2. 


SOLUTION To find the x-intercepts, we set y = 0 and solve for x. Thus 
0=x?-2 Set y = 0 
YS? Add 2 to each side 
KS ey? Take the square root 


The x-intercepts are V2 and — V2. 
To find the y-intercepts, we set x = 0 and solve for y. Thus 


y=0*-2  Setx=0 
y=-2 


The y-intercept is —2. 
The graph of this equation was sketched in Example 2. It is repeated in Figure 4 with 
the x- and y-intercepts labeled. 
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V Circles 


So far, we have discussed how to find the graph of an equation in x and y. The converse 
problem is to find an equation of a graph, that is, an equation that represents a given curve 
in the xy-plane. Such an equation is satisfied by the coordinates of the points on the curve 
and by no other point. This is the other half of the fundamental principle of analytic geom- 
etry as formulated by Descartes and Fermat. The idea is that if a geometric curve can be 
represented by an algebraic equation, then the rules of algebra can be used to analyze the 
curve. 

As an example of this type of problem, let’s find the equation of a circle with 
radius r and center (h, k). By definition, the circle is the set of all points P(x, y) whose 
distance from the center C(h, k) is r (see Figure 5). Thus P is on the circle if and only if 
d(P, C) =r. From the Distance Formula we have 


Vix —h?+(y-—kPar 


(x —h)? + (y—k)? =r?  — Square each side 


This is the desired equation. 


EQUATION OF A CIRCLE 
An equation of the circle with center (h, k) and radius r is 
(Kh +(y—kP ar? 


This is called the standard form for the equation of the circle. If the center of 
the circle is the origin (0, 0), then the equation is 


e+yr=r? 


EXAMPLE 5 | Graphing a Circle 


Graph each equation. 
(a) x? + y? = 25 (b) (x — 2)? + (y +1)? = 25 
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SOLUTION 

(a) Rewriting the equation as x? + y? = 52, we see that this is an equation of the circle 
of radius 5 centered at the origin. Its graph is shown in Figure 6. 

(b) Rewriting the equation as (x — 2)? + (y + 1)? = 5, we see that this is an equa- 
tion of the circle of radius 5 centered at (2, —1). Its graph is shown in Figure 7. 


yA yf 
So > 
ie x ae 
x? + y? = 25 
ya (x — 2)? + (y + 1)? =25 
i FIGURE 6 FIGURE 7 
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EXAMPLE 6 | Finding an Equation of a Circle 


(a) Find an equation of the circle with radius 3 and center (2, —5). 


(b) Find an equation of the circle that has the points P(1, 8) and Q(5, —6) as the 
endpoints of a diameter. 


SOLUTION 

FIGURE 8 (a) Using the equation of a circle with r = 3, h = 2, and k = —5, we obtain 
(x - 2) +(y +5P=9 

The graph is shown in Figure 8. 


(b) We first observe that the center is the midpoint of the diameter PQ, so by the 
Midpoint Formula the center is 


725%) ~ (3,1) 


The radius r is the distance from P to the center, so by the Distance Formula 
r?= (3-1)? + (1-8)? =2? 4+ (-7)° = 53 
Therefore the equation of the circle is 
(x — 3)? + (y -— 1)? = 53 
Sap pa l= 52 The graph is shown in Figure 9. 
FIGURE 9 ©. NOW TRY EXERCISES 55 AND 59 oO 


| (x-—2)2 + (y +5)2=9 


Let's expand the equation of the circle in the preceding example. 
(x — 3)? + (y-—1)? =53 Standard form 
x? — 6x +9+y*—2y +1=53 — Expand the squares 
x? — 6x + y? — 2y = 43 — Subtract 10 to get expanded form 


Completing the square is used in many | Suppose we are given the equation of a circle in expanded form. Then to find its center 

contexts in algebra. In Section 1.3 we — and radius, we must put the equation back in standard form. That means that we must re- 

used completing the square to solve verse the steps in the preceding calculation, and to do that we need to know what to add 

quadratic equations. to an expression like x? — 6x to make it a perfect square— that is, we need to complete 
the square, as in the next example. 


136 CHAPTER 2 | Coordinates and Graphs 


EXAMPLE 7 | Identifying an Equation of a Circle 


Show that the equation x? + y? + 2x — 6y + 7 = 0 represents a circle, and find the cen- 
ter and radius of the circle. 


SOLUTION Wefirst group the x-terms and y-terms. Then we complete the square within 
each grouping. That is, we complete the square for x” + 2x by adding (3-2)? = 1, and we 
complete the square for y* — 6y by adding [3-(—6)]* = 9: 


(vat Sal 
(y? — 6y +9) = -74+14+9 
x +1)? + (y-3)/ =3 


Comparing this equation with the standard equation of a circle, we see thath = —1, k = 3, 
and r = V3, so the given equation represents a circle with center (—1, 3) and radius V3. 


(x? + 2x y+ Group terms 


Complete the square by 
adding 1 and 9 to each side 


Factor and simplify 


@ We must add the same numbers to 


2 
each side to maintain equality. (x° + 2x +1) + 


©. NOW TRY EXERCISE 65 a 


Vv Symmetry 


Figure 10 shows the graph of y = x2. Notice that the part of the graph to the left of the 
y-axis is the mirror image of the part to the right of the y-axis. The reason is 
that if the point (x, y) is on the graph, then so is (—x, y), and these points are reflections 
of each other about the y-axis. In this situation we say that the graph is symmetric with 
respect to the yaxis. Similarly, we say that a graph is symmetric with respect to the 
x-axis if whenever the point (x, y) is on the graph, then so is (x, —y). A graph is sym- 
metric with respect to the origin if whenever (x, y) is on the graph, so is (—x, —y). 


FIGURE 10 


DEFINITION OF SYMMETRY 


Type of 
symmetry 


How to test 
for symmetry 


What the graph looks like 


(figures in this section) Geometric meaning 


Symmetry with respect 
to the x-axis 


Symmetry with respect 
to the yaxis 


Symmetry with respect 
to the origin 


The equation is 
unchanged when y 
is replaced by —y 


The equation is 
unchanged when x 
is replaced by —x 


The equation is 
unchanged when 

x is replaced by —x 
and y by —y 


(Figures 2, 3, 4, 6, 10, 12) 


y 


(a5, =) 


(Figures 6, 12) 


Graph is unchanged 
when reflected in the 
X-axis 


Graph is unchanged 
when reflected in the 
y-axis 


Graph is unchanged 
when rotated 180° 
about the origin 


(—x, —y) (x, —y) 


FIGURE 12 
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The remaining examples in this section show how symmetry helps us to sketch the 
graphs of equations. 


EXAMPLE 8 | Using Symmetry to Sketch a Graph 

Test the equation x = y? for symmetry, and sketch the graph. 

SOLUTION If yis replaced by —y in the equation x = y’, we get 
x = (-y)? 
c=¥ Simplify 


Replace y by —y 


so the equation is unchanged. Therefore the graph is symmetric about the x-axis. But 
changing x to —x gives the equation —x = y”, which is not the same as the original equa- 
tion, so the graph is not symmetric about the y-axis. 

We use the symmetry about the x-axis to sketch the graph by first plotting points just 
for y > 0 and then reflecting the graph in the x-axis, as shown in Figure 11. 


= 


x 
< 


WNFO le 
oRFRO 
mama aS 
boom -iaa 
WNFO 
ete pie 2a a 


FIGURE 11 
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EXAMPLE 9 | Testing an Equation for Symmetry 
Test the equation y = x? — 9x for symmetry. 
SOLUTION If wereplace x by —x and y by —y in the equation, we get 


y = (-x)? — 9(-x) Replace x by -x and y by -y 
—y = —x? + 9x Simplify 
y =x? — 9x Multiply by -1 
sO the equation is unchanged. This means that the graph is symmetric with respect to the 
origin. 
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EXAMPLE 10 | A Circle That Has All Three Types of Symmetry 
Test the equation of the circle x? + y* = 4 for symmetry. 


SOLUTION The equation x* + y* = 4 remains unchanged when x is replaced by —x 
and y is replaced by —y, since (—x)? = x? and (—y)? = y?, so the circle exhibits all three 
types of symmetry. It is symmetric with respect to the x-axis, the y-axis, and the origin, 
as shown in Figure 12. 
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CONCEPTS 


1 


If the point (2, 3) is on the graph of an equation in x and y, 
then the equation is satisfied when we replace x by 
andy by 
of the equation 2y = x + 1? 


. Is the point (2, 3) on the graph 


. (a) To find the x-intercept(s) of the graph of an equation, we 

set__ sequal to 0 and solvefor____—. So the 
x-intercept of 2y = x + lis 

(b) To find the y-intercept(s) of the graph of an equation, we 

set__ sequal to OQ andsolvefor___—_—. So the 
y-intercept of 2y = x + lis 

. The graph of the equation (x— 1)? + (y — 2)? = 9 isacircle 


with center ( ) and radius 


’ 


. (a) If agraph is symmetric with respect to the x-axis and 


(a, b) is on the graph, then ( 
graph. 


) is also on the 


’ 


(b) If agraph is symmetric with respect to the y-axis and 


(a, b) is on the graph, then ( 
graph. 


) is also on the 


’ 


(c) If agraph is symmetric about the origin and (a, b) is on 


the graph, then ( ) is also on the graph. 


’ 


SKILLS 


5- 


10 = Determine whether the given points are on the graph of 


the equation. 


~y=3x-2; (0,2), 3, 1),(12) 
~y=Vx+1; (1,0), (0,1), (3,2) 
x—2y—1=0; (0,0), (1, 0), (—1, -1) 
yx? +1) =1; (1,1),(12),(-13) 


2 2 
2+4+xy+y%=4; (0, —2), (1, —2), (2, -2) 
1 i 


er ee “2 3) 
ia ia 00. (Se5):(F5 


xX 


11-36 = Make a table of values and sketch the graph of the 
equation. Find the x- and y-intercepts. 


»~y=-xX 12. y = 2x 

»y=-xt+4 14, y = 3x +3 
»2X-y=6 16.x+y=3 
.y=l1-%? 18. y=x*+2 
. dy =x? 20. 8y = x3 

»y=x?-9 22. y=9 —x? 
xy =2 24.x+y*=4 
»y= Vx 26. x? +y*=9 


»y=V4-%? 28. 


29. y = |x| 30. x = ly| 
@.31 y=4- |x| 32. y= |4—x| 

33. x=y? 34, y=x3-1 

35. y =x" 36. y= 16 — x’ 


37-40 = An equation and its graph are given. Find the x- and 


y-intercepts. 


37. y = 4x — x? 


x? 
38.5 + =1 


t —— 
t sd x 
i 
39, x* + y? — xy = 16 40. x? + y? — x*y? = 64 
y yA 
> 
x 
+ 
SSERRB HH HEE > 
0/2 x 


41-48 m Find the x- and y-intercepts of the graph of the equation. 


41. y=x-3 42. y=x?-5x +6 
©2438, y=x?-9 44, y — 2xy + 2x=1 
45. x°+y?=4 46. y= Vx +1 
47. xy =5 48. x? -xy +y=1 


49-54 m Find the center and radius of the circle, and sketch its 


graph. 
*.49. x? + y? =9 
51, (x — 3)? + y? = 16 


50. x? +y*=5 
52. x2 + (y — 2)? =4 


53. (x +3)2+(y—4)2=25 54 (x + 1)?+4 (y + 2)? = 36 


55-62 m Find an equation of the circle that satisfies the given 


conditions. 

» Center (2, —1); 
56. Center (—1, —4); 
57. Center at the origin; 
58. Center (—1, 5); 


radius 3 
radius 8 


passes through (4, 7) 


passes through (—4, —6) 


. Endpoints of a diameter are P(—1, 1) and Q(5, 9) 
» Endpoints of a diameter are P(—1, 3) and Q(7, —5) 
. Center (7, —3); 


tangent to the x-axis 


62. Circle lies in the first quadrant, tangent to both x- and y-axes; 


radius 5 


63-64 m Find the equation of the circle shown in the figure. 


63. 


64. ya 


65-72 m= Show that the equation represents a circle, and find the 


center and radius of the circle. 


©.65. x2 + y?- 2x +4y+1=0 
66. x? + y* — 2x — 2y =2 
67. x? +y*— 4x + 10y +13 =0 
68. x? +y2+ 6y+2=0 
69. x? +y*+x=0 
70. x? +y*+2x+y+1=0 
TL. x? + y? — 5X +3y = 3 
72. x°+y?+3x+2y+%=0 


73-76 m Sketch the graph of the equation. 


73. x? 


y? + 4x 


10y = 21 


74, 4x? + 4y? + 2x =0 


75, x2 + y? + 6X 


12y +45 =0 


y 
76. x? + y? — 16x 4 


12y + 200 = 0 


77-82 | Test the equation for symmetry. 


®.77, y= x4 +x? 


©.79. y = x3 + 10x 


81 x4y4 4+ x2y2=1 


78. x =y*—y? 
80. y = x? + |x| 
82. x*y2 + xy=1 


83-86 = Complete the graph using the given symmetry property. 


©. 83. Symmetric with respect 


84. Symmetric with respect 


to the y-axis to the x-axis 
yA yA 
— 1 
“  1+%x? 
i y? _ x2 =] 
> > 
0 x 0 xX 


85. 
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Symmetric with respect 
to the origin 


86. Symmetric with respect 
to the origin 


yA yA 


87-90 @ Sketch the region given by the set. 


87. 
88. 


{Ky)pe+y?s 
{(X, y) |x? + y? > 4} 


89. {(x%,y) |L=x? + y? <9} 
90. {(x, y)|2x<x?+y’? <4} 


91, 


92. 


Find the area of the region that lies outside the circle 
x? + y? = 4 but inside the circle 
x? + y? — dy —12=0 


Sketch the region in the coordinate plane that satisfies both the 
inequalities x? + y? =< 9 and y = | x |. Whatis the area of this 
region? 


APPLICATIONS 


93. 


Annual inflation rate (%) 


U.S. Inflation Rates The graph shows the annual 

inflation rate in the United States from 1975 to 2003. 

(a) Estimate the inflation rates in 1980, 1991, and 1999 to the 
nearest percent. 

(b) For which years in this period did the inflation rate 
exceed 6%? 

(c) Did the inflation rate generally increase or decrease in the 
years from 1980 to 1985? What about from 1987 to 1992? 

(d) Estimate the highest and lowest inflation rates in this time 
period to the nearest percent. 


8 
6 
4 
2 
0 


t+++++--++ + + +" +4 4-1 +--+ +++ +-++-+-+-+*+-+"- ++ ++" + 44 > 
1970 1975 1980 1985 1990 1995 2000 2005 
Year 


94. Orbit of a Satellite A satellite is in orbit around the 


moon. A coordinate plane containing the orbit is set up with 
the center of the moon at the origin, as shown in the graph 


140 CHAPTER 2 | Coordinates and Graphs 


below, with distances measured in megameters (Mm). 
The equation of the satellite’s orbit is 


(x= 3) y? 


5 ie 


(a) From the graph, determine the closest and the farthest that 
the satellite gets to the center of the moon. 

(b) There are two points in the orbit with y-coordinates 2. 
Find the x-coordinates of these points, and determine their 
distances to the center of the moon. 


DISCOVERY = DISCUSSION = WRITING 


95. Circle, Point, or Empty Set? Complete the squares in 
the general equation x* + ax + y? + by + c = 0, and simplify 
the result as much as possible. Under what conditions on the 
coefficients a, b, and c does this equation represent a circle? 

A single point? The empty set? In the case in which the 
equation does represent a circle, find its center and radius. 


96. Do the Circles Intersect? 
(a) Find the radius of each circle in the pair and the distance 
between their centers; then use this information to deter- 
mine whether the circles intersect. 


(i) (KX - 2)? +(y-1P =9; 
(x 6)? (y 4) = 16 
(ii) x2 + (y — 2)? = 4; 
(x — 5)? + (y- 14)? =9 
(iii) (K-32 + (y+ 12 =1 
a2 ey —2y S25 


(b) How can you tell, just by knowing the radii of two circles 
and the distance between their centers, whether the circles 
intersect? W rite a short paragraph describing how you 
would decide this, and draw graphs to illustrate your answer. 


97. Making a Graph Symmetric The graph shown in the 
figure is not symmetric about the x-axis, the y-axis, or the ori- 
gin. Add more line segments to the graph so that it exhibits 
the indicated symmetry. In each case, add as little as possible. 
(a) Symmetry about the x-axis 
(b) Symmetry about the y-axis 
(c) Symmetry about the origin 


ya 


2.3 GRAPHING CALCULATORS: SOLVING EQUATIONS 


AND INEQUALITIES GRAPHICALLY 


Using a Graphing Calculator B Solving Equations Graphically B Solving 
Inequalities Graphically 


In Chapter 1 we solved equations and inequalities algebraically. In Section 2.1 we learned 
how to sketch the graph of an equation in a coordinate plane. In this section we use graphs 
to solve equations and inequalities. To do this, we must first draw a graph using a graph- 
ing device. So we begin by giving a few guidelines to help us use graphing devices 


effectively. 


V Using a Graphing Calculator 


A graphing calculator or computer displays a rectangular portion of the graph of an equa- 
tion in a display window or viewing screen, which we call a viewing rectangle. The de- 
fault screen often gives an incomplete or misleading picture, so it is important to choose 


(a,c) 


y=d 


y= 


(b, c) 


FIGURE 1 The viewing rectangle 


[a, b] by [c, d] 
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the viewing rectangle with care. If we choose the x-values to range from a minimum value 
of Xmin = a to a maximum value of Xmax = b and the y-values to range from a mini- 
mum value of Ymin = c to a maximum value of ymax = d, then the displayed portion of 
the graph lies in the rectangle 


[a,b] X[c dj ={(%,y)|}asxsb,csy=d} 


as shown in Figure 1. We refer to this as the [a, b] by [c, d] viewing rectangle. 

The graphing device draws the graph of an equation much as you would. It plots points 
of the form (x, y) for a certain number of values of x, equally spaced between a and b. If 
the equation is not defined for an x-value or if the corresponding y-value lies outside the 
viewing rectangle, the device ignores this value and moves on to the next x-value. The ma- 
chine connects each point to the preceding plotted point to form a representation of the 
graph of the equation. 


EXAMPLE 1 | Choosing an Appropriate Viewing Rectangle 
Graph the equation y = x? + 3 in an appropriate viewing rectangle. 


SOLUTION Let's experiment with different viewing rectangles. We start with the view- 
ing rectangle | —2, 2] by [ —2, 2], so we set 


Xmin = —2 Ymin = —2 
Xmax =2 Ymax =2 


The resulting graph in Figure 2(a) is blank! This is because x* = 0, so x? + 3 = 3 for 
all x. Thus the graph lies entirely above the viewing rectangle, so this viewing rectangle 
is not appropriate. If we enlarge the viewing rectangle to [—4, 4] by [—4,4], as in 
Figure 2(b), we begin to see a portion of the graph. 

Now let's try the viewing rectangle [—10, 10] by [ —5, 30]. The graph in Figure 2(c) 
seems to give a more complete view of the graph. If we enlarge the viewing rectangle even 
further, as in Figure 2(d), the graph doesn’t show clearly that the y-intercept is 3. 

So the viewing rectangle [| —10, 10] by [ —5, 30] gives an appropriate representation of 
the graph. 


2 4 30 1000 
we, 
2 2 4 4 

—10 10 50 50 

= —4 =a —100 

(a) (b) (c) (d) 
FIGURE 2 Graphs of y = x? + 3 
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EXAMPLE 2 | Two Graphs on the Same Screen 


Graph the equations y = 3x? — 6x + 1 andy = 0.23x — 2.25 together in the viewing 
rectangle [—1, 3] by [—2.5, 1.5]. Do the graphs intersect in this viewing rectangle? 
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The graph in Figure 4(c) looks 
somewhat flattened. M ost graphing 
calculators allow you to set the scales 
on the axes so that circles really look 
like circles. On the TI-83 and T1-84, 
from the | 200M | menu, choose 
ZSquare to Set the scales appropri- 
ately. (On the TI-86 the command is 
Zsq.) 


SOLUTION Figure 3(a) shows the essential features of both graphs. One is a parabola, 
and the other is a line. It looks as if the graphs intersect near the point (1, -2). However, 
if we zoom in on the area around this point as shown in Figure 3(b), we see that although 
the graphs almost touch, they do not actually intersect. 


1.5 =1:85 


1.25 
255 225 
(a) (b) 
FIGURE 3 
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You can see from Examples 1 and 2 that the choice of a viewing rectangle makes a big 
difference in the appearance of a graph. If you want an overview of the essential features 
of a graph, you must choose a relatively large viewing rectangle to obtain a global view 
of the graph. If you want to investigate the details of a graph, you must zoom in to a small 
viewing rectangle that shows just the feature of interest. 

M ost graphing calculators can only graph equations in which y is isolated on one side of 
the equal sign. The next example shows how to graph equations that don’t have this property. 


EXAMPLE 3 | Graphing a Circle 
Graph the circle x? + y? = 1, 
SOLUTION We first solve for y, to isolate it on one side of the equal sign: 
y=1-%? Subtract x? 
y= V1 =x? Take square roots 
Therefore the circle is described by the graphs of two equations: 
y=V1-x? and y=-V1-¥x? 


The first equation represents the top half of the circle (because y = 0), and the second rep- 
resents the bottom half of the circle (because y = 0). If we graph the first equation in the 
viewing rectangle [—2, 2] by [—2, 2], we get the semicircle shown in Figure 4(a). The 
graph of the second equation is the semicircle in Figure 4(b). Graphing these semicircles 
together on the same viewing screen, we get the full circle in Figure 4(c). 


2 2 2 

2 2 2 2 2 2 
-2 2 —2 
(a) (b) (c) 


FIGURE 4 Graphing the equation x? + y2=1 
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V Solving Equations Graphically 
In Chapter 1 we learned how to solve equations. To solve an equation such as 
3x —-5 =0 


we used the algebraic method. This means that we used the rules of algebra to isolate x 
on one side of the equation. We view x as an unknown, and we use the rules of algebra to 
hunt it down. Here are the steps in the solution: 


3x —-5 =0 
3x =5 Add5 
x=2 Divide by 3 


So the solution is x = 3. 
We can also solve this equation by the graphical method. |n this method we view x 
as a variable and sketch the graph of the equation 


y=3x-5 


Different values for x give different values for y. Our goal is to find the value of x for 
which y = 0. From the graph in Figure 5 we see that y = 0 when x = 1.7. Thus the solu- 
tion is x = 1.7. Note that from the graph we obtain an approximate solution. We summa- 
FIGURE 5 rize these methods in the box below. 


SOLVING AN EQUATION 


Algebraic Method Graphical Method 


Use the rules of algebra to isolate M ove all terms to one side, and set the 
the unknown x on one side of the result equal to y. Sketch the graph 
equation. to find the value of x where y = 0. 
Example: 2x = 6 — x Example: 2x = 6 — x 

3x = 6 Add x 0 = 6 — 3x 


x=2 Divide by 3 Set y = 6 — 3x and graph. 
The solution is x = 2. 


From the graph, the solution is x ~ 2. 


PIERRE DE FERMAT (1601-1665) states in the margin that for n = 3 there are no natural number solu- 
was a French lawyer who became tions to the equation x” + y” = z”. In other words, it’s impossible for a 
interested in mathematics at the cube to equal the sum of two cubes, a fourth power to equal the sum 
age of 30. Because of his job as a of two fourth powers, and so on. Fermat writes “I have discovered a 
magistrate, Fermat had little time to _ truly wonderful proof for this but the margin is too small to contain it.” 
e write complete proofs of his discov- All the other margin comments in Fermat’s copy of Arithmetica have 
2 eries and often wrote them in the been proved. This one, however, remained unproved, and it came to be 
= margin of whatever book he was known as “Fermat's Last Theorem.” 
E reading at the time. After his death, In 1994, Andrew Wiles of Princeton University announced a proof of 
& Bios his copy of Diophantus’ Arithmetica Fermat's Last Theorem, an astounding 350 years after it was conjec- 
© ~- (see page 43) was found to contain tured. His proof is one of the most widely reported mathematical re- 


a particularly tantalizing comment. Where Diophantus discusses the so- _ sults in the popular press. 
lutions of x? + y? = z? (for example,x = 3,y = 4,andz = 5), Fermat 
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The advantage of the algebraic method is that it gives exact answers. Also, the process 
of unraveling the equation to arrive at the answer helps us to understand the algebraic 
structure of the equation. On the other hand, for many equations it is difficult or impossi- 
ble to isolate x. 

The graphical method gives a numerical approximation to the answer. This is an advan- 
tage when a numerical answer is desired. (For example, an engineer might find an answer 
expressed as x ~ 2.6 more immediately useful than x = V7.) Also, graphing an equation 
helps us to visualize how the solution is related to other values of the variable. 


EXAMPLE 4 | Solving a Quadratic Equation Algebraically 
and Graphically 

Solve the quadratic equations algebraically and graphically. 

(a) x? - 4x +2=0 (b) x? - 4x +4=0 (c) x? — 4x +6=0 


SOLUTION 1: Algebraic 


The Quadratic Formula is discussed on We use the Quadratic Formula to solve each equation. 


page 82. 


~(-4) = V4? 4-1-2 4s VB 
2 2 
There are two solutions, x = 2 + V2 andx =2 — v2. 
(4) = Va = 414 4s VO 
2 2 
There is just one solution, x = 2. 


—(—4) + V(-4)? - 4-1. += 
ete) 4) eee 


There is no real solution. 


=2+v2 


(a) x = 


(b) x = =2 


SOLUTION 2: Graphical 

We graph the equations y = x* — 4x + 2, y =x? — 4x + 4, andy = x? — 4x + 6in Fig- 
ure 6. By determining the x-intercepts of the graphs, we find the following solutions. 

(a) x ~ 0.6 and x = 3.4 

(b) x = 2 

(c) There is no x-intercept, so the equation has no solution. 


10 10 10 
| NZ [h| 
=5 =) —5 
(a) y=x?-4x4+2 (b) y=x?-4x +4 (c) y=x?-4x +6 
FIGURE 6 
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The graphs in Figure 6 show visually why a quadratic equation may have two solu- 
tions, one solution, or no real solution. We proved this fact algebraically in Section 1.3 
when we studied the discriminant. 
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EXAMPLE 5 | Another Graphical Method 
Solve the equation algebraically and graphically: 5 — 3x = 8x — 20 
SOLUTION 1: Algebraic 


5 — 3x = 8x — 20 
—3x = 8x — 25 Subtract 5 
—11x = —-25 Subtract 8x 
—25 3 aa ee 
X= “it = 27 Divide by -11 and simplify 


SOLUTION 2: Graphical 


We could move all terms to one side of the equal sign, set the result equal to y, and graph 
the resulting equation. But to avoid all this algebra, we graph two equations instead: 


y, = 5 — 3x and y. = 8x — 20 


y, — 9x — 20 
Ree ane : The solution of the original equation will be the value of x that makes y, equal to y,; that 
Eee See is, the solution is the x-coordinate of the intersection point of the two graphs. Using the 
TRACE | feature or the intersect command on a graphing calculator, we see from 
FIGURE 7 Figure 7 that the solution is x ~ 2.27. 
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In the next example we use the graphical method to solve an equation that is extremely 
difficult to solve algebraically. 
EXAMPLE 6 | Solving an Equation in an Interval 


Solve the equation 
x3 — 6x? + 9x = Vx 
in the interval [ 1, 6]. 


SOLUTION Weareasked to find all solutions x that satisfy 1 < x = 6, so we will graph 
the equation in a viewing rectangle for which the x-values are restricted to this interval: 


x? — 6x? + 9x = Vx 
x? — 6x? + 9x — Vx =0 Subtract Vx 
Wecan also usethe zerocommand Figure 8 shows the graph of the equation y = x? — 6x? + 9x — Vx in the viewing rect- 


to find the solutions, as shown in angle {1, 6] by [—5, 5}. There are two x-intercepts in this viewing rectangle; zooming in, 
Figures 8(a) and 8(b). we see that the solutions are x ~ 2.18 and x ~ 3.72. 
5 


Zero Zero 


X=2.1767162 Y=0 x=3.7200502 Y=0 


FIGURE 8 
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The equation in Example 6 actually has four solutions. You are asked to find the other 
two in Exercise 71. 
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SW 0 
2 Ke (0) = 30? 
10 
y—4 
0 10 
FIGURE 10 
10 
1 2 
—2 


FIGURE 11 x?-—5x+6<0 


FIGURE 12 
y. = 3.7x? + 13x — 19 
y. = 2.0 — 1.4x 


EXAMPLE 7 | Intensity of Light 


Two light sources are 10 m apart. One is three times as intense as the other. The light in- 
tensity L (in lux) at a point x meters from the weaker source is given by 


_ 10 n 30 
x? (10 — x) 
(See Figure 9.) Find the points at which the light intensity is 4 lux. 


“ X 10:=x 
SS (i 
FIGURE 9 a= 


SOLUTION Weneed to solve the equation 


_10, 30 
x? (10 — x)? 


4 


The graphs of 
10 30 
y,=4 and Y2 = zt ag = 


X 
are shown in Figure 10. Zooming in (or using the intersect command) we find two 
solutions, x = 1.67431 and x ~ 7.1927193. So the light intensity is 4 lux at the points that 
are 1.67 m and 7.19 m from the weaker source. 
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V Solving Inequalities Graphically 
Inequalities can be solved graphically. To describe the method, we solve 
x7 5x +6<0 


This inequality was solved algebraically in Section 1.6, Example 3. To solve the inequal- 
ity graphically, we draw the graph of 


y=x?—-5x+6 


Our goal is to find those values of x for which y = 0. These are simply the x-values for 
which the graph lies below the x-axis. From Figure 11 we see that the solution of the in- 
equality is the interval [2, 3}. 


EXAMPLE 8 | Solving an Inequality Graphically 
Solve the inequality 3.7x? + 1.3x — 1.9 = 2.0 — 1.4x. 
SOLUTION Wegraph the equations 

Yi = 3.7x24+1.3x-1.9 and = y,=2.0 — 14x 


in the same viewing rectangle in Figure 12. We are interested in those values of x for 
which y; = y,; these are points for which the graph of y, lies on or above the graph of y;. 
To determine the appropriate interval, we look for the x-coordinates of points where 
the graphs intersect. We conclude that the solution is (approximately) the interval 
[—1.45, 0.72]. 
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EXAMPLE 9 | Solving an Inequality Graphically 


Solve the inequality x? — 5x? = —8., 
15 SOLUTION Wewrite the inequality as 


and then graph the equation 


x3 — 5x7+8=0 


y =x?—5x74+8 


in the viewing rectangle [—6, 6] by [—15, 15], as shown in Figure 13. The solution 
of the inequality consists of those intervals on which the graph lies on or above the 


=15 
FIGURE 13 x? —5x?+8=0 


x-axis. By moving the cursor to the x-intercepts, we find that, rounded to one decimal 
place, the solution is [—1.1, 1.5] U [4.6, oo). 


© NOW TRY EXERCISE 61 a 


CONCEPTS 


1. The solutions of the equation x* — 2x — 3 = O are the 
-intercepts of the graph of y = x* — 2x — 3. 


2. The solutions of the inequality x? — 2x — 3 > O are the 
x-coordinates of the points on the graph of y = x? — 2x — 3 


that lie the x-axis. 


3. The figure shows a graph of y = x4 — 3x3 — x? + 3x, 
Use the graph to do the following. 
(a) Find the solutions of the equation x* — 3x? — x*+ 3x =0, 
(b) Find the solutions of the inequality x* — 3x? — x? + 3x <0. 


y = xt — 3x3 — x7 + 3x 


_ 


te 


4x 


4. The figure shows the graphs of y = 5x — x? andy = 4, Use 
the graphs to do the following. 
(a) Find the solutions of the equation 5x — x? = 4, 
(b) Find the solutions of the inequality 5x — x? > 4, 
Ya 


ai y =5x— x2 


SKILLS 


5-10 = Use a graphing calculator or computer to decide which 
viewing rectangle (a)-(d) produces the most appropriate graph 
of the equation. 


®&. 5B y=xtt2 


(a) [—2, 2] by [—-2, 2] 

(b) [0, 4] by [0, 4] 

(c) [—8, 8] by [—4, 40] 

(d) [—40, 40] by [—80, 800] 
6. y=x?+7x+6 

(a) (—5, 5] by [—5, 5] 

(b) [0, 10] by [—20, 100] 

(c) [—15, 8] by [—20, 100] 

(d) [—10, 3] by [—100, 20] 
7. y = 100 — x? 

(a) [—4, 4] by [—4, 4] 

(b) [—10, 10] by [—10, 10] 

(c) [—15, 15] by [—30, 110] 

(d) [—4, 4] by [—30, 110] 
8. y = 2x? — 1000 

(a) [—10, 10] by [—10, 10] 

(b) [—10, 10] by [—100, 100] 

(c) [—10, 10] by [—1000, 1000} 

(d) [—25, 25] by [-1200, 200] 
9. y= 10 + 25x — x? 

(a) [—4, 4] by [—4, 4] 

(b) [—10, 10] by [-10, 10] 

(c) [—20, 20] by [—100, 100] 

(d) [—100, 100] by [—200, 200} 
10. y = V8x — x? 

(a) [—4, 4] by [—4, 4] 

(b) [—5, 5] by [0, 100] 

(c) [-10, 10] by [-10, 40] 

(d) [—2, 10] by [—2, 6] 
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11-22 m Determine an appropriate viewing rectangle for the equa- 51-54 m Use the graphical method to solve the equation in the 
tion, and use it to draw the graph. indicated exercise from Section 1.5. 
11. y = 100x? 12. y = —100x? 51. Exercise 11 52. Exercise 12 
13. y =4 + 6x — x? 14, y = 0.3x*2 + 1.7x — 3 53. Exercise 31 54. Exercise 32 
15. y = W256 — x? 16. y= V12x —17 
55-58 m Find all real solutions of the equation, rounded to two 
17. y = 0.01x3 — x? +5 18. y = x(x + 6)(x — 9) decimals. 
19, y = x4— 4x3 20. y = 55. x3—2x?-x-1=0 56. x4 8x2 +2=0 
= ee 4 _ _ y3 
Me p= 1 x= 22. y = 2x — |x? —5| 57. x(x — 1)(x + 2) = 5X 58. x" = 16 — x 
59-66 m Find the solutions of the inequality by drawing 
23-26 m Do the graphs intersect in the given viewing rectangle? If appropriate graphs. State each answer rounded to two decimals. 
they do, how many points of intersection are there? & 59, x2 <3x +10 60. 0.5x2 + 0.875x < 0.25 
2 = 2 Ly Ty2. = 
RS ae = ay Peay [APA ted) 261. x? + 11x = 6x? + 6 62. 16x? + 24x? > —9x — 1 


24. y= V 49 xy = 3(41 3x); [ 8, 8] by [ 1, 8] 63. x3 < x 64, 1 /0.5x2 4+1e< 2|x| 
25. y =6 — 4x —x2,y = 3x +18; [-6, 2] by[—5, 20] 


65. (x + 1)? <(x - 1) 66. (x + 1)? =x? 
26. y =x? —4x,y=x+4+5; [—4, 4] by[—15, 15] 
© .27. Graph the circle x? + y? = 9 by solving for y and graphing 67-70 m Use the graphical method to solve the inequality in the 

two equations as in Example 3. indicated exercise from Section 1.6. 

28. Graph the circle (y — 1)? + x? = 1 by solving for y and 67. Exercise 43 68. Exercise 44 
graphing two equations as in Example 3. 69. Exercise 53 70. Exercise 54 

29. Graph the equation 4x* + 2y* = 1 by solving for y and 71. In Example 6 we found two solutions of the equation 
graphing two equations corresponding to the negative and x3 — 6x2 + 9x = x, the solutions that lie between 1 and 6. 
positive square roots. (This graph is called an ellipse.) Find two more solutions, rounded to two decimals. 


30. Graph the equation y* — 9x? = 1 by solving for y and graph- 


ing the two equations corresponding to the positive and nega- 
tive square roots. (This graph is called a hyperbola.) APPLICATIONS 


72. Estimating Profit An appliance manufacturer estimates 
that the profit y (in dollars) generated by producing x cooktops 


31-42 m Solve the equation both algebraically and graphically. rae ; 
per month is given by the equation 


©.31. x —4=5x +12 32. 3x —-3 =6 + 2x 
— j : : y = 10x + 0.5x? — 0.001x? — 5000 
ey a 4D et Apeeeeeer 
a) Graph the equation. 
& _ v= 116= 
-35. x? — 32 = 0 36. x° + 16=0 (b) How many cooktops must be produced to begin 
37. x7+9=0 38. x? + 3 = 2x generating a profit? 
(c) For what range of values of x is the company’s profit 
39. 16x* = 625 40. 2x° — 243 = 0 greater than $15,000? 
_5)4_ 99 - 5 
sn ae) Mg se a ©. 73. How Far Can You See? |f you stand onaship in acalm 
sea, then your height x (in feet) above sea level is related to the 
43-50 m Solve the equation graphically in the given interval. farthest distance y (in miles) that you can see by the equation 
State each answer rounded to two decimals. x 
43. x2—7x4+12=0; [0,6] rans (sis) 
44, x? — 0.75x + 0.125 = 0; [-2, 2] (a) Graph the equation for 0 = x = 100. 
45, x2 — 6x2 + 11x -6=0; [-1,4] (b) How high up do you have to be to be able to see 10 mi? 


46. 16x? + 16x? =x+1; [-2,2] 
47.x—Vx+1=0; [-1,5] 
4814+ VK=V14+x% [-1,5] 
49. x3 x =0; [-3,3] 

50. x42 + x43 -x=0; [-1,5] 
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DISCOVERY = DISCUSSION = WRITING ea (b) y = vx 
74. Misleading Graphs Write a short essay describing dif- SB Retverer | (d) y=x? + Vx +2 


ferent ways in which a graphing calculator might give a mis- 


leading graph of an equation. 77. Enter Equations Carefully A student wishes to graph 


the equations 
75. Algebraic and Graphical Solution Methods Write 


a short essay comparing the algebraic and graphical methods y=xi8 and y= 
for solving equations. M ake up your own examples to illus- vo 
trate the advantages and disadvantages of each method. on the same screen, so he enters the following information into 
‘ . < his calculator: 
76. Equation Notation on Graphing Calculators 
When you enter the following equations into your calculator, Y, = X41/3 Y2 = X/X+4 
how does what you see on the screen differ from the usual The calculator graphs two lines instead of the equations he 


way of writing the equations? (Check your user’s manual if wanted. W hat went wrong? 
you're not sure.) 


2.4 LINES 


The Slope of a Line B® Point-Slope Form of the Equation of a Line ® Slope- 
Intercept Form of the Equation of a Line ® Vertical and Horizontal Lines 

> General Equation of a Line ® Parallel and Perpendicular Lines > 
Modeling with Linear Equations: Slope as Rate of Change 


In this section we find equations for straight lines lying in a coordinate plane. The equa- 
tions will depend on how the line is inclined, so we begin by discussing the concept of 
slope. 


V The Slope of a Line 


We first need a way to measure the “steepness” of a line, or how quickly it rises 
(or falls) as we move from left to right. We define run to be the distance we move to the 
right and rise to be the corresponding distance that the line rises (or falls). The slope of a 
line is the ratio of rise to run: 


Figure 1 shows situations in which slope is important. Carpenters use the term pitch for 
the slope of a roof or a staircase; the term grade is used for the slope of a road. 


Slope of aramp Pitch of a roof Grade of a road 


8 


Slope = + Slope = $ Slope = 755 


FIGURE 1 
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If aline lies in a coordinate plane, then the run is the change in the x-coordinate and 
the rise is the corresponding change in the y-coordinate between any two points on the 
line (see Figure 2). This gives us the following definition of slope. 


Rise: Rise: 
change in change in 
y-coordinate y-coordinate 
(positive) (negative) 

> > 

xX x 


FIGURE 2 


SLOPE OF A LINE 
The slope m of a nonvertical line that passes through the points A(x;, y,) and 
B(X2, Y2) is 

ese Varma 


run X.— X 


The slope of a vertical line is not defined. 


The slope is independent of which two points are chosen on the line. We can see that 
this is true from the similar triangles in Figure 3: 
Yo2—-V¥1_ Ya - V1 
X2— X_ Xp — XY 


yA 


B(x, y2) 


yo — y, (rise) 


xX) — x, (run) — 


FIGURE 3 


Figure 4 shows several lines labeled with their slopes. Notice that lines with positive 
slope slant upward to the right, whereas lines with negative slope slant downward to the 
right. The steepest lines are those for which the absolute value of the slope is the largest; 


a horizontal line has slope zero. 


FIGURE 5 


FIGURE 6 
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ee 


m=—-2 m=-—l 


FIGURE 4 Lines with various slopes 


EXAMPLE 1 | Finding the Slope of a Line Through Two Points 
Find the slope of the line that passes through the points P(2, 1) and Q(8, 5). 


SOLUTION Since any two different points determine a line, only one line passes 
through these two points. From the definition the slope is 


Ya-¥r 5-1 4 2 


X2 — Xy 8-2 6 3 


This says that for every 3 units we move to the right, the line rises 2 units. The line is 
drawn in Figure 5. 


m= 
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V Point-Slope Form of the Equation of a Line 


Now let’s find the equation of the line that passes through a given point P (xj, y,) and has 
slope m. A point P(x, y) with x # x, lies on this line if and only if the slope of the line 
through P, and P is equal to m (see Figure 6), that is, 

YY. _ 


X—X 


This equation can be rewritten in the form y — y; = m(x — x;,); note that the equation is 
also satisfied when x = x, and y = yj. Therefore it is an equation of the given line. 


POINT-SLOPE FORM OF THE EQUATION OF A LINE 


An equation of the line that passes through the point (x;, y,) and has slope m is 


y= yi — mx = x) 


EXAMPLE 2 | Finding the Equation of a Line with Given Point 
and Slope 

(a) Find an equation of the line through (1, —3) with slope —5. 

(b) Sketch the line. 
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ya SOLUTION 


(a) Using the point-slope form with m = —3, x; = 1, andy, = —3, we obtain an 
equation of the line as 


y +3 = —-3(x-1) — Slopem = —3, point (1, —3) 


2y+6=-x+1 Multiply by 2 


x+2y+5=0 Rearrange 


(b) The fact that the slope is —} tells us that when we move to the right 2 units, the 
line drops 1 unit. This enables us to sketch the line in Figure 7. 


FIGURE 7 
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EXAMPLE 3 | Finding the Equation of a Line Through 
Two Given Points 
Find an equation of the line through the points (—1, 2) and (3, —4). 
We can use either point, (—1, 2) or SOLUTION Theslope of the line is 
(3, —4), in the point-slope equation. 3 
We will end up with the same final m= ae ee 
answer. 3 —(-1) 4 2 


Using the point-slope form with x; = —1 and y, = 2, we obtain 
y —-2=-*(x +1) Slope m = —3, point (—1, 2) 
2y —4= -3x — 3 Multiply by 2 
3x + 2y-—1=0 Rearrange 
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V Slope-Intercept Form of the Equation of a Line 


Suppose a nonvertical line has slope m and y-intercept b (see Figure 8). This means that 
the line intersects the y-axis at the point (0, b), so the point-slope form of the equation of 
the line, with x = 0 and y = b, becomes 

y—b=m(x — 0) 


This simplifies to y = mx + b, which is called the slope-intercept form of the equation 
of a line. 


FIGURE 8 


SLOPE-INTERCEPT FORM OF THE EQUATION OF A LINE 


An equation of the line that has slope m and y-intercept b is 


y=mx+b 


EXAMPLE 4 | Lines in Slope-Intercept Form 


(a) Find the equation of the line with slope 3 and y-intercept —2. 
(b) Find the slope and y-intercept of the line 3y — 2x =1. 


Slope y-intercept 


aa i 
yrsXt3 


FIGURE 9 


FIGURE 10 
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SOLUTION 
(a) Since m = 3 and b = —2, from the slope-intercept form of the equation of a line 
we get 
y= 3x-2 
(b) We first write the equation in the form y = mx + b: 
3y — 2x =1 
By =2x+1 = Add2x 
y=3x+ 4 Divideby3 
From the slope-intercept form of the equation of a line, we see that the slope is 
m = and the y-intercept is b = 3. 
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V Vertical and Horizontal Lines 


If a line is horizontal, its slope is m = 0, so its equation is y = b, where b is the 
y-intercept (see Figure 9).A vertical line does not have a slope, but we can write its equa- 
tion as xX = a, where a is the x-intercept, because the x-coordinate of every point on the 
line isa. 


VERTICAL AND HORIZONTAL LINES 


An equation of the vertical line through (a, b) is x = a. 
An equation of the horizontal line through (a, b) is y = b. 


EXAMPLE 5 | Vertical and Horizontal Lines 


(a) An equation for the vertical line through (3, 5) is x = 3. 

(b) The graph of the equation x = 3 is a vertical line with x-intercept 3. 

(c) An equation for the horizontal line through (8, —2) isy = —2. 

(d) The graph of the equation y = —2 is a horizontal line with y-intercept —2. 


The lines are graphed in Figure 10. 
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V General Equation of a Line 
A linear equation is an equation of the form 
Ax +By+C =0 


where A, B, and C are constants and A and B are not both 0. The equation of alineis a 
linear equation: 


» A nonvertical line has the equation y = mx + b or —mx + y — b = 0, whichisa 
linear equation with A = —m,B = 1, andC = —b. 


« A vertical line has the equation x = a or x — a = 0, whichis a linear equation 
with A = 1,B =0, andC = —a. 
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Conversely, the graph of a linear equation is a line: 
» If B # 0, the equation becomes 


A C - 
y= BX B Divide by B 


and this is the slope-intercept form of the equation of a line (with m = —A/B and 
b = -C/B). 
» If B = 0, the equation becomes 
Ax+C =0 Set B =0 
or x = —C/A, which represents a vertical line. 
We have proved the following: 


GENERAL EQUATION OF A LINE 
The graph of every linear equation 
Ax+By+C =0 (A, B not both zero) 


is a line. Conversely, every line is the graph of a linear equation. 


EXAMPLE 6 | Graphing a Linear Equation 
Sketch the graph of the equation 2x — 3y — 12 = 0. 


SOLUTION 1 Since the equation is linear, its graph is a line. To draw the graph, it is 
enough to find any two points on the line. The intercepts are the easiest points to find. 


x-intercept: Substitute y = 0, to get2x — 12 = 0,sox =6 


y-intercept: Substitute x = 0, to get -3y - 12 = 0,soy = —4 
With these points we can sketch the graph in Figure 11. 
SOLUTION 2 Wewrite the equation in slope-intercept form: 
2x — 3y —12=0 
2x — 3y = 12 Add 12 
—3y = -2x+12 Subtract 2x 


y=3x-4 Divide by -3 


This equation is in the form y = mx + b, so the slope is m = 3 and the y-intercept is 
b = —4. To sketch the graph, we plot the y-intercept and then move 3 units to the right 
and 2 units up as shown in Figure 12. 
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FIGURE 12 


V Parallel and Perpendicular Lines 


Since slope measures the steepness of a line, it seems reasonable that parallel lines should 
have the same slope. In fact, we can prove this. 


PARALLEL LINES 


Two nonvertical lines are parallel if and only if they have the same slope. 


FIGURE 13 


FIGURE 14 


SECTION 2.4 | Lines 155 


PROOF Let the lines |, and I, in Figure 13 have slopes m, and m,. If the lines 
are parallel, then the right triangles ABC and DEF are similar, so 
d(B,C) d(E,F) 
mM, = = =m 
* d(A,C) d(D,F) 
Conversely, if the slopes are equal, then the triangles will be similar, so 2BAC =ZEDF 
and the lines are parallel. | 


EXAMPLE 7 | Finding the Equation of a Line Parallel 
to a Given Line 


Find an equation of the line through the point (5, 2) that is parallel to the line 
4x+ 6y+5=0. 


SOLUTION First we write the equation of the given line in slope-intercept form. 
4x+ 6y+5=0 
6y = —4x —5 Subtract 4x +5 
y=-3x-2  Divideby6 


So the line has slope m = —§. Since the required line is parallel to the given line, it 
also has slope m = —4. From the point-slope form of the equation of a line, we get 


y —2 = -%x — 5) Slope m = —3, point (5, 2) 
3y -6= —-2x+ 10 Multiply by 3 
2x + 3y —-16=0 Rearrange 


Thus the equation of the required line is 2x + 3y — 16 = 0. 
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The condition for perpendicular lines is not as obvious as that for parallel lines. 


PERPENDICULAR LINES 


Two lines with slopes m, and m, are perpendicular if and only if mym, = —1, 
that is, their slopes are negative reciprocals: 
1 


m, = —— 
2 m, 


Also, a horizontal line (slope 0) is perpendicular to a vertical line (no slope). 


PROOF In Figure 14 we show two lines intersecting at the origin. (If the lines intersect 
at some other point, we consider lines parallel to these that intersect at the origin. These 
lines have the same slopes as the original lines.) 

If the lines |, and |, have slopes m, and m,, then their equations are y = m,x and 
y = mx. Notice that A(1, m,) lies onl, and B(1, m2) lies on |,. By the Pythagorean T he- 
orem and its converse (See page 261), OA 1 OB if and only if 


[d(0, A)]° + [d(0, B)}* = [d(A, B) 
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FIGURE 15 


By the Distance Formula this becomes 
(1? + mz) + (1? + m3) = (1 — 1)? + (m, — m,)? 
2+ mi + m3 = m3 — 2mym, + mi 
2 = —2m,m, 


mM, = -1 |_| 


EXAMPLE 8 | Perpendicular Lines 
Show that the points P (3, 3), Q(8, 17), and R(11, 5) are the vertices of a right triangle. 
SOLUTION Theslopes of the lines containing PR and QR are, respectively, 

5-3 1 5-17 
“tee 4 OY Mpeg 


Since m,;m, = —1, these lines are perpendicular, so PQR is a right triangle. It is sketched 
in Figure 15. 


—4 


mM, 
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EXAMPLE 9 | Finding an Equation of a Line Perpendicular 
to a Given Line 


Find an equation of the line that is perpendicular to the line 4x + 6y + 5 = 0 and passes 
through the origin. 


SOLUTION In Example 7 we found that the slope of the line 4x + 6y + 5 = 0 is 
— 4. Thus the slope of a perpendicular line is the negative reciprocal, that is, 3. Since the 
required line passes through (0, 0), the point-slope form gives 


y—0= 3x -0) 
y=3 
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X 


NI 


EXAMPLE 10 | Graphing a Family of Lines 
Use a graphing calculator to graph the family of lines 

y = 0.5x + b 
for b = —2, —1, 0, 1, 2. What property do the lines share? 


SOLUTION The lines are graphed in Figure 16 in the viewing rectangle [ —6, 6] by 
[—6, 6]. The lines all have the same slope, so they are parallel. 


FIGURE 16 y=0.5x+b 
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National Portrait Gallery 


ie | 


ALAN TURING (1912-1954) was at the 
center of two pivotal events of the 20th 
century: World War Il and the invention 
of computers. At the age of 23 Turing 
made his mark on mathematics by solv- 
ing an important problem in the founda- 
tions of mathematics that had been 
posed by David Hilbert at the 1928 Inter- 
national Congress of Mathematicians 
(see page 721).In this research he in- 
vented a theoretical machine, now 
called a Turing machine, which was the 
inspiration for modern digital comput- 
ers. During World War II Turing was in 
charge of the British effort to decipher 
secret German codes. His complete suc- 
cess in this endeavor played a decisive 
role in the Allies’ victory.To carry out the 
numerous logical steps that are required 
to break a coded message, Turing devel- 
oped decision procedures similar to 
modern computer programs. After the 
war he helped to develop the first elec- 
tronic computers in Britain. He also did 
pioneering work on artificial intelligence 
and computer models of biological 
processes. At the age of 42 Turing died of 
poisoning after eating an apple that had 
mysteriously been laced with cyanide. 


FIGURE 18 
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V Modeling with Linear Equations: Slope as Rate of Change 


When a line is used to model the relationship between two quantities, the slope of the line 
is the rate of change of one quantity with respect to the other. For example, the graph in 
Figure 17(a) gives the amount of gas in a tank that is being filled. The slope between the 


indicated points is 
6 gallons 
~ 3minutes — 7 98/!n 


The slope is the rate at which the tank is being filled, 2 gallons per minute. In Figure 17(b) 
the tank is being drained at the rate of 0.03 gallon per minute, and the slope is —0.03. 


yA ya 
_ 18 _ 18 
rol rol 

15 15 
: : —3 gal 
8 12 8 12 = 
5 9 5 9 100 min 
5 56 
3 3 S$ 3 

> > 
123456789 % 0) 20 100 200 x 
Time (min) Time (min) 
(a) Tank filled at 2 gal/min (b) Tank drained at 0.03 gal/min 
Slope of line is 2 Slope of line is —0.03 

FIGURE 17 


The next two examples give other situations in which the slope of a line is a rate of 
change. 


EXAMPLE 11 | Slope as Rate of Change 


A dam is built on a river to create a reservoir. The water level w in the reservoir is given 
by the equation 


w = 4.5t + 28 


where t is the number of years since the dam was constructed and w is measured in 
feet. 

(a) Sketch a graph of this equation. 

(b) What do the slope and w-intercept of this graph represent? 


SOLUTION 
(a) This equation is linear, so its graph is a line. Since two points determine a line, we 
plot two points that lie on the graph and draw a line through them. 
When t = 0, then w = 4.5(0) + 28 = 28, so (0, 28) is on the line. 
When t = 2, then w = 4.5(2) + 28 = 37, so (2, 37) is on the line. 
The line that is determined by these points is shown in Figure 18. 


(b) The slope is m = 4.5; it represents the rate of change of water level with respect 
to time. This means that the water level increases 4.5 ft per year. The w-intercept 
is 28 and occurs when t = 0, so it represents the water level when the dam was 
constructed. 
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FIGURE 19 


sy 


EXAMPLE 12 | Linear Relationship Between Temperature 
and Elevation 
(a) As dry air moves upward, it expands and cools. If the ground temperature is 20°C 
and the temperature at a height of 1 km is 10°C, express the temperature T (in °C) 


in terms of the height h (in kilometers). (Assume that the relationship between T 
and h is linear.) 


(b) Draw the graph of the linear equation. What does its slope represent? 
(c) What is the temperature at a height of 2.5 km? 


SOLUTION 


(a) Because we are assuming a linear relationship between T and h, the equation must 
be of the form 


T=mh+b 
where m and b are constants. When h = 0, we are given that T = 20, so 
20 = m(0) + b 
b = 20 
Thus we have 
T=mh + 20 
When h = 1, we haveT = 10, so 
10 = m(1) + 20 
m= 10 — 20 = —10 
The required expression is 
T = —10h + 20 


(b) The graph is sketched in Figure 19. The slope is m = —10°C/km, and this repre- 
sents the rate of change of temperature with respect to distance above the ground. 
So the temperature decreases 10°C per kilometer of height. 


(c) Ata height of h = 2.5 km the temperature is 
T = —10(2.5) + 20 = —25 + 20 = —5°C 
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MATHEMATICS IN THE MODERN WORLD 


Changing Words, Sound, and Pictures 


into Numbers 


corresponding to the different frequencies of the original sound. 
(A branch of mathematics called Fourier analysis is used here.) 


Pictures, sound, and text are routinely transmitted from one place to The intensity of each component is a number, and the original 

another via the Internet, fax machines, or modems. How can such sound can be reconstructed from these numbers. For example, 

things be transmitted through telephone wires? The key to doing this music is stored on a CD as a sequence of bits; it may look like 

is to change them into numbers or bits (the digits 0 or 1). It’s easy to 101010001010010100101010 1000001011110101000101011.... 

see how to change text to numbers. For example, we could use the (One second of music requires 1.5 million bits!) The CD player recon- 

correspondence A = 00000001, B = 00000010, C = 00000011, structs the music from the numbers on the CD. 

D = 00000100, E = 00000101, and so on. The word “BED” then be- Changing pictures into numbers involves expressing the color and 

comes 000000100000010100000100. By reading the digits in groups brightness of each dot (or pixel) into a number. This is done very 

of eight, it is possible to translate this number back to the word “BED.” efficiently by using a branch of mathematics called wavelet theory. The 
Changing sound to bits is more complicated. A sound wave FBI uses wavelets as a compact way to store the millions of fingerprints 

can be graphed on an oscilloscope or a computer. The graph is they need on file. 


then broken down mathematically into simpler components 


2.4 EXERCISES 


SECTION 2.4 | Lines 


CONCEPTS 
1. We find the “steepness,” or slope, of aline passing through two 
points by dividing the difference in the -coordinates of 


these points by the difference in the -coordinates. So 
the line passing through the points (0, 1) and (2, 5) has slope 


2. A line has the equation y = 3x + 2. 
(a) This line has slope 
(b) Any line parallel to this line has slope 
(c) Any line perpendicular to this line has slope 
3. The point-slope form of the equation of the line with slope 
3 passing through the point (1, 2)is___——S 
4. (a) The slope of a horizontal line is . The equation 
of the horizontal line passing through (2, 3) is 
(b) The slope of a vertical lineis____——. The equation of 


the vertical line passing through (2, 3) is 


SKILLS 
5-12 m Find the slope of the line through P and Q. 
aa 0), Q(4, 2) 6. P(0,0),Q(2, —6) 
P (2,2), Q(—10, 0) 8 P(1,2), Q(3, 3) 
(2,4), Q(4, 3) 10. P(2, —5), Q(—4,3) 
11, P(1, —3),.0{—-1,6) 12. P(—1, —4), Q(6,0) 


13. Find the slopes of the lines |,, |, 13, and I, in the figure 
below. 


14. (a) Sketch lines through (0, 0) with slopes 1, 0, 5, 2, 
and —1. 
(b) Sketch lines through (0, 0) with slopes 3, 3, —3, and 3. 


15-18 m Find an equation for the line whose graph is sketched. 


15. oh 16. r 
3 
1 
“Ele a3 Y 

> 
2 x 

17. ip 
0.17 3 x x 


19-38 m Find an equation of the line that satisfies the given 
conditions. 


«19. Through (2,3); slope5 

20. Through (—2,4); slope —-1 
21. Through (1,7); slope § 

22. Through (—3, —5); slope —3 
«23. Through (2, 1) and (1, 6) 

24. Through (—1, —2) and (4, 3) 


~ 25. Slope 3; y-intercept — 


26. Slope?; y-intercept 4 
27. x-intercept 1; y-intercept —3 
28. x-intercept —8; y-intercept 6 


«29. Through (4,5); parallel to the x-axis 


30. Through (4,5); parallel to the y-axis 


«31. Through (1, —6); parallel to the line x + 2y = 6 


32. y-intercept 6; parallel to the line 2x + 3y +4=0 


«33. Through (—1,2); parallel to the line x = 5 


34, Through (2,6); perpendicular to the line y = 1 


~35. Through (—1, —2); perpendicular to the line 


2x + 5y+8=0 
36. Through (3, —3); perpendicular to the line 4x — 8y = 1 


37. Through (1,7); parallel to the line passing through (2, 5) 
and (—2,1) 


38. Through (—2, —11); perpendicular to the line passing 
through (1,1) and (5, —1) 
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39. (a) Sketch the line with slope 3 that passes through the point 
(—2,1). 
(b) Find an equation for this line. 
40. (a) Sketch the line with slope —2 that passes through the 
point (4, —1). 
(b) Find an equation for this line. 


41-44 m Use a graphing device to graph the given family of lines 


~ in the same viewing rectangle. W hat do the lines have in common? 
®.41, y = -2x+b forb = 0, +1, +3, +6 


42. y=mx-—3 form=0, £0.25, 0.75, 1.5 
43. y= m(x — 3) form =0, £0.25, £0.75, +15 
44, y=2+m(x+3) form=0, +0.5, +1, +2, +6 


45-56 m Find the slope and y-intercept of the line, and draw 
its graph. 


45.x+y=3 46. 3x — 2y = 12 
~47, x + 3y =0 48. 2x — 5y =0 

49, 3x —4y+1=0 50. —3x — 5y + 30=0 
51. y =4 52. xX = —5 

~ 53. 3x — 4y = 12 54. d4y+8=0 

55. 3x + dy -—1=0 56. 4x + 5y = 10 


. 57. Use slopes to show that A(1, 1), B(7, 4), C(5, 10), and 
D(-—1, 7) are vertices of a parallelogram. 


58. Use slopes to show that A(—3, —1), B(3, 3), and C(—9, 8) 
are vertices of a right triangle. 


59. Use slopes to show that A(1, 1), B(11, 3), C(10, 8), and 
D(0, 6) are vertices of a rectangle. 


60. Use slopes to determine whether the given points are collinear 
(lie on a line). 
(a) (1,1), (3, 9), (6, 21) 
(b) (1, 3), (1,7), (4, 15) 


61. Find an equation of the perpendicular bisector of the line 
segment joining the points A(1, 4) and B(7, —2). 


62. Find the area of the triangle formed by the coordinate axes and 
the line 
2y + 3x -6=0 
63. (a) Show that if the x- and y-intercepts of a line are nonzero 


numbers a and b, then the equation of the line can be 
written in the form 


x y 
“4+i=] 
a b 
This is called the two-intercept form of the equation of 


a line. 
(b) Use part (a) to find an equation of the line whose 
x-intercept is 6 and whose y-intercept is —8. 


64. (a) Find an equation for the line tangent to the circle 
x? + y? = 25 at the point (3, —4). (See the figure.) 


(b) At what other point on the circle will a tangent line be 
parallel to the tangent line in part (a)? 


yA 


ny 


(3, —4) 


APPLICATIONS 


65. Grade of aRoad_ West of Albuquerque, New Mexico, 
Route 40 eastbound is straight and makes a steep descent to- 
ward the city. The highway has a 6% grade, which means that 
its slope is — 765. Driving on this road, you notice from eleva- 
tion signs that you have descended a distance of 1000 ft. What 


is the change in your horizontal distance? 


6% grade 


66. Global Warming Some scientists believe that the average 
surface temperature of the world has been rising steadily. The 
average surface temperature can be modeled by 


T = 0.02t + 15.0 


where T is temperature in °C and t is years since 1950. 

(a) What do the slope and T-intercept represent? 

(b) Use the equation to predict the average global surface 
temperature in 2050. 


67. Drug Dosages _|f the recommended adult dosage for a 
drug is D (in mg), then to determine the appropriate dosage c 
for a child of age a, pharmacists use the equation 


c = 0.0417D(a + 1) 


Suppose the dosage for an adult is 200 mg. 
(a) Find the slope. What does it represent? 
(b) What is the dosage for a newborn? 


68. Flea Market The manager of a weekend flea market 
knows from past experience that if she charges x dollars for a 
rental space at the flea market, then the number y of spaces she 
can rent is given by the equation y = 200 — 4x. 

(a) Sketch a graph of this linear equation. (Remember that 
the rental charge per space and the number of spaces 
rented must both be nonnegative quantities.) 

(b) What do the slope, the y-intercept, and the x-intercept of 
the graph represent? 


©. 69, 


70. 


71, 


72. 


®. 73. 


Production Cost A small-appliance manufacturer finds 
that if he produces x toaster ovens in a month, his production 
cost is given by the equation 


y = 6x + 3000 


(where y is measured in dollars). 
(a) Sketch a graph of this linear equation. 
(b) What do the slope and y-intercept of the graph represent? 


Temperature Scales The relationship between the 

Fahrenheit (F ) and Celsius (C ) temperature scales is given 

by the equation F = $C + 32. 

(a) Complete the table to compare the two scales at the given 
values. 

(b) Find the temperature at which the scales agree. 
[Hint: Suppose that a is the temperature at which the 
scales agree. Set F = a andC =a. Then solve for a.] 


Cc F 

90 
—20° 
—10° 
(0° 

50° 

68° 

86° 


Crickets and Temperature Biologists have observed 

that the chirping rate of crickets of a certain species is related 

to temperature, and the relationship appears to be very nearly 

linear. A cricket produces 120 chirps per minute at 70°F and 

168 chirps per minute at 80°F. 

(a) Find the linear equation that relates the temperature t and 
the number of chirps per minute n. 

(b) If the crickets are chirping at 150 chirps per minute, 
estimate the temperature. 


Depreciation A small business buys a computer for 

$4000. After 4 years the value of the computer is expected to 

be $200. For accounting purposes the business uses linear de- 

preciation to assess the value of the computer at a given time. 

This means that if V is the value of the computer at time t, 

then a linear equation is used to relate V and t. 

(a) Find a linear equation that relates V and t. 

(b) Sketch a graph of this linear equation. 

(c) What do the slope and V-intercept of the graph 
represent? 

(d) Find the depreciated value of the computer 3 years from 
the date of purchase. 


Pressure and Depth At the surface of the ocean the wa- 


ter pressure is the same as the air pressure above the water, 

15 Ib/in?. Below the surface the water pressure increases by 

4,34 Ib/in for every 10 ft of descent. 

(a) Find an equation for the relationship between pressure 
and depth below the ocean surface. 

(b) Sketch a graph of this linear equation. 

(c) What do the slope and y-intercept of the graph represent? 

(d) At what depth is the pressure 100 Ib/in?? 


74, 


75. 


76. 
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pth 


2 
3 
n 
a 


ini 


_ Water pressure i 


Distance, Speed, and Time __J ason and Debbie leave 
Detroit at 2:00 p.m. and drive at a constant speed, traveling west 
on I-90. They pass Ann Arbor, 40 mi from Detroit, at 2:50 p.m. 
(a) Express the distance traveled in terms of the time elapsed. 
(b) Draw the graph of the equation in part (a). 

(c) What is the slope of this line? W hat does it represent? 


Cost of Driving The monthly cost of driving a car depends 

on the number of miles driven. Lynn found that in M ay her driv- 

ing cost was $380 for 480 mi and in J une her cost was $460 for 

800 mi. Assume that there is a linear relationship between the 

monthly cost C of driving a car and the distance driven d. 

(a) Find a linear equation that relates C and d. 

(b) Use part (a) to predict the cost of driving 1500 mi per month. 

(c) Draw the graph of the linear equation. What does the 
slope of the line represent? 

(d) What does the y-intercept of the graph represent? 

(e) Why is alinear relationship a suitable model for this 
situation? 


Manufacturing Cost The manager of a furniture factory 
finds that it costs $2200 to manufacture 100 chairs in one day 
and $4800 to produce 300 chairs in one day. 

(a) Assuming that the relationship between cost and the 
number of chairs produced is linear, find an equation that 
expresses this relationship. Then graph the equation. 

(b) What is the slope of the line in part (a), and what does it 
represent? 

(c) What is the y-intercept of this line, and what does it 
represent? 


DISCOVERY = DISCUSSION = WRITING 


77. 


78. 


What Does the Slope Mean? Suppose that the graph 
of the outdoor temperature over a certain period of timeis a 
line. How is the weather changing if the slope of the line is 
positive? If itis negative? If it is zero? 


Collinear Points Suppose you are given the coordinates 
of three points in the plane and you want to see whether they lie 
on the same line. How can you do this using slopes? Using the 
Distance Formula? Can you think of another method? 
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2.5 MAKING MopELs USING VARIATIONS 


| Direct Variation Inverse Variation ® Joint Variation 


Mathematical models are discussedin | When scientists talk about a mathematical model for a real-world phenomenon, they of- 

more detail in Focus on Modeling, ten mean an equation that describes the relationship between two quantities. F or instance, 

which begins on page 171. the model might describe how the population of an animal species varies with time or how 
the pressure of a gas varies as its temperature changes. In this section we study a kind of 
modeling called variation. 


V Direct Variation 


Two types of mathematical models occur so often that they are given special names. The 
first is called direct variation and occurs when one quantity is a constant multiple of the 
other, so we use an equation of the form y = kx to model this dependence. 


ya 
DIRECT VARIATION 
k4 ee If the quantities x and y are related by an equation 
y = kx 
for some constant k # 0, we say that y varies directly as x, or y is directly pro- 
portional to x, or simply y is proportional to x. The constant k is called the con- 
0 ; 2 stant of proportionality. 
FIGURE 1 


Recall that the graph of an equation of the form y = mx + bis aline with slope m and 
y-intercept b. So the graph of an equation y = kx that describes direct variation is a line 
with slope k and y-intercept 0 (see Figure 1). 


EXAMPLE 1 | Direct Variation 


During a thunderstorm you see the lightning before you hear the thunder because light 
travels much faster than sound. The distance between you and the storm varies directly as 
the time interval between the lightning and the thunder. 


(a) Suppose that the thunder from a storm 5400 ft away takes 5 s to reach you. 
Determine the constant of proportionality, and write the equation for the variation. 


(b) Sketch the graph of this equation. What does the constant of proportionality represent? 

(c) If the time interval between the lightning and thunder is now 8 s, how far away is 
the storm? 

SOLUTION 


(a) Letd be the distance from you to the storm, and let t be the length of the time inter- 
val. We are given that d varies directly as t, so 


d = kt 


where k is a constant. To find k, we use the fact that t = 5 when d = 5400. 
Substituting these values in the equation, we get 


5400 = k(5) Substitute 

k= as = 1080 Solve for k 

Substituting this value of k in the equation for d, we obtain 
d = 1080t 


as the equation for d as a function of t. 
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dh (b) The graph of the equation d = 1080t is a line through the origin with slope 1080 
and is shown in Figure 2. The constant k = 1080 is the approximate speed of sound 
6000 + (in ft/s). 
4000 d = 1080t (c) When t = 8, we have 
wane. d = 1080-8 = 8640 
So the storm is 8640 ft ~ 1.6 mi away. 
0 -=t—t > 
a oe ©. NOW TRY EXERCISES 17 AND 29 = 
FIGURE 2 
V Inverse Variation 
Another equation that is frequently used in mathematical modeling is y = k/x, where k is 
a constant. 
: INVERSE VARIATION 
y 
If the quantities x and y are related by the equation 
for some constant k # 0, we say that y is inversely proportional to x or y varies 
inversely as x. The constant k is called the constant of proportionality. 
0 
FIGURE 3 Inverse variation The graph of y = k/x for x > 0 is shown in Figure 3 for the case k > 0. It gives a 


picture of what happens when y is inversely proportional to x. 


EXAMPLE 2 | Inverse Variation 
Boyle’s Law states that when a sample of gas is compressed at a constant temperature, the 
pressure of the gas is inversely proportional to the volume of the gas. 


(a) Suppose the pressure of a sample of air that occupies 0.106 m? at 25°C is 50 kPa. 
Find the constant of proportionality, and write the equation that expresses the in- 
verse proportionality. 


(b) If the sample expands to a volume of 0.3 m°, find the new pressure. 


SOLUTION 


(a) Let P be the pressure of the sample of gas, and let V be its volume. Then, by the 
definition of inverse proportionality we have 


where k is a constant. To find k, we use the fact that P = 50 when V = 0.106. 
Substituting these values in the equation, we get 


k 
°= 0106 
k = (50)(0.106) = 5.3 Solve for k 
Putting this value of k in the equation for P, we have 


_53 
V 


Substitute 


P 
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(b) When V = 0.3, we have 


5.3 
P =—_= 17,7 
0.3 
So the new pressure is about 17.7 kPa. 
©. NOW TRY EXERCISES 19 AND 35 | 


V Joint Variation 


A physical quantity often depends on more than one other quantity. If one quantity is pro- 
portional to two or more other quantities, we call this relationship joint variation. 


JOINT VARIATION 
If the quantities x, y, and z are related by the equation 


z= kxy 


where k is a nonzero constant, we say that z varies jointly as x and y or z is 
jointly proportional to x and y. 


In the sciences, relationships between three or more variables are common, and any 
combination of the different types of proportionality that we have discussed is possible. 
For example, if 


eee 
y 


we say that z is proportional to x and inversely proportional to y. 


EXAMPLE 3 | Newton's Law of Gravity 


Newton's Law of Gravity says that two objects with masses m, and m, attract each other 
with a force F that is jointly proportional to their masses and inversely proportional to the 
square of the distance r between the objects. Express Newton’s Law of Gravity as an 
equation. 


SOLUTION Using the definitions of joint and inverse variation and the traditional no- 
tation G for the gravitational constant of proportionality, we have 


mim, 
r2 


F=G 


©. NOW TRY EXERCISES 21 AND 41 a 


If m, and m, are fixed masses, then the gravitational force between them is F = C/r? 
(where C = Gm,m, is a constant). Figure 4 shows the graph of this equation for r > 0 
with C = 1. Observe how the gravitational attraction decreases with increasing distance. 


135 


1 
FIGURE 4 Graph of F _s! 0 i) 
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CONCEPTS 


1 


If the quantities x and y are related by the equation y = 3x, 
to x and the 


then we say that y is 


constant of is 3. 


. If the quantities x and y are related by the equation y = 2 then 


we say that y is to x and the constant of 


is 3. 


. If the quantities x, y, and z are related by the equation z = 3 


then we say that z is to x and 


to y. 


. If zis jointly proportional to x and y and if z is 10 when x 


is 4 and y is 5, then x, y, and z are related by the equation 


Z= 


SKILLS 


5-16 = Write an equation that expresses the statement. 


13 


14, 


15 
16 


. T varies directly as x. 

. P is directly proportional to w. 

. vis inversely proportional to z. 

. wis jointly proportional to m and n. 

. y is proportional to s and inversely proportional to t. 

. P varies inversely as T. 

. z 1S proportional to the square root of y. 

. A is proportional to the square of t and inversely proportional 


to the cube of x. 

V is jointly proportional to |, w, and h. 

S is jointly proportional to the squares of r and 0. 

R is proportional to i and inversely proportional to P and t. 
A is jointly proportional to the square roots of x and y. 


17-28 m Express the statement as an equation. Use the given in- 
formation to find the constant of proportionality. 


*.17, 
. z varies inversely as t. If t = 3, then z = 5. 


24, 


25. 


y is directly proportional to x. If x = 6, then y = 42. 


. R is inversely proportional to s. If s = 4, then R = 3. 
. P is directly proportional to T. If T = 300, then P = 20. 
. M varies directly as x and inversely as y. If x = 2 andy = 6, 


thenM =5. 


. S varies jointly as p and q. If p = 4 andq = 5, then S = 180. 
. W is inversely proportional to the square of r. If r = 6, then 


W = 10. 

tis jointly proportional to x and y and inversely proportional 
tor. lf x = 2, y = 3, andr = 12, thent = 25. 

C is jointly proportional to |, w, andh. If | = w = h = 2, then 
C = 128. 


26. 


27. 


28. 


H is jointly proportional to the squares of | and w. If | = 2 and 
w = 3, thenH = 36. 

s is inversely proportional to the square root of t. If s = 100, 
then t = 25. 


M is jointly proportional to a, b, and c and inversely propor- 
tional to d. If a and d have the same value and if b and c are 
both 2, then M = 128. 


APPLICATIONS 


©.29, 


30. 


31. 


Hooke’s Law Hooke’s L aw states that the force needed to 
keep a spring stretched x units beyond its natural length is 
directly proportional to x. Here the constant of proportionality 
is called the spring constant. 

(a) Write Hooke’s L aw as an equation. 

(b) If a spring has a natural length of 10 cm and a force of 
40 N is required to maintain the spring stretched to a 
length of 15 cm, find the spring constant. 

(c) What force is needed to keep the spring stretched to a 
length of 14 cm? 


Law of the Pendulum The period of a pendulum (the 

time elapsed during one complete swing of the pendulum) varies 

directly with the square root of the length of the pendulum. 

(a) Express this relationship by writing an equation. 

(b) To double the period, how would we have to change the 
length |? 


Printing Costs The cost C of printing a magazine is 

jointly proportional to the number of pages p in the magazine 

and the number of magazines printed m. 

(a) Write an equation that expresses this joint variation. 

(b) Find the constant of proportionality if the printing cost is 
$60,000 for 4000 copies of a 120-page magazine. 

(c) How much would the printing cost be for 5000 copies of 
a 92-page magazine? 
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32. 


33. 


~ 35. 


36. 


37. 


Boyle’s Law _ The pressure P of a sample of gas is directly 
proportional to the temperature T and inversely proportional to 
the volume V. 

(a) Write an equation that expresses this variation. 

(b) Find the constant of proportionality if 100 L of gas exerts 
a pressure of 33.2 kPa at a temperature of 400 K (absolute 
temperature measured on the Kelvin scale). 

(c) If the temperature is increased to 500 K and the volume is 
decreased to 80 L, what is the pressure of the gas? 


Power from a Windmill The power P that can be ob- 

tained from a windmill is directly proportional to the cube of 

the wind speed s. 

(a) Write an equation that expresses this variation. 

(b) Find the constant of proportionality for a windmill that 
produces 96 watts of power when the wind is blowing at 
20 mi/h. 

(c) How much power will this windmill produce if the wind 
speed increases to 30 mi/h? 


. Power Needed to Propel a Boat The power P (mea- 
sured in horsepower, hp) needed to propel a boat is directly 
proportional to the cube of the speed s. An 80-hp engine is 
needed to propel a certain boat at 10 knots. Find the power 
needed to drive the boat at 15 knots. 


Loudness of Sound The loudness L of a sound (mea- 
sured in decibels, dB) is inversely proportional to the square of 
the distance d from the source of the sound. A person who is 
10 ft from a lawn mower experiences a sound level of 70 dB. 
How loud is the lawn mower when the person is 100 ft away? 


Stopping Distance Thestopping distance D of a car 
after the brakes have been applied varies directly as the square 
of the speed s. A certain car traveling at 50 mi/h can stop in 
240 ft. What is the maximum speed it can be traveling if it 
needs to stop in 160 ft? 


A Jet of Water The power P of a jet of water is jointly pro- 
portional to the cross-sectional area A of the jet and to the cube 
of the velocity v. If the velocity is doubled and the cross- 

sectional area is halved, by what factor will the power increase? 


————————= 


38. Aerodynamic Lift The lift L on an airplane wing at take- 


39. 


© .41, 


42. 


e 


N 


off varies jointly as the square of the speed s of the plane and 
the area A of its wings. A plane with a wing area of 500 ft’ 
traveling at 50 mi/h experiences a lift of 1700 Ib. How much 
lift would a plane with a wing area of 600 ft? traveling at 

40 mi/h experience? 


Lift 

————_ fe a oa 

— 

—e 
Drag Force ona Boat Thedrag forceF ona boatis 
jointly proportional to the wetted surface area A on the hull 
and the square of the speed s of the boat. A boat experiences a 
drag force of 220 |b when traveling at 5 mi/h with a wetted 
surface area of 40 ft’. How fast must a boat be traveling if it 


has 28 ft? of wetted surface area and is experiencing a drag 
force of 175 |b? 


. Skidding in a Curve A car is traveling on a curve that 


forms acircular arc. The force F needed to keep the car from 
skidding is jointly proportional to the weight w of the car and 
the square of its speed s, and is inversely proportional to the 
radius r of the curve. 
(a) Write an equation that expresses this variation. 
(b) A car weighing 1600 Ib travels around a curve at 
60 mi/h. The next car to round this curve weighs 2500 Ib 
and requires the same force as the first car to keep from 
skidding. How fast is the second car traveling? 


Electrical Resistance The resistance R of a wire varies 

directly as its length L and inversely as the square of its 

diameter d. 

(a) Write an equation that expresses this joint variation. 

(b) Find the constant of proportionality if a wire 1.2 m long 
and 0.005 m in diameter has a resistance of 140 ohms. 

(c) Find the resistance of a wire made of the same material 
that is 3 m long and has a diameter of 0.008 m. 


Kepler’s Third Law Kepler's Third Law of planetary mo- 
tion states that the square of the period T of a planet (the time 
it takes for the planet to make a complete revolution about the 
sun) is directly proportional to the cube of its average distance 
d from the sun. 

(a) Express K epler’s Third Law as an equation. 


43. 


45. 


46. 
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(b) Find the constant of proportionality by using the fact that 
for our planet the period is about 365 days and the aver- 
age distance is about 93 million miles. 

(c) The planet Neptune is about 2.79 x 10° mi from the sun. 
Find the period of Neptune. 


Radiation Energy The total radiation energy E emitted 

by a heated surface per unit area varies as the fourth power of 

its absolute temperature T. The temperature is 6000 K at the 

surface of the sun and 300 K at the surface of the earth. 

(a) How many times more radiation energy per unit area is 
produced by the sun than by the earth? 

(b) The radius of the earth is 3960 mi and the radius of the 
sun is 435,000 mi. How many times more total radiation 
does the sun emit than the earth? 


. Value of aLot The value of a building lot on Galiano Is- 


land is jointly proportional to its area and the quantity of water 
produced by a well on the property. A 200 ft by 300 ft lot has a 
well producing 10 gallons of water per minute, and is valued at 
$48,000. W hat is the value of a 400 ft by 400 ft lot if the well on 
the lot produces 4 gallons of water per minute? 


Growing Cabbages In the short growing season of the 
Canadian arctic territory of Nunavut, some gardeners find it 
possible to grow gigantic cabbages in the midnight sun. As- 
sume that the final size of a cabbage is proportional to the 
amount of nutrients it receives and inversely proportional to 
the number of other cabbages surrounding it. A cabbage that 
received 20 oz of nutrients and had 12 other cabbages around 
it grew to 30 Ib. What size would it grow to if it received 

10 oz of nutrients and had only 5 cabbage “neighbors”? 


Heat of aCampfire The heat experienced by a hiker at a 
campfire is proportional to the amount of wood on the fire and 
inversely proportional to the cube of his distance from the fire. 
If he is 20 ft from the fire and someone doubles the amount of 
wood burning, how far from the fire would he have to be so 
that he feels the same heat as before? 


REVIEW 
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Frequency of Vibration The frequency f of vibration of 

a violin string is inversely proportional to its length L. The 

constant of proportionality k is positive and depends on the 

tension and density of the string. 

(a) Write an equation that represents this variation. 

(b) What effect does doubling the length of the string have on 
the frequency of its vibration? 


Spread of a Disease Therater at which a disease spreads 
in a population of size P is jointly proportional to the number x of 
infected people and the number P — x who are not infected. An 
infection erupts in a small town that has population P = 5000. 
(a) Write an equation that expresses r as a function of x. 
(b) Compare the rate of spread of this infection when 
10 people are infected to the rate of spread when 1000 
people are infected. Which rate is larger? By what factor? 
(c) Calculate the rate of spread when the entire population is 
infected. Why does this answer make intuitive sense? 


DISCOVERY = DISCUSSION = WRITING 
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Is Proportionality Everything? A great many laws of 
physics and chemistry are expressible as proportionalities. 
Give at least one example of a function that occurs in the 
sciences that is not a proportionality. 


1 


au FP WwW 


(a) Describe the coordinate plane. 
(b) How do you locate points in the coordinate plane? 


. State each formula. 


(a) The Distance Formula 
(b) The Midpoint Formula 


. Given an equation, what is its graph? 

. How do you find the x-intercepts and y-intercepts of a graph? 
. Write an equation of the circle with center (h, k) and radius r. 
. Explain the meaning of each type of symmetry. How do you 


test for it? 

(a) Symmetry with respect to the x-axis 
(b) Symmetry with respect to the y-axis 
(c) Symmetry with respect to the origin 


. Define the slope of a line. 


10. 


. Given lines with slopes m, and m,, explain how you can tell 


12. 
13. 


. Write each form of the equation of a line. 


(a) The point-slope form 
(b) The slope-intercept form 


» (a) What is the equation of a vertical line? 


(b) W hat is the equation of a horizontal line? 
What is the general equation of a line? 


whether the lines are 
(a) parallel 
(b) perpendicular 


Explain how you would solve an equation graphically. 


W rite an equation that expresses each relationship. 
(a) y is directly proportional to x. 

(b) y is inversely proportional to x. 

(c) zis jointly proportional to x and y. 
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M EXERCISES 


1-4 = Two points P and Q are given. 

(a) Plot P and Q on a coordinate plane. 

(b) Find the distance from P to Q. 

(c) Find the midpoint of the segment PQ. 

(d) Find the slope of the line determined by P and Q, and 
find equations for the line in point-slope form and in 
slope-intercept form. Then sketch a graph of the line. 

(e) Sketch the circle that passes through Q and has center 
P, and find the equation of this circle. 


1. P(0,3), Q(3, 7) 2. P(2,0), Q(—4,8) 
3. P(—6, 2), Q(4, -14) 4. P(5, -2), Q(—3, -6) 


5-6 m Sketch the region given by the set. 
5. {(x, y)| -4<x<4 and -2<y <2} 
6. {(% y)|x=4 or y=2} 
7. Which of the points A(4, 4) or B(5, 3) is closer to the point 
C(=1)=3)? 
8. Find an equation of the circle that has center (2, —5) and 
radius V2. 


9. Find an equation of the circle that has center (—5, —1) and 
passes through the origin. 


10. Find an equation of the circle that contains the points P (2, 3) 
and Q(—1, 8) and has the midpoint of the segment PQ as its 
center. 


11-14 = (a) Complete the square to determine whether the 
equation represents a circle or a point or has no graph. (b) If the 
equation is that of a circle, find its center and radius, and sketch its 
graph. 


1. x? + y? + 2x -6y+9=0 
12, 2x2 + 2y?2 — 2x + By =3 

13. x? + y?2 + 72 = 12x 

14, x? + y? — 6x — 10y + 34 =0 


15-24 m Sketch the graph of the equation by making a table and 
plotting points. 


15. y = 2 — 3x 16. 2x-y+1= 
17. xX + 3y = 21 18. x = 2y + 12 
a ed 

19. 5 zai 20.7 +5 
21. y = 16 — x? 22. 8&x + y2=0 
23. x = Vy 24. y= —-V1—- x? 


= 25-30 m (a) Test the equation for symmetry with respect to the 


o x-axis, the y-axis, and the origin. (b) Find the x- and y-intercepts of 
the graph of the equation. 


23. y=9-»% 
27. x°+(y-1)?=1 


26. 6x + y* = 36 
28. x'=16 + y 


29. 9x? — 1l6y* = 144 30. y = 7 


31-34 m Use a graphing device to graph the equation in 
an appropriate viewing rectangle. 


31. y = x? — 6x 32. y= V5-—x 
2 
33, y = x3 — 4x? — 5x 34, +y?=1 


g 35-38 @ Solve the equation graphically. 


36. Vx+4= x?-5 
38. |x +3] —5|=2 


35. x* — 4x = 2x +7 
37. x* — 9x2 =x -9 


ez) 39-42 m Solve the inequality graphically. 


40. x? — 4x? -5x >2 
42. |x? -16| -10=0 


39. 4x —3 =x? 
Al. xt — 4x? <3x-1 


43-52 = A description of aline is given. Find an equation for the 
line in (a) slope-intercept form and (b) general form. 


43. The line that has slope 2 and y-intercept 6 


44, The line that has slope —5 and passes through the point 
(6, —3) 


45. The line that passes through the points (—1, —6) and (2, —4) 
46. The line that has x-intercept 4 and y-intercept 12 

47. The vertical line that passes through the point (3, —2) 

48. The horizontal line with y-intercept 5 


49. The line that passes through the point (1, 1) and is parallel to 
the line 2x — 5y = 10 


50. The line that passes through the origin and is parallel to the 
line containing (2, 4) and (4,—4) 


51. The line that passes through the origin and is perpendicular to 
the line y = +x — 10 


52. The line that passes through the point (1, 7) and is perpendicu- 
lar to the line x — 3y + 16 = 0 


53. Hooke’s L aw states that if a weight w is attached to a hanging 
spring, then the stretched length s of the spring is linearly 
related to w. For a particular spring we have 


Ss = 0.3w + 2.5 


where s is measured in inches and w in pounds. 

(a) What do the slope and s-intercept in this equation 
represent? 

(b) How long is the spring when a 5-|b weight is attached? 


54. Margarita is hired by an accounting firm at a salary of $60,000 
per year. Three years later her annual salary has increased to 
$70,500. Assume that her salary increases linearly. 

(a) Find an equation that relates her annual salary S and the 
number of years t that she has worked for the firm. 

(b) What do the slope and S-intercept of her salary equation 
represent? 

(c) What will her salary be after 12 years with the firm? 


55. Suppose that M varies directly as z and that M = 120 
when z = 15. Write an equation that expresses this variation. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Suppose that z is inversely proportional to y and that 
z = 12 when y = 16. Write an equation that expresses 
z in terms of y. 


The intensity of illumination | from a light varies inversely as 

the square of the distance d from the light. 

(a) Write this statement as an equation. 

(b) Determine the constant of proportionality if itis known 
that a lamp has an intensity of 1000 candles at a distance 
of 8m. 

(c) What is the intensity of this lamp at a distance of 20 m? 


The frequency of a vibrating string under constant tension is 
inversely proportional to its length. If a violin string 12 inches 
long vibrates 440 times per second, to what length must it be 
shortened to vibrate 660 times per second? 


The terminal velocity of a parachutist is directly proportional 
to the square root of his or her weight. A 160-lb parachutist at- 
tains a terminal velocity of 9 mi/h. What is the terminal veloc- 
ity for a parachutist who weighs 240 |b? 


The maximum range of a projectile is directly proportional 
to the square of its velocity. A baseball pitcher throws a ball 
at 60 mi/h, with a maximum range of 242 ft. What is his 
maximum range if he throws the ball at 70 mi/h? 


Suppose that F is jointly proportional to g; and g, and that 
F = 0.006 when q, = 4 and g2 = 12. Find an equation that 
expresses F in terms of g, and qo. 


The kinetic energy E of a moving object is jointly proportional 
to the object’s mass m and the square of its speed v. A rock 
with mass 10 kg that is moving at 6 m/s has a kinetic energy 
of 180 J (joules). What is the kinetic energy of a car with mass 
1700 kg that is moving at 30 m/s? 
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63-64 m Find equations for the circle and the line in the figure. 


63. 


CHAPTER 2 Mig 


1. Let P(1, —3) and Q(7, 5) be two points in the coordinate plane. 
(a) Plot P and Q in the coordinate plane. 
(b) Find the distance between P and Q. 
(c) Find the midpoint of the segment PQ. 
(d) Find the slope of the line that contains P and Q. 
(e) Find the perpendicular bisector of the line that contains P and Q. 
(f) Find an equation for the circle for which the segment PQ is a diameter. 
2. Find the center and radius of each circle, and sketch its graph. 
(a) x? +y?=2 (b) (x — 3)? + y? =9 (c) x2 + 6x + y2— 2y +6=0 
3. Test each equation for symmetry. Find the x- and y-intercepts, and sketch a graph of the 
equation. 
(a) x =4-y? (b) y = |x-2| 
4. A line has the general linear equation 3x — 5y = 15. 
(a) Find the x- and y-intercepts of the graph of this line. 
(b) Graph the line. Use the intercepts that you found in part (a) to help you. 
(c) Write the equation of the line in slope-intercept form. 
(d) What is the slope of the line? 
(e) What is the slope of any line perpendicular to the given line? 


5. Find an equation for the line with the given property. 
(a) It passes through the point (3, —6) and is parallel to the line 3x + y — 10 = 0. 
(b) It has x-intercept 6 and y-intercept 4. 
6. A geologist uses a probe to measure the temperature T (in °C) of the soil at various depths 


below the surface, and finds that at a depth of x cm the temperature is given by the linear 
equation T = 0.08x — 4. 


(a) What is the temperature at a depth of one meter (100 cm)? 
(b) Sketch a graph of the linear equation. 
(c) What do the slope, the x-intercept, and the T-intercept of the graph of this equation 
represent? 
7. Solve the equation or inequality graphically, rounded to two decimals. 
(a) x? - 9x -1=0 
(b) 3x +2=Vx?24+1 
8. The maximum weight M that can be supported by a beam is jointly proportional to its width 
w and the square of its height h and inversely proportional to its length L. 
(a) Write an equation that expresses this proportionality. 
(b) Determine the constant of proportionality if a beam 4 in. wide, 6 in. high, and 12 ft long 
can support a weight of 4800 Ib. 
(c) If a 10-ft beam made of the same material is 3 in. wide and 10 in. high, what is the 
maximum weight it can support? 
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FOCUS ON MODELING 


Fitting Lines to Data 


A model is a representation of an object or process. For example, a toy Ferrari is a model 
of the actual car; aroad map is a model of the streets in a city. A mathematical model is 
a mathematical representation (usually an equation) of an object or process. Once a math- 
ematical model is made it can be used to obtain useful information or make predictions 
about the thing being modeled. In these Focus on Modeling sections we explore different 
ways in which mathematics is used to model real-world phenomena. 


V The Line That Best Fits the Data 


In Section 1.10 we used linear equations to model relationships between varying quanti- 
ties. In practice, such relationships are discovered by collecting data. But real-world data 
seldom fall into a precise line. The scatter plot in Figure 1(a) shows the result of a study 
on childhood obesity. The graph plots the body mass index (BMI) versus the number of 
hours of television watched per day for 25 adolescent subjects. Of course, we would not 
expect the data to be exactly linear as in Figure 1(b). But there is a linear trend indicated 
by the blue line in Figure 1(a): The more hours a subject watches TV the higher the BMI. 
In this section we learn how to find the line that best fits the data. 


(a) Line of best fit (b) Line fits data exactly 


FIGURE 1 


Table 1 gives the nationwide infant mortality rate for the period from 1950 to 2000. 
The rate is the number of infants who die before reaching their first birthday, out of every 
1000 live births. 


TABLE 1 Ya 
U.S. Infant M ortality 30% 
e 
Year Rate 20 + : 
1950 29.2 + . 
1960 26.0 10 + e 
1970 20.0 L ° 
1980 12.6 ,; ; ; —_ 
1990 9.2 9} 10 20 30 40 50 x 
2000 6.9 


FIGURE 2 U.S. infant mortality rate 


The scatter plot in Figure 2 shows that the data lie roughly on a straight line. We can 
try to fit a line visually to approximate the data points, but since the data aren't exactly 
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FIGURE 3 Visual attempts to fit 
line to data 


YA 


“Y 


0 


FIGURE 4 Distance from the data 
points to the line 


FIGURE 5 Entering the data 


FIGURE 6 


linear, there are many lines that might seem to work. Figure 3 shows two attempts at “eye- 
balling” a line to fit the data. 


t —> 


0) 10 20 30 40 50 x 


Of all the lines that run through these data points, there is one that “best” fits the data, 
in the sense that it provides the most accurate linear model for the data. We now describe 
how to find this line. 

It seems reasonable that the line of best fit is the line that is as close as possible to all 
the data points. This is the line for which the sum of the vertical distances from the data 
points to the line is as small as possible (see Figure 4). For technical reasons it is better to 
use the line where the sum of the squares of these distances is smallest. This is called the 
regression line. The formula for the regression line is found by using calculus, but fortu- 
nately, the formula is programmed into most graphing calculators. In Example 1 we see 
how to use a TI-83 calculator to find the regression line for the infant mortality data de- 
scribed above. (The process for other calculators is similar.) 


EXAMPLE 1 | Regression Line for U.S. Infant Mortality Rates 


(a) Find the regression line for the infant mortality data in Table 1. 
(b) Graph the regression line on a scatter plot of the data. 
(c) Use the regression line to estimate the infant mortality rates in 1995 and 2006. 


SOLUTION 


(a) To find the regression line using a TI-83 calculator, we must first enter the data into 
the lists L, and L,, which are accessed by pressing the| stat | key and selecting 
Edit. Figure 5 shows the calculator screen after the data have been entered. (Note 
that we are letting x = 0 correspond to the year 1950, so that x = 50 corresponds to 
2000. This makes the equations easier to work with.) We then press the| stat | key 
again and select calc, then 4: _LinReg(ax+b), which provides the output shown in 
Figure 6(a). This tells us that the regression line is 


y= — 0.48x + 29.4 


Here x represents the number of years since 1950, and y represents the correspond- 
ing infant mortality rate. 


The scatter plot and the regression line have been plotted on a graphing calculator 
screen in Figure 6(b). 


(b 


— 


30 


LinReg 
y=axtb 
a=-.4837142857 
b=29.40952381 


0 


(a) Output of the LinReg (b) Scatter plot and regression line 
command 


AP Photo/ Michael Probst 
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(c) The year 1995 is 45 years after 1950, so substituting 45 for x, we find that 
y = —0.48(45) + 29.4 = 7.8. So the infant mortality rate in 1995 was about 7.8. 
Similarly, substituting 56 for x, we find that the infant mortality rate predicted for 
2006 was about —0.48(56) + 29.4 = 2.5. | 


An Internet search shows that the actual infant mortality rate was 7.6 in 1995 and 6.4 
in 2006. So the regression line is fairly accurate for 1995 (the actual rate was slightly 
lower than the predicted rate), but itis considerably off for 2006 (the actual rate was more 
than twice the predicted rate). The reason is that infant mortality in the United States 
stopped declining and actually started rising in 2002, for the first time in more than a cen- 
tury. This shows that we have to be very careful about extrapolating linear models outside 
the domain over which the data are spread. 


V Examples of Regression Analysis 


Since the modern Olympic Games began in 1896, achievements in track and field events 
have been improving steadily. One example in which the winning records have shown an 
upward linear trend is the pole vault. Pole vaulting began in the northern Netherlands as 
a practical activity: When traveling from village to village, people would vault across the 
many canals that crisscrossed the area to avoid having to go out of their way to find a 
bridge. Households maintained a supply of wooden poles of lengths appropriate for each 
member of the family. Pole vaulting for height rather than distance became a collegiate 
track and field event in the mid-1800s and was one of the events in the first modern 
Olympics. In the next example we find a linear model for the gold-medal-winning records 
in the men’s Olympic pole vault. 


Steven Hooker, 2008 Olympic gold 
medal winner, men’s pole vault 


EXAMPLE 2 | Regression Line for Olympic Pole Vault Records 


Table 2 gives the men’s Olympic pole vault records up to 2004. 
(a) Find the regression line for the data. 


(b) Make a scatter plot of the data, and graph the regression line. Does the regression 
line appear to be a suitable model for the data? 


(c) What does the slope of the regression line represent? 
(d) Use the model to predict the winning pole vault height for the 2008 Olympics. 


TABLE 2 

Men’s Olympic Pole Vault Records 
Year x Gold medalist Height (m) Year x Gold medalist Height (m) 
1896 —4 William Hoyt, USA 3.30 1956 56 Robert Richards, USA 4.56 
1900 0 Irving Baxter, USA 3.30 1960 60 Don Bragg, USA 4.70 
1904 4 Charles Dvorak, USA 3.50 1964 64 Fred Hansen, USA 5.10 
1906 6 Fernand Gonder, France 3.50 1968 68 Bob Seagren, USA 5.40 
1908 8 A. Gilbert, E. Cook, USA 3.71 1972 72 W. Nordwig, E. Germany 5.64 
1912 12 Harry Babcock, USA 3.95 1976 76 Tadeusz Slusarski, Poland 5.64 
1920 20 Frank Foss, USA 4.09 1980 80 W. Kozakiewicz, Poland 5.78 
1924 24 Lee Barnes, USA 3.95 1984 84 Pierre Quinon, France 5.75 
1928 28 Sabin Can, USA 4.20 1988 88 Sergei Bubka, USSR 5.90 
1932 32 William M iller, USA 4.31 1992 92 M. Tarassob, Unified Team 5.87 
1936 36 Earle Meadows, USA 4.35 1996 96 Jean J affione, France 5.92 
1948 48 Guinn Smith, USA 4.30 2000 100 Nick Hysong, USA 5.90 
1952 52 Robert Richards, USA 4.55 2004 104 Timothy Mack, USA 5.95 
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Ens SOLUTION 
veers (a) Let x = year — 1900, so 1896 corresponds to x = —4, 1900 to x = 0, and so on. 
a=.0265652857 ; ware 
b=3.400989881 Using a calculator, we find the following regression line: 


y = 0.0266x + 3.40 
(b) The scatter plot and the regression line are shown in Figure 7. The regression line 
appears to be a good model for the data. 


(c) The slope is the average rate of increase in the pole vault record per year. So on 
average, the pole vault record increased by 0.0266 m/yr. 


Output of the LinReg 
function on the TI-83 


Height 
(m) 


t t t t t > 
FIGURE 7 Scatter plot and regres- 0 20 +40 «260 «©80~©6©100 _* 
sion line for pole vault data Years since 1900 


(d) The year 2008 corresponds to x = 108 in our model. The model gives 
y = 0.0266(108) + 3.40 
= 6.27 
So the model predicts that in 2008 the winning pole vault will be 6.27 m. Oo 


At the 2008 Olympics in Beijing, China, the men's Olympic gold medal in the pole 
vault was won by Steven Hooker of Australia, with a vault of 5.96 m. Although this height 
set an Olympic record, it was considerably lower than the 6.27 m predicted by the model 
of Example 2. In Problem 10 we find a regression line for the pole vault data from 1972 
to 2004. Do the problem to see whether this restricted set of more recent data provides a 
better predictor for the 2008 record. 

Is alinear model really appropriate for the data of Example 2? In subsequent Focus on 
Modeling sections, we study regression models that use other types of functions, and we 


TABLE 3 learn how to choose the best model for a given set of data. 
Asbestos-Tumor Data In the next example we see how linear regression is used in medical research to inves- 
Asbestos Percent that tigate potential causes of diseases such as cancer. 
exposure develop 
(fibers/mL ) lung tumors 
EXAMPLE 3 | Regression Line for Links Between 
> : Asbestos and Cancer 
400 6 
500 5 W hen laboratory rats are exposed to asbestos fibers, some of the rats develop lung tumors. 
a 7 Table 3 lists the results of several experiments by different scientists. 
1600 42 (a) Find the regression line for the data. 
1800 37 (b) Make a scatter plot and graph the regression line. Does the regression line appear 
2000 28 to be a suitable model for the data? 
aun 0 (c) What does the y-intercept of the regression line represent? 
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SOLUTION 
(a) Using a calculator, we find the following regression line (see Figure 8(a)): 
y = 0.0177x + 0.5405 


(b) The scatter plot and regression line are graphed in Figure 8(b). The regression line 
appears to be a reasonable model for the data. 
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LinReg 
y=axtb 
a=.0177212141 
b=.5404689256 
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(a) Output of the LinReg (b) Scatter plot and regression line 
command 


FIGURE 8 Linear regression for the asbestos- tumor data 


(c) The y-intercept is the percentage of rats that develop tumors when no asbestos 
fibers are present. In other words, this is the percentage that normally develop lung 
tumors (for reasons other than asbestos). = 


V How Good Is the Fit? The Correlation Coefficient 


For any given set of two-variable data it is always possible to find a regression line, even if 
the data points do not tend to lie on a line and even if the variables don’t seem to be related 
at all. Look at the three scatter plots in Figure 9. In the first scatter plot, the data points lie 
close to a line. In the second plot, there is still a linear trend but the points are more scat- 
tered. In the third plot there doesn’t seem to be any trend at all, linear or otherwise. 


ya 5 ya ya 
r=0.98 ee r= 0.84 F r = 0.09 
one e e 
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° e . He * e Ke ‘o 
inn e Pi ma " 7 %%e ® 
ae % e eee A . ‘ 
ae ' = see ed * ve 
° “% : P fe ore 
+ . - fw oe” 
> > - 2¢ > 
Xx x Xx 
FIGURE 9 


A graphing calculator can give us a regression line for each of these scatter plots. But 
how well do these lines represent or “fit” the data? To answer this question, statisticians 
have invented the correlation coefficient, usually denoted r. The correlation coefficient 
is anumber between —1 and 1 that measures how closely the data follow the regression 
line—or, in other words, how strongly the variables are correlated. Many graphing 
calculators give the value of r when they compute a regression line. If r is close to —1 
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or 1, then the variables are strongly correlated— that is, the scatter plot follows the re- 
gression line closely. If r is close to 0, then the variables are weakly correlated or not cor- 
related at all. (The sign of r depends on the slope of the regression line.) The correlation 
coefficients of the scatter plots in Figure 9 are indicated on the graphs. For the first plot, 
r is close to 1 because the data are very close to linear. The second plot also has a rela- 
tively large r, but it is not as large as the first, because the data, while fairly linear, are 
more diffuse. The third plot has an r close to 0, since there is virtually no linear trend in 
the data. 

There are no hard and fast rules for deciding what values of r are sufficient for deciding 
that a linear correlation is “significant.” The correlation coefficientis only arough guidein 
helping us decide how much faith to put into a given regression line. In Example 1 the cor- 
relation coefficient is —0.99, indicating a very high level of correlation, so we can safely 
say that the drop in infant mortality rates from 1950 to 2000 was strongly linear. (T he value 
of r is negative, since infant mortality trended down over this period.) In Example 3 the cor- 
relation coefficient is 0.92, which also indicates a strong correlation between the variables. 
So exposure to asbestos is clearly associated with the growth of lung tumors in rats. Does 
this mean that asbestos causes lung cancer? 

If two variables are correlated, it does not necessarily mean that a change in one vari- 
able causes a change in the other. For example, the mathematician John Allen Paulos 
points out that shoe size is strongly correlated to mathematics scores among school child- 
ren. Does this mean that big feet cause high math scores? Certainly not— both shoe size 
and math skills increase independently as children get older. So it is important not to jump 
to conclusions: Correlation and causation are not the same thing. Correlation is a useful 
tool in bringing important cause-and-effect relationships to light; but to prove causation, 
we must explain the mechanism by which one variable affects the other. For example, the 
link between smoking and lung cancer was observed as a correlation long before science 
found the mechanism through which smoking causes lung cancer. 


PROBLEMS 


1. Femur Length and Height Anthropologists use a linear model that relates femur length 
to height. The model allows an anthropologist to determine the height of an individual when 
only a partial skeleton (including the femur) is found. In this problem we find the model by an- 
alyzing the data on femur length and height for the eight males given in the table. 


(a) Make a scatter plot of the data. 
(b) Find and graph a linear function that models the data. 
(c) An anthropologist finds a femur of length 58 cm. How tall was the person? 


Y Femur length | Height 

; (cm) (cm) 

ie y 50.1 178.5 

| fe 48.3 173.6 
eee! Ae i 45,2 164.8 
| 44.7 163.7 

y 44.5 168.3 

| 42.7 165.0 

s4 39.5 155.4 

38.0 155.8 


2. Demand for Soft Drinks A convenience store manager notices that sales of soft drinks 
are higher on hotter days, so he assembles the data in the table. 


(a) Make a scatter plot of the data. 
(b) Find and graph a linear function that models the data. 
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(c) Use the model to predict soft drink sales if the temperature is 95°F. 


High temperature (°F) | Number of cans sold 
55 340 
58 335 
64 410 
68 460 
70 450 
75 610 
80 735 
84 780 


. Tree Diameter and Age_ To estimate ages of trees, forest rangers use a linear model 
that relates tree diameter to age. The model is useful because tree diameter is much easier to 
measure than tree age (which requires special tools for extracting a representative cross sec- 
tion of the tree and counting the rings). To find the model, use the data in the table, which 
were collected for a certain variety of oaks. 


(a) Make a scatter plot of the data. 
(b) Find and graph a linear function that models the data. 
(c) Use the model to estimate the age of an oak whose diameter is 18 in. 


Diameter (in.) | Age (years) 
2.5 15 
4.0 24 
6.0 32 
8.0 56 
9.0 49 
9.5 76 
12.5 90 
15.5 89 


. Carbon Dioxide Levels The Mauna Loa Observatory, located on the island of Hawaii, 
has been monitoring carbon dioxide (CO,) levels in the atmosphere since 1958. The table 
lists the average annual CO, levels measured in parts per million (ppm) from 1984 to 2006. 


(a) M ake a scatter plot of the data. 
(b) Find and graph the regression line. 


(c) Use the linear model in part (b) to estimate the CO, level in the atmosphere in 2005. 
Compare your answer with the actual CO, level of 379.7 that was measured in 2005. 


Year | CO, level (ppm) 
1984 344.3 
1986 347.0 
1988 351.3 
1990 354.0 
1992 356.3 
1994 358.9 
1996 362.7 
1998 366.5 
2000 369.4 
2002 372.0 
2004 377.5 
2006 380.9 
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Taninecahires| “Chitoinarate 5. Temperature and Chirping Crickets Biologists have observed that the chirping rate 
es chin anh) of crickets of a certain species appears to be related to temperature. The table shows the 
P chirping rates for various temperatures. 
50 20 (a) Make a scatter plot of the data. 
a : (b) Find and graph the regression line. 
65 91 (c) Use the linear model in part (b) to estimate the chirping rate at 100°F. 
- 7 . Extent of Arctic Sealce The National Snow and Ice Data Center monitors the amount 
80 173 of ice in theArctic year round. The table gives approximate values for the sea ice extent in 
85 198 millions of square kilometers from 1980 to 2006, in two-year intervals. 
90 211 (a) Make a scatter plot of the data. 
(b) Find and graph the regression line. 
(c) Use the linear model in part (b) to estimate the ice extent in the year 2010. 
Ice extent Ice extent 
Year | (million km?) || Year | (million km?) 
1980 7.9 1994 7.1 
1982 74 1996 7.9 
1984 7.2 1998 6.6 
1986 7.6 2000 6.3 
1988 75 2002 6.0 
1990 6.2 2004 6.1 
1992 7.6 2006 5.7 
; Pe . Mosquito Prevalence The table lists the relative abundance of mosquitoes (as mea- 
Flow rate (% ) mM ee ae sured by the mosquito positive rate) versus the flow rate (measured as a percentage of maxi- 
2 2 mum flow) of canal networks in Saga City, J apan. 
0 22 (a) Make a scatter plot of the data. 
ie : (b) Find and graph the regression line. 
60 11 (c) Use the linear model in part (b) to estimate the mosquito positive rate if the canal flow is 
90 6 70% of maximum. 
uy 2 . Noise and Intelligibility Audiologists study the intelligibility of spoken sentences un- 


der different noise levels. Intelligibility, the MRT score, is measured as the percent of a spo- 
ken sentence that the listener can decipher at a certain noise level in decibels (dB). The table 
shows the results of one such test. 


(a) Make a scatter plot of the data. 
(b) Find and graph the regression line. 
(c) Find the correlation coefficient. Is a linear model appropriate? 


(d) Use the linear model in part (b) to estimate the intelligibility of a sentence at a 94-dB 
noise level. 


Noise level (4B) | MRT score (% ) 
80 99 
84 91 
88 84 
92 70 
96 47 
100 23 
104 sia 


9. 


10. 
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Life Expectancy The average life expectancy in the United States has been rising 
steadily over the past few decades, as shown in the table. 


(a) M ake a scatter plot of the data. 
(b) Find and graph the regression line. 


(c) Use the linear model you found in part (b) to predict the life expectancy in the year 
2006. 


(d) Search the Internet or your campus library to find the actual 2006 average life ex- 
pectancy. Compare to your answer in part (c). 


Year | Life expectancy 
1920 54.1 
1930 59.7 
1940 62.9 
1950 68.2 
1960 69.7 
1970 70.8 
1980 73.7 
1990 75.4 
2000 76.9 


Olympic Pole Vault The graph in Figure 7 indicates that in recent years the winning 
Olympic men’s pole vault height has fallen below the value predicted by the regression line 
in Example 2. This might have occurred because when the pole vault was a new event, there 
was much room for improvement in vaulters’ performances, whereas now even the best train- 
ing can produce only incremental advances. L et’s see whether concentrating on more recent 
results gives a better predictor of future records. 


(a) Use the data in Table 2 to complete the table of winning pole vault heights. (N ote that we 
are using x = 0 to correspond to the year 1972, where this restricted data set begins.) 

(b) Find the regression line for the data in part (a). 

(c) Plot the data and the regression line on the same axes. Does the regression line seem to 
provide a good model for the data? 

(d) What does the regression line predict as the winning pole vault height for the 2008 
Olympics? Compare this predicted value to the actual 2008 winning height of 5.96 m, as 


described on page 174. Has this new regression line provided a better prediction than the 
line in Example 2? 


Year Height (m) 


972 5.64 


x 
O 
976 | 4 
980 | & 


984 


986 


992. 


996 


2000 


2004 
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11. Olympic Swimming Records The tables give the gold medal times in the men’s and 
women’s 100-m freestyle Olympic swimming event. 


(a) Find the regression lines for the men’s data and the women’s data. 


(b) Sketch both regression lines on the same graph. When do these lines predict that the 
women will overtake the men in the event? Does this conclusion seem reasonable? 


MEN WOMEN 
Year Gold medalist Time (s) Year Gold medalist Time (s) 
1908 | C. Daniels, USA 65.6 1912 | F. Durack, Australia 82.2 
1912 | D.Kahanamoku, USA 63.4 1920 | E. Bleibtrey, USA 73.6 
1920 | D.Kahanamoku, USA 61.4 1924 | E.Lackie, USA 72.4 
1924 | J. Weissmuller, USA 59.0 1928 | A. Osipowich, USA 71.0 
1928 | J. Weissmuller, USA 58.6 1932 | H.Madison, USA 66.8 
1932 | Y. Miyazaki, Japan 58.2 1936 | H.Mastenbroek, Holland 65.9 
1936 | F.Csik, Hungary 57.6 1948 | G.Andersen, Denmark 66.3 
1948 | W.Ris, USA 573 1952 | K.Szoke, Hungary 66.8 
1952 | C. Scholes, USA 57.4 1956 | D. Fraser, Australia 62.0 
1956 | J. Henricks, Australia 55.4 1960 | D. Fraser, Australia 61.2 
1960 | J. Devitt, Australia 55.2 1964 | D. Fraser, Australia 59.5 
1964 | D.Schollander, USA 53.4 1968 | J. Henne, USA 60.0 
1968 | M.Wenden, Australia 52.2 1972 | S.Nielson, USA 58.59 
1972 | M. Spitz, USA 51.22 1976 | K. Ender, E. Germany 55.65 
1976 | J. Montgomery, USA 49.99 1980 | B. Krause, E. Germany 54.79 
1980 | J. Woithe, E. Germany 50.40 1984 | (Tie) C. Steinseifer, USA 55.92 
1984 | R. Gaines, USA 49.80 N. Hogshead, USA 55.92 
1988 | M. Biondi, USA 48.63 1988 | K. Otto, E. Germany 54.93 
1992 | A. Popov, Russia 49.02 1992 | Z.Yong, China 54.64 
1996 | A. Popov, Russia 48.74 1996 | L. Jingyi, China 54.50 
2000 | P. van den Hoogenband, Netherlands 48.30 2000 | |. DeBruijn, Netherlands 53.83 
2004 | P. van den Hoogenband, Netherlands 48.17 2004 | J. Henry, Australia 53.84 
2008 | A. Bernard, France 47.21 2008 | B. Steffen, Germany 53.12 


12. Shoe Size and Height Do you think that shoe size and height are correlated? Find out 
by surveying the shoe sizes and heights of people in your class. (Of course, the data for men 
and women should be separate.) Find the correlation coefficient. 


13. Demand for Candy Bars _|n this problem you will determine a linear demand equation 
Would you buy a candy bar from the that describes the demand for candy bars in your class. Survey your classmates to determine 
vending aaa He Bae cie what price they would be willing to pay for a candy bar. Your survey form might look like 
Price Ie ah ae the sample to the left. 


Fae Ven (a) Make a table of the number of respondents who answered “yes” at each price level. 

306 (b) Make a scatter plot of your data. 

40¢ (c) Find and graph the regression line y = mp + b, which gives the number of responents y 
who would buy a candy bar if the price were p cents. This is the demand equation. W hy 

eat is the slope m negative? 

aut (d) What is the p-intercept of the demand equation? What does this intercept tell you about 

704 pricing candy bars? 

80¢ 

90¢ 

$1.00 

$1.10 

$120 


ee a ea eee CHAPTERS 1 and 2 


1, J ohanna earns 4.75% simple interest on her bank account annually. If she earns $380 interest 
in agiven year, what amount of money did she have in her account at the beginning of the 
year? 


2. Calculate each complex number and write the result in the form a + bi. 


(a) (3 + 3i) — (2 - 33) (b) (V3 + V—2)(V/12 — V-8) 


—15i f SAS 23 
(c) 443i (d) The complex conjugate of ~~> ~~ 
3. Find all solutions, real and complex, of each equation. 
4x—1 2x-3 
47=2-3 a 
arte (b) xt 6 x+2 
(c) x2 — 5x =6 (d) 3x? — 4x +2=0 
(e) x‘ = 16 (f) |x — 0.5) = 2.25 


4. Solve each inequality. Graph the solution on a real number line, and express the solution in 
interval notation. 


(a) x -5=4- 2x (b) 7—2|x+1)<1 


(c) 2x2 -x-1<0 (d) “5 >1 


s) 5. (a) Use a graphing calculator to graph the equation y = x* — 2x? — 7x? + 8x + 12. 
(b) Use your graph to solve the equation x* — 2x? — 7x? + 8x +12 =0. 
(c) Use your graph to solve the inequality x* — 2x? — 7x? + 8x + 12 <0. 
6. Let P(—3, 6) and Q(10, 1) be two points in the coordinate plane. 
(a) Find the distance between P and Q. 
(b) Find the slope-intercept form of the equation of the line that contains P and Q. 
(c) Find an equation of the circle that contains P and Q and whose center is the midpoint of 
the segment PQ. 
(d) Find an equation for the line that contains P and that is perpendicular to the segment PQ. 


(e) Find an equation for the line that passes through the origin and that is parallel to the 
segment PQ. 


7. Sketch a graph of each equation. Label all x- and y-intercepts. If the graph is a circle, find its 
center and radius. 


(a) 2x — 5y = 20 (b) x2 — 6x + y? =0 
8. Find an equation for each graph. 
(a) (b) 
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9. A sailboat departed from an island and traveled north for 2 hours, then east for 13 hours, all 


at the same speed. At the end of the trip the boat was 20 miles from where it started. At what 
speed did the boat travel? 


10. A survey finds that the average starting salary for young people in their first full-time job is 
proportional to the square of the number of years of education they have completed. College 
graduates with 16 years of education have an average starting salary of $48,000. 

(a) Write an equation that expresses the relationship between years of education x and 
average starting salary S. 


(b) W hat is the average starting salary of a person who drops out of high school after 
completing the tenth grade? 


(c) A person with a master’s degree has an average starting salary of $60,750. How many 
years of education does this represent? 
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3.1 What Is a Function? 
3.2 Graphs of Functions 


3.3 Getting Information from the 
Graph of a Function 


3.4 Average Rate of Change 
of a Function 


3.5 Transformations of Functions 
3.6 Combining Functions 


3.7 One-to-One Functions 
and Their Inverses 


FOCUS ON MODELING 
Modeling with Functions 


Perhaps the most useful idea for modeling the real world is the concept of 
function. Let's look at an example. If a rock climber drops a stone from a high 
cliff, we know that the stone will fall. But this general description doesn't help 
us figure out when the stone will hit the ground. To find out, we need arule 
that relates the distance d the stone falls to the time it has been falling. Galileo 
was the first to discover the rule: In t seconds the stone falls 16t? feet. This 
“rule” is called a function; we write this function as d(t) = 16t*. Using this 
function model, we can predict when the stone will hit the ground. In this 
chapter we study properties of functions and how function models can help us 
to get precise information about the thing or process being modeled. 


d(t) = 1672 


General description: The stone falls. Function: In ¢ seconds the stone falls 167? ft. 
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3.1 Wuat Is A FUNCTION? 


FIGURE 1 


Functions All Around Us > Definition of Function > Evaluating a Function 
> Domain of a Function ® Four Ways to Represent a Function 


In this section we explore the idea of a function and then give the mathematical definition 
of function. 


Y Functions All Around Us 


In nearly every physical phenomenon we observe that one quantity depends on another. 
For example, your height depends on your age, the temperature depends on the date, the 
cost of mailing a package depends on its weight (see Figure 1). We use the term function 
to describe this dependence of one quantity on another. That is, we say the following: 


» Height is a function of age. 
= Temperature is a function of date. 
= Cost of mailing a package is a function of weight. 
The U.S. Post Office uses a simple rule to determine the cost of mailing a first-class par- 


cel on the basis of its weight. But it’s not so easy to describe the rule that relates height 
to age or the rule that relates temperature to date. 


7 | | Postage (dollars) 
6 
| 
Height 3 | 
in feet) 3 | 
( ) 2 | Daily high temperature 
i | 40 Columbia, MO, May 2010 
+ ++ + + r > 
0 10 15 20 25 0 5 10 15 20 25 30 Date 
Age (in years) 
Height is a function of age. Temperature is a function of date. Postage is a function of weight. 


Can you think of other functions? Here are some more examples: 


» The area of a circle is a function of its radius. 

= The number of bacteria in a culture is a function of time. 

» The weight of an astronaut is a function of her elevation. 

=» The price of a commodity is a function of the demand for that commodity. 


The rule that describes how the area A of a circle depends on its radius r is given by 
the formula A = ar. Even when a precise rule or formula describing a function is not 
available, we can still describe the function by a graph. For example, when you turn ona 
hot water faucet, the temperature of the water depends on how long the water has been 
running. So we can Say: 


» The temperature of water from the faucet is a function of time. 


Figure 2 shows a rough graph of the temperature T of the water as a function of the time 
t that has elapsed since the faucet was turned on. The graph shows that the initial temper- 
ature of the water is close to room temperature. When the water from the hot water tank 
reaches the faucet, the water’s temperature T increases quickly. In the next phase, T is con- 
stant at the temperature of the water in the tank. When the tank is drained, T decreases to 
the temperature of the cold water supply. 


FIGURE 2 Graph of water tempera- 
ture T as a function of timet 


We have previously used letters to 
stand for numbers. Here we do some- 
thing quite different: We use letters 
to represent rules. 


The|V_|key on your calculator is a 
good example of a function as a ma- 
chine. First you input x into the display. 
Then you press the key labeled |_|. 
(On most graphing calculators the or- 
der of these operations is reversed.) If 

Xx <0, then x is not in the domain of 
this function; that is, x is not an accept- 
able input, and the calculator will indi- 
cate an error. If x = 0, then an approxi- 
mation to Vx appears in the display, 
correct to a certain number of decimal 
places. (Thus, the|V_| key on your cal- 
culator is not quite the same as the ex- 
act mathematical function f defined by 
f(x) = VX.) 
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V Definition of Function 


A function is a rule. To talk about a function, we need to give it a name. We will use let- 
ters such as f, g, h,... to represent functions. For example, we can use the letter f to rep- 


resent a rule as follows: 
fe is the rule “square the number” 


When we write f(2), we mean “apply the rule f to the number 2.” Applying the rule gives 
f(2) = 2? = 4, Similarly, f(3) = 3? = 9, f(4) = 4? = 16, and in general f(x) = x?. 


DEFINITION OF A FUNCTION 


A function f is a rule that assigns to each element x in a set A exactly one 
element, called f(x), in a set B. 


We usually consider functions for which the sets A and B are sets of real numbers. The 
symbol f(x) is read “f of x” or “f at x” and is called the value of f at x, or the image of 
xX under f. The set A is called the domain of the function. The range of f is the set of all 
possible values of f(x) as x varies throughout the domain, that is, 


range of f = {f(x)|x © A} 


The symbol that represents an arbitrary number in the domain of a function f is called 
an independent variable. The symbol that represents a number in the range of f is called 
a dependent variable So if we write y = f(x), then x is the independent variable and y 
is the dependent variable. 

Itis helpful to think of a function as a machine (see Figure 3). If x is in the domain of 
the function f, then when x enters the machine, it is accepted as an input and the machine 
produces an output f(x) according to the rule of the function. Thus, we can think of the 
domain as the set of all possible inputs and the range as the set of all possible outputs. 


| 
FIGURE 3 Machine — di bg > 9 
diagram of f input =~ | j~ output 


Another way to picture a function is by an arrow diagram as in Figure 4. Each arrow 
connects an element of A to an element of B. The arrow indicates that f(x) is associated 
with x, f(a) is associated with a, and so on. 


A B 
FIGURE 4 Arrow 


diagram of f f 
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>! square andl< 2 44 


a 


——_ : 
input ~ \ add 4 ie output 


FIGURE 5 Machine diagram 


EXAMPLE 1 | Analyzing a Function 
A function f is defined by the formula 
f(x) =x? +4 
(a) Express in words how f acts on the input x to produce the output f(x). 
(b) Evaluate (3), f(—2), and f(V5). 
(c) Find the domain and range of f. 
(d) Draw a machine diagram for f. 


SOLUTION 


(a) The formula tells us that f first squares the input x and then adds 4 to the result. 
So f is the function 


“square, then add 4” 
(b) The values of f are found by substituting for x in the formula f(x) = x? + 4. 
f(33) = 32% +4=13 Replace x by 3 
f(—2) =(-2)? +4=8 Replace x by -2 
f(V5) = (V5)? +4=9 — Replacex by V5 


(c) The domain of f consists of all possible inputs for f. Since we can evaluate the for- 
mula f(x) = x? + 4 for every real number x, the domain of f is the set R of all real 
numbers. 

The range of f consists of all possible outputs of f. Because x? = 0 for all real 
numbers x, we have x” + 4 = 4, so for every output of f we have f(x) = 4. Thus, 
the range of f is {y| y = 4} = [4, oo). 
(d) A machine diagram for f is shown in Figure 5. 


©. NOW TRY EXERCISES 9, 13, 17, AND 43 i 


V Evaluating a Function 


In the definition of a function the independent variable x plays the role of a placeholder. 
For example, the function f(x) = 3x* + x — 5 can be thought of as 


fm) =3-m' + m5 
To evaluate f at a number, we substitute the number for the placeholder. 


EXAMPLE 2 | Evaluating a Function 


Let f(x) = 3x? + x — 5. Evaluate each function value. 
(a) f(-2) —(b) F(0) (#4) A) (2) 


SOLUTION To evaluate f at a number, we substitute the number for x in the definition 


of f. 

(a) f0=2) Sane) (2) 5 S5 
(b) f(0) =3-0°+0-5=-5 

(c) f(4) =3-(4+4-5=47 

CG) Gale) Mae aaa ar 
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A piecewise defined function is de- 
fined by different formulas on different 
parts of its domain. The function C 

of Example 3 is piecewise defined. 


Expressions like the one in part (d) of 
Example 4 occur frequently in calculus; 
they are called difference quotients, 

and they represent the average change 
in the value of f between x = a and 
X=ath. 
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EXAMPLE 3 | A Piecewise Defined Function 


A cell phone plan costs $39 a month. The plan includes 400 free minutes and charges 20¢ 
for each additional minute of usage. The monthly charges are a function of the number of 
minutes used, given by 
caer. if0 =x = 400 
~ (39 + 0.20(x — 400) if x > 400 


Find C(100), C (400), and C (480). 
SOLUTION Remember that a function is a rule. Here is how we apply the rule for this 


function. First we look at the value of the input x. If 0 = x = 400, then the value of 
C(x) is 39. On the other hand, if x > 400, then the value of C (x) is 39 + 0.20(x — 400). 


Since 100 = 400, we have C (100) = 39. 
Since 400 = 400, we have C (400) = 39. 
Since 480 > 400, we have C (480) = 39 + 0.20(480 — 400) = 55. 


Thus, the plan charges $39 for 100 minutes, $39 for 400 minutes, and $55 for 480 minutes. 
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EXAMPLE 4 | Evaluating a Function 


If f(x) = 2x? + 3x — 1, evaluate the following. 


(a) f(a) (b) f(a) 
(c) f(a +h) (d) ae h #0 
SOLUTION 


(a) f(a) = 2a? + 3a -1 
(b) f(—a) = 2(—a)? + 3(-a) — 1 = 2a? - 3a -1 
(c) f(a+h) =2(a +h)? + 3(at+h)-1 
= 2(a? + 2ah +h?) + 3(a +h) - 1 
= 2a* + dah + 2h? + 3a + 3h-1 
(d) Using the results from parts (c) and (a), we have 
f(at+h) — f(a) (2a? + 4ah + 2h? + 3a + 3h — 1) — (2a? + 3a — 1) 


h h 


— 4ah + 2h? + 3h 
h 
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= 4a+2h+3 


EXAMPLE 5 | The Weight of an Astronaut 


If an astronaut weighs 130 pounds on the surface of the earth, then her weight when she 
is h miles above the earth is given by the function 


3960 \2 
my) 130( = + -| 


(a) What is her weight when she is 100 mi above the earth? 
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The weight of an object on or near the 
earth is the gravitational force that the 
earth exerts on it. When in orbit around 
the earth, an astronaut experiences the 
sensation of “weightlessness” because 
the centripetal force that keeps her in 
orbit is exactly the same as the gravita- 
tional pull of the earth. 


Domains of algebraic expressions are 
discussed on page 40. 


(b) Construct a table of values for the function w that gives her weight at heights from 
0 to 500 mi. What do you conclude from the table? 


SOLUTION 
(a) We want the value of the function w when h = 100; that is, we must calculate 
w(100). 
3960 
3960 + 100 
So at a height of 100 mi she weighs about 124 Ib. 


(b) The table gives the astronaut’s weight, rounded to the nearest pound, at 100-mile 
increments. The values in the table are calculated as in part (a). 


2 
w(100) = 130( ) ~ 123.67 


h w(h) 

0 130 
100 124 
200 118 
300 112 
400 107 
500 102 


The table indicates that the higher the astronaut travels, the less she weighs. 
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V The Domain of a Function 


Recall that the domain of a function is the set of all inputs for the function. The domain 
of a function may be stated explicitly. For example, if we write 


foe C2x=5 


then the domain is the set of all real numbers x for which 0 = x = 5. If the function is 
given by an algebraic expression and the domain is not stated explicitly, then by conven- 
tion the domain of the function is the domain of the algebraic expression—that is, the set 
of all real numbers for which the expression is defined as a real number. For example, 
consider the functions 


_ 1 
~x-4 


The function f is not defined at x = 4, so its domain is {x| x # 4}. The function g is not 
defined for negative x, so its domain is {x | x = O}. 


F(x) 


EXAMPLE 6 | Finding Domains of Functions 


Find the domain of each function. 


1 
(a) f(x) = ence (b) g(x) = V9 - x? (c) h(t) = =: i 
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SOLUTION 
(a) A rational expression is not defined when the denominator is 0. Since 


1 1 
x?—x x(x -—1) 


f(x) = 


we see that f(x) is not defined when x = 0 or x = 1. Thus, the domain of f is 
{x|x #0,x # 1} 
The domain may also be written in interval notation as 
(00, 0) U (0, 1) U (1, 00) 


(b) We can’t take the square root of a negative number, so we must have 9 — x? = 0. 
Using the methods of Section 1.6, we can solve this inequality to find that 
— 3 =x S3. Thus, the domain of g is 


{x| -3 <x <3} = [-3,3] 


(c) We can’t take the square root of a negative number, and we can’t divide by 0, so 
we must havet + 1 > 0, that is, t > — 1. So the domain of h is 


{t|t > —1} = (-1,0) 
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V Four Ways to Represent a Function 


To help us understand what a function is, we have used machine and arrow diagrams. We 
can describe a specific function in the following four ways: 


=» verbally (by a description in words) 
» algebraically (by an explicit formula) 
» visually (by a graph) 

=» numerically (by a table of values) 


A single function may be represented in all four ways, and it is often useful to go from 
one representation to another to gain insight into the function. However, certain functions 
are described more naturally by one method than by the others. An example of a verbal 
description is the following rule for converting between temperature scales: 


“To find the Fahrenheit equivalent of a Celsius temperature, 
multiply the Celsius temperature by 2, then add 32.” 


In Example 7 we see how to describe this verbal rule or function algebraically, graphi- 
cally, and numerically. A useful representation of the area of a circle as a function of its 
radius is the algebraic formula 


A(r) = ar? 


The graph produced by a seismograph (see the box on the next page) is a visual repre- 
sentation of the vertical acceleration function a(t) of the ground during an earthquake. As 
a final example, consider the function C (w), which is described verbally as “the cost of 
mailing a first-class letter with weight w.” The most convenient way of describing this 
function is numerically— that is, using a table of values. 

We will be using all four representations of functions throughout this book. We sum- 
marize them in the following box. 


190 CHAPTER 3 | Functions 


FOUR WAYS TO REPRESENT A FUNCTION 


Verbal Algebraic 
Using words: Using a formula: 


“To convert from Celsius to Fahrenheit, multiply A(r) = ar? 
the Celsius temperature by 2, then add 32.” 


Area of acircle 
Relation between Celsius and Fahrenheit tempera- 
ture scales 


Visual Numerical 
Using a graph: Using a table of values: 


a A w (ounces) C(w) (dollars) 
(e I 
| 0<w<=l 
l<w<=2 
50+ 22D 
3<w=4 
J 4<w=5 


—50+ 


Source: California Department of (C ost of mai | ng a fi rst-class parc el 
Mines and Geology 


Vertical acceleration during an earthquake 


EXAMPLE 7 | Representing a Function Verbally, Algebraically, 
Numerically, and Graphically 
Let F (C) be the Fahrenheit temperature corresponding to the Celsius temperature C. 


(Thus, F is the function that converts Celsius inputs to Fahrenheit outputs.) The box above 
gives a verbal description of this function. Find ways to represent this function 


(a) Algebraically (using a formula) 
(b) Numerically (using a table of values) 
(c) Visually (using a graph) 
SOLUTION 
(a) The verbal description tells us that we should first multiply the input C by 2 and 
then add 32 to the result. So we get 
F(C) =3C + 32 


(b) We use the algebraic formula for F that we found in part (a) to construct a table of 
values: 


C (Celsius) F (Fahrenheit) 


—10 14 
0 32 

10 50 
20 68 
30 86 
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(c) We use the points tabulated in part (b) to help us draw the graph of this function in 


Figure 6. 
FIGURE 6 Celsius and Fahrenheit 
©. NOW TRY EXERCISE 65 | 
CONCEPTS 9-12 m Express the function (or rule) in words. 
1. If a function f is given by the formula y = f(x), then f(a)isthe “. 9% h(x) =x?+2 10. k(x) = Vx + 2 
of fatx =a. IL f(x) = x-4 v. sos 4 
2. For a function f, the set of all possible inputs is called the 3 3 
of f, and the set of all possible outputs is called the 13-14 = Draw a machine diagram for the function. 
of f. ©. 13. f(x) = Vx -1 M. f(x) = 75 
3. (a) Which of the following functions have 5 in their domain? 
: 15-16 = Complete the table. 
xX — 
FX) =X? = 3x g(k) = h(x) = Vx — 10 15. f(x) = 2(x — 1)? 16. g(x) = |2x + 3| 
(b) For the functions from part (a) that do have 5 in their do- 
main, find the value of the function at 5. x F(X) x g(%) 
4. A function is given algebraically by the formula f(x) = 1 =3 
(x — 4)? + 3. Complete these other ways to represent f: 0 —2 
(a) Verbal: “Subtract 4, then and ; ; 
(b) Numerical: 3 3 
x f(%) 
0 19 17-26 m Evaluate the function at the indicated values. 
2 
4 S217. f(X) =X — 6 f(—3), £3), FO), F(Z), £20) 
6 18. f(x) =x? + 2x; f(—2), FL), (0), FO), £(0.2) 
©.19. f(x) = 2x +1; 
SKILLS f(1), #(—2), F(z), F(a), f(-a), f(a + b) 
5-8 m Express the rule in function notation. (For example, 20. f(x) = x? + 2x; 
the rule “square, then subtract 5” is expressed as the function 1 
sr P f(0), £3), 3). fl@), 1-9 #(2) 
f(x) = x* — 5.) a 
5. Add 3, then multiply by 2 6. Divide by 7, then subtract 4 21. g(x) 1-x 
» gk) = — 
7. Subtract 5, then square - 1+x 


8. Take the square root, add 8, then multiply by + g(2), g(—2), g(), g(a), (a — 1), g(-1) 


, 
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22. h(t) =t + a 
h(1), (2), m2) h(B), hea) n( =) 


23. f(x) = 2x? + 3x — 4; 
F(0), F(2), F(—2), (V2), FX + 1), F(-X) 
24, f(x) = x? — 4x? 


25. f(x) = 2|x - 1; 
f(—2), £00), £3), £(2), FO + 1), f(? + 2) 


a!" 
26. f(x) = a 
2), (-D, 10), $5), 902), (2) 


27-30 m= Evaluate the piecewise defined function at the indicated 
values. 


_ jee ifx <0 
a. f= 40 3 if x = 0 
#(—2),.f(—1), F00); #0), #2) 
5 ifx <2 
2. tas if x > 2 
3), f(0) f(G) 
xX? + 2x 4 
29. f(x if -l<x<l 
ifx>1 
—4), f(- a ), £(0), (25) 
3x ifx <0 
30. f(x x4+1 ifO<x<2 
(x — 2)? ifx>2 
5), (0) £6) 


31-34 m Use the function to evaluate the indicated expressions 
and simplify. 


S1. fx) =x + Ty FS 2), FO) + FQ) 
32. f(x) = 3x — 1; (2x), 2f(x) 

33. f(x) =x +4; f(x?), (FO)? 
10) 26-18 (2) 10 


35-42 m Find f(a), f(a + h), and the difference quotient 
fla +h) — f(a) 


h , whereh # 0. 
~ 35. f(x) = 3x +2 36. f(x) =x? +1 
1 
37. f(x) = 38. f%) = 4 


x 2x 
x+1 = a 


39. f(x) = 


41. f(x) = 3 — 5x + 4x? 42. f(x) =x? 


43-64 m Find the domain of the function. 
43. f(x) = 2x 44. f(x) =x? 41 


45. f(x) =2x, -lsx=5 
46. f(x) =x? +1, O=x=5 
1 1 
» 47. F(X) = 5 48. f(x) = 3% 
X+2 x4 
BINS ead Mey ry eG 
~ 51. f(x) = Vx —5 52. f(x) = Wx +9 
53. f(t) = Vt-1 54. g(x) = V7 — 3x 
55. h(x) = V2x —5 56. G(x) = Vx? - 9 
_V24+x 7 Vx 
es aaa ee" ca sal re er 
59. g(x) = Wx? — 6x 60. g(x) = Vx? — 2x —8 
2. 
él. f(x) = 62. s(x) = 
Vx —-4 V6 — x 
€3, x) - 2A 64. f(x) = 
: ——— .{) => 
V2x —1 W9— x? 


65-68 m A verbal description of a function is given. Find (a) alge- 
braic, (b) numerical, and (c) graphical representations for the 
function. 


. 65. To evaluate f(x), divide the input by 3 and add to the result. 


66. To evaluate g(x), subtract 4 from the input and multiply the 
result by 3. 


67. Let T(x) be the amount of sales tax charged in Lemon County 
on a purchase of x dollars. To find the tax, take 8% of the pur- 
chase price. 


68. Let V(d) be the volume of a sphere of diameter d. To find the 
volume, take the cube of the diameter, then multiply by a and 
divide by 6. 


APPLICATIONS 


69. Production Cost The cost C in dollars of producing 
x yards of a certain fabric is given by the function 


C(x) = 1500 + 3x + 0.02x? + 0.0001x? 


(a) Find C(10) and C (100). 
(b) What do your answers in part (a) represent? 
(c) Find C(0). (This number represents the fixed costs.) 


70. 


71 


72. 


73. 


Area of aSphere The surface area S of a sphereis a 
function of its radius r given by 


S(r) = 4ar? 


(a) Find S(2) and S(3). 
(b) What do your answers in part (a) represent? 


Torricelli’s Law A tank holds 50 gallons of water, which 
drains from a leak at the bottom, causing the tank to empty in 
20 minutes. The tank drains faster when it is nearly full because 
the pressure on the leak is greater. Torricelli’s L aw gives the 
volume of water remaining in the tank after t minutes as 


(a) Find V(0) and V(20). 
(b) What do your answers to part (a) represent? 
(c) Makeatable of values of V(t) fort = 0, 5, 10, 15, 20. 


How Far Can You See? Because of the curvature of the 
earth, the maximum distance D that you can see from the top 
of a tall building or from an airplane at height h is given by 
the function 


D(h) = V2rh + h? 


where r = 3960 mi is the radius of the earth and D andh are 

measured in miles. 

(a) Find D(0.1) and D(0.2). 

(b) How far can you see from the observation deck of 
Toronto's CN Tower, 1135 ft above the ground? 

(c) Commercial aircraft fly at an altitude of about 7 mi. 
How far can the pilot see? 


Blood Flow As blood moves through a vein or an artery, its 
velocity v is greatest along the central axis and decreases as the 
distance r from the central axis increases (see the figure). The 
formula that gives v as a function of r is called the law of 
laminar flow. For an artery with radius 0.5 cm, the relationship 
between v (in cm/s) and r (in cm) is given by the function 


o(r) = 18,500(0.25-r?2) O<r<05 


(a) Find (0.1) and v(0.4). 

(b) What do your answers to part (a) tell you about the flow 
of blood in this artery? 

(c) Makea table of values of v(r) forr = 0, 0.1, 0.2, 0.3, 
0.4, 0.5. 


74, 


75. 


76. 


77. 


78. 
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Pupil Size When the brightness x of a light source is in- 
creased, the eye reacts by decreasing the radius R of the pupil. 
The dependence of R on x is given by the function 


13 + 7x4 
R(x) =,/-—__, 
(x) 1+ 4x4 
where R is measured in millimeters and x is measured in 
appropriate units of brightness. 


(a) Find R(1), R(10), and R(100). 
(b) M akea table of values of R(x). 


Relativity According to the Theory of Relativity, the 
length L of an object is a function of its velocity v with respect 
to an observer. For an object whose length at rest is 10 m, the 
function is given by 


2 
D 
L(v) = 10,/1 eo 


where c is the speed of light (300,000 km/s). 

(a) Find L(0.5c), L(0.75c), and L(0.9c). 

(b) How does the length of an object change as its velocity 
increases? 


Income Tax _ [nacertain country, income tax T is assessed 
according to the following function of income x: 


0 
T(x) = 4 0.08x 
1600 + 0.15x 


if0 =x = 10,000 
if 10,000 < x = 20,000 
if 20,000 < x 


(a) Find T(5,000), T(12,000), and T(25,000). 
(b) What do your answers in part (a) represent? 


Internet Purchases An Internet bookstore charges $15 
shipping for orders under $100 but provides free shipping for 
orders of $100 or more. The cost C of an order is a function of 
the total price x of the books purchased, given by 


x+15 ifx < 100 
cor . if x = 100 


(a) Find C(75), C(90), C(100), and C(105). 
(b) What do your answers in part (a) represent? 


Cost of a Hotel Stay A hotel chain charges $75 each 
night for the first two nights and $50 for each additional night's 
stay. The total cost T is a function of the number of nights x that 
a guest stays. 


194 CHAPTER 3 | Functions 


(a) Complete the expressions in the following piecewise 82. Daily Temperature Change Temperature readings T 
defined function. (in °F) were recorded every 2 hours from midnight to noon in 
f0Hx=9 Atlanta, Georgia, on M arch 18, 1996. The time t was mea- 
T(x) = { et ony sured in hours from midnight. Sketch a rough graph of T as a 
ifx>2 function of t. 


(b) Find T(2), T(3), and T(5). 
(c) What do your answers in part (b) represent? 


0; 2; 4] 6] 8} 10 | 12 


79. Speeding Tickets In acertain state the maximum speed 
permitted on freeways is 65 mi/h, and the minimum is 40. The T {58 | 57 | 53 | 50 | 51 | 57 | 61 
fine F for violating these limits is $15 for every mile above the 
maximum or below the minimum. 

(a) Complete the expressions in the following piecewise 
defined function, where x is the speed at which you are 


83. Population Growth The population P (in thousands) of 
San J ose, California, from 1988 to 2000 is shown in the table. 
(M idyear estimates are given.) Draw arough graph of P asa 


driving. function of time t. 
if0<x< 40 
F(x) = if40 <x = 65 
if x > 65 t | 1988 | 1990 | 1992 | 1994 | 1996 | 1998 | 2000 
(b) Find F (30), F(50), and F (75). P | 733 | 782 | 800 | 817 | 838 | 861 | 895 


(c) What do your answers in part (b) represent? 


80. Height of Grass A home owner mows the lawn every 
Wednesday afternoon. Sketch a rough graph of the height of 
the grass as a function of time over the course of a four-week DISCOVERY #* DISCUSSION =" WRITING 


period beginning on a Sunday. 


84. Examples of Functions At the beginning of this section 
we discussed three examples of everyday, ordinary functions: 
Height is a function of age, temperature is a function of date, 
and postage cost is a function of weight. Give three other ex- 
amples of functions from everyday life. 


85. Four Ways to Represent a Function In the box on 
page 190 we represented four different functions verbally, 
algebraically, visually, and numerically. Think of a function 
that can be represented in all four ways, and write the four 

81. Temperature Change You place a frozen pie in an oven representations. 
and bake it for an hour. Then you take the pie out and let it 
cool before eating it. Sketch a rough graph of the temperature 
of the pie as a function of time. 


3.2 GRAPHS OF FUNCTIONS 


Graphing Functions by Plotting Points B Graphing Functions with a 
Graphing Calculator B Graphing Piecewise Defined Functions ® The Vertical 
Line Test B Equations That Define Functions 


The most important way to visualize a function is through its graph. In this section we in- 
vestigate in more detail the concept of graphing functions. 


V Graphing Functions by Plotting Points 


To graph a function f, we plot the points (x, f(x)) in a coordinate plane. In other words, 
we plot the points (x, y) whose x-coordinate is an input and whose y-coordinate is the cor- 
responding output of the function. 


FIGURE 1 The height of the graph 
above the point x is the value of f(x). 
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THE GRAPH OF A FUNCTION 
If fis a function with domain A, then the graph of f is the set of ordered pairs 


{(% FOD)| x & A} 


plotted in a coordinate plane. In other words, the graph of f is the set of all points 
(x, y) such that y = f(x); that is, the graph of f is the graph of the equation 
Y= i). 


The graph of a function f gives a picture of the behavior or “life history” of the func- 
tion. We can read the value of f(x) from the graph as being the height of the graph above 
the point x (see Figure 1). 

A function f of the form f(x) = mx + b is called a linear function because its graph 
is the graph of the equation y = mx + b, which represents a line with slope m and 
y-intercept b.A special case of a linear function occurs when the slope is m = 0. The func- 
tion f(x) = b, where b is a given number, is called a constant function because all its val- 
ues are the same number, namely, b. Its graph is the horizontal line y = b. Figure 2 shows 
the graphs of the constant function f(x) = 3 and the linear function f(x) = 2x + 1. 


ya 

4+ a 

a+ 
— +++ > 
2 % 2 4 6 x x 
The constant function f(x) = 3 The linear function f(x) = 2x + 1 


FIGURE 2 


EXAMPLE 1 | Graphing Functions by Plotting Points 


Sketch graphs of the following functions. 
(a) f(x) = x? (b) g(x) = x (c) h(x) = Vx 


SOLUTION We first make a table of values. Then we plot the points given by the table 
and join them by asmooth curve to obtain the graph. The graphs are sketched in Figure 3 
on the next page. 


x f(Q = x g(%) = x h(x) = Vx 
0 0 0 0 0 0 
+} i i i 1 1 
+1 1 1 1 2 V2 
+2 4 2 8 3 V3 
+3 9 =F = 4 2 
=] =] 5 V5 
2 —8 
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FIGURE 3 (a) f(x) = x? 


FIGURE 4 Graphing the function 
f(x) = x3 — 8x? 


(b) g(x) = x? (c) A(x) =x 
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V Graphing Functions with a Graphing Calculator 


A convenient way to graph a function is to use a graphing calculator. Because the graph 
of a function f is the graph of the equation y = f(x), we can use the methods of Section 
2.3 to graph functions on a graphing calculator. 


EXAMPLE 2 | Graphing a Function with a Graphing Calculator 


Use a graphing calculator to graph the function f(x) = x? — 8x? in an appropriate view- 
ing rectangle. 


SOLUTION To graph the function f(x) = x? — 8x’, we must graph the equation 
y = x? — 8x2. On the TI-83 graphing calculator the default viewing rectangle gives the 
graph in Figure 4(a). But this graph appears to spill over the top and bottom of the screen. 
We need to expand the vertical axis to get a better representation of the graph. The view- 
ing rectangle [—4, 10] by [—100, 100] gives a more complete picture of the graph, as 
shown in Figure 4(b). 


10 100 
10 i 10 4 | 10 
—10 —100 
(a) (b) 
©. NOW TRY EXERCISE 29 a 


EXAMPLE 3 | A Family of Power Functions 

(a) Graph the functions f(x) = x" for n = 2, 4, and 6 in the viewing rectangle [—2, 2] 
by [—1, 3}. 

(b) Graph the functions f(x) = x" for n = 1, 3, and 5 in the viewing rectangle [—2, 2] 
by [—2, 2]. 

(c) What conclusions can you draw from these graphs? 


FIGURE 5 A family of power 
functions f(x) = x" 


On many graphing calculators the 
graph in Figure 6 can be produced by 
using the logical functions in the cal- 
culator. For example, on the TI-83 the 
following equation gives the required 
graph: 


Y,=(XS1)X?+(X>1)(2X+1) 


5 


= 


(To avoid the extraneous vertical line 
between the two parts of the graph, put 
the calculator in Do t mode.) 
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SOLUTION Tograph the function f(x) = x", we graph the equation y = x". The graphs 
for parts (a) and (b) are shown in Figure 5. 


(a) Even powers of x 


(b) Odd powers of x 


(c) We see that the general shape of the graph of f(x) = x" depends on whether n is 
even or odd. 


If n is even, the graph of f(x) = x" is similar to the parabola y = x?. 
If nis odd, the graph of f(x) = x" is similar to that of y = x?, 
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Notice from Figure 5 that as n increases, the graph of y = x" becomes flatter near 0 
and steeper when x > 1. When 0 < x < 1, the lower powers of x are the “bigger” func- 
tions. But when x > 1, the higher powers of x are the dominant functions. 


V Graphing Piecewise Defined Functions 

A piecewise defined function is defined by different formulas on different parts of its do- 
main. As you might expect, the graph of such a function consists of separate pieces. 
EXAMPLE 4 | Graph of a Piecewise Defined Function 

Sketch the graph of the function. 


f(x) = i 


2x +1 


ifx=<1 
ifx>1 


SOLUTION Ifx <1, then f(x) = x?, so the part of the graph to the left of x = 1 coincides 
with the graph of y = x”, which we sketched in Figure 3. If x > 1, then f(x) = 2x + 1, so 
the part of the graph to the right of x = 1 coincides with the line y = 2x + 1, which we 
graphed in Figure 2. This enables us to sketch the graph in Figure 6. 

The solid dot at (1, 1) indicates that this point is included in the graph; the open dot at 
(1, 3) indicates that this point is excluded from the graph. 


ya 


fG) =2x+1 
he 3¢ > II 
FIGURE 6 
—- roo = fe ifx <1 
2x+1 ifx>1 
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FIGURE 7 Graph of f(x) = |x| 


EXAMPLE 5 | Graph of the Absolute Value Function 
Sketch a graph of the absolute value function f(x) = |X|. 
SOLUTION Recall that 


n= ifx=0 
-x ifx<0 


Using the same method as in Example 4, we note that the graph of f coincides with the 
line y = x to the right of the y-axis and coincides with the line y = —x to the left of the 
y-axis (see Figure 7). 
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The greatest integer function is defined by 
|x] = greatest integer less than or equal to x 
For example, [2]} = 2, [2.3] = 2, [1.999] = 1, [0.002] = 0, [—3.5] = —4, and 
[-0.5] = —1. 
EXAMPLE 6 | Graph of the Greatest Integer Function 
Sketch a graph of f(x) = [x]. 


SOLUTION Thetable shows the values of f for some values of x. Note that f(x) is con- 
stant between consecutive integers, so the graph between integers is a horizontal line seg- 
ment, as shown in Figure 8. 


yA 

x [x] | 

: 4 — 
—2<=x<-l —2 
-l=x<0 —1 14 —) 
0<x<l 0 
la%e2 1 4 e 
2<=x<3 2 

— 4 


FIGURE 8 The greatest integer 
function, y = [x] | 


The greatest integer function is an example of a step function. The next example gives 
a real-world example of a step function. 


EXAMPLE 7 | The Cost Function for Long-Distance Phone Calls 


The cost of a long-distance daytime phone call from Toronto, Canada, to M umbai, India, 
is 69 cents for the first minute and 58 cents for each additional minute (or part of a 
minute). Draw the graph of the cost C (in dollars) of the phone call as a function of time 
t (in minutes). 


CA 

q oe 

—e 

7 [ommend 

it —_—e 

=— 

+ > 

0 1 t 


FIGURE 9 Cost of along-distance 
call 


FIGURE 10 Vertical Line Test 


FIGURE 11 
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SOLUTION LetC(t) be the cost for t minutes. Since t > 0, the domain of the function 
iS (0, oo). From the given information we have 


C(t) = 0.69 fo<t=1 
C(t) = 0.69 + 0.58 = 1.27 fi <t=2 
C(t) = 0.69 + 2(0.58) =185 if2<ts<3 
C(t) = 0.69 + 3(0.58) = 2.43 if3<t<4 
and so on. The graph is shown in Figure 9. 
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A function is called continuous if its graph has no “breaks” or “holes.” The functions in 
Examples 1, 2, 3, and 5 are continuous; the functions in Examples 4, 6, and 7 are not con- 
tinuous. 


V The Vertical Line Test 


The graph of a function is a curve in the xy-plane. But the question arises: Which curves 
in the xy-plane are graphs of functions? This is answered by the following test. 


THE VERTICAL LINE TEST 


A curve in the coordinate plane is the graph of a function if and only if no verti- 
cal line intersects the curve more than once. 


We can see from Figure 10 why the Vertical Line Test is true. If each vertical line 
X =a intersects a curve only once at (a, b), then exactly one functional value is defined by 
f(a) = b. Butif aline x = a intersects the curve twice, at (a, b) and at (a, c), then the curve 
cannot represent a function because a function cannot assign two different values to a. 


yA . yA 
a= a X= d! 
! (a,c) 
a. 4 
peo (ab) 
i] 1 
0 ai = 0 a! : 
1 i] 


Graph of a function Nota graph of a function 


EXAMPLE 8 | Using the Vertical Line Test 


Using the Vertical Line Test, we see that the curves in parts (b) and (c) of Figure 11 rep- 
resent functions, whereas those in parts (a) and (d) do not. 
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Chuck Painter/Stanford News Service 


DONALD KNUTH was born in 
Milwaukee in 1938 and is Professor 
Emeritus of Computer Science at 
Stanford University. When Knuth was a 
high school student, he became fasci- 
nated with graphs of functions and la- 
boriously drew many hundreds of 
them because he wanted to see the be- 
havior of a great variety of functions. 
(Today, of course, it is far easier to use 
computers and graphing calculators to 
do this.) While still a graduate student 
at Caltech, he started writing a monu- 
mental series of books entitled The Art 
of Computer Programming. 

Knuth is famous for his invention of 
TEX, a system of computer-assisted 
typesetting. This system was used in 
the preparation of the manuscript for 
this textbook. 

Knuth has received numerous hon- 
ors, among them election as an associ- 
ate of the French Academy of Sciences, 
and as a Fellow of the Royal Society. 
President Carter awarded him the 
National Medal of Science in 1979. 


V Equations That Define Functions 


Any equation in the variables x and y defines a relationship between these variables. For 
example, the equation 


y—-x?=0 


defines a relationship between y and x. Does this equation define y as a function of x? To 
find out, we solve for y and get 


=e 


Wesee that the equation defines a rule, or function, that gives one value of y for each value 
of x. We can express this rule in function notation as 


fx) =x? 
But not every equation defines y as a function of x, as the following example shows. 


EXAMPLE 9 | Equations That Define Functions 


Does the equation define y as a function of x? 


(a) y—x?=2 (b) x? + y?=4 
SOLUTION 
(a) Solving for y in terms of x gives 
y-x?=2 
y=x?+2 ~~ Addy? 


The last equation is a rule that gives one value of y for each value of x, so it defines 
y as a function of x. We can write the function as f(x) = x? + 2. 


(b) We try to solve for y in terms of x: 


x+y? =4 
y~=4- x? Subtract x? 
y=+V4-x? — Take square roots 


The last equation gives two values of y for a given value of x. Thus, the equation 
does not define y as a function of x. 
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The graphs of the equations in Example 9 are shown in Figure 12. The Vertical Line 
Test shows graphically that the equation in Example 9(a) defines a function but the equa- 
tion in Example 9(b) does not. 


(a) (b) 
FIGURE 12 
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The following table shows the graphs of some functions that you will see frequently in 
this book. 


SOME FUNCTIONS AND THEIR GRAPHS 


Linear functions 
f(x) = mx + b 


Power functions 
FOO = 


Root functions 
f() = Vx 


Reciprocal functions 


Absolute value function Greatest integer function 
F(x) = |x| f(x) = [xl 


CONCEPTS The height of the graph of f above the x-axis when x = 2 is 
1. To graph the function f, we plot the points (x,____~—_+)ina . 
coordinate plane. To graph f(x) = x? + 2, we plot the points 2. If f(2) = 3, then the point (2, ) is on the graph of f. 
(x, ). So the point (2, ) is on the graph of f. 
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3. If the point (2, 3) is on the graph of f, then f(2) = _____. 
4, Match the function with its graph. 


30. g(x) = x? — x — 20 
(a) [—2, 2] by [-5, 5] 
(b) [—10, 10} by [-10, 10] 


= y2 v3 
J) = Vx fa) 0) = Tx fo) (7, by (25,20 
(d) [-10, 10] by [-100, 100] 
31. h(x) = x3 — 5x -4 
(a) [—2, 2] by [—2, 2] 
(b) [—3, 3] by [-10, 10] 
(c) [-3, 3] by [-10, 5} 
ee: (d) [-10, 10] by [—10, 10} 
a‘ 32. k(x) = gx’ — x? +2 
(a) [-1, 1] by[-1, 1] 
(b) [—2, 2] by [—2, 2] 
(c) [—5, 5] by [—-5, 5] 
(d) [-10, 10] by [—10, 10] 
33-46 m Sketch the graph of the piecewise defined function. 
0 ifx<2 
33. 70) = {1 ifx=2 
x 
1 ifx<1 
: 410 = {hy if x >1 
3 ifx <2 
= - 
3d) : —1 ifx=2 
SKILLS 36. 70) = {2 * ifx < —2 
5 ifx = —-2 
5-28 m Sketch the graph of the function by first making a table of ‘li 
values. 37. f(x) = { ifx <0 
5. f(x) = 2 6. f(x) = -3 x+1 ifx>0 
7. f(x) = 2x — 4 8. f(x) = 6 — 3x 38 py = "3 oe 
9. f(x)=-x+3, -35xs3 =x ifx2 - 
10. f(x) =3 OS X=5 39. f(x)=41 if-l=x=1 
SL. f(x) = -x? 12. f(x) =x? -4 as ee 
13, h(x) = 16 —x? 14. g(x) = (x — 3? a Me! 
ra *) 5 a= ¢ Y 40. f(x) = 4X if-l=x<l 
15. g(x) =x? — 8 16. g(x) = (x + 2) 1 ifx>1 
17. g(x) =x? - 2 18. h(x) = 4x2 — x4 
g(x) = * , cial 2 ifxs-l 
®.19. f(x) = 1+ Vx 20. f(x) = Vx +4 4 f0) = 2 ey s 4 
21. g(x) = —Vx 22. g(x) = V—-x on ie fey’ 
©. 23, H(x) = [2x] 24, H(x) = |x +1 FO) = Vy iS 
25, G(x) = |x| +x 26. G(x) = |x| — x Po vy = {2 if |x| <2 
27. f(x) = |2x — 2| 28, fe) = 77 a Mele 2 
44. f(x) = {r if |x| <1 
29-32 = Graph the function in each of the given viewing rectan- 1 if |x| e2 
~ gles, and select the one that produces the most appropriate graph 4 ge oO 
of the function. : ; 

Pa : 45. f(x) = 4X if-2=x=<2 
~ 29. f(x) = 8x — x —-X+6 ifx>2 
(a) [—5, 5] by [-5, 5] . 

(b) [—10, 10] by [—10, 10] —x ifx <0 
(c) [—2, 10] by [—5, 20] 46. f(x) =49-x? if0<x<3 
(d) [—10, 10} by [—100, 100] x-3 ifx>3 


” defined function. (See the margin note on page 197.) 


Xx+2 ifxs-l 
AEG) e ifx >—-1 
2x —x* ifx>1 
Pe ie -1) ifx<1 


49-50 = The graph of a piecewise defined function 
a formula for the function in the indicated form. 


49. a 
5 f(x) = 
0 > 
2 Xx 
50. ya 
: f(x) = | 
of { - 


51-52 m Use the Vertical Line Test to determine wh 
curve is the graph of a function of x. 


©.51, (a) y 
an 
(c) y 
. 


ya 


(b) 


YA 


52. (a) 


=| 47-48 m Use a graphing device to draw the graph of the piecewise 
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53-56 m Use the Vertical Line Test to determine whether the 


curve is the graph of a function of x. If itis, state the domain and 
range of the function. 


yA 54, yA 
2 2 
> > 
0 2 x 3 Xx 
yA 56. yA 
ip} 
1 
> > 
0 3 Xx 0 2 x 
8 


57-68 = Determine whether the equation defines y as a function 


of x. (See Example 9.) 


53. 
is given. Find 
ifx << -2 
if-2=x=2 55. 
ifx >2 
ifx <-1 
if-l<x<=2 
ifx >2 
57, 
59. 
©.61, 
63. 
ether the 
65. 
67. 


x2 + 2y =4 58. 3x + 7y = 21 
x=y? 60. x? + (y—1)?=4 
x+y?=9 62. x°+y=9 
xyty=l1 64. Vx +y = 12 
2|x| +y =0 66. 2x + |y| =0 
x=y? 68. x = y4 


gz) 69-74 m A family of functions is given. In parts (a) and (b) graph 
~ all the given members of the family in the viewing rectangle indi- 
cated. In part (c) state the conclusions that you can make from your 


graphs. 
©.69. f(x) =x? +¢ 
(a) c= 0,2,4,6; [—5, 5] by[—10, 10] 
(b) c = 0, —2, —4, -6; [—5,5]by [—10, 10] 
(c) How does the value of ¢ affect the graph? 
70. f(x) = (x - c)? 
(a) c=0,1,2,3; [—5, 5] by [—10, 10] 
(b) c = 0, -1, —2, -3;  [-5, 5] by [—10, 10] 
(c) How does the value of c affect the graph? 
TL. f(x) = (K - 3 
(a) c =0, 2,4, 6; [—10, 10] by [—10, 10] 
(b) c= 0, —2, —4, -6; [-10, 10] by [—10, 10] 
(c) How does the value of c affect the graph? 
72. f(x) = cx? 
(a) c =1,3,2,4; [-5,5] by [-10, 10] 
(b) ¢ =1, —1, -}, -2; [-5, 5] by [-10, 10] 
(c) How does the value of ¢ affect the graph? 
73. f(x) = xS 
(a) c=3,4,¢; [-1,4] by[-1,3] 
(b) c = 1,35 [—3, 3] by [-2, 2] 
(c) How does the value of c affect the graph? 
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74, f(x) = 1 82. Taxicab Function A taxi company charges $2.00 for the 
. x" first mile (or part of a mile) and 20 cents for each succeeding 
(a) n=1,3; [-3, 3] by [-3, 3] tenth of a mile (or part). Express the cost C (in dollars) of 
(b) n = 2,4; [-3, 3] by [-3, 3] a ride as a piecewise-defined function of the distance x 
(c) How does the value of n affect the graph? traveled (in miles) for 0 < x < 2, and sketch the graph of 
this function. 
FETS 2 TA ene OO ae te MOONE ENEE, 83. Postage Rates The domestic postage rate for first-class 


75. The line segment joining the points (—2, 1) and (4, —6) letters weighing 3.5 oz or less is 44 cents for the first ounce 
(or less), plus 17 cents for each additional ounce (or part of 


76. The line segment joining the points (—3, —2) and (6, 3) an ounce). Express the postage P as a piecewise-defined 


77. The top half of the circle x? + y* =9 function of the weight x of a letter, with 0 < x = 3.5, and 
78. The bottom half of the circle x2 + y2 = 9 sketch the graph of this function. 
APPLICATIONS DISCOVERY #* DISCUSSION =" WRITING 


84. When Does a Graph Represent a Function? For 
every integer n, the graph of the equation y = x" is the graph 


79. Weather Balloon As a weather balloon is inflated, the 


thickness T of its rubber skin is related to the radius of the bal- 


loon by of a function, namely f(x) = x". Explain why the graph of 
x = y? is not the graph of a function of x. Is the graph of 
T(r) = 0.5 x = y? the graph of a function of x? If so, of what function of 
2 


x is it the graph? Determine for what integers n the graph of 


_, ny 7 
where T and r are measured in centimeters. Graph the function x = y" is the graph of a function of x. 


T for values of r between 10 and 100. 85. Step Functions § [n Example7 and Exercises 82 and 83 
we are given functions whose graphs consist of horizontal line 
segments. Such functions are often called step functions, be- 
cause their graphs look like stairs. Give some other examples 
of step functions that arise in everyday life. 


. Power from a Wind Turbine The power produced by a 
wind turbine depends on the speed of the wind. If a windmill 
has blades 3 meters long, then the power P produced by the 
turbine is modeled by 


P(v) = 14.103 86. Stretched Step Functions Sketch graphs of the func- 
tions f(x) = [x], g(x) = [2x], and h(x) = [Bx] on separate 
where P is measured in watts (W) and v is measured in meters graphs. How are the graphs related? If n is a positive integer, 
per second (m/s). Graph the function P for wind speeds be- what does the graph of k(x) = |[nx]] look like? 


sen binisatd SS: . Graph of the Absolute Value of a Function 


(a) Draw the graphs of the functions 


f(x) =x? +x-6 
and g(x) = |x? +x - 6| 


How are the graphs of f and g related? 

(b) Draw the graphs of the functions f(x) = x* — 6x? and 
g(x) = |x* — 6x*|. How are the graphs of f and g 
related? 

(c) In general, if g(x) = | f(x)|, how are the graphs of f and 
g related? Draw graphs to illustrate your answer. 


©. 81, Utility Rates Westside Energy charges its electric cus- 
tomers a base rate of $6.00 per month, plus 10¢ per kilowatt- DISCOVERY 
hour (kWh) for the first 300 kWh used and 6¢ per kWh for all X03) em ~Relations and Functions 
usage over 300 kWh. Suppose a customer uses x kWh of elec- 
tricity in one month. 
(a) Express the monthly cost E as a piecewise-defined 
function of x. 


In this project we explore the concept of function by 


comparing it with the concept of a relation. You can 
find the project at the book companion website: 


(b) Graph the function E for 0 <x < 600. St ae 
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3.3 GETTING INFORMATION FROM THE GRAPH OF A FUNCTION 


T(°F)A 


40 


FIGURE 1 Temperature function 


FIGURE 2 Domain and range of f 


Values of a Function; Domain and Range ® Increasing and Decreasing 
Functions > Local Maximum and Minimum Values of a Function 


M any properties of a function are more easily obtained from a graph than from the rule 
that describes the function. We will see in this section how a graph tells us whether the 
values of a function are increasing or decreasing and also where the maximum and mini- 
mum values of a function are. 


V Values of a Function; Domain and Range 


A complete graph of a function contains all the information about a function, because the 
graph tells us which input values correspond to which output values. To analyze the graph 
of a function, we must keep in mind that the height of the graph is the value of the func- 
tion. So we can read off the values of a function from its graph. 


EXAMPLE 1 | Finding the Values of a Function from a Graph 

The function T graphed in Figure 1 gives the temperature between noon and 6:00 p.m. at 
a certain weather station. 

(a) Find T(1), T(3), and T (5). 

(b) Which is larger, T (2) or T (4)? 

(c) Find the value(s) of x for which T (x) = 25 
(d) Find the value(s) of x for which T (x) = 25 
SOLUTION 


(a) T(1) is the temperature at 1:00 p.m. It is represented by the height of the graph 
above the x-axis at x = 1. Thus, T(1) = 25. Similarly, T (3) = 30 and T (5) = 20. 


(b) Since the graph is higher at x = 2 than at x = 4, it follows that T (2) is larger than T (4). 


(c) The height of the graph is 25 when x is 1 and when x is 4. In other words, the tem- 
perature is 25 at 1:00 p.m. and 4:00 p.m. 


(d) The graph is higher than 25 for x between 1 and 4. In other words, the temperature 
was 25 or greater between 1:00 p.m. and 4:00 p.m. 


© NOW TRY EXERCISE 5 = 


The graph of a function helps us to picture the domain and range of the function on the 
X-axis and y-axis, as shown in Figure 2. 


av 


Domain 
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EXAMPLE 2 | Finding the Domain and Range from a Graph 


(a) Use a graphing calculator to draw the graph of f(x) = V4 — x’, 
(b) Find the domain and range of f. 


SOLUTION 
(a) The graph is shown in Figure 3. 


jew = [0, 2] 


OY 
FIGURE 3 Graph of f(x) = V4 — x? Domain = [—2, 2] 


(b) From the graph in Figure 3 we see that the domain is | —2, 2] and the range is[0, 2} 
©. NOW TRY EXERCISE 15 | 


V Increasing and Decreasing Functions 


It is very useful to know where the graph of a function rises and where it falls. The graph 
shown in Figure 4 rises, falls, then rises again as we move from left to right: It rises from 
A to B, falls from B to C, and rises again from C to D. The function f is said to be in- 
creasing when its graph rises and decreasing when its graph falls. 


fis increasing 


yA fis decreasing D 
1 
1 
| 
| 
| 
i} 


fis increasing 


ob-----------$o 
Ch. paesas=4C) 


! 
FIGURE 4 fis increasing on [a, b] 0) a d . 


and [c, d]. f is decreasing on [b, c}. 


We have the following definition. 


DEFINITION OF INCREASING AND DECREASING FUNCTIONS 
f is increasing on an interval | if f(x1) < f(X2) whenever x; < x, inl. 


f is decreasing on an interval | if f(x1) > f(x2) whenever x, < x, inl. 


f is increasing f is decreasing 


ee 


#8 
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EXAMPLE 3 | Intervals on Which a Function Increases 
and Decreases 


The graph in Figure 5 gives the weight W of a person at age x. Determine the intervals on 
which the function W is increasing and on which it is decreasing. 


W (Ib) A 
200 
150 


+—} t t t t t t t > 
0} 10 20 30 40 50 60 70 80. x (yr) 


FIGURE 5 Weight as a function of age 


SOLUTION The function W is increasing on [0, 25] and [35, 40]. It is decreasing on 
[40, 50]. The function W is constant (neither increasing nor decreasing) on [25, 30] and 
[50, 80}. This means that the person gained weight until age 25, then gained weight again 
between ages 35 and 40. He lost weight between ages 40 and 50. 
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EXAMPLE 4 | Finding Intervals Where a Function 
Increases and Decreases 

(a) Sketch a graph of the function f(x) = 12x? + 4x3 — 3x4. 

(b) Find the domain and range of f. 

(c) Find the intervals on which f increases and decreases. 


SOLUTION 
(a) We use a graphing calculator to sketch the graph in Figure 6. 


(b) The domain of f is IR because f is defined for all real numbers. Using the|TRacE 
feature on the calculator, we find that the highest value is f(2) = 32. So the range 
of f is (—co, 32]. 

(c) From the graph we see that f is increasing on the intervals (—co, —1] and [0, 2] 
and is decreasing on[—1, 0] and [2, oo). 


40 


2:5 3.5 


—40 


FIGURE 6 Graph of 
f(x) = 12x? + 4x3 — 3x4 
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EXAMPLE 5 | Finding Intervals Where a Function 
Increases and Decreases 
(a) Sketch the graph of the function f(x) = x2. 
(b) Find the domain and range of the function. 
(c) Find the intervals on which f increases and decreases. 
SOLUTION 
(a) We use a graphing calculator to sketch the graph in Figure 7. 
(b) From the graph we observe that the domain of f is R and the range is [0, oo). 
(c) From the graph we see that f is decreasing on (—co, 0] and increasing on [0, co). 


10 


20 20 
FIGURE 7 Graph of f(x) = x7? ol 
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V Local Maximum and Minimum Values of a Function 


Finding the largest or smallest values of a function is important in many applications. For 
example, if a function represents revenue or profit, then we are interested in its maximum 
value. For a function that represents cost, we would want to find its minimum value. (See 
Focus on Modeling: Modeling with Functions on pages 255-264 for many such exam- 
ples.) We can easily find these values from the graph of a function. We first define what 
we mean by a local maximum or minimum. 


LOCAL MAXIMA AND MINIMA OF A FUNCTION 
1. The function value f(a) is a local maximum value of f if 
f(a) = f(x) when x is near a 


(This means that f(a) = f(x) for all x in some open interval containing a.) 
In this case we say that f has a local maximum at x = a. 
2. The function value f(a) is a local minimum of f if 
f(a) <= f(x) when x is near a 


(This means that f(a) < f(x) for all x in some open interval containing a.) 
In this case we say that f has a local minimum at x = a. 


ya Local maximum 


Local maximum 


Zo 


Local minimum 
Local minimum 


20 


=20 


FIGURE 9 Graph of 
f(x) = x3 - 8x +1 
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We can find the local maximum and minimum values of a function using a graphing 
calculator. 

If there is a viewing rectangle such that the point (a, f(a)) is the highest point on 
the graph of f within the viewing rectangle (not on the edge), then the number f(a) is a 
local maximum value of f (see Figure 8). Notice that f(a) = f(x) for all numbers x that 
are close to a. 


Ya 


Local maximum 
value f(a) 


Local minimum 


[J value f(b) 
0 a b 


“Y 


FIGURE 8 


Similarly, if there is a viewing rectangle such that the point (b, f(b)) is the lowest point 
on the graph of f within the viewing rectangle, then the number f(b) is a local minimum 
value of f. In this case, f(b) =< f(x) for all numbers x that are close to b. 


EXAMPLE 6 | Finding Local Maxima and Minima from a Graph 


Find the local maximum and minimum values of the function f(x) = x? — 8x + 1, cor- 
rect to three decimal places. 


SOLUTION Thegraph of f is shown in Figure 9. There appears to be one local maxi- 
mum between x = —2 and x = —1, and one local minimum between x = 1 and x = 2. 

Let's find the coordinates of the local maximum point first. We zoom in to enlarge the 
area near this point, as shown in Figure 10. Using the[Trace | feature on the graphing de- 
vice, we move the cursor along the curve and observe how the y-coordinates change. The 
local maximum value of y is 9.709, and this value occurs when x is —1.633, correct to 
three decimal places. 

We locate the minimum value in a similar fashion. By zooming in to the viewing rec- 
tangle shown in Figure 11, we find that the local minimum value is about —7.709, and 
this value occurs when x ~ 1.633. 


9.71 44 
1.6 1.7 
—1.7 —1.6 
9.7 -7.71 
FIGURE 10 FIGURE 11 
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The maximum and minimum commands on a TI-83 or TI-84 calculator provide 
another method for finding extreme values of functions. We use this method in the next 
example. 
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FIGURE 12 


EXAMPLE 7 | A Model for the Food Price Index 


A model for the food price index (the price of a representative “basket” of foods) between 
1990 and 2000 is given by the function 


I(t) = —0.0113t? + 0.0681t? + 0.198t + 99.1 


where t is measured in years since midyear 1990, so 0 = t = 10, and I(t) is scaled so 
that 1(3) = 100. Estimate the time when food was most expensive during the period 
1990-2000. 


SOLUTION Thegraph of | as a function of t is shown in Figure 12(a). There appears 
to be a maximum between t = 4 and t = 7. Using the maximum command, as shown 
in Figure 12(b), we see that the maximum value of | is about 100.38, and it occurs when 
t ~ 5.15, which corresponds to August 1995. 


102 


Maximum 
X=5.1514939 Y=100.38241 


(a) 


®. NOW TRY EXERCISE 53 im 


CONCEPTS 


1-4 m These exercises refer to the graph of the function f shown 


below. 
YA 


3. (a) If fis increasing on an interval, then the y-values of the 


points on the graph as the x-values increase. 
From the graph of f we see that f is increasing on the 


intervals and 


(b 


— 


If f is decreasing on an interval, then y-values of the points 


on the graph as the x-values increase. From the 
graph of f we see that f is decreasing on the intervals 


and 


4. (a) A function value f(a) is alocal maximum value of f if 
f(a) isthe____———_— value of f on some interval 


0 3 


1. To find a function value f(a) from the graph of f, we find the 
height of the graph above the x-axis at x = . From 
the graph of f we see that f(3) = 


2. The domain of the function f is all the 
points on the graph, and the range is all the corresponding 


-values. From the graph of f we see that the domain 


of f is the interval 


a containing a. From the graph of f we see that one local 
maximum value of f is_______ and that this value 
occurs when x is 

(b) The function value f(a) is alocal minimum value of f if 


f(a)isthe_____—__-—- value of f on some interval 
-values of the containing a. From the graph of f we see that one local 


minimum value of fis_______—__— and that this value 


occurs when x is 


and the range of f is the interval 


& 


SKILLS 


« 5. The graph of a function h is given. 


(a) Find h(—2), h(0), h(2), and h(3). 
(b) Find the domain and range of h. 


(c) Find the values of x for which h(x) 
(d) Find the values of x for which h(x) 


YA 


= 


3. 
3: 


sy 


6. The graph of a function g is given. 


(a) Find g(—2), g(0), and g(7). 


(b) Find the domain and range of g. 
(c) Find the values of x for which g(x) = 4. 
(d) Find the values of x for which g(x) > 4. 


Ya 
4 g 
> 
0 x 
7. The graph of a function g is given. 
(a) Find g(—4), g(—2), g(), g(2), and g(4). 
(b) Find the domain and range of g. 
yA 
3 
g 
-b | \0 3 s 
8. Graphs of the functions f and g are given. 
(a) Which is larger, f(0) or g(0)? 
(b) Which is larger, f(—3) or g(—3)? 
(c) For which values of x is f(x) = g(x)? 
YA 
g 
if, 
rp |o| | 2 x 


~ 23. f(x) = x? — 5x 


29. f(x) = x?" 
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s= 9-18 m A function f is given. (a) Use a graphing calculator to 


draw the graph of f. (b) Find the domain and range of f from the 
graph. 


19-22 m The graph of a function is given. Determine the intervals 
on which the function is (a) increasing and (b) decreasing. 


19, yA 20. yA 


ay 


21, 22. yA 


4 
Oo] 1 
yh 
1 NA 
O’\' 7 x 1 x 


f= 23-30 m A function f is given. (a) Use a graphing device to draw 


the graph of f. (b) State approximately the intervals on which f is 
increasing and on which f is decreasing. 

24, f(x) =x? — 4x 

25. f(x) = 2x? — 3x?- 12x 26. f(x) = x* — 16x? 


27. f(x) =x? + 2x? -x-2 


28. f(x) =x? — 4x3 + 2x? + 4x — 3 


30. f(x) =4 — x8 


31-34 m The graph of a function is given. (a) Find all the local 
maximum and minimum values of the function and the value of x 
at which each occurs. (b) Find the intervals on which the function 
is increasing and on which the function is decreasing. 


31. 32. 
YA yA 
t } 
0} 1 : 0 - 
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33. 34. 
Ya YA 
| 
0 = = 
x 0 l xX 


ee) 35-42 m A function is given. (a) Find all the local maximum and 
minimum values of the function and the value of x at which each 


occurs. State each answer correct to two decimal places. (b) Find 
the intervals on which the function is increasing and on which the 
function is decreasing. State each answer correct to two decimal 
places. 


35. f(x) =x? -x 36. f(x) =3+x+x?-x3 
37. g(x) = x4 — 2x3 — 11x? 38. g(x) = x? — 8x? + 20x 
39, U(x) =xV6—x 40. U(x) = xVx — x? 
aL. v(x) =+ =* 42. V(x) = ~——— 

Xx X°+X+1 
APPLICATIONS 


43. Power Consumption The figure shows the power con- 
sumption in San Francisco for September 19, 1996 (P is 
measured in megawatts; t is measured in hours starting at 
midnight). 

(a) What was the power consumption at 6:00 a.m.? 
At 6:00 p.m.? 

(b) When was the power consumption the lowest? 

(c) When was the power consumption the highest? 


P (MW) 
800 


600 


0 3 6 9 12 15 18 21 t (h) 


Source: Pacific Gas & Electric 


Earthquake The graph shows the vertical acceleration of 

the ground from the 1994 Northridge earthquake in Los Ange- 

les, as measured by a seismograph. (Here t represents the time 

in seconds.) 

(a) At what time t did the earthquake first make noticeable 
movements of the earth? 

(b) At what time t did the earthquake seem to end? 

(c) At what time t was the maximum intensity of the earth- 
quake reached? 


44, 


Source: California Department of 
Mines and Geology 


©. 45. Weight Function The graph gives the weight W of a per- 
son at age x. 
(a) Determine the intervals on which the function W is in- 
creasing and those on which it is decreasing. 
(b) What do you think happened when this person was 
30 years old? 


W (Ib) A 
200 


150 


100 


50 


t t t t > 
% 10 20 30 40 50 60 70 * 7) 


46. Distance Function The graph gives a sales representative's 
distance from his home as a function of time on a certain day. 
(a) Determine the time intervals on which his distance from 
home was increasing and those on which it was decreasing. 
(b) Describe in words what the graph indicates about his 
travels on this day. 


A 
Distance 
from home 
(miles) 
> 
8AM 10 NOON 2 4 6PM 
Time (hours) 


47. Changing Water Levels The graph shows the depth of 
water W in areservoir over a one-year period as a function of 
the number of days x since the beginning of the year. 

(a) Determine the intervals on which the function W is in- 
creasing and on which it is decreasing. 

(b) At what value of x does W achieve a local maximum? 
A local minimum? 


W (ft)a 
100 
75 
50 5 
25 


+ +t + > 
0 100 200 300 x (days) 
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measured in watts (W) and T is the absolute temperature mea- 


48. Population Growth and Decline The graph shows the 
sured in kelvins (K ). 


population P in a small industrial city from 1950 to 2000. The 

variable x represents the number of years since 1950. 

(a) Determine the intervals on which the function P is in- 
creasing and on which it is decreasing. 

(b) What was the maximum population, and in what year was 
it attained? 


P 
(thousands) 4 


(a) Graph the function E for temperatures T between 100 K 


and 300 K. 


(b) Use the graph to describe the change in energy E as the 


temperature T increases. 


. Migrating Fish A fish swims at a speed v relative to the 
water, against a current of 5 mi/h. Using a mathematical model 


of energy expenditure, it can be shown that the total energy E 


50 required to swim a distance of 10 mi is given by 
40 10 
E(v) = 2.73v3—— 
30 ert 75 
a Biologists believe that migrating fish try to minimize the total 
1 ; energy required to swim a fixed distance. Find the value of v 
0 10 56 30 40 50 x (yr) that minimizes energy required. 


49. Hurdle Race Three runners compete in a 100-meter hurdle 


race. The graph depicts the distance run as a function of time 
for each runner. Describe in words what the graph tells you 
about this race. Who won the race? Did each runner finish the 
race? What do you think happened to runner B? 


NOTE: This result has been verified; migrating fish swim against 
a current at a speed 50% greater than the speed of the current. 


y(m)A 
A B C 
100 + 
. Highway Engineering A highway engineer wants to es- 
timate the maximum number of cars that can safely travel a 

particular highway at a given speed. She assumes that each car 

f > is 17 ft long, travels at a speed s, and follows the car in front 

20 t(s) of it at the “safe following distance” for that speed. She finds 


. Gravity Near the Moon We can use Newton's Law of 
Gravity to measure the gravitational attraction between the 


moon and an algebra student in a space ship located a distance 


X above the moon’s surface: 
F(x) 


Here F is measured in newtons (N), and x is measured in mil- 

lions of meters. 

(a) Graph the function F for values of x between 0 and 10. 

(b) Use the graph to describe the behavior of the gravitational 
attraction F as the distance x increases. 


350 
mers 


= 51. Radii of Stars Astronomers infer the radii of stars using 


the Stefan Boltzmann Law: 
E(T) = (5.67 x 107®)T* 
where E is the energy radiated per unit of surface area 


that the number N of cars that can pass a given point per 
minute is modeled by the function 


88s 


5 \2 
7+ (5) 


At what speed can the greatest number of cars travel the high- 
way safely? 


N(s) = 


. Volume of Water Between 0°C and 30°C, the volume V 


(in cubic centimeters) of 1 kg of water at a temperature T is 
given by the formula 


V = 999.87 — 0.06426T + 0.0085043T ? — 0.0000679T 2 


Find the temperature at which the volume of 1 kg of water is 
a minimum. 


. Coughing When a foreign object that is lodged in the tra- 


chea (windpipe) forces a person to cough, the diaphragm 
thrusts upward, causing an increase in pressure in the lungs. 
At the same time, the trachea contracts, causing the expelled 
air to move faster and increasing the pressure on the foreign 
object. A ccording to a mathematical model of coughing, the 
velocity v of the airstream through an average-sized person's 
trachea is related to the radius r of the trachea (in centimeters) 
by the function 


v(t) = 3.21 — r)r? 


Determine the value of r for which v is a maximum. 


1 
5=rsl 
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56. 


57. 


Functions That Are Always Increasing or 
Decreasing Sketch rough graphs of functions that are 
defined for all real numbers and that exhibit the indicated 
behavior (or explain why the behavior is impossible). 

(a) fis always increasing, and f(x) > 0 for all x 

(b) fis always decreasing, and f(x) > 0 for all x 

(c) f is always increasing, and f(x) < 0 for all x 

(d) fis always decreasing, and f(x) < 0 for all x 


Maxima and Minima _|n Example 7 we saw a real-world 
situation in which the maximum value of a function is impor- 

tant. Name several other everyday situations in which a maxi- 

mum or minimum value is important. 


58. Minimizing a Distance When we seek a minimum or 


maximum value of a function, it is sometimes easier to work 
with a simpler function instead. 
(a) Suppose 


g(x) = VFX) 


where f(x) = 0 for all x. Explain why the local minima 
and maxima of f and g occur at the same values of x. 

(b) Let g(x) be the distance between the point (3, 0) and the 
point (x, x*) on the graph of the parabola y = x2. Express 
g as a function of x. 

(c)_ Find the minimum value of the function g that you found 
in part (b). Use the principle described in part (a) to sim- 
plify your work. 


3.4 AVERAGE RATE OF CHANGE OF A FUNCTION 


| Average Rate of Change > Linear Functions Have Constant Rate of Change 


Functions are often used to model changing quantities. In this section we learn how to find 
the rate at which the values of a function change as the input variable changes. 


V Average Rate of Change 


FIGURE 1 
Average speed 


200+ 


We are all familiar with the concept of speed: If you drive a distance of 120 miles in 


120 mi 


2 hours, then your average speed, or rate of travel, is “>, = 60 mi/h. Now suppose you 
take a car trip and record the distance that you travel every few minutes. The distance s 
you have traveled is a function of the time t: 


s(t) = total distance traveled at time t 


We graph the function s as shown in Figure 1. The graph shows that you have traveled a 
total of 50 miles after 1 hour, 75 miles after 2 hours, 140 miles after 3 hours, and so on. 
To find your average speed between any two points on the trip, we divide the distance 
traveled by the time elapsed. 


s(mi)A 


150 mi 


Let's calculate your average speed between 1:00 p.m. and 4:00 p.m. The time elapsed is 
4 — 1 = 3 hours. To find the distance you traveled, we subtract the distance at 1:00 p.m. 
from the distance at 4:00 p.m., that is, 200 — 50 = 150 mi. Thus, your average speed is 


average speed = 


distance traveled — 150 mi 


time elapsed 3h em 


FIGURE 2 f(x) = (x — 3) 
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The average speed that we have just calculated can be expressed by using function notation: 


s(4) — s(1 — 
average speed = ven) ee 50 mi/h 
4-1 3 
Note that the average speed is different over different time intervals. For example, be- 
tween 2:00 p.m. and 3:00 p.m. we find that 


s(3) - (2) 140 —7 
3-2 1 


Finding average rates of change is important in many contexts. For instance, we 
might be interested in knowing how quickly the air temperature is dropping as a storm 
approaches or how fast revenues are increasing from the sale of a new product. So we 
need to know how to determine the average rate of change of the functions that model 
these quantities. In fact, the concept of average rate of change can be defined for any 
function. 


average speed = 2 65 mi/h 


AVERAGE RATE OF CHANGE 
The average rate of change of the function y = f(x) between x = a and x = bis 


changeiny f(b) — f(a) 
change in x b—a 


average rate of change = 


The average rate of change is the slope of the secant line between x = a and 
Xx = b onthe graph of f, that is, the line that passes through (a, f(a)) and (b, f(b)). 


f(b) = 


average rate of change = 


EXAMPLE 1 | Calculating the Average Rate of Change 


For the function f(x) = (x — 3), whose graph is shown in Figure 2, find the average rate 
of change between the following points: 


(a) x = landx = 3 (b) x =4andx =7 
SOLUTION 
3) — fa 
(a) Average rate of change = mart) Definition 
(3 — 3)? -(1 - 39° 7 ; 
= 3-1 Use f(x) = (x — 3) 
0-4 
= > = —? 
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Function: In ¢ seconds the stone 
falls 162? ft. 


7) — f(4 
(b) Average rate of change = An) Definition 
(7-3) - (4-3) ; 
= 74 Use f(x) = (x — 3) 
16-1 
= - 5 
®. NOW TRY EXERCISE 11 | 


EXAMPLE 2 | Average Speed of a Falling Object 


If an object is dropped from a high cliff or a tall building, then the distance it has fallen 
after t seconds is given by the function d(t) = 16t’. Find its average speed (average rate 
of change) over the following intervals: 


(a) Betweenlsand5s (b) Betweent=aandt=a+h 


SOLUTION 
d(5) — d(1 
(a) Average rate of change = os Definition 
16(5)? — 16(1)? , 
5] Use d(t) = 16t 
_ 400 — 16 
4 
= 96 ft/s 
d(a + h) — d(a) — 
(b) Average rate of change = (@+h)—a Definition 
16(a + h)? — 16(a)? 
= = 16t 
(@@th)—a Use d(t) = 16 
16(a2 + 2ah + h? — a’) 
= h Expand and factor 16 
16(2ah + h’) Sao 
= he Simplify numerator 
16h(2a + h) 
= —_ Factor h 
h 
= 16(2a + h) Simplify 
©. NOW TRY EXERCISE 15 | 


The average rate of change calculated in Example 2(b) is known as a difference quo- 
tient. In calculus we use difference quotients to calculate instantaneous rates of change. 
An example of an instantaneous rate of change is the speed shown on the speedometer of 
your car. This changes from one instant to the next as your car’s speed changes. 

The graphs in Figure 3 show that if a function is increasing on an interval, then the 
average rate of change between any two points is positive, whereas if a function is 
decreasing on an interval, then the average rate of change between any two points is 
negative. 


SECTION 3.4 | Average Rate of Change ofaFunction 217 


yA yA 
y = f(x) 
Slope > 0 ~ 
Slope < 0 
+ t > t t > 
0 a b x 0 a b x 
f increasing f decreasing 
Average rate of change positive Average rate of change negative 
FIGURE 3 


EXAMPLE 3 | Average Rate of Temperature Change 


The table gives the outdoor temperatures observed by a science student on a spring day. 
Draw a graph of the data, and find the average rate of change of temperature between the 
following times: 


(a) 8:00 4.m. and 9:00 a.m. 


Time Temperature (°F) 
(b) 1:00 p.m. and 3:00 p.m. aah 25 
00 A.M. 
(c) 4:00 p.m. and 7:00 p.m. 9:00 A.M. 40 
10:00 a.m. 44 
11:00 a.m. 50 
12:00 noon 56 
1:00 p.m. 62 
2:00 P.M. 66 
3:00 P.M. 67 
4:00 p.m. 64 
5:00 P.M. 58 
6:00 P.M. 55 
7:00 P.M. 51 


SOLUTION A graph of the temperature data is shown in Figure 4. Let t represent time, 
measured in hours since midnight (so, for example, 2:00 p.m. corresponds to t = 14). 
Define the function F by 
F(t) = temperature at time t 
temperature at 9 a.m. — temperature at 8 a.m. 
9-8 

_ F(9) ~F(8) _ 40 ~ 38 _ 

9-8 9-8 


The average rate of change was 2°F per hour. 


(a) Average rate of change = 


°FA 
70 
60 
50 
40 
30 


Be ee ea 
FIGURE 4 0) 8 10 12 14 16 18 4h 
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temperature at 3 p.m. — temperature at 1 P.M. 
15 — 13 
_ F(I5) — F(3) _ 67 — 62 © 
15 — 13 2 


The average rate of change was 2.5°F per hour. 


(b) Average rate of change = 


2.5 


temperature at 7 P.M. — temperature at 4 p.m. 
19 — 16 

_ F(19) — F(16) 51 — 64 © 

19 — 16 30 


The average rate of change was about —4.3°F per hour during this time interval. 
The negative sign indicates that the temperature was dropping. 


(c) Average rate of change = 


43 
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V Linear Functions Have Constant Rate of Change 


For alinear function f(x) = mx + b the average rate of change between any two points 
is the same constant m. This agrees with what we learned in Section 2.4: that the slope of 
aline y = mx + b is the average rate of change of y with respect to x. On the other hand, 
if a function f has constant average rate of change, then it must be a linear function. Y ou 
are asked to prove this fact in Exercise 33. In the next example we find the average rate 
of change for a particular linear function. 


EXAMPLE 4 | Linear Functions Have Constant Rate of Change 


Let f(x) = 3x — 5. Find the average rate of change of f between the following points. 
(a) x =Oandx=1 

(b) x = 3 andx =7 

(c) x=aandx=a+th 

W hat conclusion can you draw from your answers? 

SOLUTION 


1) - “TH 5) =(350— 
(a) Average rate of change = AD) = £0) = . aa 


1-0 1 
(-2) - (-5) 
= i =3 
(b) Average rate of change = AD) — F@) = al Bo) Ea AL 
P73 4 
16-4 
a ae 3 
f(ath)—f(a) [3(a +h) —5] — [3a —-5] 
(c) Average rate of change = Gahea h 
3a + 3h-5-—3a+5 3h 3 
= : Sa a 


It appears that the average rate of change is always 3 for this function. In fact, part (c) 
proves that the rate of change between any two arbitrary points x = a andx =a + his3. 
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3.4 EXERCISES 
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CONCEPTS 
1. If you travel 100 miles in two hours, then your average speed 
for the trip is 


average speed = ———— = 


2. The average rate of change of a function f between x = a and 
x = bis 


average rate of change = ———— 


3. The average rate of change of the function f(x) = x? between 
X = landx = 5is 


average rate of change= 


4. (a) The average rate of change of a function f between x = a 


and x = b is the slope of the line between 


(a, f(a)) and (b, f(b)). 
(b) The average rate of change of the linear function 


f(x) = 3x + 5 between any two points is 


21. f(x) =4x +3 


SKILLS 


5-8 m The graph of a function is given. Determine the average 
rate of change of the function between the indicated points on the 
graph. 


5. Ya 6. Ya 
5 
q 4 
oe as a 
be 
4 
> 
O; 4 4 x O; 4 5 
7. 


BY 


9-20 m A function is given. Determine the average rate of change 
of the function between the given values of the variable. 


9. f(x) =3x- 2; x=2,x =3 
10. g(x) =5 +3x; x=1,x=5 


11. h(t) =t? + 2t; t=-1t=4 

12. f(z) =1- 32 z= -2,z=0 

13. f(x) = x3 — 4x*7 x =0,x = 10 

14. f(x) =x +x4 x =-1,x =3 

15. f(x) = 3x7 x=2,x=2+h 

16. f(x) =4-x%% x=1x=1+h 

17. g(x) =< x=1x=a 

18. g(x) = f ; X=0,x=h 
X+1 

19. f(t) = 2; t=a,t=ath 


20. f(t) = Vi t=at=ath 


21-22 m A linear function is given. (a) Find the average rate of 
change of the function between x = a and x = a + h. (b) Show 
that the average rate of change is the same as the slope of the line. 


22. g(x) = —4x + 2 


APPLICATIONS 


23. Changing Water Levels The graph shows the depth of 
water W in a reservoir over a one-year period as a function of 
the number of days x since the beginning of the year. W hat was 
the average rate of change of W between x = 100 and x = 200? 


W (ft) 
100 
75 
50 5 
25 


+ +t + > 
0 100 200 300 x (days) 


24. Population Growth and Decline The graph shows the 
population P in a small industrial city from 1950 to 2000. 
The variable x represents the number of years since 1950. 
(a) What was the average rate of change of P between x = 20 
and x = 40? 
(b) Interpret the value of the average rate of change that you 
found in part (a). 


P 
(thousands) 4 
50 
40 


0! 10 20 30 40 50 * 
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26. 


27. 


Population Growth and Decline The table gives the 

population in a small coastal community for the period 

1997-2006. Figures shown are for J anuary 1 in each year. 

(a) What was the average rate of change of population 
between 1998 and 2001? 

(b) What was the average rate of change of population 
between 2002 and 2004? 

(c) For what period of time was the population increasing? 

(d) For what period of time was the population decreasing? 


Year Population 
1997 624 
1998 856 
1999 1,336 
2000 1,578 
2001 1,591 
2002 1,483 
2003 994 
2004 826 
2005 801 
2006 745 


Running Speed A manis running around a circular track 

that is 200 m in circumference. An observer uses a stopwatch 

to record the runner's time at the end of each lap, obtaining 

the data in the following table. 

(a) What was the man’s average speed (rate) between 68 s 
and 152 s? 

(b) What was the man’s average speed between 263 s and 
412 s? 

(c) Calculate the man’s speed for each lap. Is he slowing 
down, speeding up, or neither? 


Time (s) Distance (m) 

32 200 

68 400 
108 600 
152 800 
203 1000 
263 1200 
335 1400 
412 1600 


CD Player Sales_ The table shows the number of CD 

players sold in a small electronics store in the years 

1993-2003. 

(a) What was the average rate of change of sales between 
1993 and 2003? 

(b) What was the average rate of change of sales between 
1993 and 1994? 

(c) What was the average rate of change of sales between 
1994 and 1996? 


28. 


29. 


(d) Between which two successive years did CD player sales 
increase most quickly? Decrease most quickly? 


Year CD players sold 
1993 512 
1994 520 
1995 413 
1996 410 
1997 468 
1998 510 
1999 590 
2000 607 
2001 732 
2002 612 
2003 584 


Book Collection Between 1980 and 2000, a rare book 
collector purchased books for his collection at the rate of 40 
books per year. Use this information to complete the following 
table. (Note that not every year is given in the table.) 


Year Number of books 


1980 420 
1981 460 
1982 
1985 
1990 
1992 
1995 
1997 
1998 
1999 


2000 1220 


Cooling Soup When a bowl of hot soup is left in a room, 
the soup eventually cools down to room temperature. The temper- 
ature T of the soup is a function of time t. The table below gives 
the temperature (in °F) of a bow! of soup t minutes after it was set 
on the table, Find the average rate of change of the temperature of 
the soup over the first 20 minutes and over the next 20 minutes. 
During which interval did the soup cool off more quickly? 


t(min) T (°F) t(min) T (°F) 
0 200 35 94 
5 172 40 89 
10 150 50 81 
15 133 60 77 
20 119 90 72 
25 108 120 70 
30 100 150 70 


SECTION 3.5 | Transformations of Functions 221 


30. Farms in the United States The graph gives the num- d(mja 
ber of farms in the United States from 1850 to 2000. 100 
(a) Estimate the average rate of change in the number of 
farms between (i) 1860 and 1890 and (ii) 1950 and A 
1970. 
(b) In which decade did the number of farms experience the 50 
greatest average rate of decline? 
YA : = 
a. 0 5 10 t(s) 
6000 ‘i 
5000 + 32. Linear Functions Have Constant Rate of Change 
4000 + If f(x) = mx + bisa linear function, then the average rate of 
3000 1 change of f between any two real numbers x, and x, is 
2000 + Xo) — F(x 
LEIS NPLEELINLDUIDLRE EL ORE serge tate otchange 22 
1860 1900 1940 1980 x 27% 


Calculate this average rate of change to show that it is the 
same as the slope m. 


DISCOVERY = DISCUSSION = WRITING 


31. 100-Meter Race A 100-m race ends in a three-way tie for 
first place. The graph at the top of the next column shows dis- 
tance as a function of time for each of the three winners. 


33. Functions with Constant Rate of Change Are Linear 
If the function f has the same average rate of change c between 
any two points, then for the points a and x we have 


_ FX) — f(a) 
~  xX=a 


(a) Find the average speed for each winner. 


(b) Describe the differences between the ways in which the 


three runners ran the race. 


Rearrange this expression to show that 
F(X) = cx + (f(a) — ca) 
and conclude that f is a linear function. 


3.5 TRANSFORMATIONS OF FUNCTIONS 


Recall that the graph of the function f 
is the same as the graph of the equation 
y = f(x). 


Vertical Shifting > Horizontal Shifting B Reflecting Graphs ® Vertical 
Stretching and Shrinking ® Horizontal Stretching and Shrinking B Even 
and Odd Functions 


In this section we study how certain transformations of a function affect its graph. This 
will give us a better understanding of how to graph functions. The transformations that we 
study are shifting, reflecting, and stretching. 


V Vertical Shifting 


Adding a constant to a function shifts its graph vertically: upward if the constant is posi- 
tive and downward if it is negative. 

In general, suppose we know the graph of y = f(x). How do we obtain from it the 
graphs of 


y = f(x) +c and y = f(x) -c¢ (c > 0) 


The y-coordinate of each point on the graph of y = f(x) +c is c units above the 
y-coordinate of the corresponding point on the graph of y = f(x). So we obtain the graph 
of y = f(x) +c simply by shifting the graph of y = f(x) upward c units. Similarly, we 
obtain the graph of y = f(x) — c by shifting the graph of y = f(x) downward c units. 
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VERTICAL SHIFTS OF GRAPHS 
Suppose c > 0. 


To graph y = f(x) +c, shift the graph of y = f(x) upward c units. 
To graph y = f(x) — c, shift the graph of y = f(x) downward c units. 


EXAMPLE 1 | Vertical Shifts of Graphs 


Use the graph of f(x) = x? to sketch the graph of each function. 
(a) g(x) =x? +3 (b) h(x) = x? - 2 
SOLUTION The function f(x) = x? was graphed in Example 1(a), Section 3.2. It is 
sketched again in Figure 1. 
(a) Observe that 
g(X) =x? +3 = f(x) +3 
So the y-coordinate of each point on the graph of g is 3 units above the correspond- 


ing point on the graph of f. This means that to graph g, we shift the graph of f 
upward 3 units, as in Figure 1. 


(b) Similarly, to graph h, we shift the graph of f downward 2 units, as shown in Figure 1. 


ga) =x? +3 
fx) =? 
Ge) = 72 = 
a 
x 
FIGURE 1 [ 
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V Horizontal Shifting 
Suppose that we know the graph of y = f(x). How do we use it to obtain the graphs of 
y = f(x +c) and y = f(x -c) (c > 0) 


The value of f(x — c) atx is the same as the value of f(x) at x — c. Since x — c isc units 
to the left of x, it follows that the graph of y = f(x — c) is just the graph of y = f(x) 
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shifted to the right c units. Similar reasoning shows that the graph of y = f(x +c) isthe 
graph of y = f(x) shifted to the left c units. The following box summarizes these facts. 


HORIZONTAL SHIFTS OF GRAPHS 


Suppose c > 0. 


To graph y = f(x 
To graph y = f(x 


— c), shift the graph of y = f(x) to the right c units. 
+ c), shift the graph of y = f(x) to the left c units. 


EXAMPLE 2 | Horizontal Shifts of Graphs 
Use the graph of f(x) = x? to sketch the graph of each function. 


(a) g(x) = (x + 4)? 
SOLUTION 


(b) h(x) = (x — 2)? 


(a) To graph g, we shift the graph of f to the left 4 units. 
(b) To graph h, we shift the graph of f to the right 2 units. 


The graphs of g and h are sketched in Figure 2. 


A 


g(x) = (x+ 4)? f(x) = x? - h(x) = (x— 2)" 


FIGURE 2 
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RENE DESCARTES (1596-1650) 
was born in the town of La Haye in 
southern France. From an early age 
Descartes liked mathematics because 
of “the certainty of its results and the 
clarity of its reasoning.” He believed 
that to arrive at truth, one must begin 
by doubting everything, including one’s 
own existence; this led him to formu- 
late perhaps the best-known sentence 
in all of philosophy:“I think, therefore | 
am.” In his book Discourse on Method he described what is now called 
the Cartesian plane. This idea of combining algebra and geometry en- 


Library of Congress 


abled mathematicians for the first time to graph functions and thus 
“see” the equations they were studying. The philosopher John Stuart 
Mill called this invention “the greatest single step ever made in the 
progress of the exact sciences.” Descartes liked to get up late and 
spend the morning in bed thinking and writing. He invented the coor- 
dinate plane while lying in bed watching a fly crawl on the ceiling, rea- 
soning that he could describe the exact location of the fly by knowing 
its distance from two perpendicular walls. In 1649 Descartes became 
the tutor of Queen Christina of Sweden. She liked her lessons at 5 o’- 
clock in the morning, when, she said, her mind was sharpest. However, 
the change from his usual habits and the ice-cold library where they 
studied proved too much for Descartes. In February 1650, after just 
two months of this, he caught pneumonia and died. 
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MATHEMATICS IN 
THE MODERN WORLD 


Computers 

For centuries machines have been de- 
signed to perform specific tasks. For ex- 
ample, a washing machine washes 
clothes, a weaving machine weaves 
cloth, an adding machine adds num- 
bers, and so on. The computer has 
changed all that. 

The computer is a machine that 
does nothing—until it is given instruc- 
tions on what to do.So your computer 
can play games, draw pictures, or calcu- 
late z to a million decimal places; it all 
depends on what program (or instruc- 
tions) you give the computer. The com- 
puter can do all this because it is able to 
accept instructions and logically 
change those instructions based on in- 
coming data. This versatility makes 
computers useful in nearly every aspect 
of human endeavor. 

The idea of a computer was described 
theoretically in the 1940s by the mathe- 
matician Allan Turing (see page 144) in 
what he called a universal machine.|n 
1945 the mathematician John Von 
Neumann, extending Turing's ideas, built 
one of the first electronic computers. 

Mathematicians continue to de- 
velop new theoretical bases for the de- 
sign of computers. The heart of the 
computer is the “chip,” which is capable 
of processing logical instructions. To 
get an idea of the chip’s complexity, 
consider that the Pentium chip has 
over 3.5 million logic circuits! 


EXAMPLE 3 | Combining Horizontal and Vertical Shifts 
Sketch the graph of f(x) = Vx —-3 +4. 


SOLUTION Westart with the graph of y = Vx (Example 1(c), Section 3.2) and shift 
it to the right 3 units to obtain the graph of y = Vx — 3. Then we shift the resulting 
graph upward 4 units to obtain the graph of f(x) = Vx — 3 + 4 shown in Figure 3. 


ya F(x) = Vx-3 +4 


FIGURE 3 
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V Reflecting Graphs 


Suppose we know the graph of y = f(x). How do we use it to obtain the graphs of 
y = —f(x) and y = f(—x)? The y-coordinate of each point on the graph of y = —f(x) is 
simply the negative of the y-coordinate of the corresponding point on the graph of 
y = f(x). So the desired graph is the reflection of the graph of y = f(x) in the x-axis. On 
the other hand, the value of y = f(—x) at x is the same as the value of y = f(x) at —x, so 
the desired graph here is the reflection of the graph of y = f(x) in the y-axis. The fol- 
lowing box summarizes these observations. 


REFLECTING GRAPHS 


To graph y = —f(x), reflect the graph of y = f(x) in the x-axis. 
To graph y = f(—x), reflect the graph of y = f(x) in the y-axis. 


EXAMPLE 4 | Reflecting Graphs 
Sketch the graph of each function. 


(a) f(x) = -x? (b) g(x) = V—-x 

SOLUTION 

(a) We start with the graph of y = x”. The graph of f(x) = —x’ is the graph of y = x? 
reflected in the x-axis (see Figure 4). 


FIGURE 4 


ff) = x? 
g(x) = 3x? 


FIGURE 6 
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(b) We start with the graph of y = Vx (Example 1(c) in Section 3.2). The graph of 
g(x) = V—x is the graph of y = Vx reflected in the y-axis (see Figure 5). Note 
that the domain of the function g(x) = V—xis {x| x = O}. 


YA 
gix)=V-X 7 ye ae 
i. on 
t t 0 t + > 
FIGURE 5 | - 
©. NOW TRY EXERCISES 29 AND 31 ral 


V Vertical Stretching and Shrinking 


Suppose we know the graph of y = f(x). How do we use it to obtain the graph of 
y = f(x)? The y-coordinate of y = cf(x) at x is the same as the corresponding 
y-coordinate of y = f(x) multiplied by c. Multiplying the y-coordinates by c has the ef- 
fect of vertically stretching or shrinking the graph by a factor of c. 


VERTICAL STRETCHING AND SHRINKING OF GRAPHS 
To graph y = cf(x): 
If c > 1, stretch the graph of y = f(x) vertically by a factor of c. 
If 0 <c <1, shrink the graph of y = f(x) vertically by a factor of c. 


EXAMPLE 5 | Vertical Stretching and Shrinking of Graphs 
Use the graph of f(x) = x? to sketch the graph of each function. 

(a) g(x) = 3x’ (b) h(x) = 3x? 

SOLUTION 


(a) The graph of g is obtained by multiplying the y-coordinate of each point on the 
graph of f by 3. That is, to obtain the graph of g, we stretch the graph of f verti- 
cally by a factor of 3. The result is the narrower parabola in Figure 6. 

(b) The graph of h is obtained by multiplying the y-coordinate of each point on 
the graph of f by 4. That is, to obtain the graph of h, we shrink the graph of f 
vertically by a factor of 3. The result is the wider parabola in Figure 6. 
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We illustrate the effect of combining shifts, reflections, and stretching in the following 
example. 
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Functions 


EXAMPLE 6 | Combining Shifting, Stretching, and Reflecting 
Sketch the graph of the function f(x) = 1 — 2(x — 3)’. 


SOLUTION Starting with the graph of y = x’, we first shift to the right 3 units to get 
the graph of y = (x — 3)*. Then we reflect in the x-axis and stretch by a factor of 2 to get 
the graph of y = —2(x — 3)’. Finally, we shift upward 1 unit to get the graph of 
f(x) = 1 — 2(x — 3)? shown in Figure 7. 


Ya 


y = («-3) 


x 
OS er 


FIGURE 7 y= —2(r- 3) 
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V Horizontal Stretching and Shrinking 


Now we consider horizontal shrinking and stretching of graphs. If we know the graph of 
y = f(x), then how is the graph of y = f(cx) related to it? The y-coordinate of y = f(cx) 
at x is the same as the y-coordinate of y = f(x) at cx. Thus, the x-coordinates in the graph 
of y = f(x) correspond to the x-coordinates in the graph of y = f(cx) multiplied by c. 
Looking at this the other way around, we see that the x-coordinates in the graph of 
y = f(cx) are the x-coordinates in the graph of y = f(x) multiplied by 1/c. In other 
words, to change the graph of y = f(x) to the graph of y = f(cx), we must shrink (or 
stretch) the graph horizontally by a factor of 1/c, as summarized in the following box. 


HORIZONTAL SHRINKING AND STRETCHING OF GRAPHS 
To graph y = f(cx): 
If c > 1, shrink the graph of y = f(x) horizontally by a factor of 1/c. 
If 0 <<c <1, stretch the graph of y = f(x) horizontally by a factor of 1/c. 


YA y= flex) 


EXAMPLE 7 | Horizontal Stretching and Shrinking of Graphs 


The graph of y = f(x) is shown in Figure 8 on the next page. Sketch the graph of each 
function. 


(a) y = f(2x) (b) y = f(5x) 


The Granger Collection, New York 


SONYA KOVALEVSKY (1850-1891) 
is considered the most important 
woman mathematician of the 19th 
century. She was born in Moscow to an 
aristocratic family. While a child, she 
was exposed to the principles of calcu- 
lus in a very unusual fashion: Her bed- 
room was temporarily wallpapered 
with the pages of a calculus book. She 
later wrote that she “spent many hours 
in front of that wall, trying to under- 
stand it.” Since Russian law forbade 
women from studying in universities, 
she entered a marriage of convenience, 
which allowed her to travel to Germany 
and obtain a doctorate in mathematics 
from the University of Gottingen. She 
eventually was awarded a full profes- 
sorship at the University of Stockholm, 
where she taught for eight years before 
dying in an influenza epidemic at the 
age of 41. Her research was instrumen- 
tal in helping to put the ideas and ap- 
plications of functions and calculus on 
a sound and logical foundation. She re- 
ceived many accolades and prizes for 
her research work. 
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ale 


FIGURE 8 y = f(x) 


SOLUTION Using the principles described in the preceding box, we obtain the 
graphs shown in Figures 9 and 10. 


FIGURE 9 y = f(2x) FIGURE 10 y = f(3x) 
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V Even and Odd Functions 


If a function f satisfies f(—x) = f(x) for every number x in its domain, then f is called 
an even function. For instance, the function f(x) = x? is even because 


AH = (x = (1 a = FO) 


The graph of an even function is symmetric with respect to the y-axis (see Figure 11). This 
means that if we have plotted the graph of f for x = 0, then we can obtain the entire graph 
simply by reflecting this portion in the y-axis. 

If f satisfies f(—x) = —f(x) for every number x in its domain, then f is called an odd 
function. For example, the function f(x) = x? is odd because 


(y= HEX SF = =) 


The graph of an odd function is symmetric about the origin (see Figure 12). If we have 
plotted the graph of f for x = 0, then we can obtain the entire graph by rotating this por- 
tion through 180° about the origin. (This is equivalent to reflecting first in the x-axis and 
then in the y-axis.) 


FIGURE 11 f(x) =x’ is an 
even function. 


FIGURE 12 f(x) = x? is an odd 
function. 
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EVEN AND ODD FUNCTIONS 
Let f be a function. 


f is even if f(—x) = f(x) for all x in the domain of f. 
f is odd if f(—x) = —f(x) for all x in the domain of f. 


The graph of an even function is The graph of an odd function is 
symmetric with respect to the y-axis. symmetric with respect to the origin. 


EXAMPLE 8 | Even and Odd Functions 


Determine whether the functions are even, odd, or neither even nor odd. 
(a) f(x) =x +x 

(b) g(x) =1—x' 

(c) h(x) = 2x - x? 


SOLUTION 

(a) f(—x) = (-x)? + (-x) 
= —-x—x=-(0° +x) 
== 70) 


Therefore, f is an odd function. 

(b) g(—x) = 1 — (~x)* = 1— x* = g(x) 
So g is even. 

(c) h(—x) = 2(—x) -— (—x)? = -2x - ¥? 


Since h(—x) # h(x) and h(—x) # —h(x), we conclude that h is neither even 
nor odd. 


©. NOW TRY EXERCISES 75, 77, AND 79 a 


The graphs of the functions in Example 8 are shown in Figure 13. The graph of f is 
symmetric about the origin, and the graph of g is symmetric about the y-axis. The graph 
of h is not symmetric either about the y-axis or the origin. 


25  fxyHxe+x 2.5 2.5 


FIGURE 13 (a) (b) (c) 
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CONCEPTS 9. (a) y = —f(X) +5 (b) y = 3f(x) —5 
1-2 m Fill in the blank with the appropriate direction (left, right, 10. (a) y = f(x —4) + 3 (b) y = f(x +4) - 3 
up, or down). 
11. (a) y = 2f(x + 1) —- 3 (b) y = 2f(x —1) +3 
1, (a) The graph of y = f(x) + 3 is obtained from the graph of 
12. (a) y = 3 — 2f(x b) y=2-f(-x 
y = f(x) by shifting 3 units. ary FQ) me i ) 
(b) The graph of y = f(x + 3) is obtained from the graph of 13. (a) y = (4x) (b) y = f(3x) 
y = f(x) by shifting 3 units. 14, (a) y = f(2x) -1 (b) y = 2f(3x) 
2. (a) The graph of y = f(x) — 3 is obtained from the graph of 15-18 = Explain how the graph of g is obtained from the graph 
y = f(x) by shifting 3 units. of f. 
(b) The graph of y = f(x — 3) is obtained from the graph of 15. (a) f(x) =x’, g(k) = (kK + 2)? 
= 2 Bap Ap Ds il 
y = f(x) by shifting 3 units. FD hs gO) ad 
yD = = 3 
3. Fill in the blank with the appropriate axis (x-axis or y-axis). a6: 7 ne =. . a) - 7 my 
(a) The graph of y = —f(x) is obtained from the graph of POS ks 300 = 
Bese 17. (a) f(x) = |x|, g(x) = |x +2] —2 
y = f(x) by reflecting in the . (b) f(x) = |x|, g(x) = |x-—2] +2 
(b) The graph of y = f(—x) is obtained from the graph of ; 
asec ‘ : — 18. (a) f(x) = Vx, g(X) = -VxX 41 
y = f(x) by reflecting in the (b) f(x) = Vx, g(X) = V-xF1 
ep Patchy Ne Cay WIM re TINE DON, 19. Use the graph of y = x’ in Figure 4 to graph the following. 
(a) y= |x+1| (b) y= |x— 1 | (a) g(x) =X +1 
(c) y= |x| —1 (d) y = —|x| (b) g(x) = (x — 1) 
(c) g(x) = -x° 
(d) g(x) = (x — 1)? +3 
20. Use the graph of y = Vx in Figure 5 to graph the following. 


*.21 

22. 

©.23. 

24 

®& 25 

26. 

®.27 

SKILLS 28. 

5-14 m Suppose the graph of f is given. Describe how the graph &_29, 
of each function can be obtained from the graph of f. 

5. (a) y = f(x) — 5 (b) y = #0 5) = 

6. (a) y = f(x +7) (b) y= fx) +7 a 

7. (a) y = —f(X) (b) y = f(-) ae 


8. (a) y = —2/(x) (b) y = —}f(x) *. 33, 


(a) g(x) = Vx —2 

(b) g(x) = Vx +1 

(c) g(X) = Vx+24+2 
(d) g(x) = —Vx +1 


21-44 m Sketch the graph of the function, not by plotting points, 
but by starting with the graph of a standard function and applying 
transformations. 


f(x) =X -1 
f(x) =X +5 
f(x) = VK +1 
» F(X) = |X] -1 
00 == By 
f(x) = (x +1)? 

(x)= Vx +4 
f(x) = |x — 3| 
F(X) = 
» £(X) = — |X] 
y= Wo 

y = W-x 

y = 4x 
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34, 


42. 
43. 
44, 


y= -5Vx 
»y = 3)x| 

y= 21%! 
»y=(x-3)+5 
y= VK+4-3 
»y =3-3(x-1) 
»y=2—-—Vx4t1 
»~Y=(|X+2| +2 
y=2— |x| 


y=3Vx+4-3 
y=3-2%x-1) 


45-54 m A function f is given, and the indicated transformations 
are applied to its graph (in the given order). W rite the equation for 
the final transformed graph. 


45. f 
46. f 
47. f 
48. f 
49. 
50. f 


51. 
52. 
53. 


54. 


2 units 


f(x Wx; reflect in the y-axis and shift upward 1 unit 


f(x) = x’; shift 2 units to the left and reflect in the x-axis 


f(x) = x*, shift upward 3 units 
f(x) = x% shift downward 1 unit 
f(x) = Vx; shift 2 units to the left 
f(x) = Wx; shift 1 unit to the right 
f(x) = |X|; shift 3 units to the right and shift upward 1 unit 
A |x|; shift 4 units to the left and shift downward 
n 
y= 
= 


f(x) = x’; stretch vertically by a factor of 2, shift downward 
2 units, and shift 3 units to the right 


f(x) = |x|; shrink vertically by a factor of 3, shift to the left 
1 unit, and shift upward 3 units 


55-60 m The graphs of f and g are given. Find a formula for the 
function g. 


55. 


56. 


58. 


YA YA 
NA | x) = [31 
> > 
O} 4 x Ol 1 x 


59. 


fx) = 


61-62 m= The graph of y = f(x) is given. Match each equation 


with its graph. 
61. (a) y = f(x — 4) 


(b) y = f(x) +3 


(c) y = 2f(x + 6) (d) y = —f(2x) 
Ya 
@ Ao) 
31 fe @ 
6 3 0 6 T 
a) 
62. (a) y = 3f(x) (b) y = —f(x + 4) 
(c) y = f(x -— 4) +3 (d) y = f(-x) 
Ya 
6 ® 
@~3 f(x a 
@ 
6 Na 3 : x 
@ 3 


©. 63. The graph of f is given. Sketch the graphs of the following 


functions. 
(a) y = f(x - 2) (b) y = f(x) — 2 
(c) y = 2f(x) (d) y = —f(x) + 3 
(e) y = f(-x) (f) y = F(x — 1) 
YA 
0 2 : 
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64. The graph of g is given. Sketch the graphs of the following 72. Viewing rectangle |—6, 6] by [—4, 4] 
functions. ad _ 1 
(a) y= g(x +1) (b) y = g(-«) oe hae ue ae re 
(c) y = g(x — 2) (d) y = g(x) — 2 1 1 
le) y = —g9(x) (Ff) y = 29(x) Ce a ear WY = a=e 


. If f(x) = V2x — x’, graph the following functions in the 
viewing rectangle[—5, 5] by [—4, 4]. How is each graph re- 


2 lated to the graph in part (a)? 
AN (a) y= f(x) (b) y= (2x) (0) y = F (3x) 


> 
0 2 x . If f(x) = V2x — x’, graph the following functions in the 
viewing rectangle[—5, 5] by [—4, 4]. How is each graph re- 
lated to the graph in part (a)? 
(a) y = f(x) (b) y = f(—x) 
65. The graph of g is given. Use it to graph each of the following 2 y= iy (d) y = f(-2x) 
functions. y= fl-2 
(a) y = g(2x) (b) y = 9(3x) 
75-82 m Determine whether the function f is even, odd, or nei- 
ya ther. If f is even or odd, use symmetry to sketch its graph. 
A756. (0) Sx 76. f(x) =x? 
g 77. f(x) =x? +x 78. f(x) =x' — 4x? 
i > ©.79. f(x) = - x 80. f(x) = 3x2 + 2x? + 1 
Xx 
1 
81. f(x) =1—- Vx 82. f(x) =x +> 
83-84 m The graph of a function defined for x = 0 is given. 
66. The graph of h is given. Use it to graph each of the following Complete the graph for x < 0 to make (a) an even function and 
functions. (b) an odd function. 
(a) y = h(3x) (b) y = h(x) 83. 84, 
Ya yA 
ya 
H } 
> Om 2 0 a 
x 
67-68 = Use the graph of f(x) = [|x| described on page 198 85-86 m These exercises show how the graph of y = | f(x)| is 
to graph the indicated function. obtained from the graph of y = f(x). 
67. y = [2x] 68. y = [ax] 85. The graphs of f(x) = x? — 4 and g(x) = |x? — 4| are 
shown. Explain how the graph of g is obtained from the 
69-72 m Graph the functions on the same screen using the graph of f. 
~ given viewing rectangle. How is each graph related to the graph 
in part (a)? 
69. Viewing rectangle [—8, 8] by [—2, 8] 
(a) y = Vx (b) y= Wx +5 
(c) y= 2Vx +5 (dd) y=4+2WK 45 
70. Viewing rectangle [—8, 8] by [—6, 6] 
(a) y = |x| (b) y = —|x| 
(c) y = —3]x| (d) y = —3|x —5| 
71. Viewing rectangle [—4, 6] by [—4, 4] 
(a) y=%° (b) y = 3x 


6 
(c) y = —3x8 (d) y = —3(x — 4)° 
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86. The graph of f(x) = x* — 4x? is shown. Use this graph to 
sketch the graph of g(x) = |x* — 4x?], 


“Y 


wt 


87-88 m Sketch the graph of each function. 
87. (a) f(x) = 4x — x? (b) g(x) = |4x — x?| 
88. (a) f(x) =x? (b) g(x) = |x3| 


APPLICATIONS 


89. Sales Growth The annual sales of a certain company can 
be modeled by the function f(t) = 4 + 0.01t?, where t repre- 
sents years since 1990 and f(t) is measured in millions of 
dollars. 

(a) What shifting and shrinking operations must be performed 
on the function y = t? to obtain the function y = f(t)? 

(b) Suppose you want t to represent years since 2000 instead 
of 1990. What transformation would you have to apply to 
the function y = f(t) to accomplish this? Write the new 
function y = g(t) that results from this transformation. 


3.6 COMBINING FUNCTIONS 


90. Changing Temperature Scales The temperature ona 
certain afternoon is modeled by the function 
C(t) =5t? +2 

where t represents hours after 12 noon (0 = t S$ 6) and C is 

measured in °C. 

(a) What shifting and shrinking operations must be performed 
on the function y = t? to obtain the function y = C(t)? 

(b) Suppose you want to measure the temperature in °F in- 
stead. W hat transformation would you have to apply to the 
function y = C(t) to accomplish this? (Use the fact that 
the relationship between Celsius and Fahrenheit degrees is 
given by F = 2C + 32.) Write the new function y = F(t) 
that results from this transformation. 


DISCOVERY =DISCUSSION = WRITING 


91. Sums of Even and Odd Functions _|f f and g are both 
even functions, is f + g necessarily even? If both are odd, is 
their sum necessarily odd? What can you say about the sum if 
one is odd and one is even? In each case, prove your answer. 


92. Products of Even and Odd Functions Answer the 
same questions as in Exercise 91, except this time consider the 
product of f and g instead of the sum. 


93. Even and Odd Power Functions What must be true 
about the integer n if the function 


sya? 
is an even function? If itis an odd function? Why do you think 


the names “even” and “odd” were chosen for these function 
properties? 


| Sums, Differences, Products, and Quotients > Composition of Functions 


In this section we study different ways to combine functions to make new functions. 


Vv Sums, Differences, Products, and Quotients 


The sum of f and g is defined by 

(f + g)(X) = F(x) + g(x) 
The name of the new function is 
“f +4." So this + sign stands for the 
operation of addition of functions. 
The + sign on the right side, however, 
stands for addition of the numbers f(x) 
and g(x). 


Two functions f and g can be combined to form new functions f + g, f — g, fg, and f/g 
in a manner similar to the way we add, subtract, multiply, and divide real numbers. For 
example, we define the function f + g by 


(fF + g)(X) = FX) + g(x) 


The new function f +g is called the sum of the functions f and g; its value at x is 
F(X) + g(x). Of course, the sum on the right-hand side makes sense only if both f(x) and 
g(x) are defined, that is, if x belongs to the domain of f and also to the domain of g. So if 


the domain of f is A and the domain of g is B, then the domain of f + g is the intersec- 
tion of these domains, that is, A  B. Similarly, we can define the difference f — g, the 
product fg, and the quotient f/g of the functions f and g. Their domains are A M B, but 
in the case of the quotient we must remember not to divide by 0. 
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ALGEBRA OF FUNCTIONS 


Let f and g be functions with domains A and B. Then the functions f + g, 
f — 4g, fg, and f/g are defined as follows. 


GF g)(X) = F(X) +9) DomainA NB 


DomainA MB 
DomainA MB 


Domain {x € A 1 B| g(x) # 0} 


EXAMPLE 1 | Combinations of Functions and Their Domains 


Let f(x) = as and g(x) = Vx. 
(a) Find the functions f + g, f — g, fg, and f/g and their domains. 
(b) Find (f + g)(4), (f — g)(4), (f9)(4), and (f/g)(4). 


SOLUTION 


(a) The domain of f is {x| x # 2}, and the domain of g is {x | x = 0}. The intersection 
of the domains of f and g is 


{x| Xx = Oand x # 2} = [0, 2) U (2, w) 
Thus, we have 


(fF + g)(X) = F(X) + 9%) = —* + VE Domain {x|x = Oandx # 2} 


Xx-2 
(f — g)(X) = f(X) — gi) = ? 5 Vx Domain {x| x = O andx # 2} 
eA Ae ta (00) = Hate) = Domain |x = Oandx + 2} 
UO=2) . Va?) (£) f(x) 1 
= = = Domai > Oandx #2 
vi Vil 5 (x) g(x) (X= 2)Ve omain {x | x and x } 
i i 
"752 Wh Note that in the domain of f/g we exclude 0 because g(0) = 0. 
1 (b) Each of these values exist because x = 4 is in the domain of each function. 
(x = 2)VK 


(F + 9)(4) = 114) + (4) = gy + VE=? 
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I~ 


The graph of the function f + g can be obtained from the graphs of f and g by graph- 
ical addition. This means that we add corresponding y-coordinates, as illustrated in the 
next example. 


EXAMPLE 2 | Using Graphical Addition 


The graphs of f and g are shown in Figure 1. Use graphical addition to graph the function 
f+. 


SOLUTION Weobtain the graph of f + g by “graphically adding” the value of f(x) to 
g(x) as shown in Figure 2. This is implemented by copying the line segment PQ on top 
of PR to obtain the point S on the graph of f + g. 


ya y = (f + g)(x) 


FIGURE 1 


cae | 


FIGURE 2 Graphical addition 
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V Composition of Functions 


Now let's consider a very important way of combining two functions to get a new func- 
tion. Suppose f(x) = Vx and g(x) = x? + 1. We may define a new function h as 


h(x) = fg(x)) = fe? +1) = Vx? +1 


The function h is made up of the functions f and g in an interesting way: Given anumber x, 
we first apply the function g to it, then apply f to the result. In this case, f is the rule “take 
the square root,” g is the rule “square, then add 1,” and his the rule “square, then add 1, then 
take the square root.” In other words, we get the rule h by applying the ruleg and then the 
rule f. Figure 3 shows a machine diagram for h. 


x — g —_—r +1 |x? +1 


input | bine output 


FIGURE 3 Theh machine is composed of the g machine (first) 
and then the f machine. 


In general, given any two functions f and g, we start with a number x in the domain of 
g and find its image g(x). If this number g(x) is in the domain of f, we can then calculate 
the value of f(g(x)). The result is a new function h(x) = f(g(x)) that is obtained by sub- 
stituting g into f. It is called the composition (or composite) of f and g and is denoted by 
fog (“f composed with g”). 


In Example 3, f is the rule “square” 
and g is the rule “subtract 3.” The 
function f °g first subtracts 3 and then 
squares; the function g  f first squares 
and then subtracts 3. 
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COMPOSITION OF FUNCTIONS 


Given two functions f and g, the composite function f © g (also called the com- 


position of f and g) is defined by 
(f° g)(x) = f(g) 


The domain of f °g is the set of all xin the domain of g such that g(x) is in the do- 
main of f. In other words, (f °g)(x) is defined whenever both g(x) and f(g(x)) are 
defined. We can picture f ° g using an arrow diagram (Figure 4). 


feg 


Wy), 


FIGURE 4 Arrow diagram for f°g 


EXAMPLE 3 | Finding the Composition of Functions 
Let f(x) = x and g(x) = x — 3. 

(a) Find the functions f° g and g ° f and their domains. 

(b) Find (f° g)(5) and g ° f)(7). 


SOLUTION 
(a) We have 
(f° g)(X) = F909) Definition of fog 
= f(x — 3) Definition of g 
= (x— 3)? _ Definition of f 
and (9° f)(X%) = g(f0X) Definition of g of 
= g(x’) Definition of f 
=x’ —3 Definition of g 


The domains of both f°g andgofareR. 


(b) We have 
(f°g)(5) = f(9(5)) = #(2) =? =4 
(g*f)7) = 97) = 949) =49 - 3 = 46 
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You can see from Example 3 that, in general, f °g # g ° f. Remember that the nota- 
tion f °g means that the function g is applied first and then f is applied second. 
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The graphs of f and g of Example 4, as 
well as those of fog, goef, fof, and 
g°g, are shown below. These graphs 
indicate that the operation of composi- 
tion can produce functions that are quite 
different from the original functions. 


EXAMPLE 4 | Finding the Composition of Functions 
If f(x) = Vx and g(x) = V2 — x, find the following functions and their domains. 


(a) fog (b) gcf (c) fof (d) g°g 
SOLUTION 
(a) (f°g9)(X) = F(g(X)) Definition of f og 
= f(V2—x) Definition of g 
= VV2—X Definition of f 
a. 


The domain of fog is {x| 2 — x = 0} = {x| xX S 2} = (-c,2]. 
(b) (9° f)(X) = g(F(x)) 
= g(VX) 

=V2- vx 


For Vx to be defined, we must have x = 0. For V2 — Vx to be defined, we must 
have 2 — Vx = 0, that is, Vx < 2, or x < 4. Thus, we have 0 S x < 4, so the do- 
main of g ° f is the closed interval [0, 4}. 


(c) (f° f(x) = FFX) Definition of f  f 


Definition of g of 
Definition of f 


Definition of g 


= f(Vx) Definition of f 
= Wy x Definition of f 
_v 


The domain of f° f is [0, co). 
(d)  °g)(X) = g(x) 
= g(V2 — x) 
This expression is defined when both 2 — x = 0 and2 — V2 — x = 0. The first 


inequality means x < 2, and the second is equivalent to V2 — x $2, or 
2—x =4,orx = —2. Thus, —2 = x = 2, so the domain of g °g is[—2, 2]. 
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Definition of g og 
Definition of g 


Definition of g 


Itis possible to take the composition of three or more functions. For instance, the com- 
posite function f °g his found by first applying h, then g, and then f as follows: 


(fog eh)(x) = fg(h))) 


EXAMPLE 5 | A Composition of Three Functions 
Find f ogcehif f(x) = x/(x + 1), g(x) = x", and h(x) = x + 3. 
SOLUTION 

(fog eh)(x) = fg(h(x))) 


Definition of fegeh 


= f(g(x + 3)) Definition of h 
= f(x + 3)”) Definition of g 
(x + 3)%° _ 
= +3)" 41 Definition of f 
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FIGURE 5 


distance = rate x time 


SECTION 3.6 | Combining Functions 237 


So far, we have used composition to build complicated functions from simpler ones. 
Butin calculus itis useful to be able to “decompose” a complicated function into simpler 
ones, as shown in the following example. 


EXAMPLE 6 | Recognizing a Composition of Functions 
Given F (x) = Wx + 9, find functions f and g such that F = fog. 
SOLUTION Since the formula for F says to first add 9 and then take the fourth root, we 


let 
gx) =x+9 and f(x) = 
Then 
(f° g)(X) = F9(X) Definition of f og 
= f(x + 9) Definition of g 
=Wx+9 Definition of f 
= F(x) 
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EXAMPLE 7 | An Application of Composition of Functions 
A ship is traveling at 20 mi/h parallel to a straight shoreline. The ship is 5 mi from shore. 
It passes a lighthouse at noon. 


(a) Express the distance s between the lighthouse and the ship as a function of d, the 
distance the ship has traveled since noon; that is, find f so thats = f(d). 


(b) Express d as a function of t, the time elapsed since noon; that is, find g so that 
d = g(t). 

(c) Find f° g. What does this function represent? 

SOLUTION We first draw a diagram as in Figure 5. 


(a) We can relate the distances s and d by the Pythagorean Theorem. Thus, s can be 
expressed as a function of d by 


s = f(d) = V25 +d? 


(b) Since the ship is traveling at 20 mi/h, the distance d it has traveled is a function of t 


as follows: 
d = g(t) = 20t 
(c) We have 
(feg)(t) = Fg(t)) Definition of fog 
= f(20t) Definition of g 


= V25 + (20t)? Definition of f 


The function f ° g gives the distance of the ship from the lighthouse as a function 
of time. 
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3.6 EXERCISES 


CONCEPTS 


1, From the graphs of f and g in the figure, we find 
(f= g2) =———. 


(f + g)(2) = ———_ 


(f9)(2) = ——_— 


2. By definition, f° g(x) = 
f(5) = 12, then fe g(2) = 


____. So if g(2) = 5 and 


3. If the rule of the function f is “add one” and the rule of the 


function g is “multiply by 2,” then the rule of f °g is 


and the rule of g of is 


4. We can express the functions in Exercise 3 algebraically as 


i _——— g(X) = 
feg(x) = g° f(x) = ——__ 
SKILLS 


5-10 m Find f + g, f — g, fg, and f/g and their domains. 


S. 5. A(X) =xX-3, g(x) =? 
6. f(x) =x? + 2x, g(x) =3x7-1 
7. f(x) = V4—%2, g(x) = VI +x 
8 f(x) = V9-%X, g(x) = VXP?-4 
9. f0)=5 g(x) = 
IO) = gag aX) = sq 


11-14 m Find the domain of the function. 


11. f(x) = Vx + VI-x 


13. h(x) = (x — 3)7™4 


12. g(x) = 


; 


15-16 m Use graphical addition to sketch the graph of f + g. 


IB yy 


0 


ay 


17. f(x) = V1+x, 


18. f(x) =x’, g(x) = Vx 
19. f(x) = x7, g(x) = 9° 


20. f(x) = WI=x, g(x) =4/1 es 


21-26 m Use f(x) = 3x — 5 and g(x) = 2 — x’ to evaluate the 


expression. 


~ 21, (a) f(g(0)) 


22. (a) f(f(4 


26. (a) (fof 


as YA 


s 


s=| 17-20 m Draw the graphs of f, g, and f + g on a common screen 
~ to illustrate graphical addition. 


g(x) = V1 -x 


(b) g(f(0 
(b) g(g(3 


27-32 m Usethe given graphs of f and g to evaluate the expression. 


YA 


“YY 


27. f 
28. 9(f(0 
29. 
30. 
31. 
32. 


33-44 m Find the functions fog,g°f, f°f, and g °g and their 
domains. 


33. f(x) =2x +3, g(x) =4x-1 


39. f(x) = |X], g(K) = 2x +3 


S41. 00) = 5, gl) = 2x1 
42. f(x) = a(x) = — aK 
43. #0) =~, 9) = + 
44. fx) =<, 9X) =— 5 


45-48 = Find feg ch. 


©.45. f(x) =x -— 1, g(x) = Vx, W(x) =x-1 


46. f(x) = :, g(x) = 3, h(x) =x? + 2 


49-54 m Express the function in the form f og. 


©.49, F(x) = (x — 9)° 


50. F(x) = Vx+1 


2 


X 
51. G(x) = 
1 
52. G(x) = 5 
53. H(x) = |1 — x3| 


54. H(x) = V1 + vx 


55-58 m Express the function in the form fog ch. 


55. F (x) Tay, 


56. F(x) = Wve -1 
57. G(x) = (4+ Wx)? 
2 


58. G(x) = G+ vxP 
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APPLICATIONS 


59-60 =» Revenue, Cost, and Profit A print shop makes 
bumper stickers for election campaigns. If x stickers are ordered 
(where x < 10,000), then the price per bumper sticker is 

0.15 — 0.000002x dollars, and the total cost of producing the 
order is 0.095x — 0.0000005x? dollars. 


59. Use the fact that 
revenue = priceperitem X number of items sold 


to express R(x), the revenue from an order of x stickers, as a 
product of two functions of x. 


60. Use the fact that 
profit = revenue — cost 


to express P(x), the profit on an order of x stickers, as a differ- 
ence of two functions of x. 


61. Area of aRipple A stone is dropped in a lake, creating a 
circular ripple that travels outward at a speed of 60 cm/s. 
(a) Find a function g that models the radius as a function of 
time. 
(b) Find a function f that models the area of the circle as a 
function of the radius. 
(c) Find f °g. What does this function represent? 


62. Inflating a Balloon A spherical balloon is being inflated. 

The radius of the balloon is increasing at the rate of 

lcm/s. 

(a) Find a function f that models the radius as a function of 
time. 

(b) Find a function g that models the volume as a function of 
the radius. 

(c) Find g ° f. What does this function represent? 


©. 63. Area of a Balloon A spherical weather balloon is being 


inflated. The radius of the balloon is increasing at the rate of 
2 cm/s. Express the surface area of the balloon as a function of 
time t (in seconds). 


64. Multiple Discounts You have a $50 coupon from the 
manufacturer good for the purchase of a cell phone. The store 
where you are purchasing your cell phone is offering a 20% 
discount on all cell phones. L et x represent the regular price of 
the cell phone. 

(a) Suppose only the 20% discount applies. Find a function f 
that models the purchase price of the cell phone as a func- 
tion of the regular price x. 
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65. 


66. 


(b) Suppose only the $50 coupon applies. Find a function g 
that models the purchase price of the cell phone as a func- 
tion of the sticker price x. 

If you can use the coupon and the discount, then the pur- 
chase price is either f ° g(x) or g © f(x), depending on the 
order in which they are applied to the price. Find both 

f °g(x) and g ° f(x). Which composition gives the lower 
price? 


— 


(c 


Multiple Discounts An appliance dealer advertises a 

10% discount on all his washing machines. In addition, the 

manufacturer offers a $100 rebate on the purchase of a 

washing machine. Let x represent the sticker price of the 

washing machine. 

(a) Suppose only the 10% discount applies. Find a function f 
that models the purchase price of the washer as a function 
of the sticker price x. 

(b) Suppose only the $100 rebate applies. Find a function g 
that models the purchase price of the washer as a function 
of the sticker price x. 

(c) Find f °g and g  f. What do these functions represent? 
Which is the better deal? 


Airplane Trajectory An airplane is flying at a speed of 

350 mi/h at an altitude of one mile. The plane passes directly 

above a radar station at time t = 0. 

(a) Express the distance s (in miles) between the plane and 
the radar station as a function of the horizontal distance d 
(in miles) that the plane has flown. 

(b) Express d as a function of the time t (in hours) that the 
plane has flown. 

(c) Use composition to express s as a function of t. 


DISCOVERY = DISCUSSION = WRITING 


67. 


Compound Interest A savings account earns 5% interest 
compounded annually. If you invest x dollars in such an ac- 
count, then the amount A(x) of the investment after one year is 
the initial investment plus 5%; that is, 


A(x) = X + 0.05x = 1.05x 


68. 


69. 


70. 


Find 
AcA 
AcAcA 
AcAcAcA 


W hat do these compositions represent? Find a formula for 
what you get when you compose n copies of A. 


Composing Linear Functions The graphs of the 
functions 


f(X) = myx + by 


g(x) = Mx + by 


are lines with slopes m, and m,, respectively. Is the graph of 
fog aline? If so, what is its slope? 


Solving an Equation for an Unknown Function 
Suppose that 


g(x) = 2x +1 
h(x) = 4x? + 4x +7 


Find a function f such that f °g = h. (Think about what oper- 
ations you would have to perform on the formula for g to end 
up with the formula for h.) Now suppose that 


f(x) = 3x +5 

h(x) = 3x? + 3x +2 
Use the same sort of reasoning to find a function g such that 
fegak 
ri aaa of Odd and Even Functions Suppose 


h=feg 


If g is an even function, is h necessarily even? If g is odd, is 
h odd? What if g is odd and f is odd? What if g is odd and 
fis even? 


DISCOVERY 


PROJECT Iteration and Chaos 


In this project we explore the process of repeatedly com- 


posing a function with itself; the result can be regular or 
chaotic. You can find the project at the book companion 
website: www.stewartmath.com 
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3.7 ONE-TO-ONE FUNCTIONS AND THEIR INVERSES 


One-to-One Functions ® The Inverse of a Function ® Graphing the Inverse 
of a Function 


The inverse of a function is a rule that acts on the output of the function and produces the 
corresponding input. So the inverse “undoes” or reverses what the function has done. Not 
all functions have inverses; those that do are called one-to-one. 


V One-to-One Functions 


Let's compare the functions f and g whose arrow diagrams are shown in Figure 1. Note 
that f never takes on the same value twice (any two numbers in A have different images), 
whereas g does take on the same value twice (both 2 and 3 have the same image, 4). In 
symbols, g(2) = g(3) but f(x,) # f(x.) whenever x, # x,. Functions that have this latter 
property are called one-to-one. 


—- —_— 
f g 
f is one-to-one g is not one-to-one 


FIGURE 1 


DEFINITION OF A ONE-TO-ONE FUNCTION 


A function with domain A is called a one-to-one function if no two elements of 


A have the same image, that is, 


f(X1) # f(X2) whenever x; # X; 


An equivalent way of writing the condition for a one-to-one function is this: 


If f(X1) = f(X2), then xX; = Xp, 
bile bee.) If a horizontal line intersects the graph of f at more than one point, then we see from Fig- 


ure 2 that there are numbers x, # x, such that f(x,) = f(X,). This means that f is not one- 
»  to-one. Therefore, we have the following geometric method for determining whether a 
x — function is one-to-one. 


FIGURE 2 This function is not 


one-to-one because f(x,) = f(X>). 
Foa) = fe) HORIZONTAL LINE TEST 


A function is one-to-one if and only if no horizontal line intersects its graph more 
than once. 


242 CHAPTER 3 Functions 


EXAMPLE 1 | Deciding Whether a Function Is One-to-One 


Is the function f(x) = x? one-to-one? 


SOLUTION 1. If x, # xX, then x? # x3 (two different numbers cannot have the same 
cube). Therefore, f(x) = x? is one-to-one. 


x SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of 
f(x) = x? more than once. Therefore, by the Horizontal Line Test, f is one-to-one. 
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FIGURE 3 f(x) = x? is one-to-one. 
Notice that the function f of Example 1 is increasing and is also one-to-one. In 
fact, it can be proved that every increasing function and every decreasing function is 
one-to-one. 


EXAMPLE 2 | Deciding Whether a Function Is One-to-One 


Is the function g(x) = x? one-to-one? 


SOLUTION 1. This function is not one-to-one because, for instance, 
g(1) =1 and g(-1) =1 


so 1 and —1 have the same image. 


FIGURE 4 f(x) = xis not SOLUTION 2 From Figure 4 we see that there are horizontal lines that intersect the 
one-to-one. graph of g more than once. Therefore, by the Horizontal Line Test, g is not one-to-one. 
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Although the function g in Example 2 is not one-to-one, it is possible to restrict its do- 
main so that the resulting function is one-to-one. In fact, if we define 


h(x) =x? x =0 


then h is one-to-one, as you can see from Figure 5 and the Horizontal Line Test. 


x EXAMPLE 3 | Showing That a Function Is One-to-One 


Show that the function f(x) = 3x + 4 is one-to-one. 


FIGURE 5 f(x) = x’(x =0) is 
one-to-one. SOLUTION Suppose there are numbers x, and x, such that f(x,) = f(x2). Then 


3X; + 4 = 3X. +4 — Suppose f(x.) =f(x,) 
3x, = 3x, Subtract 4 
ee Divide by 3 


Therefore, f is one-to-one. 
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V The Inverse of a Function 


One-to-one functions are important because they are precisely the functions that possess 
inverse functions according to the following definition. 


FIGURE 6 


@ Don’t mistake the —1 in f? for 
an exponent. 


i 
f(x) does not mean —— 


F(x) 
The reciprocal 1/(x) is written as 


(f(x). 
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DEFINITION OF THE INVERSE OF A FUNCTION 


Let f be a one-to-one function with domain A and range B. Then its inverse func- 
tion f + has domain B and range A and is defined by 


flV)=x = f(x) =y 


for any y inB. 


This definition says that if f takes x to y, then f ? takes y back to x. (If f were not one- 
to-one, then f + would not be defined uniquely.) The arrow diagram in Figure 6 indicates 
that f~! reverses the effect of f. From the definition we have 


domain of f-? = range of f 


range of f + = domain of f 


EXAMPLE 4 | Finding f * for Specific Values 
If f(1) = 5, #(3) = 7, and (8) = —10, find #-(5), f-4(7), and f-(—10). 
SOLUTION From the definition of f-+ we have 


f (5) =1 because f(1) =5 
f- (7) =3 because f(3) =7 
f (-10) =8 because f(8) = —10 
Figure 7 shows how f * reverses the effect of f in this case. 


A B A B 


bi c 
FIGURE 7 
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By definition the inverse function f~* undoes what f does: If we start with x, apply f, 
and then apply f+, we arrive back at x, where we started. Similarly, f undoes what f~? 
does. In general, any function that reverses the effect of f in this way must be the inverse 
of f. These observations are expressed precisely as follows. 


INVERSE FUNCTION PROPERTY 


Let f be a one-to-one function with domain A and range B. The inverse function 
f} satisfies the following cancellation properties: 


f (f(x) =x for every xinA 
f(f (x)) =x for every x in B 


Conversely, any function f~? satisfying these equations is the inverse of f. 
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In Example 6 note how f ! reverses 
the effect of f. The function f is the 

rule “Multiply by 3, then subtract 2,” 
whereas f + is the rule “Add 2, then 
divide by 3.” 


CHECK YOUR ANSWER 


We use the Inverse Function Property. 
FIC) = f° OX = 2) 


G2) 42 
- 
aay 

3 


3) 


=xXx+2-2=x ov 


These properties indicate that f is the inverse function of f~*, so we say that f and f+ 
are inverses of each other. 
EXAMPLE 5 | Verifying That Two Functions Are Inverses 
Show that f(x) = x? and g(x) = x2? are inverses of each other. 
SOLUTION Note that the domain and range of both f and g is R. We have 
9 (F(X) = 9?) = 07)"8 = x 
F(g(x)) = f(x?) = (x8)? = x 


So by the Property of Inverse Functions, f and g are inverses of each other. These equa- 
tions simply say that the cube function and the cube root function, when composed, can- 
cel each other. 
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Now let’s examine how we compute inverse functions. We first observe from the 
definition of f~+ that 


y=f(x) =~ fy) =x 


So if y = f(x) and if we are able to solve this equation for x in terms of y, then we must 
have x = f 1(y). If we then interchange x and y, wehave y = f /(x), which is the desired 
equation. 


HOW TO FIND THE INVERSE OF A ONE-TO-ONE FUNCTION 
1. Write y = f(x). 


2. Solve this equation for x in terms of y (if possible). 
3. Interchange x and y. The resulting equation is y = f +(x). 


Note that Steps 2 and 3 can be reversed. In other words, we can interchange x and y 
first and then solve for y in terms of x. 
EXAMPLE 6 | Finding the Inverse of a Function 
Find the inverse of the function f(x) = 3x — 2. 
SOLUTION First we write y = f(x). 
y = 3x-2 
Then we solve this equation for x. 


3x=y+2 Add2 


ie ere 
X oa, Divide by 3 


Finally, we interchange x and y. 


kee 
a: 
hoes eat X+2 
Therefore, the inverse function is f-“(x) = 37 
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In Example 7 note how f+ reverses 
the effect of f. The function f is the 

rule “Take the fifth power, subtract 3, 
then divide by 2,” whereas fis the 
rule “M ultiply by 2, add 3, then take 
the fifth root.” 


CHECK YOUR ANSWER 


We use the Inverse Function Property. 


FHp00) = (>) 


x5 — 3 1/5 
“loa 
C33 
x5)¥5 =x 
AF (x) = F((2x + 3)**) 

(a3) <3 
7 2 
_e&t+3=3 


= 
=i 


Rational functions are studied in 
Section 4.6. 
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EXAMPLE 7 | Finding the Inverse of a Function 


Find the inverse of the function f(x) = 


=-3 


2 
SOLUTION We first write y = (x° — 3)/2 and solve for x. 
y= 3 a 
y= 5 Equation defining function 
2y=x -3 M ultiply by 2 
x = 2y +3 Add 3 (and switch sides) 
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xX =(2y +3) Take fifth root of each side 


Then we interchange x and y to get y = (2x + 3). Therefore, the inverse function is 
f(x) = (2x + 3)". 
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A rational function is a function defined by a rational expression. In the next exam- 
ple we find the inverse of a rational function. 


EXAMPLE 8 | Finding the Inverse of a Rational Function 


+ 
Find the inverse of the function f(x) = ca 2. 


SOLUTION Wefirst write y = (2x + 3)/(x — 1) and solve for x. 


2x + 
= ~— 2 Equation defining function 
y(x — 1) = 2x + 3 Multiply by x — 1 
yx —y = 2x + 3 Expand 
yx — 2x =y + 3 Bring x-terms to LHS 
Xy — 2) =y+3 Factor x 
X= ied Divide by y — 2 
y-2 yy 
: eee X + 
Therefore the inverse function is f ~4(x) = = . 
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V Graphing the Inverse of a Function 


The principle of interchanging x and y to find the inverse function also gives us a method 
for obtaining the graph of f! from the graph of f. If f(a) = b, then f(b) = a. Thus, the 
point (a, b) is on the graph of f if and only if the point (b, a) is on the graph of f-7. But we 
get the point (b, a) from the point (a, b) by reflecting in the line y = x (see Figure 8 on the 
next page). Therefore, as Figure 9 on the next page illustrates, the following is true. 


The graph of f + is obtained by reflecting the graph of fin theliney = x. 
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FIGURE 8 FIGURE 9 


EXAMPLE 9 | Graphing the Inverse of a Function 
(a) Sketch the graph of f(x) = Vx — 2. 

(b) Use the graph of f to sketch the graph of f—?. 

(c) Find an equation for f-}. 

SOLUTION 


(a) Using the transformations from Section 3.5, we sketch the graph of y = Vx — 2 
by plotting the graph of the function y = x (Example 1(c) in Section 3.2) and 
moving it to the right 2 units. 


(b) The graph of f~* is obtained from the graph of f in part (a) by reflecting it in the 
line y = x, as shown in Figure 10. 
FIGURE 10 (c) Solve y = Vx — 2 for x, noting that y = 0. 
Vx -2=y 
x-2=y? Square each side 
x=y7+2 y=0 = Add2 
In Example 9 note how f~? reverses Interchange x and y: 
the effect of f. The function f is the 9 
rule “Subtract 2, then take the square yax+2 x20 
root,” whereas f~—’ is the rule “Square, Thus fx) =x? +2 x=0 
then add 2.” 
This expression shows that the graph of f ? is the right half of the parabola 
y = x? + 2, and from the graph shown in Figure 10, this seems reasonable. 
®, NOW TRY EXERCISE 63 | 


3.7 EXERCISES 


CONCEPTS 3. A function f has the following verbal description: “M ultiply 
by 3, add 5, and then take the third power of the result.” 


1. A function f is one-to-one if different inputs produce (a) Write a verbal description for f-2. 


outputs. Y ou can tell from the graph that a function (b) Find algebraic formulas that express f and fin terms of 
isoneto-oneby usingthe__———————S—SCS ree’, the input x. 
2. (a) For a function to have an inverse, it must be 4. True or false? 
So which one of the following functions has an inverse? (a) If f has an inverse, then f(x) is the same as 7 
f(x) 
— y2 = k3 
POD gy (b) If f has an inverse, then f ~*(f(x)) = x. 


(b) What is the inverse of the function that you chose in part (a)? 


SKILLS 


5-10 m The graph of a function f is given. Determine whether f is 


one-to-one. 


5. 


19. 


f(x) 


Ya 


6. 


10. 


Ya 
—_—___ > 

0 

Ya 
————_ 

0 J 

Ya 


12. f(x) = 3x — 2 
1, g(x) = |x| 
16. h(x) = x3 + 8 


=-2x +4 
= Vx 
= x? — 2x 
=x'+5 
=x'+5, 0<x=2 
i 
x2 


1 
20. f(x) = 5 


21-22 m Assume that f is a one-to-one function. 


©.21, (a) If f(2) = 7, find f-(7). 

(b) If f-(3) = —1, find f(—1). 

22. (a) If f(5) = 18, find f-*(18). 

(b) If f-*(4) = 2, find (2). 

23. If f(x) = 5 — 2x, find f-*(3). 

24. If g(x) = x2 + 4x with x = —2, find g~\(5). 


25-36 m Use the Inverse Function Property to show that f and g 
are inverses of each other. 


25. f(x) =X —6; g(x) =x+6 


26. f(x) = 3x; g(X) = 


27. f(x) = 2x — 5; g(x) 


28. f(x) = 


B= Xe 


eo 
a 
JA 


11-20 = Determine whether the function is one-to-one. 
*® 11. 
“123. 
®.15, 
17. 
18. 


SECTION 3.7 | One-to-One Functions and Their Inverses 


29, (x) = 5 oft) = 
30. f(x) =x; g(x) = Vx 
31. f(x) =x? -4, x 
g(x) = VX + 4, 
» f(x) 


33. f(x) = 7 Xx#1; gx) =- +1, x #0 
34. f(x) = V4—-%*, 0=x=2 
g(x) = V4-%, 0<x=2 
X+2 2x +2 
aX) x= #7 xe 1 
X= 5 5 + 4x 
36. £) ~ 3x + 4) g(x) 1 — 3x 


~37. f(x) =2x +1 


39. f(x) =4x +7 


Al. f(x) =5 - 4x3 


43, f(x) = — 
45. f(x) = 5 “ 4 
47. f(x) = a+ 
a0) = 2 


55. f(x) =4+ Vx 

57. f(x) =1+ V1+x 
58. f(x) = V9—x, 0 
59. f(x) =x, x20 


38. f(x) = 


F(x) = a x>0 
X=2 
oats Rear 
3 
46. f(%) = 5 
4x —2 
48. FX) = 34 
21 
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61-64 m A function f is given. (a) Sketch the graph of f. (b) Use 
the graph of f to sketch the graph of f~+. (c) Find ft. 


61. f(x) = 3x —6 


. 63. f(x) = Vx +1 


function is one-to-one. 


65. f(x) =x? — x 
67. f(x) = Xx i 


69. f(x) = |x| — |x — 6 | 


62. f(x) =16-%, x=0 


64. f(x) =x? -1 


66. f(x) =x> +x 


68. f(x) = VP-4x +1 


70. f(x) = x-|x| 


e) 65-70 m= Draw the graph of f and use it to determine whether the 
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se) 71-74 m A one-to-one function is given. (a) Find the inverse of 


= the function. (b) Graph both the function and its inverse on the 
same screen to verify that the graphs are reflections of each other 
in the line y = x. 
71. f(x) =2 +x 


73. g(X) = VX +3 


72. f(x) =2 —3x 
74. g(x) =x° +1, x=0 


75-78 m The given function is not one-to-one. Restrict its domain 
so that the resulting function is one-to-one. Find the inverse of 

the function with the restricted domain. (There is more than one 
correct answer.) 


75. f(x) =4-%? 


76. g(x) = (x — 1) 


79-80 m Use the graph of f to sketch the graph of f7. 


79. a 80. v4 
1 
0 x 
oft x 
APPLICATIONS 


81. Fee for Service For his services, a private investigator re- 
quires a $500 retention fee plus $80 per hour. Let x represent 
the number of hours the investigator spends working ona 
case. 

(a) Find a function f that models the investigator's fee as a 
function of x. 

(b) Find f 1, What does f ~? represent? 

(c) Find f~(1220). What does your answer represent? 


82. 


Toricelli’s Law A tank holds 100 gallons of water, which 

drains from a leak at the bottom, causing the tank to empty in 
40 minutes. Toricelli’s Law gives the volume of water remain- 
ing in the tank after t minutes as 


v(t) = 100(1 = i) 


(a) Find V ~!. What does V ~* represent? 
(b) Find V ~\(15). What does your answer represent? 


. Blood Flow As blood moves through a vein or artery, its 


velocity v is greatest along the central axis and decreases as 
the distance r from the central axis increases (See the figure 
below). For an artery with radius 0.5 cm, v (in cm/s) is given 
as a function of r (in cm) by 


v(r) = 18,500(0.25 — r2) 


(a) Find v1, What does v~! represent? 
(b) Find v~1(30). What does your answer represent? 


85. 


86. 


87. 


88. 


. Demand Function The amount of a commodity that is 


sold is called the demand for the commodity. The demand D 
for a certain commodity is a function of the price given by 


D(p) = —3p + 150 


(a) Find D~*. What does D ~ represent? 
(b) Find D~+(30). What does your answer represent? 


Temperature Scales The relationship between the 
Fahrenheit (F ) and Celsius (C) scales is given by 


F(C) =3C + 32 


(a) Find F ~}. What does F ~? represent? 
(b) Find F ~(86). What does your answer represent? 


Exchange Rates The relative value of currencies fluctu- 

ates every day. When this problem was written, one Canadian 

dollar was worth 1.0573 U.S. dollar. 

(a) Find a function f that gives the U.S. dollar value f(x) of 
x Canadian dollars. 

(b) Find f+. What does f~? represent? 

(c) How much Canadian money would $12,250 in U.S. cur- 
rency be worth? 


Income Tax |nacertain country, the tax on incomes less 

than or equal to €20,000 is 10%. For incomes that are more than 

€20,000, the tax is €2000 plus 20% of the amount over €20,000. 

(a) Find a function f that gives the income tax on an income x. 
Express f as a piecewise defined function. 

(b) Find f+. What does f~? represent? 

(c) How much income would require paying a tax of 
€10,000? 


Multiple Discounts A car dealership advertises a 15% 

discount on all its new cars. In addition, the manufacturer of- 

fers a $1000 rebate on the purchase of a new car. Let x repre- 

sent the sticker price of the car. 

(a) Suppose only the 15% discount applies. Find a function f 
that models the purchase price of the car as a function of 
the sticker price x. 


(b) Suppose only the $1000 rebate applies. Find a function g 
that models the purchase price of the car as a function of 
the sticker price x. 

(c) Find a formula for H = fog. 

(d) Find H~?, What does H ~? represent? 

(e) Find H~13,000). What does your answer represent? 


89. Pizza Cost Marcello’s Pizza charges a base price of $7 for 
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Now consider another function: 
f(x) = x? + 2x + 6 


Is it possible to use the same sort of simple reversal of opera- 
tions to find the inverse of this function? If so, do it. If not, ex- 
plain what is different about this function that makes this task 
difficult. 


a large pizza plus $2 for each topping. Thus, if you order a 92. The Identity Function The function I(x) = x is called 
large pizza with x toppings, the price of your pizza is given by the identity function. Show that for any function f we have 
the function f(x) = 7 + 2x. Find f+. What does the function fol=f,lef=f,and fof + =f tof =|. (This means 
f 1 represent? that the identity function | behaves for functions and composi- 
tion just the way the number 1 behaves for real numbers and 
multiplication.) 
DISCOVERY *DISCUSSION = WRITING 93. Solving an Equation for an Unknown Function |n 
90. Determining When a Linear Function Has an Exercise 69 of Section 3.6 you were asked to solve equations 
Inverse For the linear function f(x) = mx + b to be one in which the unknowns were functions. Now that we know 
to-one, what must be true about its slope? If it is one-to-one, about inverses and the identity function (see Exercise 92), 
find its inverse. Is the inverse linear? If so, what is its slope? we can use algebra to solve such equations. For instance, to 
ee . solve f °g = h for the unknown function f, we perform the 
91. Finding an Inverse “in Your Head” = |n the margin following steps: 
notes in this section we pointed out that the inverse of a func- 
tion can be found by simply reversing the operations that make f2g-i Problem: Solve for f 
up the function. For instance, in Example 6 we saw that the in- fegeg*+=heg™ — Compose with g~* on the right 
verse of fel=heg* — Becausegeg™* =| 
gol f=heg! Because fol =f 
— Oy ; -Wy) — 
1X) == 2 ie F(X) 3 So the solution is f = h eg 1. Use this technique to solve the 
because the “reverse” of “Multiply by 3 and subtract 2” is een - oe ion We ae pee oe 
“Add 2 and divide by 3.” Use the same procedure to find the oY ONE TOE : Wine gx) 2) aM 
inverse of the following functions. h(x) = 4x" + 4x + 7. 
x+1 (b) Solve for g, where f(x) = 3x + 5 and 
(a) F(X) 7 5 (b) f(x) Paw se Pa h(x) = 3x2 3x 2. 
(c) f(x) = Vx3 +2 (d) f(x) = (2x — 5)3 
CHAPTER 3 | REVIEW 
mM CONCEPT CHECK 
1. Define each concept in your own words. (Check by referring 6. Define each concept in your own words. 
to the definition in the text.) (a) Increasing function 
(a) Function (b) Decreasing function 
(b) Domain and range of a function (c) Constant function 
(c) Graph of a function i ‘ . 
7. Suppose the graph of fis given. Write an equation for each 


(d) Independent and dependent variables 
2. Sketch by hand, on the same axes, the graphs of the 
following functions. 
(a) f(x) =x (b) g(x) = x? 
(c) h(x) = x3 (d) j(x) =x? 
3. (a) State the Vertical Line Test. 
(b) State the Horizontal Line Test. 


4. How is the average rate of change of the function f between 
two points defined? 


5. What can you say about the average rate of change of a linear 
function? 


graph that is obtained from the graph of f as follows. 
(a) Shift 3 units upward. 

(b) Shift 3 units downward. 

(c) Shift 3 units to the right. 

(d) Shift 3 units to the left. 

(e) Reflect in the x-axis. 

(Ff) Reflect in the y-axis. 

(g) Stretch vertically by a factor of 3. 
(h) Shrink vertically by a factor of 5. 

(i) Stretch horizontally by a factor of 2. 
(j) Shrink horizontally by a factor of 5, 


250 CHAPTER 3 | Functions 


8. (a) What is an even function? W hat symmetry does its graph 
possess? Give an example of an even function. 


(b) What is an odd function? What symmetry does its graph 
possess? Give an example of an odd function. 


9. What does it mean to say that f(3) is a local maximum value 
of f? 
10. Suppose that f has domain A and g has domain B. 
(a) What is the domain of f + g? 
(b) What is the domain of fg? 
(c) What is the domain of f/g? 


M EXERCISES 


11. How is the composite function f °g defined? 


12. (a) What is a one-to-one function? 

(b) How can you tell from the graph of a function whether it 
is one-to-one? 

(c) Suppose f is a one-to-one function with domain A and 
range B. How is the inverse function f + defined? W hat is 
the domain of f+? What is the range of f 1? 

(d) If you are given a formula for f, how do you find a 
formula for f+? 

(e) If yen are given the graph of f, how do you find the graph 
of f°? 


1-2 = A verbal description of a function f is given. Find a for- 
mula that expresses f in function notation. 


1, “Square, then subtract 5.” 
2. “Divide by 2, then add 9.” 


3-4 m A formula for a function f is given. Give a verbal descrip- 
tion of the function. 


3. f(x) = 3(x + 10) 
4. f(x) = Vox — 10 
5-6 m Complete the table of values for the given function. 
5. g(x) = x? — 4x 6. h(x) = 3x? + 2x —5 


x 9(%) x hoy) 


WNrF OF 
oO 


7. A publisher estimates that the cost C(x) of printing a run of x 
copies of a certain mathematics textbook is given by the func- 
tion C(x) = 5000 + 30x — 0.001x?. 

(a) Find C(1000) and C(10,000). 
(b) What do your answers in part (a) represent? 
(c) Find C(0). What does this number represent? 


8. Reynalda works as a salesperson in the electronics division of a 
department store. She earns a base weekly salary plus a com- 
mission based on the retail price of the goods she has sold. If 
she sells x dollars worth of goods in a week, her earnings for 
that week are given by the function E(x) = 400 + 0.03x. 

(a) Find E(2000) and E(15,000). 

(b) What do your answers in part (a) represent? 

(c) Find E(0). What does this number represent? 

(d) From the formula for E, determine what percentage 
Reynalda earns on the goods that she sells. 


9. If f(x) =x? — 4x + 6, find f(0), f(2), f(—2), F(a), f(-a), 
f(x + 1), f(2x), and 2f(x) — 2. 

10. If f(x) = 4 — V3x — 6, find f(5), f(9), f(a + 2), f(-x), 
f(x’), and [ F(x). 


11. Which of the following figures are graphs of functions? Which 
of the functions are one-to-one? 


(a) (b) , 


12. The graph of a function f is given. 
(a) Find f(—2) and f(2). 
(b) Find the domain of f. 
(c) Find the range of f. 
(d) On what intervals is f increasing? On what intervals is f 
decreasing? 
(e) What are the local maximum values of f? 
(f) Is f one-to-one? 


13-14 m Find the domain and range of the function. 
13. f(x) = Vx +3 14, F(t) = + 2t+5 
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15-22 m Find the domain of the function. 49. f(x) = X 
2x+1 x’ + 16 
ie Mall pee = Oeeok 50. f(x) = [x(x + 2)(x + 4)| 
17. f(x) = Vx +4 18. f(x) = 3x — 2 s=| 51. Find, approximately, the domain of the function 
19. f(x) Lt ~ 1 20. g(x) 2x? + 5x + 3 f(x) = Ve — 4x +1 
. = T T . g Se oe 
xX xt1l x+2 2x — Sx = 3 s 52. Find, approximately, the range of the function 
W2x +1 . 
21. h(x) = VF=x+ Ve—1° 22. f(x) = Seay fx) = x4 - B+ 2 + 3x-6 
Sry 4. 
23-40 m Sketch the graph of the function. se 53-54 m Draw a graph of the function f, and determine the inter- 
vals on which f is increasing and on which f is decreasing. 
23. f(x) =1— 2x 5 ‘ P 
‘ 53. f(x) =x — 4x 54. f(x) = |x" — 16} 
24. f(x) =3(X — 5), 25x58 
25. f(t) = 1 — 3t? 26. g(t) = t? — 2t 55-58 m Find the average rate of change of the function between 
27. f(x) = 2 — 6x +6 28. f(x) = 3 — 8x — 2x the given points. 
29. g(x) =1— Vx 30. g(x) = —|x| a ee Eee 
31. h(x) = 35x? 32. h(x) = Vx + 3 56. f(x) = ro 4,x=8 
33. hi) = Va 34, H(x) =x? — 3x? 1 
1 1 57. f(x) = ¥3 X=3,x=3+h 
35. g(x) = 36. G(x) = 5 
x Ss) 58. f(x) =(x +1); x=ax=ath 
1—-x ifx<0 : : fini ee 
37. f(x) = 1 rae 59. The population of a planned seaside community in Florida is 
: aoe given by the function P(t) = 3000 + 200t + 0.1t’, where t 
38. f(x) = 3 =2e. 1x20 represents the number of years since the community was in- 
, 2x-1 ifx>0 corporated in 1985. 
Xx+6 ifx<-—2 (a) Find P(10) and P(20). What do these values represent? 
39. f(x) = e ity = 2 (b) Find the average rate of change of P between t = 10 and 
. t = 20. What does this number represent? 
—-x ifx<0 
40. f(x) =4x2 ifO0<x <2 60. Ella is saving for her retirement by making regular deposits into 
1 ee, a 401(k) plan. As her salary rises, she finds that she can deposit 


increasing amounts each year. Between 1995 and 2008, the an- 
nual amount (in dollars) that she deposited was given by the 


41-44 m Determine whether th tion defin function 
a DSLE HN e WNGINS eau On aelbeny re Une function D(t) = 3500 + 15t?, where t represents the year of the 


f x. 
a deposit measured from the start of the plan (so 1995 corresponds 
4l.x+y?=14 42. 3x — Vy =8 to t = 0 and 1996 corresponds to t = 1, and so on). 
43, 2 — y3 = 27 44, 2x = y4 — 16 (a) Find D(0) and D(15). What do these values represent? 


: pe et (b) Assuming that her deposits continue to be modeled by the 
sx, 45. Determine which viewing rectangle produces the most function D, in what year will she deposit $17,000? 


appropriate graph of the function (c) Find the average rate of change of D between t = 0 and 
f(x) = 6x? — 15x? + 4x — 1 t = 15. What does this number represent? 


(i) [-2, 2] by [-2, 2] (ii) [-8, 8] by [-8, 8] 


61-62 m A function fis given. (a) Find the average rate of 


SEGA PBy Taha) SON) Pate ADO} by T =AtO, A008] change of f between x = 0 and x = 2, and the average rate of 
» Determine which viewing rectangle produces the most change of f between x = 15 and x = 50. (b) Were the two average 
appropriate graph of the function f(x) = V100 — x3. rates of change that you found in part (a) the same? Explain why or 
(i) [—4, 4] by [-4, 4] why not. 


(ii) [-10, 10] by [—10, 10] 61. f(x) =}x—6 62. f(x) = 8 — 3x 
(iii) [—10, 10] by [—10, 40] 
[ 


[ 
[ bak 3h ; 
(iv) [-100, 100] by [—100, 100] 63. Suppose the graph of f is given. Describe how the graphs 


of the following functions can be obtained from the graph 


s= 47-50 = Draw the graph of the function in an appropriate viewing of f. 
= rectangle (a) y = f(x) + 8 (b) y = f(x + 8) 
(c) y= 1+ 2f(x (d) y = f(x — 2) -2 
47. f(x) = x? + 25x + 173 (e) ; _ f(-x) ( ) (f) ‘ = Lae 


48. f(x) = 1.3 — 9.6x? — 1.4x + 3.2 (g) y = —f(x) (h) y = f- +(x) 
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64. The graph of f is given. Draw the graphs of the following 71-72 m Find the local maximum and minimum values of the 


functions. ~ function and the values of x at which they occur. State each answer 
(a) y = f(x — 2) (b) y = —f(x) correct to two decimal places. 

(c) y = 3 — f(x) (d) y = 5f(x) —1 TL. f(x) = 3.3 + 1.6x— 25x? — 72. f(x) = 29(6 — x) 

(e) y= f *X) (f) y = f(-x) 


73-74 m Two functions, f and g, are given. Draw graphs of f, g, 
ya and f + g on the same graphing calculator screen to illustrate the 
concept of graphical addition. 


73. f(X) =x +2, g(x) =? 
74. f(x) =x24+1, g(x) =3-% 
75. If f(x) = x? — 3x + 2 and g(x) = 4 — 3x, find the following 


t functions. 
x (a) f+g (b) f —g (c) fg 
0} 4 x (d) f/g (e) fog (f) gf 
76. If f(x) = 1+ x? and g(x) = Vx — 1, find the following. 
a) fe b) g° c °g)\(2 
65. Determine whether f is even, odd, or neither. a - N02) 2 a . - et 
(a) f(x) = 2x° — 3x? +2 (b) f(x) =x? - x’? 
= x2 1 i : . 
= - 77-78 w Find the functions feg,g°f, f° f, and g °g and their 
(c) f(x) Tae (d) f(x) i afte Wg g°9 
66. Determine whether the function in the figure is even, odd, or 77. f(x) = 3x -— 1, g(x) = 2x - ¥ 
neither. 
(a (b) 78. f(t) = Vk 9X) =—*5 
79. Find f°geh, where f(x) = V1 — x, g(x) = 1 — x?, and 
h(x) =1+ Vx. 
80. If T(x) = ae find functions f, g, and h such that 
1+ Vx 
fegeh=T. 


(d) 81-86 m= Determine whether the function is one-to-one. 


81. f(x) =3 + % 
82. g(x) =2—2x +x? 


83. h(x) =e 


~(X) =24+ Vx +3 
» p(x) = 3.3 + 1.6x — 2.5x? 
» g(x) = 3.3 + 16x + 2.5x? 


. Find the minimum value of the function g(x) = 2x? + 4x — 5. 


. Find the maximum value of the function f(x) = 1 — x — x’, 
FOX) 87-90 m Find the inverse of the function. 


. A stone is thrown upward from the top of a building. Its height 2x +1 
(in feet) above the ground after t seconds is given by 87. f(x) = 3x — 2 88. f(x) = 
h(t) = —16t? + 48t + 32 89. f(x) = (x + 1) 90. f(x) =1+ Vx-2 
W hat maximum height does it reach? 91. (a) Sketch the graph of the function 
. The profit P (in dollars) generated by selling x units of a cer- f(x) =x? -4 x=0 


tain commodity is given b 
hae : (b) Use part (a) to sketch the graph of f-}. 


P(x) = —1500 + 12x — 0.0004x’ (c) Find an equation for f-2. 
What is the maximum profit, and how many units must be sold 92. (a) Show that the function f(x) = 1 + Wis one-to-one. 
to generate it? (b) Sketch the graph of f. 


(c) Use part (b) to sketch the graph of ft. 
(d) Find an equation for f-?. 
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1. Which of the following are graphs of functions? If the graph is that of a function, is it 


one-to-one? 
@ y b) yy 
0 . Oy 
Ca ) yy 
2. Let f(x) = ae 


X 
(a) Evaluate (3), f(5), and f(a — 1). 
(b) Find the domain of f. 
3. A function f has the following verbal description: “Subtract 2, then cube the result.” 
(a) Find a formula that expresses f algebraically. 
(b) Make a table of values of f, for the inputs —1, 0, 1, 2, 3, and 4. 
(c) Sketch a graph of f, using the table of values from part (b) to help you. 
(d) How do we know that f has an inverse? Give a verbal description for f~7. 
(e) Find a formula that expresses f ~? algebraically. 

. A school fund-raising group sells chocolate bars to help finance a swimming pool for their 
physical education program. The group finds that when they set their price at x dollars per 
bar (where 0 < x <5), their total sales revenue (in dollars) is given by the function 
R(x) = —500x? + 3000x. 

(a) Evaluate R(2) and R(4). What do these values represent? 


(b) Use a graphing calculator to draw a graph of R. What does the graph tell us about what 
happens to revenue as the price increases from 0 to 5 dollars? 


(c) What is the maximum revenue, and at what price is it achieved? 


5. Determine the average rate of change for the function f(t) = t? — 2t between t = 2 andt = 5. 
6. (a) Sketch the graph of the function f(x) = x? 

(b) Use part (a) to graph the function g(x) = (x — 1)? - 2. 
7. (a) How is the graph of y = f(x — 3) + 2 obtained from the graph of f? 

(b) How is the graph of y = f(—x) obtained from the graph of f? 


1—-x ifxsl 
* er) = ifx > 1 
(a) Evaluate f(—2) and f(1). 


(b) Sketch the graph of f. 
9. If f(x) = x? + Land g(x) = x — 3, find the following. 


(a) fog (b) gc f 
(c) f(9(2)) (d) 9(f(2)) 
(e) gegeg 
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10. (a) If f(x) = V3 — x, find the inverse function ft. 

(b) Sketch the graphs of f and f! on the same coordinate axes. 
11. The graph of a function f is given. 

(a) Find the domain and range of f. 

(b) Sketch the graph of f7}. 

(c) Find the average rate of change of f between x = 2 and x = 6. 


yA 


. Let f(x) = 3x4 — 14x? + 5x — 3. 
(a) Draw the graph of f in an appropriate viewing rectangle. 
(b) Is f one-to-one? 


(c) Find the local maximum and minimum values of f and the values of x at which they 
occur. State each answer correct to two decimal places. 


(d) Use the graph to determine the range of f. 
(e) Find the intervals on which f is increasing and on which f is decreasing. 


FOCUS ON MODELING 


Modeling with Functions 


M any of the processes that are studied in the physical and social sciences involve under- 
standing how one quantity varies with respect to another. Finding a function that describes 
the dependence of one quantity on another is called modeling. For example, a biologist 
observes that the number of bacteria in a certain culture increases with time. He tries to 
model this phenomenon by finding the precise function (or rule) that relates the bacteria 
population to the elapsed time. 

In this Focus we will learn how to find models that can be constructed using geomet- 
ric or algebraic properties of the object under study. Once the model is found, we use it 
to analyze and predict properties of the object or process being studied. 


V Modeling with Functions 


We begin with a simple real-life situation that illustrates the modeling process. 


EXAMPLE 1 | Modeling the Volume of a Box 


A breakfast cereal company manufactures boxes to package their product. For aesthetic 
reasons, the box must have the following proportions: Its width is 3 times its depth, and 
its height is 5 times its depth. 


(a) Find a function that models the volume of the box in terms of its depth. 
(b) Find the volume of the box if the depth is 1.5 in. 

(c) For what depth is the volume 90 in?? 

(d) For what depth is the volume greater than 60 in3? 


THINKING ABOUT THE PROBLEM 


Let's experiment with the problem. If the depth is 1 in., then the width is 3 in. and 
the height is 5 in. So in this case, the volume is V = 1 X 3 X5=15in*. The 
table gives other values. Notice that all the boxes have the same shape, and the 
greater the depth, the greater the volume. 


Depth Volume Ss 
2) 
1 1x3x5=15 : 
2 2xX6x10=120 5 
3 3x9x 15 = 405 5x) 
4 4x12 x 20 = 96 - 


SOLUTION 


(a) To find the function that models the volume of the box, we use the following 
steps. 
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> Express the Model in Words 
We know that the volume of a rectangular box is 


volune = depth » width x height 


> Choose the Variable 


There are three varying quantities: width, depth, and height. B ecause the function we want 
depends on the depth, we let 


X = depth of the box 


Then we express the other dimensions of the box in terms of x. 


In Words In Algebra 
Depth x 
Width 3x 
Height 5X 
> Set Up the Model 
— The model is the function V that gives the volume of the box in terms of the depth x. 
volune = depth »x width »x height 
V(x) = X+3x+5x 
VOd = 15x? 
0 3 : ; 
The volume of the box is modeled by the function V(x) = 15x*. The function V is 
FIGURE 1 graphed in Figure 1. 
400 > Use the Model 


We use the model to answer the questions in parts (b), (c), and (d). 
(b) If the depth is 1.5 in., the volume is V(1.5) = 15(1.5)? = 50.625 in’. 
(c) We need to solve the equation V(x) = 90 or 


3 


0 Y=6 
15x? = 90 
x = W6 ~ 1.82 in. 
FIGURE 2 
The volume is 90 in? when the depth is about 1.82 in. (We can also solve this equa- 
400 tion graphically, as shown in Figure 2.) 


(d) We need to solve the inequality V(x) = 60 or 


15x? = 60 
ead 
F 3 x= W4 ~ 1,59 
15x3 = 60 The volume will be greater than 60 in? if the depth is greater than 1.59 in. (We can 
also solve this inequality graphically, as shown in Figure 3.) a 


FIGURE 3 
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The steps in Example 1 are typical of how we model with functions. T hey are summa- 
rized in the following box. 


GUIDELINES FOR MODELING WITH FUNCTIONS 


1. Express the Model in Words. Identify the quantity you want to model, and 
express it, in words, as a function of the other quantities in the problem. 


. Choose the Variable. | dentify all the variables that are used to express the 
function in Step 1. Assign a symbol, such as x, to one variable, and express the 


other variables in terms of this symbol. 
. Setup the Model. Express the function in the language of algebra by writ- 
ing it as a function of the single variable chosen in Step 2. 


. Use the Model. Use the function to answer the questions posed in the prob- 
lem. (To find a maximum or a minimum, use the methods described in Sec- 
tion 3.3.) 


EXAMPLE 2 | Fencing a Garden 


A gardener has 140 feet of fencing to fence in a rectangular vegetable garden. 
(a) Find a function that models the area of the garden she can fence. 

(b) For what range of widths is the area greater than 825 ft?? 

(c) Can she fence a garden with area 1250 ft?? 

(d) Find the dimensions of the largest area she can fence. 


THINKING ABOUT THE PROBLEM 


If the gardener fences a plot with width 10 ft, then the length must be 60 ft, 
because 10 + 10 + 60 + 60 = 140. So the area is 


A = width x length = 10-60 = 600 ft’ 


The table shows various choices for fencing the garden. We see that as the 
width increases, the fenced area increases, then decreases. 


Width Length Area 


10 60 600 . 
20 50 1000 width 
30 40 1200 
40 30 1200 
50 20 1000 length 
60 10 600 
SOLUTION 


(a) The model that we want is a function that gives the area she can fence. 


> Express the Model in Words 
We know that the area of a rectangular garden is 


area = width »x_ length 
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FIGURE 4 


Maximum values of functions are 
discussed on page 208. 


> Choose the Variable 


There are two varying quantities: width and length. Because the function we want depends 
on only one variable, we let 


X = width of the garden 
Then we must express the length in terms of x. The perimeter is fixed at 140 ft, so the 


length is determined once we choose the width. If we let the length be |, as in Figure 4, 
then 2x + 21 = 140, so! = 70 — x. We summarize these facts. 


In Words In Algebra 
Width x 
Length 70 — x 


> Set Up the Model 
The model is the function A that gives the area of the garden for any width x. 


area = width »x_ length 
A(x) = x(70 — x) 
A(x) = 70x — x? 
The area that she can fence is modeled by the function A(x) = 70x — x’, 


> Use the Model 
We use the model to answer the questions in parts (b)-(d). 


(b) We need to solve the inequality A(x) = 825. To solve graphically, we graph 
y = 70x — x? and y = 825 in the same viewing rectangle (see Figure 5). We see 
that 15 =x <55. 


From Figure 6 we see that the graph of A(x) always lies below the line y = 1250, 
so an area of 1250 ft? is never attained. 


We need to find where the maximum value of the function A(x) = 70x — x? oc- 
curs. The function is graphed in Figure 7. Using the | trace | feature on a graphing 
calculator, we find that the function achieves its maximum value at x = 35. So the 
maximum area that she can fence is that when the garden's width is 35 ft and its 
length is 70 — 35 = 35 ft. The maximum area then is 35 x 35 = 1225 ft’. 
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EXAMPLE 3 | Minimizing the Metal in a Can 


A manufacturer makes a metal can that holds 1 L (liter) of oil. What radius minimizes the 
amount of metal in the can? 


THINKING ABOUT THE PROBLEM 


To use the least amount of metal, we must minimize the surface area of the can, that 
is, the area of the top, bottom, and the sides. The area of the top and bottom is 2ar? 
and the area of the sides is 2zrh (see Figure 8), so the surface area of the can is 


S = 2ar? + 2arh 


The radius and height of the can must be chosen so that the volume is exactly 
1L, or 1000 cm?. If we want a small radius, say r = 3, then the height must be just 
tall enough to make the total volume 1000 cm?. In other words, we must have 


a(3)*h = 1000 Volume of the can is arh 
h= a 35.4cm Solve for h 
Oar 


Now that we know the radius and height, we can find the surface area of the can: 
surface area = 2a(3)? + 22(3)(35.4) ~ 723.8 cm? 


If we want a different radius, we can find the corresponding height and surface 


area in a similar fashion. 
am 
7 
_——~ kK 2ar >| 
— 
¥ = 
tia 


@ 


— 


FIGURE 8 


SOLUTION The model that we want is a function that gives the surface area of 
the can. 


> Express the Model in Words 
We know that for a cylindrical can 


surface area = areaof top andbottom + area of sides 


> Choose the Variable 


There are two varying quantities: radius and height. Because the function we want de- 
pends on the radius, we let 


r = radius of can 


Next, we must express the height in terms of the radius r. Because the volume of a cylin- 
drical can is V = rh and the volume must be 1000 cm?, we have 


ar?2h = 1000 ~— Volume of canis 1000 cm? 


h= = Solve for h 
a 
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We can now express the areas of the top, bottom, and sides in terms of r only. 


In Words In Algebra 
Radius of can r 
1000 


Height of can 
g ar 


Area of top and bottom Qa? 


Area of sides (2zrh) 2m ( 20) 
7 


r2 


> Set Up the Model 


The model is the function S that gives the surface area of the can as a function of the 
radius r. 


surface area — areaof top andbottom + area of sides 


S(r) = 2ar? + zt (OOP) 


arr? 


S(r) = 2ar? + = 


> Use the Model 


We use the model to find the minimum surface area of the can. We graph S in Figure 9 
and zoom in on the minimum point to find that the minimum value of S is about 554 cm? 
and occurs when the radius is about 5.4 cm. 


1000 


0 15 


FIGURE 9 S(r) = 2zr? an 


PROBLEMS 


1-18 m In these problems you are asked to find a function that models a real-life situation. Use 
the principles of modeling described in this Focus to help you. 


1. Area A rectangular building lot is three times as long as it is wide. Find a function that 
models its area A in terms of its width w. 


2. Area A poster is 10 inches longer than it is wide. Find a function that models its area A in 
terms of its width w. 


3. Volume A rectangular box has a square base. Its height is half the width of the base. Find 
a function that models its volume V in terms of its width w. 


4. Volume The height of a cylinder is four times its radius. Find a function that models the 
volume V of the cylinder in terms of its radius r. 


5. Area A rectangle has a perimeter of 20 ft. Find a function that models its area A in terms 
of the length x of one of its sides. 


6. Perimeter A rectangle has an area of 16 m2. Find a function that models its perimeter P 
in terms of the length x of one of its sides. 
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7. Area _ Find a function that models the area A of an equilateral triangle in terms of the 
PYTHAGORAS (circa 580-500 8.c.) length x of one of its sides. 
founded a school in Croton in southern 


fraldlevoted tothe study ofarihmere 8. Area Find a function that models the surface area S of a cube in terms of its volume V. 


geometry, music, and astronomy. The 9. Radius Find a function that models the radius r of a circle in terms of its area A. 
Pythagoreans, as they were called, were . . . F pe, 28 

a secret society with peculiar rules and 10. Area Finda function that models the area A of acircle in terms of its circumference C. 
initiation rites. They wrote nothing 11. Area A rectangular box with a volume of 60 ft? has a square base. Find a function that 


down and were not to reveal to anyone 


models its surf. rea S in terms of the length x of one side of its base. 
what they had learned from the Master. odels its surface a g 


Although women were barred by law 12. Length A woman 5 ft tall is standing near a street lamp that is 12 ft tall, as shown in the 
from attending public meetings, figure. Find a function that models the length L of her shadow in terms of her distance d from 
Pythagoras allowed women in his the base of the lamp. 


school, and his most famous student 
was Theano (whom he later married). 

According to Aristotle, the 
Pythagoreans were convinced that “the 
principles of mathematics are the prin- 
ciples of all things.” Their motto was 
“Everything is Number,” by which they 
meant whole numbers. The outstand- 
ing contribution of Pythagoras is the 
theorem that bears his name: !n a right 
triangle the area of the square on the 
hypotenuse is equal to the sum of the 
areas of the square on the other two 
sides. 


13. Distance Two ships leave port at the same time. One sails south at 15 mi/h, and the other 
sails east at 20 mi/h. Find a function that models the distance D between the ships in terms of 
the time t (in hours) elapsed since their departure. 


Casa & iy 


The converse of Pythagoras’s Theo- 
rem is also true; that is, a triangle whose 
sides a,b, and c satisfy a? + b? = c’isa 
right triangle. 


14. Product Thesum of two positive numbers is 60. Find a function that models their prod- 
uct P in terms of x, one of the numbers. 


15. Area An isosceles triangle has a perimeter of 8 cm. Find a function that models its area A 
in terms of the length of its base b. 


16. Perimeter A right triangle has one leg twice as long as the other. Find a function that 
models its perimeter P in terms of the length x of the shorter leg. 


17. Area A rectangle is inscribed in a semicircle of radius 10, as shown in the figure. Find a 
function that models the area A of the rectangle in terms of its height h. 


1 —# 


18. Height The volume of acone is 100 in®. Find a function that models the height h of the 
cone in terms of its radius r. 
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19-32 m In these problems you are asked to find a function that models a real-life situation, and then 
use the model to answer questions about the situation. Use the guidelines on page 257 to help you. 


BY 19. Maximizing a Product Consider the following problem: Find two numbers whose sum 
is 19 and whose product is as large as possible. 


(a) Experiment with the problem by making a table like the one following, showing the 
product of different pairs of numbers that add up to 19. On the basis of the evidence in 
your table, estimate the answer to the problem. 

(b) Find a function that models the product in terms of one of the two numbers. 

(c) Use your model to solve the problem, and compare with your answer to part (a). 


. Minimizing a Sum __ Find two positive numbers whose sum is 100 and the sum of whose 
squares is a minimum. 


. Fencing a Field Consider the following problem: A farmer has 2400 ft of fencing and 
wants to fence off a rectangular field that borders a straight river. He does not need a fence along 
the river (see the figure). W hat are the dimensions of the field of largest area that he can fence? 


(a) Experiment with the problem by drawing several diagrams illustrating the situation. 


Calculate the area of each configuration, and use your results to estimate the dimensions 
of the largest possible field. 


First number S*econd number Product 
1 18 18 
2 17 34 
3 16 48 


(b) Find a function that models the area of the field in terms of one of its sides. 
(c) Use your model to solve the problem, and compare with your answer to part (a). 


= 22. Dividing a Pen A rancher with 750 ft of fencing wants to enclose a rectangular area and 
: then divide it into four pens with fencing parallel to one side of the rectangle (see the figure). 


(a) Find a function that models the total area of the four pens. 
(b) Find the largest possible total area of the four pens. 


. Fencing a Garden Plot A property owner wants to fence a garden plot adjacent to a 
road, as shown in the figure. The fencing next to the road must be sturdier and costs $5 per 
foot, but the other fencing costs just $3 per foot. The garden is to have an area of 1200 ft’. 


(a) Find a function that models the cost of fencing the garden. 
(b) Find the garden dimensions that minimize the cost of fencing. 


(c) If the owner has at most $600 to spend on fencing, find the range of lengths he can fence 
along the road. 
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24. Maximizing Area A wire 10 cm long is cut into two pieces, one of length x and the 
- other of length 10 — x, as shown in the figure. Each piece is bent into the shape of a square. 


(a) Find afunction that models the total area enclosed by the two squares. 
(b) Find the value of x that minimizes the total area of the two squares. 


’ x >< —— 10 -— x ‘ 


[ 


. Light from a Window A Norman window has the shape of a rectangle surmounted by 
a semicircle, as shown in the figure to the left. A Norman window with perimeter 30 ft is to 
be constructed. 


(a) Find afunction that models the area of the window. 
(b) Find the dimensions of the window that admits the greatest amount of light. 


. Volume of a Box A box with an open top is to be constructed from a rectangular piece 
of cardboard with dimensions 12 in. by 20 in. by cutting out equal squares of side x at each 
corner and then folding up the sides (see the figure). 


(a) Find a function that models the volume of the box. 
(b) Find the values of x for which the volume is greater than 200 in?, 
(c) Find the largest volume that such a box can have. 


fe. 20 in. >| 
_ 
2» ie 
_ 


. Area of aBox An open box with a square base is to have a volume of 12 ft?. 
(a) Find a function that models the surface area of the box. 
(b) Find the box dimensions that minimize the amount of material used. 


be 


. Inscribed Rectangle Find the dimensions that give the largest area for the rectangle 
shown in the figure. Its base is on the x-axis and its other two vertices are above the x-axis, 
lying on the parabola y = 8 — x’, 


== 29. Minimizing Costs A rancher wants to build a rectangular pen with an area of 100 m?, 
(a) Find afunction that models the length of fencing required. 
(b) Find the pen dimensions that require the minimum amount of fencing. 
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30. Minimizing Time A man stands at a point A on the bank of a straight river, 2 mi wide. 
= To reach point B, 7 mi downstream on the opposite bank, he first rows his boat to point P on 
the opposite bank and then walks the remaining distance x to B, as shown in the figure. He 
can row at a speed of 2 mi/h and walk at a speed of 5 mi/h. 
(a) Find a function that models the time needed for the trip. 


(b) Where should he land so that he reaches B as soon as possible? 


. Bird Flight A bird is released from point A on an island, 5 mi from the nearest point B 
ona straight shoreline. The bird flies to a point C on the shoreline and then flies along the 
shoreline to its nesting area D (see the figure). Suppose the bird requires 10 kcal/mi of en- 
ergy to fly over land and 14 kcal/mi to fly over water. 


(a) Use the fact that 
energy used = energy per mile x miles flown 


to show that the total energy used by the bird is modeled by the function 
E(x) = 14V x? + 25 + 10(12 — x) 


(b) If the bird instinctively chooses a path that minimizes its energy expenditure, to what 
point does it fly? 


32. Area of a Kite A kite frame is to be made from six pieces of wood. The four pieces that 
~ form its border have been cut to the lengths indicated in the figure. Let x be as shown in the 
figure. 
(a) Show that the area of the kite is given by the function 
A(x) = x(V25 — x? + V144 — x?) 


(b) How long should each of the two crosspieces be to maximize the area of the kite? 
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POLYNOMIAL AND RATIONAL FUNCTIONS 


4.1 Quadratic Functions 
and Models 


4.2 Polynomial Functions and Their 
Graphs 


4.3 Dividing Polynomials 
4.4 Real Zeros of Polynomials 


4.5 Complex Zeros and the 
Fundamental Theorem 
of Algebra 


4.6 Rational Functions 


FOCUS ON MODELING 
Fitting Polynomial Curves 
to Data 


Functions defined by polynomial expressions are called polynomial functions. 
The graphs of polynomial functions can have many peaks and valleys; this 
makes them suitable models for many real-world situations. For example, a 
factory owner notices that if she increases the number of workers, productivity 
increases, but if there are too many workers, productivity begins to decrease. 
This situation is modeled by a polynomial function of degree 2 (a quadratic 
function). As another example, when a volleyball is hit, it goes up and then 
down, following a path that is also modeled by a quadratic function.T he 
graphs of polynomial functions are smooth curves that are used in designing 
many things. For example, sailboat designers put together portions of the 
graphs of different cubic functions (called cubic splines) to make the curves of 
the hull of a sailboat. 
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4.1 QUADRATIC FUNCTIONS AND MoDELs 


Graphing Quadratic Functions Using the Standard Form > Maximum and 
Minimum Values of Quadratic Functions B Modeling with Quadratic Functions 


A polynomial function is a function that is defined by a polynomial expression. So a poly- 
nomial function of degree n is a function of the form 
P(x) = a,x" + ag_yx7 2 +--+ + ax + ag 


Polynomial expressions are defined in We have already studied polynomial functions of degree 0 and 1. These are functions of 
Section P.5. the form P(x) = a9 and P(x) = a,x + ag, respectively, whose graphs are lines. In this 
section we study polynomial functions of degree 2. These are called quadratic functions. 


QUADRATIC FUNCTIONS 


A quadratic function is a polynomial function of degree 2. So a quadratic func- 


tion is a function of the form 
f(x) =ax?+bx+c¢, a#0 


We see in this section how quadratic functions model many real-world phenomena. We 
begin by analyzing the graphs of quadratic functions. 


V Graphing Quadratic Functions Using the Standard Form 


For a geometric definition of parabolas, If we take a = 1 and b =c = 0 in the quadratic functionf(x) = ax? + bx + c, we get 

see Section 12.1. the quadratic function f(x) = x?, whose graph is the parabola graphed in Example 1 of 
Section 3.2. In fact, the graph of any quadratic function is a parabola; it can be obtained 
from the graph of f(x) = x? by the transformations given in Section 3.5. 


STANDARD FORM OF A QUADRATIC FUNCTION 
A quadratic function f(x) = ax? + bx + c can be expressed in the standard form 
f(x) =a(x —h)? +k 


by completing the square. The graph of f is a parabola with vertex (h,k); the 
parabola opens upward if a > 0 or downward if a < 0. 


yA yA 
Vertex (h, k) 
Z 


vertex (h, k) 


h 
a(x — h)? f(x) = a(x — h)? +k, a<0 


EXAMPLE 1 | Standard Form of a Quadratic Function 


Let f(x) = 2x? — 12x + 23. 
(a) Express f in standard form. (b) Sketch the graph of f. 
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Completing the square is discussed SOLUTION 
in Section 1.3. (a) Since the coefficient of x? is not 1, we must factor this coefficient from the terms 
involving x before we complete the square. 
FO) = 2= 3 +5 f(x) = 2x2 — 12x + 23 
= 2(x? — 6x) + 23 Factor 2 from the x-terms 


Vertex is (3, 5) saat 
_ 2_ _9, Complete the square: Add 9 inside 
2(x 6x +9) + 23— 2-9 parentheses, subtract 2 - 9 outside 


= 2(x — 3)? +5 Factor and simplify 
The standard form is f(x) = 2(x — 3)? + 5. 


(b) The standard form tells us that we get the graph of f by taking the parabola y = x?, 
shifting it to the right 3 units, stretching it by a factor of 2, and moving it upward 
5 units. The vertex of the parabola is at (3,5), and the parabola opens upward. We 
sketch the graph in Figure 1 after noting that the y-intercept is f(0) = 23. 


f(x) = 2(x — 3)? + 5 


ST Vertex (3, 5) 


> 
x 


FIGURE 1 a 


©. NOW TRY EXERCISE 13 | 


V Maximum and Minimum Values of Quadratic Functions 


If a quadratic function has vertex (h, k), then the function has a minimum value at the ver- 
tex if its graph opens upward and a maximum value at the vertex if its graph opens down- 
ward. For example, the function graphed in Figure 1 has minimum value 5 when x = 3, 
since the vertex (3, 5) is the lowest point on the graph. 


MAXIMUM OR MINIMUM VALUE OF A QUADRATIC FUNCTION 


Let f be a quadratic function with standard form f(x) = a(x — h)? + k. The 
maximum or minimum value of f occurs at x = h. 


If a > 0, then the minimum value of f is (h) 


=k. 
=k. 


If a < 0, then the maximum value of f is f(h) 


yA ya 


Maximum 


ko . . 
Minimum 

| > 
ae 


0 h 
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Minimum 
4+ value 4 
= 
0 3 x 
FIGURE 2 


FIGURE 3 Graph of 
f(x) = —x?+x4+2 


EXAMPLE 2 | Minimum Value of a Quadratic Function 
Consider the quadratic function f(x) = 5x? — 30x + 49. 
(a) Express f in standard form. 
(b) Sketch the graph of f. 
(c) Find the minimum value of f. 
SOLUTION 
(a) To express this quadratic function in standard form, we complete the square. 
f(x) = 5x? — 30x + 49 
= 5(x? — 6x) + 49 Factor 5 from the x-terms 


_ 2 _ Complete the square: Add 9 inside 
= 5(x 6x + 9) +49 — 5-9 parentheses, subtract 5 - 9 outside 


= 5(x — 3)? +4 Factor and simplify 


(b) The graph is a parabola that has its vertex at (3, 4) and opens upward, as sketched 
in Figure 2. 

(c) Since the coefficient of x? is positive, f has a minimum value. The minimum value 
is f(3) = 4. 
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EXAMPLE 3 | Maximum Value of a Quadratic Function 


Consider the quadratic function f(x) = —x? + x + 2. 

(a) Express f in standard form. 

(b) Sketch the graph of f. 

(c) Find the maximum value of f. 

SOLUTION 

(a) To express this quadratic function in standard form, we complete the square. 


y=—x?+x+2 


=—-(x*?-x) +2 Factor —1 from the x-terms 


a te? z 7-41 Complete the square: Add z inside 
7 (x wae i) a ae parentheses, subtract (—1)3 outside 


=—-(x- 5/7 +3 Factor and simplify 


(b) From the standard form we see that the graph is a parabola that opens downward 
and has vertex (3, 7). As an aid to sketching the graph, we find the intercepts. The 
y-intercept is (0) = 2. To find the x-intercepts, we set f(x) = 0 and factor the 
resulting equation. 


—x7+x+2=0 = Sety=0 
x*—-x—2=0 ~~ Multiply by-1 
(x — 2)(x +1) =0 Factor 
Thus the x-intercepts are x = 2 and x = —1. The graph of f is sketched in Figure 3. 


(c) Since the coefficient of x? is negative, f has a maximum value, which is f(3) = % 
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Expressing a quadratic function in standard form helps us to sketch its graph as well 
as to find its maximum or minimum value. If we are interested only in finding the maxi- 
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mum or minimum value, then a formula is available for doing so. This formula is obtained 
by completing the square for the general quadratic function as follows: 


f(x) = ax? + bx +€ 


b 
= a(x tox} +e Factor a from the x-terms 
2) 
Complete the square: Add z 
b b? b? 4a 
= 2 ee 
=al x°+ - X+oo)}+¢=a inside parentheses, subtract 
2 
a( 2) outside 
by b? es 
=a(x+ 2) She Nears Factor 


This equation is in standard form with h = —b/(2a) and k = c — b*/(4a). Since the 
maximum or minimum value occurs at x = h, we have the following result. 


MAXIMUM OR MINIMUM VALUE OF A QUADRATIC FUNCTION 


The maximum or minimum value of a quadratic function f(x) = ax? + bx +c 
occurs at 


If a > 0, then the minimum value is s(- 


If a < 0, then the maximum value is s(-3 


EXAMPLE 4 | Finding Maximum and Minimum Values 
of Quadratic Functions 


4 Find the maximum or minimum value of each quadratic function. 
(a) f(x) = x? + 4x (b) g(x) = —2x? + 4x -—5 
é SOLUTION 


(a) This is a quadratic function with a = 1 and b = 4. Thus, the maximum or mini- 
mum value occurs at 


—6 b 4 
The minimum value . 2a 2-1 2 


occurs at xX = —2, 


Since a > 0, the function has the minimum value 
f(-2) =(-2) + 4(-2) = -4 
(b) This is a quadratic function with a = —2 and b = 4. Thus, the maximum or mini- 


4 mum value occurs at 
4 
: x ay 
ax Since a < 0, the function has the maximum value 
as f(1) = -2(1)? + 4(1) - 5 = -3 
Te Mey NTO Yee ©. NOW TRY EXERCISES 33 AND 35 = 


occurs atx =1. 
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The maximum gas 
mileage occurs at 42 mi/h. 


70 


V Modeling with Quadratic Functions 


We study some examples of real-world phenomena that are modeled by quadratic func- 
tions. These examples and the Application exercises for this section show some of the va- 
riety of situations that are naturally modeled by quadratic functions. 


EXAMPLE 5 | Maximum Gas Mileage for a Car 


M ost cars get their best gas mileage when traveling at a relatively modest speed. The gas 
mileage M for a certain new car is modeled by the function 


M(s) = sas? + 35 — 31, 15<=s=70 
where s is the speed in mi/h and M is measured in mi/gal. What is the car’s best gas 
mileage, and at what speed is it attained? 


SOLUTION The function M is a quadratic function with a = — and b = 3. Thus, its 
maximum value occurs when 
b 3 
S = 42 
2a 2(- 78) 
The maximum is M(42) = — (42)? + 3(42) — 31 = 32. So the car's best gas mileage 
is 32 mi/gal, when it is traveling at 42 mi/h. 
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EXAMPLE 6 | Maximizing Revenue from Ticket Sales 


A hockey team plays in an arena that has a seating capacity of 15,000 spectators. With the 
ticket price set at $14, average attendance at recent games has been 9500. A market sur- 
vey indicates that for each dollar the ticket price is lowered, the average attendance in- 
creases by 1000. 


(a) Find a function that models the revenue in terms of ticket price. 
(b) Find the price that maximizes revenue from ticket sales. 
(c) What ticket price is so high that no one attends and so no revenue is generated? 
SOLUTION 
(a) Express the model in words. The model that we want is a function that gives the 
revenue for any ticket price. 
revenue = ticketprice x attendance 


Choose the variable. There are two varying quantities: ticket price and atten- 
dance. Since the function we want depends on price, we let 


x = ticket price 


Next, we express attendance in terms of x. 


In Words In Algebra 
Ticket price x 

Amount ticket price is lowered 14—-x 

Increase in attendance 1000(14 — x) 


Attendance 9500 + 1000(14 — x) 
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Set up the model. The model that we want is the function R that gives the rev- 


enue for a given ticket price x. 
revenue = ticketprice x attendance 


R(x) =x x [9500 + 1000(14 — x)] 
R(x) = x(23,500 — 1000x) 
R(x) = 23,500x — 1000x? 


(b) Use the model. Since R is a quadratic function with a = —1000 and 
b = 23,500, the maximum occurs at 
b 23,500 
A 55  —t000) 


So a ticket price of $11.75 gives the maximum revenue. 
(c) Use the model. We want to find the ticket price for which R(x) = 0. 


23,500x — 1000x? = 0 Set R(x) =0 
150,000 
: 23.5x —x*=0 _ Divide by 1000 
x(23.5 — x) =0 Factor 
x=0 or x=23.5 Solve for x 
So according to this model, a ticket price of $23.50 is just too high; at that price, 
0 25 no one attends to watch this team play. (Of course, revenue is also zero if the ticket 


price is zero.) 
Maximum attendance occurs 


when ticket price is $11.75. ©. NOW TRY EXERCISE 77 | 
CONCEPTS f(3) = is the (minimum/maximum) 
1, To put the quadratic function f(x) = ax? + bx + cin standard Va ONG: 
form, we complete the 
2. The quadratic function f(x) = a(x — h)? + k is in standard SKILLS 


form. 


(a) The graph of f is a parabola with vertex ( ; ). 
(b) If a > 0, the graph of f opens . In this case 
f(h) = kis the value of f. 
(c) If a < 0, the graph of f opens . In this case 
f(h) = kis the value of f. 
3. The graph of f(x) = 2(x — 3)? + 5 is a parabola that opens 
_ with its vertex at ( , ——), and 
f(3) = —_____ is the (minimum/maximum) 


value of f. 
4. The graph of f(x) = —2(x — 3)? + 5 is a parabola that 


opens , with its vertex at ( ), and 


’ 


5-8 m The graph of a quadratic function f is given. (a) Find the 
coordinates of the vertex. (b) Find the maximum or minimum 
value of f. (c) Find the domain and range of f. 


5.fh) = Ss tx =5 6. f(x) = —5x? — 2x + 6 
Ya Ya 
5 
t 
0 % 1 \ ie 
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7. f(x) = 2x? — 4x - 1 8. f(x) = 3x? + 6x - 1 sz) 49-50 m A quadratic function is given. (a) Use a graphing device to 
find the maximum or minimum value of the quadratic function f, 
correct to two decimal places. (b) Find the exact maximum or mini- 


mum value of f, and compare it with your answer to part (a). 
49. f(x) =x? + 1.79x — 3.21 
50. f(x) =14+x- V2x? 


Ya 


51-54 mw Find all local maximum and minimum values of the 
function whose graph is shown. 


51, 52. 
ya Ya 
9-22 m A quadratic function is given. (a) Express the quad- 
ratic function in standard form. (b) Find its vertex and its x- and 
y-intercept(s). (c) Sketch its graph. rT 1 
9. f(x) = x? — 6x 10. f(x) = x2 + 8x ol 4 x 0 % 
11. f(x) = 2x? + 6x 12. f(x) = —x? + 10x 
©.13. f(x) =x? + 4x +3 14. f(x) =x? — 2x +2 
15. f(x) = —x? + 6x +4 16. f(x) = -x?- 4x + 4 
17. f(X) = 2x2 + 4x +3 18, f(x) = —3x? + 6x - 2 - a 
19. f(x) = 2x2- 20x +57 20. f(x) = 2x2 +x—-6 a bi) 
21. f(x) = —4x? -— 16x +3 22. f(x) = 6x? + 12x —5 
; eos : 1 
23-32 m A quadratic function is given. (a) Express the quadratic 0 _ = 
function in standard form. (b) Sketch its graph. (c) Find its maxi- x Oo) 1 x 


mum or minimum value. 


23. f(x) =x? + 2x -1 24. f(x) =x? — 8x + 8 
©.25. f(x) = 3x? - 6x +1 26. f(x) = 5x? + 30x + 4 
el ae ea BT) AS OF 55-62 m Find the local maximum and minimum values of 
29. g(x) = 3x? — 12x +13 30. g(x) = 2x? + 8x + 11 ™ the function and the value of x at which each occurs. State each 
31. h(x) =1—x — x 32. h(x) = 3 — 4x — 4x? answer correct to two decimal places. 
55. f(x) =x? -x 
33-42 m Find the maximum or minimum value of the function. 56. f(x) =3+x+x?-%3 
©. 33, f(x) =x 4x41 34, f(x) =14+3x-¥ 57. g(x) = x4 — 2x3 — 11x? 
©.35. f(t) = 100 — 49t — 7t? 36. f(t) = 10t? + 40t + 113 58. g(x) = x° — 8x? + 20x 
37. f(s) =s? — 1.2s + 16 38. g(x) = 100x? — 1500x 59. U(x) = xV6 — x 
2 = — y2 
39. h(x) =P + 2x6 4D. OK) = OK +7 BN) TD 
1- x? 
Al. f(x) =3-—x—}? A2. g(x) = 2x(x — 4) +7 oS aaa 
43. Find a function whose graph is a parabola with vertex (1, —2) 62. V(x) = _ 1 
and that passes through the point (4, 16). Pax +1 
44, Find a function whose graph is a parabola with vertex (3, 4) 
and that passes through the point (1, —8). 
P pune Rene etre) APPLICATIONS 


63. Height of a Ball If a ball is thrown directly upward with a 
: ; velocity of 40 ft/s, its height (in feet) after t seconds is given 
45. f(x) = —x’ + 4x — 3 46. f(x) = x° — 2x — 3 by y = 40t — 16t?, What is the maximum height attained by 


AT. f(x) = 2x2 + 6x —7 48. f(x) = —3x? + 6x + 4 the ball? 


45- 48 m Find the domain and range of the function. 


64. 


65. 


66. 


© 267, 


68. 


69. 


Path of a Ball A ball is thrown across a playing field from 
a height of 5 ft above the ground at an angle of 452 to the hori- 
zontal at a speed of 20 ft/s. It can be deduced from physical 
principles that the path of the ball is modeled by the function 


82 es 
y (20)? X°+xX4+5 
where x is the distance in feet that the ball has traveled 
horizontally. 
(a) Find the maximum height attained by the ball. 
(b) Find the horizontal distance the ball has traveled when it 
hits the ground. 


Revenue A manufacturer finds that the revenue generated 
by selling x units of a certain commodity is given by the func- 
tion R(x) = 80x — 0.4x?, where the revenue R(x) is measured 
in dollars. W hat is the maximum revenue, and how many units 
should be manufactured to obtain this maximum? 


Sales A soft-drink vendor at a popular beach analyzes his 
sales records and finds that if he sells x cans of soda pop in 
one day, his profit (in dollars) is given by 


P(x) 0.001x? + 3x — 1800 


What is his maximum profit per day, and how many cans must 
he sell for maximum profit? 


Advertising The effectiveness of a television commercial 
depends on how many times a viewer watches it. After some 
experiments an advertising agency found that if the effective- 
ness E is measured on a scale of 0 to 10, then 


2 1 
E(n) = 3n — gn’ 


where n is the number of times a viewer watches a given com- 
mercial. For a commercial to have maximum effectiveness, 
how many times should a viewer watch it? 


Pharmaceuticals When a certain drug is taken orally, 

the concentration of the drug in the patient's bloodstream 

after t minutes is given by C(t) = 0.06t — 0.0002t?, where 

0 <t = 240 and the concentration is measured in mg/L. When 
is the maximum serum concentration reached, and what is that 
maximum concentration? 


Agriculture The number of apples produced by each tree 
in an apple orchard depends on how densely the trees are 
planted. If n trees are planted on an acre of land, then each 
tree produces 900 — 9n apples. So the number of apples 
produced per acre is 


A(n) = n(900 — 9n) 


70. 
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How many trees should be planted per acre to obtain the maxi- 
mum yield of apples? 


Agriculture Ata certain vineyard it is found that each 
grape vine produces about 10 pounds of grapes in a season 
when about 700 vines are planted per acre. For each additional 
vine that is planted, the production of each vine decreases by 
about 1 percent. So the number of pounds of grapes produced 
per acre is modeled by 


A(n) = (700 + n)(10 — 0.01n) 


where n is the number of additional vines planted. Find the 
number of vines that should be planted to maximize grape 
production. 


71-74 w Use the formulas of this section to give an alternative 
solution to the indicated problem in Focus on Modeling: Modeling 
with Functions on pages 262-263. 


71, 
73. 
75. 


76. 


72. Problem 22 
Problem 25 74. Problem 24 


Fencing a Horse Corral Carol has 2400 ft of fencing to 

fence in a rectangular horse corral. 

(a) Find a function that models the area of the corral in terms 
of the width x of the corral. 

(b) Find the dimensions of the rectangle that maximize the 
area of the corral. 


Problem 21 


Making a Rain Gutter A rain gutter is formed by bend- 

ing up the sides of a 30-inch-wide rectangular metal sheet as 

shown in the figure. 

(a) Find a function that models the cross-sectional area of the 
gutter in terms of x. 

(b) Find the value of x that maximizes the cross-sectional area 
of the gutter. 

(c) What is the maximum cross-sectional area for the gutter? 


t = a. 
i oe 
= : ae 3) in 
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*©.77. Stadium Revenue A baseball team plays in a stadium 7 = 
that holds 55,000 spectators. With the ticket price at $10, the DISCOVERY = DISCUSSION = WRITING 
average attendance at recent games has been 27,000. A market 79. Vertex and x-Intercepts We know that the graph of the 
survey indicates that for every dollar the ticket price is low- quadratic function f(x) = (x — m)(x — n) is a parabola. 
ered, attendance increases by 3000. Sketch a rough graph of what such a parabola would look like. 
(a) Find a function that models the revenue in terms of ticket W hat are the x-intercepts of the graph of f? Can you tell from 
price. your graph the x-coordinate of the vertex in terms of m and n? 

(b) Find the price that maximizes revenue from ticket sales. (Use the symmetry of the parabola.) Confirm your answer by 
(c) What ticket price is so high that no revenue is generated? expanding and using the formulas of this section. 

78. Maximizing Profit A community bird-watching society 80. Maximum of a Fourth-Degree Polynomial Find the 


maximum value of the function 


makes and sells simple bird feeders to raise money for its 

conservation activities. The materials for each feeder cost $6, 

and the society sells an average of 20 per week at a price of 

$10 each. The society has been considering raising the price, 

so it conducts a survey and finds that for every dollar increase, 

it loses 2 sales per week. 

(a) Find a function that models weekly profit in terms of price 
per feeder. 

(b) What price should the society charge for each feeder to 
maximize profits? W hat is the maximum weekly profit? 


f(x) = 3 + 4x? — x4 
[Hint: Lett = x2] 


4.2 POLYNOMIAL FUNCTIONS AND THEIR GRAPHS 


Graphing Basic Polynomial Functions B End Behavior and the Leading Term 
> Using Zeros to Graph Polynomials B Shape of the Graph Near a Zero > 
Local Maxima and Minima of Polynomials 


In this section we study polynomial functions of any degree. But before we work with 
polynomial functions, we must agree on some terminology. 


POLYNOMIAL FUNCTIONS 


A polynomial function of degree n is a function of the form 


P(x) = agx" + ap_yx” } +--+ + ayxX + ay 


where n is a nonnegative integer and a, # 0. 


The numbers ao, a;, a2,-.-., a, are Called the coefficients of the polynomial. 
The number a, is the constant coefficient or constant term. 


The number a,, the coefficient of the highest power, is the leading coefficient, and 
the term a,x" is the leading term. 


We often refer to polynomial functions simply as polynomials. The following polyno- 
mial has degree 5, leading coefficient 3, and constant term —6. 


Leading 


Constant term —6 
coefficient 3 


Degree 5 


3x5 + 6x4 — 2x3 + x? + 7x — 6 
Leading term 3x° 
Coefficients 3, 6, —2, 1, 7, and —6 
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Here are some more examples of polynomials. 


P(x) =3 Degree 0 
Q(x) = 4x —7 Degree 1 
R(x) =x? + x Degree 2 


S(x) = 2x? — 6x? — 10 Degree 3 


If a polynomial consists of just a single term, then it is called a monomial. For example, 
P(x) = x? and Q(x) = —6x° are monomials. 


V Graphing Basic Polynomial Functions 


The graphs of polynomials of degree 0 or 1 are lines (Section 2.3), and the graphs of poly- 
nomials of degree 2 are parabolas (Section 4.1). The greater the degree of a polynomial, 
the more complicated its graph can be. However, the graph of a polynomial function is 
continuous. This means that the graph has no breaks or holes (see Figure 1). M oreover, 
the graph of a polynomial function is a smooth curve; that is, it has no corners or sharp 
points (cusps) as shown in Figure 1. 


YA Ya YA YA 
cusp smooth and smooth and 
continuous continuous 
hole 
break 
corner 
> > > 
X x x 
Not the graph of a Not the graph of a Graph of a polynomial Graph of a polynomial 
polynomial function polynomial function function function 
FIGURE 1 


The simplest polynomial functions are the monomials P(x) = x", whose graphs are 
shown in Figure 2. As the figure suggests, the graph of P(x) = x" has the same general 
shape as the graph of y = x? when n is even and the same general shape as the graph of 
y = x? when n is odd. However, as the degree n becomes larger, the graphs become flat- 
ter around the origin and steeper elsewhere. 


(a) y=x (b) y = x? 


FIGURE 2 Graphs of monomials 


EXAMPLE 1 | Transformations of Monomials 
Sketch the graphs of the following functions. 

(a) P(x) = —x3 (b) Q(x) = (x — 2)* 
(c) R(x) = —2x° + 4 
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MATHEMATICS IN SOLUTION Weuse the graphs in Figure 2 and transform them using the techniques of 
THE MODERN WORLD Section 3.5. 


Splines (a) The graph of P(x) = —x?is the reflection of the graph of y = x? in the x-axis, as 
shown in Figure 3(a) below. 


(b) The graph of Q(x) = (x — 2)*is the graph of y = x* shifted to the right 2 units, as 
shown in Figure 3(b). 


(c) We begin with the graph of y = x°. The graph of y = —2x° is obtained by stretch- 
ing the graph vertically and reflecting it in the x-axis (see the dashed blue graph in 

A spline is a long strip of wood that is Figure 3(c)). Finally, the graph of R(x) = —2x° + 4 is obtained by shifting upward 
curved while held fixed at certain 4 units (see the red graph in Figure 3(c)). 
points. In the old days shipbuilders 
used splines to create the curved 
shape of a boat's hull. Splines are also 
used to make the curves of a piano, a 
violin, or the spout of a teapot. 


jo as 


Mathematicians discovered that 
the shapes of splines can be obtained 
by piecing together parts of polyno- 
mials. For example, the graph of a cu- 
bic polynomial can be made to fit 
specified points by adjusting the 
coefficients of the polynomial (see 
Example 10, page 284). 

Curves obtained in this way are FIGURE 3 
called cubic splines. In modern com- 
puter design programs, such as Adobe 
Illustrator or Microsoft Paint, a curve 
can be drawn by fixing two points, ©. NOW TRY EXERCISE 5 5 
then using the mouse to drag one or 
more anchor points. Moving the an- 
chor points amounts to adjusting the 
coefficients of a cubic polynomial. 


V End Behavior and the Leading Term 


The end behavior of a polynomial is a description of what happens as x becomes large 
in the positive or negative direction. To describe end behavior, we use the following 
notation: 


=> ce means “x becomes large in the positive direction” 


X > —00 means “x becomes large in the negative direction” 


For example, the monomial y = x? in Figure 2(b) has the following end behavior: 
Yoo a X—0o and Yoo a X—+-0oo 

The monomial y = x? in Figure 2(c) has the following end behavior: 
Yoo a X—0o and Y-oo a X—~-©co 


For any polynomial the end behavior is determined by the term that contains the highest 
power of x, because when x is large, the other terms are relatively insignificant in size. The 
following box shows the four possible types of end behavior, based on the highest power 
and the sign of its coefficient. 
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END BEHAVIOR OF POLYNOMIALS 


The end behavior of the polynomial P(x) = a,x" + a,_4x" 1 + +++ + a,x + ag is determined by the degree n and the 
sign of the leading coefficient a,, as indicated in the following graphs. 


P has odd degree P has even degree 


y—> ~as y— as 


6 2 05) — 00 
yas x 


y—>— as y—>—0 as y>— as y—>—°O as 
x —> —00 xO ob C8} x0 


Leading coefficient positive Leading coefficient negative Leading coefficient positive Leading coefficient negative 


EXAMPLE 2 | End Behavior of a Polynomial 
Determine the end behavior of the polynomial 
P(x) = —2x* + 5x3 + 4x -—7 


SOLUTION The polynomial P has degree 4 and leading coefficient —2. Thus, P has 
even degree and negative leading coefficient, so it has the following end behavior: 


Y—-oo aS X—>0o and Y-oco aS X—-oo 


The graph in Figure 4 illustrates the end behavior of P. 


FIGURE 4 Gee 
P(x) = —2x4 + 5x3 + 4x —7 
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EXAMPLE 3 | End Behavior of a Polynomial 


(a) Determine the end behavior of the polynomial P(x) = 3x° — 5x? + 2x. 

(b) Confirm that P and its leading term Q(x) = 3x° have the same end behavior by 
graphing them together. 

SOLUTION 

(a) Since P has odd degree and positive leading coefficient, it has the following end 
behavior: 


Yoo a X—>0o and yY—-oo a X—~-—oo 
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(b) Figure 5 shows the graphs of P and Q in progressively larger viewing rectangles. 
The larger the viewing rectangle, the more the graphs look alike. This confirms that 
they have the same end behavior. 


FIGURE 5 
P(x) = 3x° — 5x3 + 2x 
Q(x) = 3x° 
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To see algebraically why P and Q in Example 3 have the same end behavior, factor P 
as follows and compare with Q. 


When x is large, the terms 5/3x? and 2/3x are close to 0 (see Exercise 67 on page 14). So 
for large x, we have 


P(x) ~ 3x(1 — 0 — 0)= 3x5 = Q(x) 


So when x is large, P and Q have approximately the same values. We can also see this 
numerically by making a table like the one shown below. 


ae P(x) Q(x) 


15 2,261,280 2,278,125 
30 72,765,060 72,900,000 
50 | 936,875,100 | 937,500,000 


By the same reasoning we can show that the end behavior of any polynomial is deter- 
mined by its leading term. 


V Using Zeros to Graph Polynomials 


If P isa polynomial function, then c is called a zero of P if P(c) = 0. In other words, the 
zeros of P are the solutions of the polynomial equation P(x) = 0. Note that if P(c) = 0, 
then the graph of P has an x-intercept at x = c, so the x-intercepts of the graph are the 
zeros of the function. 


REAL ZEROS OF POLYNOMIALS 
If P is apolynomial and c is a real number, then the following are equivalent: 


. C iS azero of P. 
. X = c isa solution of the equation P(x) = 0. 


1 

2 

3. X — Cis a factor of P(x). 

4. cis an x-intercept of the graph of P. 


To find the zeros of a polynomial P, we factor and then use the Zero-Product Property 
(see page 80). For example, to find the zeros of P(x) = x? + x — 6, we factor P to get 


P(x) = (x — 2)(x + 3) 


FIGURE 6 
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From this factored form we easily see that 


1. 2 is a zero of P. 

2. x = 2 is asolution of the equation x? + x —-6 = 0. 
3. x — 2 is a factor of x2 + x — 6. 

4, 2 is an x-intercept of the graph of P. 

The same facts are true for the other zero, —3. 


The following theorem has many important consequences. (See, for instance, the D iscov- 
ery Project referenced on page 305.) Here we use it to help us graph polynomial functions. 


INTERMEDIATE VALUE THEOREM FOR POLYNOMIALS 


If P isa polynomial function and P(a) and P(b) have opposite signs, then there 
exists at least one value c between a and b for which P(c) = 0. 


We will not prove this theorem, but Figure 6 shows why it is intuitively plausible. 

One important consequence of this theorem is that between any two successive zeros 
the values of a polynomial are either all positive or all negative. T hat is, between two suc- 
cessive zeros the graph of a polynomial lies entirely above or entirely below the x-axis. To 
see why, suppose Cc, and c, are successive zeros of P. If P has both positive and negative 
values between c, and c,, then by the Intermediate Value Theorem P must have another 
zero between c, and c,. But that’s not possible because c, and c, are successive zeros. This 
observation allows us to use the following guidelines to graph polynomial functions. 


GUIDELINES FOR GRAPHING POLYNOMIAL FUNCTIONS 
1. Zeros. Factor the polynomial to find all its real zeros; these are the x-intercepts 
of the graph. 


. Test Points. Make a table of values for the polynomial. Include test points to 
determine whether the graph of the polynomial lies above or below the x-axis on 


the intervals determined by the zeros. Include the y-intercept in the table. 
. End Behavior. Determine the end behavior of the polynomial. 


. Graph. Plot the intercepts and other points you found in the table. Sketch a 
smooth curve that passes through these points and exhibits the required end 
behavior. 


EXAMPLE 4 | Using Zeros to Graph a Polynomial Function 
Sketch the graph of the polynomial function P(x) = (x + 2)(x — 1)(x — 3). 


SOLUTION Thezeros are x = —2, 1, and 3. These determine the intervals (—oo, —2), 
(—2, 1), (1,3), and (3, co). Using test points in these intervals, we get the information 
in the following sign diagram (see Section 1.6). 


Test point Test point Test point Test point 


y= =3) S =I ew, = 4 
P(-3) <0 P(-1) >0 P(2) <0 P (3) >0 
—2 1 3 
* e e- * e + > 
Sign of 
P(x) = (x + 2)(x — 1) — 3) z + a i 
Graph of P below above below above 


X-axis X-axis X-axis X-axis 
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MATHEMATICS IN 
THE MODERN WORLD 


3DProfi/Shutterstock.com 


Automotive Design 
Computer-aided design (CAD) has 
completely changed the way in which 
car companies design and manufac- 
ture cars. Before the 1980s automotive 
engineers would build a full-scale “nuts 
and bolts” model of a proposed new 
car; this was really the only way to tell 
whether the design was feasible. Today 
automotive engineers build a mathe- 
matical model, one that exists only in 
the memory of a computer. The model 
incorporates all the main design fea- 
tures of the car. Certain polynomial 
curves, called splines, are used in shap- 
ing the body of the car. The resulting 
“mathematical car” can be tested for 
structural stability, handling, aerody- 
namics, suspension response, and 
more. All this testing is done before a 
prototype is built. As you can imagine, 
CAD saves car manufacturers millions 
of dollars each year. More importantly, 
CAD gives automotive engineers far 
more flexibility in design; desired 
changes can be created and tested 
within seconds. With the help of com- 
puter graphics, designers can see how 
good the “mathematical car” looks be- 
fore they build the real one. Moreover, 
the mathematical car can be viewed 
from any perspective; it can be moved, 
rotated, or seen from the inside. These 
manipulations of the car on the com- 
puter monitor translate mathematically 
into solving large systems of linear 
equations. 


Plotting a few additional points and connecting them with a smooth curve helps us to 


complete the graph in Figure 7. 


x | P(x) 
Test point | —3 | —24 
=a 0 
Test point | —1 8 
0 6 
1 0 
Test point > 2 —4 
3 0 
Test point > 4 18 
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Test point 
P(-1) >0 


Test point 
P (4) >0 


Test point 
P (-3) <0 


FIGURE 7 P(x) = (x 


Test point 
P(2) <0 


EXAMPLE 5 | Finding Zeros and Graphing a Polynomial Function 


Let P(x) = x? — 2x? — 3x. 
(a) Find the zeros of P. 
(b) Sketch a graph of P. 


SOLUTION 


(a) To find the zeros, we factor completely. 
P(x) =x? — 2x? — 3x 


x(x? — 2x — 3) Factor x 
= x(x — 3)(x + 1) 


Thus, the zeros are x = 0, X = 3, andx = —1. 


(b) The x-intercepts are x = 0, x = 3, and x = —1. The y-intercept is P(0) = 0. We 
make a table of values of P(x), making sure that we choose test points between 
(and to the right and left of) successive zeros. 

Since P is of odd degree and its leading coefficient is positive, it has the follow- 


ing end behavior: 


Yoo aS X—~>co 


Factor quadratic 


and yY-0oo a X—~-©co 


We plot the points in the table and connect them by a smooth curve to complete the 


graph, as shown in Figure 8. 


x | P(x) 

Test point | —2 | —10 
a | 0 

‘ =i 7 

Test point > 2 8 
0 0 

Test point > 1 —4 
2 —6 

3 0 

Test point 4 20 
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&Yv 


FIGURE 8 P(x) = x? — 2x? — 3x 


A table of values is most easily calcu- 
lated by using a programmable calcula- 
tor or a graphing calculator. 
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EXAMPLE 6 | Finding Zeros and Graphing a Polynomial Function 
Let P(x) = —2x4 — x3 + 3x?, 
(a) Find the zeros of P. (b) Sketch a graph of P. 


SOLUTION 
(a) To find the zeros, we factor completely. 


P(x) = —2x* — x3 + 3x? 


= —x?(2x? + x — 3) Factor —x? 


—x?(2x + 3)(x-—1) __ Factor quadratic 


Thus, the zeros are x = 0, x = —3, andx = 1. 


(b) The x-intercepts are x = 0, x = —3, and x = 1. They-intercept is P(0) = 0. We 
make a table of values of P(x), making sure that we choose test points between 
(and to the right and left of) successive zeros. 

Since P is of even degree and its leading coefficient is negative, it has the follow- 
ing end behavior: 


Yoo a X—>0o and Y—-oo aS X—-—©co 


We plot the points from the table and connect the points by a smooth curve to com- 
plete the graph in Figure 9. 


x P(x) Ya 
—2 —12 , 
=1,5 0 x 
=] 2 
—0.5 0.75 

0 0 

0.5 0.5 

4 0 

5 —6.75 

FIGURE 9 P(x) = —2x4 — x? + 3x? 
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EXAMPLE 7 | Finding Zeros and Graphing a Polynomial Function 
Let P(x) = x? — 2x? — 4x + 8. 
(a) Find the zeros of P. (b) Sketch a graph of P. 


SOLUTION 
(a) To find the zeros, we factor completely. 


P(x) =x? — 2x? — 4x + 8 
= x*(x — 2) — 4(x — 2) Group and factor 
2 


= (x* — 4)(x — 2) Factor x — 2 
= (x + 2)(x — 2)(x — 2) Difference of squares 
= (x + 2)(x — 2)? Simplify 


Thus the zeros are x = —2 and x =2. 
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(b) The x-intercepts are x = —2 and x = 2. The y-intercept is P(0) = 8. The table 
gives additional values of P(x). 
Since P is of odd degree and its leading coefficient is positive, it has the follow- 
ing end behavior: 


Yoo a X00 and Y>-oo a X—>-©co 


We connect the points by a smooth curve to complete the graph in Figure 10. 


se || JAG3) 
—3 | -25 
=2 0 
—1 9 
0 8 
1 3 
2 0 
3 5 
FIGURE 10 P(x) = x? — 2x?- 4x +8 
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V Shape of the Graph Near a Zero 


Although x = 2 is a zero of the polynomial in Example 7, the graph does not cross the 
x-axis at the x-intercept 2. This is because the factor (x — 2)? corresponding to that zero 
is raised to an even power, so it doesn’t change sign as we test points on either side of 2. 
In the same way the graph does not cross the x-axis at x = 0 in Example 6. 

In general, if c is a zero of P, and the corresponding factor x — c occurs exactly m times 
in the factorization of P, then we say that c is a zero of multiplicity m. By considering 
test points on either side of the x-intercept c, we conclude that the graph crosses the x-axis 
at c if the multiplicity mis odd and does not cross the x-axis if m is even. M oreover, it can 
be shown by using calculus that near x = c the graph has the same general shape as the 
graph of y = A(x — c)". 


SHAPE OF THE GRAPH NEAR A ZERO OF MULTIPLICITY m 


If c is a zero of P of multiplicity m, then the shape of the graph of P near c is as 
follows. 


Multiplicity of c Shape of the graph of P near the x-intercept C 


modd,m>1 


meven,m > 1 


EXAMPLE 8 | Graphing a Polynomial Function Using Its Zeros 
Graph the polynomial P(x) = x*(x — 2)3(x + 1)2. 
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SOLUTION The zeros of P are —1, 0, and 2 with multiplicities 2, 4, and 3, 
respectively. 


0 is a zero of 2 is azero of -1is a zero of 
multiplicity 4 multiplicity 3. multiplicity 2 


P(x) = x4(x — 2)(x +1) 


The zero 2 has odd multiplicity, so the graph crosses the x-axis at the x-intercept 2. But 
the zeros 0 and —1 have even multiplicity, so the graph does not cross the x-axis at the 
x-intercepts 0 and —1. 

Since P is a polynomial of degree 9 and has positive leading coefficient, it has the 
following end behavior: 


Yoo a X—>0o and Y—-oo aS X—~-—oo 


With this information and a table of values we sketch the graph in Figure 11. 


Ya 
x | P(x) 
|| 02 Even a 
—1 0 multiplicities 
—0.5 | —3.9 - 
0 0 x 
1 | -4 
2 0 Odd multiplicity 
2.3 8.2 
FIGURE 11 P(x) = x4(x — 2)(x + 1)? 
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V Local Maxima and Minima of Polynomials 


Recall from Section 3.3 that if the point (a, f(a)) is the highest point on the graph of f 
within some viewing rectangle, then f(a) is alocal maximum value of f, and if (b, f(b)) 
is the lowest point on the graph of f within a viewing rectangle, then f(b) is alocal min- 
imum value (see Figure 12). We say that such a point (a, f(a)) is a local maximum point 
on the graph and that (b, f(b)) is a local minimum point. The local maximum and min- 
imum points on the graph of a function are called its local extrema. 


yA 
(a, fla)) | 
Local maximum point 


(b, f(b)) 
Local minimum point 


FIGURE 12 
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For a polynomial function the number of local extrema must be less than the degree, as 
the following principle indicates. (A proof of this principle requires calculus.) 


LOCAL EXTREMA OF POLYNOMIALS 


If P(x) = a,x" + ay_yx" } + +++ + ax + a9 iS a polynomial of degree n, then 
the graph of P has at most n — 1 local extrema. 


A polynomial of degree n may in fact have less than n — 1 local extrema. For exam- 
ple, P(x) = x° (graphed in Figure 2) has no local extrema, even though it is of degree 5. 


@ Thepreceding principle tells us only that a polynomial of degree n can have no more than 


n — 1 local extrema. 


EXAMPLE 9 | The Number of Local Extrema 
Determine how many local extrema each polynomial has. 
(a) P,(x) = x4 + x? — 16x? — 4x + 48 

(b) P(x) = x? + 3x* — 5x? — 15x? + 4x — 15 

(c) P3(x) = 7x* + 3x? — 10x 

SOLUTION Thegraphs are shown in Figure 13. 


(a) P, has two local minimum points and one local maximum point, for a total of three 
local extrema. 


(b) P, has two local minimum points and two local maximum points, for a total of four 
local extrema. 


(c) P; has just one local extremum, a local minimum. 


100 100 100 
5 5 5 5 5 5) ) 
—100 —100 —100 
(a) (b) (c) 
P(x) = x4 + x3 — 16x? — 4x + 48 P,(x) = x° + 3x4 — 5x3 — 15x? + 4x — 15 P;(x) = 7x* + 3x? — 10x 
FIGURE 13 
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With a graphing calculator we can quickly draw the graphs of many functions at once, 
on the same viewing screen. This allows us to see how changing a value in the definition 
of the functions affects the shape of its graph. In the next example we apply this principle 
to a family of third-degree polynomials. 


EXAMPLE 10 | A Family of Polynomials 


Sketch the family of polynomials P(x) = x? — cx? for c = 0, 1, 2, and 3. How does 
changing the value of c affect the graph? 
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SOLUTION The polynomials 
Papd =o P(x) =x? — x? 
P(x) = x? — 2x? Pix) = x? = 3x? 


are graphed in Figure 14. We see that increasing the value of c causes the graph to develop 
an increasingly deep “valley” to the right of the y-axis, creating a local maximum at the ori- 
gin and a local minimum at a point in Quadrant IV. This local minimum moves lower and 
farther to the right as c increases. To see why this happens, factor P(x) = x*(x — c). The 
polynomial P has zeros at 0 and c, and the larger c gets, the farther to the right the minimum 
between 0 and c will be. 


FIGURE 14 A family of polynomials 
P(x) = x3? — cx? 
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CONCEPTS 


1. Only one of the following graphs could be the graph of a poly- 
nomial function. Which one? Why are the others not graphs of 
polynomials? 


3. If c is a zero of the polynomial P, which of the following 
statements must be true? 
(a) P(c) =0. 
(c) x — cis a factor of P (x). 
(d) c is the y-intercept of the graph of P. 


(b) P(0) =. 


4. Which of the following statements couldn't possibly be true 
about the polynomial function P? 
(a) P has degree 3, two local maxima, and two local minima. 
(b) P has degree 3 and no local maxima or minima. 
(c) P has degree 4, one local maximum, and no local minima. 


I Il 
WY | 
> > 
x x 
ll 
y 


ws, 


| z 


2. Every polynomial has one of the following behaviors: 
(i) y— 00 aS X > co and y > co aS X > —00 
(ii) y+ co aS X > oo and y > —oo aS X > —0o 
(iii) y + —oo aS X > oo and y > 00 aS X > —00 
(iv) y— —oo aS X + 00 and y + —co aS X > —00 


For each polynomial, choose the appropriate description of its 
end behavior from the list above. 


(a) y = x? — 8x? + 2x — 15: end behavior 
(b) y = —2x* + 12x + 100: end behavior ; 


- 5. (a) P(x) =x?- 4 


® 11. R(x) = —x + 5x3 — 4x 


SKILLS 


5-8 m Sketch the graph of each function by transforming the 
graph of an appropriate function of the form y = x" from Figure 2. 
Indicate all x- and y-intercepts on each graph. 

(b) Q(x) = (x — 4)? 

(d) S(x) = 2(x - 2)? 

(b) Q(x) = (x + 2)* 

(d) S(x) = —2(x + 2)4 

(b) Q(x) = —x? + 27 

(d) S(x) = 3(x -— 1)3+4 
(b) Q(x) = 2(x + 3)° — 64 
(d) S(x) = —3(x — 2)° + 16 


= 
a 
pes 
zm 
x< 
ll 
= 
x< 
+ 
N 
SS 
“< 
| 
be 
a 


x) = —}x - 2)? 
9-14 m Match the polynomial function with one of the graphs 
I-VI on the next page. Give reasons for your choice. 

9. P(x) = x(x? — 4) 10. Q(x) = —x*(x? — 4) 
12. S(x) = 3x® — 2x4 
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13. T(x) = x* + 2x? 14, U(x) = —x? + 2x? 36. P(x) = a + 3x3 — 16x — 24)? 
37. P(x) = 2x? — 8x + 16 
yA : yA 38, P(x) = x4 — 2x? + 8x — 16 
39. P(x) = x* — 3x?-4 40. P(x) =x®— 2x3 +1 
s=| 41-46 m Determine the end behavior of P. Compare the graphs of 
. ~ P and Q in large and small viewing rectangles, as in Example 3(b). 
© .41. P(x) = 3x3 - x? +5x 41; Q(x) = 3x? 
42. P(x) = —bx? + 4x24 12x; Q(x) = -}x? 
43. P(x) =x*— 7x? +5x +5; Q(x) =x? 
44, P(x) = —x> + 2x? +x; Q(x) = -x> 
45. P(x) = x42 — 9x9 Q(x) =x! 
" 46. P(x) = 2x? -— x Q(x) = —x¥ 
* 47-50 m= The graph of a polynomial function is given. From the 
graph, find (a) the x- and y-intercepts, and (b) the coordinates of 
all local extrema. 


47. P(x) = —x? + 4x 48, P(x) = §x? — x? 


YA yA 
> 1 
x 0 > 
x 
H 
> 
1 x 
15-26 m Sketch the graph of the polynomial function. M ake ne 
sure your graph shows all intercepts and exhibits the proper end 49. P(x) xX°+5X—1 50. P(x) — 9X 
behavior. 
yA Ya 
15. P(x) = (x — 1)(x + 2) 
16. P(x) = (x — 1)(x + 1)(x - 2) 
<17. P(x) = x(x — 3)(x + 2) h } . 
> 
18. P(x) = (2x — 1)(x + 1)(x + 3) 0 x Oo) 2 x 
19. P(x) = (x — 3)(x + 2)(3x — 2) 
20. P(x) = §x(x — 5)? 
= Hl 
21. P(x) = (x ~ 1)°x = 3) 22, P(x) = a(x + 1)%x — 3) 51-58 = Graph the polynomial in the given viewing rectangle. 
23. P(x) = a(x + 2)°(x — 3)? 24 P(x) = (x — 1)%(x + 2)? ~ Find the coordinates of all local extrema. State each answer 
rounded to two decimal places. 
©.25, P(x) = x(x + 2)(x — 3)? 26. P(x) = (x — 3)%x +1) 
51. y = —x? + 8x, [—4, 12] by [—50, 30] 
27-40 m Factor the polynomial and use the factored form to find 52. y = x3 — 3x2, [—2, 5] by [—10, 10] 
the zeros. Then sketch the graph. ; ; ; ‘ 
53. x? — 12x +9, 5, 5] by [—30, 30 
©.27, P(x) = 3 — x2 — & 28. P(x) = x3 + 2x2 — Bx peely 
54. y = 2x? — 3x* — 12x — 32, [—5, 5] by [—60, 30] 
29. P(x) = —x?+x?412x 30. P(x) = —2x?- x? + x 
55. y + 4x3, 5, 5] by [—30, 30] 
“+ BL. P(x) = x4 — 3x0 + 2x? 32. P(X) = 0 = 94° 56. y = x4 — 18x? + 32, [—5, 5] by[-100, 100] 
* . 33. P(x) =x34+x?-x-1 34. P(x) = x? 4x 12 57. y 3x5 — 5x3 3, [ 3, 3] by [ 5, 10] 
35. P(x) = 2x3 — x? — 18x 4 58. y =x°—5x2 +6, [—3, 3]by[—5, 10] 


==) 59-68 m Graph the polynomial and determine how many local 
maxima and minima it has. 


59, y = —2x? + 3x +5 


®.61 y =x3-—x?-x 


60. y = x? + 12x 
62. y = 6x? + 3x4+1 


©.63. y=xt— 5x2 +4 
64. y = 1.2x° + 3.75x* — 7x3 — 15x? + 18x 
65. y = (x — 2)3 + 32 66. y = (x? — 2)3 


67. y = x® — 3x4 +x 68. y = 3x’ — 17x? +7 


69-74 = Graph the family of polynomials in the same viewing 


~ rectangle, using the given values of c. Explain how changing the 
value of c affects the graph. 


69. P(x) =cx c=1,2,5,3 

70. P(x) =(x —c)*4} c=-1,0,1,2 
71, P(x) =x +c) c= -1,0,1,2 

72. P(x) =x? +cx; c =2,0,—-2,-4 

73. P(x) =x*- cx; c=0,1,8,27 

74, P(x) =x c=1,3,5,7 


75. (a) On the same coordinate axes, sketch graphs (as accurately 
as possible) of the functions 


y=x3-—2x?-x+2 and = y=-x?4+5x+2 


(b) On the basis of your sketch in part (a), at how many 
points do the two graphs appear to intersect? 
(c) Find the coordinates of all intersection points. 


76. Portions of the graphs of y= x*,y =x3,y =x4, y =x°, and 


y = x® are plotted in the figures. Determine which function 
belongs to each graph. 


77. Recall that a function f is odd if f(—x) = —f(Xx) or even if 
f(—Xx) = f(x) for all real x. 
(a) Show that a polynomial P(x) that contains only odd pow- 
ers of x is an odd function. 


(b) Show that a polynomial P(x) that contains only even pow- 


ers of x is an even function. 

(c) Show that if a polynomial P(x) contains both odd and 
even powers of x, then itis neither an odd nor an even 
function. 

(d) Express the function 


P(x) =x°4 


as the sum of an odd function and an even function. 
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78. (a) Graph the function P(x) = (x — 1)(x — 3)(x — 4) and 
find all local extrema, correct to the nearest tenth. 
(b) Graph the function 


Q(x) =(K-1)(K- 3)x- 4) +5 


and use your answers to part (a) to find all local extrema, 
correct to the nearest tenth. 


79. (a) Graph the function P(x) = (x — 2)(x — 4)(x 
‘ determine how many local extrema it has. 
(b) If a <b <c, explain why the function 


P(x) = (x — a)(x — b)(x — c) 


must have two local extrema. 


5) and 


80. (a) How many x-intercepts and how many local extrema does 


the polynomial P(x) = x? — 4x have? 

(b) How many x-intercepts and how many local extrema does 
the polynomial Q(x) = x? + 4x have? 

(c) If a > 0, how many x-intercepts and how many local ex- 
trema does each of the polynomials P(x) = x? — ax and 
Q(x) = x? + ax have? Explain your answer. 


APPLICATIONS 


ee 81. Market Research A market analyst working for a small- 
appliance manufacturer finds that if the firm produces and 
sells x blenders annually, the total profit (in dollars) is 


P(x) = 8x + 0.3x? — 0.0013x? — 372 


Graph the function P in an appropriate viewing rectangle and 
use the graph to answer the following questions. 

(a) When just a few blenders are manufactured, the firm loses 
money (profit is negative). (For example, P(10) = —263.3, 
so the firm loses $263.30 if it produces and sells only 10 
blenders.) How many blenders must the firm produce to 
break even? 

Does profit increase indefinitely as more blenders are pro- 
duced and sold? If not, what is the largest possible profit 
the firm could have? 


(b 


— 


. Population Change _ The rabbit population on a small is- 
land is observed to be given by the function 


P(t) = 120t — 0.4t* + 1000 


where t is the time (in months) since observations of the 

island began. 

(a) When is the maximum population attained, and what is 
that maximum population? 

(b) When does the rabbit population disappear from the 
island? 


Ph 


~y 
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83. Volume of a Box An open box is to be constructed from 
a piece of cardboard 20 cm by 40 cm by cutting squares of 
side length x from each corner and folding up the sides, as 
shown in the figure. 

(a) Express the volume V of the box as a function of x. 
(b) What is the domain of V ? (Use the fact that length and 
volume must be positive.) 

(c) Draw a graph of the function V, and use it to estimate the 

~ maximum volume for such a box. 


|< 40 cm 


a a 
1 = ae 


84. Volume of a Box A cardboard box has a square base, 
with each edge of the base having length x inches, as shown in 
the figure. The total length of all 12 edges of the box is 144 in. 
(a) Show that the volume of the box is given by the function 

V(x) = 2x?(18 — x). 
(b) What is the domain of V ? (Use the fact that length and 
volume must be positive.) 

(c) Draw a graph of the function V and use it to estimate the 

7 maximum volume for such a box. 


>| ne 


4.3 Divipine PoLYNoMIALS 


DISCOVERY =DISCUSSION = WRITING 


85. Graphs of Large Powers Graph the functions y = x?, 
y =x3,y =x‘, and y = x°, for -1 =x <1, on the same 
coordinate axes. What do you think the graph of y = x1? 
would look like on this same interval? What about y = x10? 
Make a table of values to confirm your answers. 


86. Maximum Number of Local Extrema _ What is the 
smallest possible degree that the polynomial whose graph is 
shown can have? Explain. 


y 


ay 


87. Possible Number of Local Extrema __§|s it possible for 
a third-degree polynomial to have exactly one local extre- 
mum? Can a fourth-degree polynomial have exactly two local 
extrema? How many local extrema can polynomials of third, 
fourth, fifth, and sixth degree have? (Think about the end 
behavior of such polynomials.) Now give an example of a 
polynomial that has six local extrema. 


88. Impossible Situation? _|s it possible for a polynomial to 
have two local maxima and no local minimum? Explain. 


Long Division of Polynomials > Synthetic Division > The Remainder 


and Factor Theorems 


So far in this chapter we have been studying polynomial functions graphically. In this sec- 
tion we begin to study polynomials algebraically. Most of our work will be concerned 
with factoring polynomials, and to factor, we need to know how to divide polynomials. 


V Long Division of Polynomials 


Dividing polynomials is much like the familiar process of dividing numbers. When we di- 
vide 38 by 7, the quotient is 5 and the remainder is 3. We write 


Divisor Z 


Dividend 
Remainder 


38 3 
Zae8ts 


Quotient 


To write the division algorithm another 
way, divide through by D (x): 


P(x) 
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To divide polynomials, we use long division, as follows. 


DIVISION ALGORITHM 


If P(x) and D(x) are polynomials, with D(x) # 0, then there exist unique polyno- 
mials Q(x) and R(x), where R(x) is either 0 or of degree less than the degree of 
D(x), such that 


P(x) = D(x): Q(x) + R(x) 
Remainder 
Divisor 


Dividend Quotient 


The polynomials P (x) and D(x) are called the dividend and divisor, respectively, 
Q(x) is the quotient, and R(x) is the remainder. 


EXAMPLE 1 | Long Division of Polynomials 
Divide 6x? — 26x + 12 by x — 4. 


SOLUTION Thedividend is 6x* — 26x + 12 and the divisor is x — 4. We begin by ar- 
ranging them as follows: 


x — 4)6x2 — 26x + 12 


Next we divide the leading term in the dividend by the leading term in the divisor to get 
the first term of the quotient: 6x?/x = 6x. Then we multiply the divisor by 6x and subtract 


the result from the dividend. ; 


( 6x Divide leading terms: ae = 6x 
x — 4)6x? — 26x + 12 
hee 6x* — 24x 
—2x +12 


Multiply: 6x(x — 4) = 6x? — 24x 
Subtract and “bring down” 12 


We repeat the process using the last line —2x + 12 as the dividend. 


J 0x2 = 2 
x — 4)6x2 — 26x + 12 
6x* — 24x 
—2x+12 
—2x + 8 Multiply: —2(x — 4) = -—2x +8 
4 Subtract 


Divide leading terms: = =-2 


The division process ends when the last line is of lesser degree than the divisor. The last 
line then contains the remainder, and the top line contains the quotient. The result of the 
division can be interpreted in either of two ways. 


Dividend 
Quotient 
2 
6x" = 26x + 12 _ i oS ss Remainder 
Divisor x—-4 x -4 
i = _ = 
or 6x* — 26x + 12 = (x — 4)(6x — 2) + 4 aaaee 
Dividend Divisor Quotient 
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EXAMPLE 2 | Long Division of Polynomials 


Let P(x) = 8x* + 6x? — 3x + land D(x) = 2x? — x + 2. Find polynomials Q(x) and 


R(x) such that P(x) = D(x)-Q(x) + R(x). 


SOLUTION Weuse long division after first inserting the term Ox? into the dividend to 


ensure that the columns line up correctly. 


Ax? + 2x 
2x2 — X + 2)8x4 + Ox? + 6x2 — 3x +1 
\_ogx4 = 4x3 + 8x? Multiply divisor by 4x? 
4x3 — 2x? — 3x Subtract 
4x? — 2x? + 4x Multiply divisor by 2x 


—71x+1 Subtract 


The process is complete at this point because —7x + 1 is of lesser degree than the divi- 
sor 2x? — x + 2. From the above long division we see that Q(x) = 4x? + 2x and 


R(x) = —7x + 1,50 


8x4 + 6x? — 3x + 1 = (2x? — x + 2)(4x? + 2x) + (—7x + 1) 
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V Synthetic Division 


Synthetic division is a quick method of dividing polynomials; it can be used when the 
divisor is of the form x — c. In synthetic division we write only the essential parts of the 
long division. Compare the following long and synthetic divisions, in which we divide 
2x3 — 7x2 + 5 by x — 3. (We'll explain how to perform the synthetic division in 


Example 3.) 
L ong Division Synthetic Division 
2? oe oe 3 [2-7 5 
x — 3)2x3 — 7x2 + Ox +5 
2x3 — 6x? ie = 
—x? + 0x A, BS 
—x? + 3x 
—3x +5 Quotient Remainder 
—3x +9 
ta Remainder 


Note that in synthetic division we abbreviate 2x? — 7x* + 5 by writing only the 
coefficients: 2 —7 0 5, and instead of x — 3, we simply write 3. (Writing 3 instead 
of —3 allows us to add instead of subtract, but this changes the sign of all the numbers 


that appear in the gold boxes.) 
The next example shows how synthetic division is performed. 


EXAMPLE 3 | Synthetic Division 
Use synthetic division to divide 2x? — 7x? + 5 by x — 3. 


SOLUTION We begin by writing the appropriate coefficients to represent the divisor 


and the dividend. 


Dividend 


Divisor x - 3 3 2 =f 0 5 ee Te ens 
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We bring down the 2, multiply 3 - 2 = 6, and write the result in the middle row. Then 
we add. 


6 Multiply: 3" 2 =6 


ae Add: -7+6=-1 


We repeat this process of multiplying and then adding until the table is complete. 
a | 22. Gh, 


6 -3 Multiply: 3(-1) =-3 


2 3 Add: 0 + (-3) =-3 


oe = 2 Multiply: 3(-3) =-9 
2. ea Add: 5 +(-9) =-4 
aaa 
Quotient Remainder 
2x2 ais 3 = 


From the last line of the synthetic division we see that the quotient is 2x? — x — 3 and 
the remainder is —4. Thus 


2x? — 7x? +5 = (x — 3)(2x? -x- 3) -4 
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V The Remainder and Factor Theorems 
The next theorem shows how synthetic division can be used to evaluate polynomials easily. 


REMAINDER THEOREM 


If the polynomial P(x) is divided by x — c, then the remainder is the value P (c). 


PROOF If thedivisor in the Division Algorithm is of the form x — c for some real num- 
ber c, then the remainder must be a constant (since the degree of the remainder is less than 
the degree of the divisor). If we call this constant r, then 


P(x) = (xX —c)-Q(x) +r 


Replacing x by c in this equation, we get P(c) = (c —c)-Q(x) +r =0 +r =r, that 
is, P(c) is the remainder r. | 


EXAMPLE 4 | Using the Remainder Theorem to Find the Value 
of a Polynomial 

Let P(x) = 3x° + 5x4 — 4x? + 7x + 3. 

(a) Find the quotient and remainder when P(x) is divided by x + 2. 

(b) Use the Remainder Theorem to find P(—2). 


292 
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i 1 —6 
i 1 « 
ee =6 
1)x? + Ox? — 7x + 6 
x3- x? 
x? — 7x 
x27 -— x 
—6x + 6 
—6x + 6 
0 


SOLUTION 


(a) Since x + 2 = x — (—2), the synthetic division for this problem takes the 
following form. 


— 2 & =8 2 Remainder is 5, 
I= 2 fat 5 ord ae 
The quotient is 3x* — x? — 2x? + 4x — 1, and the remainder is 5. 


(b) By the Remainder Theorem, P(—2) is the remainder when P(x) is divided by 
X — (—2) = x + 2. From part (a) the remainder is 5, so P(—2) = 5. 
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The next theorem says that zeros of polynomials correspond to factors; we used this 
fact in Section 4.2 to graph polynomials. 


FACTOR THEOREM 


c is a zero of P if and only if x — c is a factor of P(x). 


PROOF If P(x) factors as P(x) = (x — c)- Q(x), then 
P(c) =(c —c)-Q(c) = 0-Q(c) =0 
Conversely, if P(c) = 0, then by the Remainder Theorem 
P(x) = (x —c)-Q(x) +0 = (x — c)- Q(x) 


so x — cis afactor of P(x). o 


EXAMPLE 5 | Factoring a Polynomial Using the Factor Theorem 
Let P(x) = x? — 7x + 6. Show that P(1) = 0, and use this fact to factor P(x) completely. 
SOLUTION Substituting, we see that P(1) = 1° — 7-1 + 6 = 0. By the Factor The- 


orem this means that x — 1 is a factor of P(x). Using synthetic or long division (shown 
in the margin), we see that 


P(x) =x? -— 7x +6 Given polynomial 
= (x — 1)(x? + x — 6) See margin 
= (x — 1)(x — 2)(x + 3) Factor quadratic x? +x - 6 
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EXAMPLE 6 | Finding a Polynomial with Specified Zeros 


Find a polynomial of degree 4 that has zeros —3, 0, 1, and 5. 


SOLUTION By the Factor Theorem x — (—3), x — 0, x — 1, and x — 5 mustall be 
factors of the desired polynomial. 


& 


“4 


FIGURE 1 
P(x) = (x + 3)x(x — 1)(x 
zeros —3, 0, 1, and 5. 


5) has 
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Let 
P(x) = (x + 3)(x — 0)(x — 1)(x — 5) 
4 _ 3x3 — 13x? + 15x 


Since P(x) is of degree 4, itis a solution of the problem. Any other solution of the prob- 
lem must be a constant multiple of P(x), since only multiplication by a constant does not 
change the degree. 


=X 
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The polynomial P of Example 6 is graphed in Figure 1. Note that the zeros of P cor- 
respond to the x-intercepts of the graph. 


CONCEPTS 


1. If we divide the polynomial P by the factor x — c and we ob- 
tain the equation P (x) = (x — c)Q(x) + R(x), then we say that 


xX — Cc is the divisor, Q(x) is the 


2. (a) If we divide the polynomial P(x) by the factor x — c and 
we obtain a remainder of 0, then we know that c isa 


10. P(x) =x? + 6x+5, D(x) =x-4 

11. P(x) = 4x? — 3x —7, D(x) =2x-1 

12. P(x) = 6x? + x? — 12x +5, D(x) =3x-4 
<a ee 13. P(x) = 2x4— x3 + 9x2, D(x) = x2 +4 

14, P(x) =x° + x4-— 2x3 +x4+1, D(x) =x? 4+x-1 


15-24 m Find the quotient and remainder using long division. 


—_______ of P. 15 x? — 6x — 8 16 x3 — x? — 2x + 6 
(b) If we divide the polynomial P (x) by the factor x — c ‘ x-4 ‘ x-2 
and we obtain a remainder of k, then we know that 
17 4x3 + 2x? — 2x — 3 18 x3 + 3x2 + 4x +3 
P(c) = ; 2x +1 ‘ 3x + 6 
3 4 3 
& 19 X + ox +3 3x" — 5x° — 20x — 5 
SKILLS PE OK? 20. x +3 
3-8 m Two polynomials P and D are given. Use either synthetic or 6x3 + 2x? + 22x 9x*-x+5 
long division to divide P(x) by D(x), and express P in the form 1 2x2 +5 22. 3x2 — 7x 
P(x) = D(x) -Q(x) + R(x). 
ee 7 33 ae ee a oA De] = 13 
3. P(x) = 3x° +5x—4, D(x) =x+3 a ae aay ae 
4, P(x) = x3 + 4x? - 6x +1, D(x) =x-1 
25-38 m Find the quotient and remainder using synthetic division. 
5. P(x) = 2x? — 3x? — 2x, D(x) = 2x —3 
4 : x? — 5x +4 x? — 5x + 4 
6. P(x) = 4x? + 7x+9, D(x) =2x4+1 25. . eee 26. ee 
— ys ¥3 — y2 
7. P(x) = x*— x? + 4x +2, D(x) = x°4+ 3 ' 3x2 + 5x ; ibe 9 
8. P(x) = 2x5 + 4x4 — 4x3 — x —3, D(x) =x?-2 rea as B.S 
9-14 m Two polynomials P and D are given. Use either synthetic 29. x? + 2x? + 2x +1 30. 3x? — 12x? — 9x + 1 
or long division to divide P(x) by D(x), and express the quotient x+2 x-—5 
P(x)/D(x) in the form — yi yD . yim a gta a> 
EY). ao we XK $3 ‘ x-2 
(x) D(x) gt ear es ya, © 9K + 21K = 27 
9. P(x) =x? + 4x—8, D(x) =x+3 : x-1 ; x-3 
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2x? + 3x? -2x+1 


35. 
x} 
4 34 2 4 H 
36. 6x 10x? +4 zi t+xX+] 
X+4 
x? - 27 x’ — 16 
a7. x-3 36: Xx+2 


39-51 m Use synthetic division and the Remainder Theorem to 
evaluate P(c). 


~39, P(x) = 4x2 4+ 12x +5, ¢ 1 
40. P(x) = 2x? +9 +1, c=} 
Al. P(x) =x? + 3x?- 7x +6, c=2 
42. P(x) =x? —x?4+x4+5, ¢ 1 
43. P(x) =x? + 2x?-7, ¢ 2 
44, P(x) = 2x3 — 21x? + 9x — 200, c=11 
45. P(x) = 5x4 + 30x? — 40x? + 36x + 14, ¢ 7 
46. P(x) = 6x° + 10x?+x+1, c 2 
47. P(x) =x’ — 3x?-1, ¢=3 
48. P(x) = —2x® + 7x° + 40x* — 7x? + 10x + 112, c = -3 
49. P(x) = 3x3 + 4x?-2x+1, c= 
50. P(x) =x?-x+1, c=} 
51. P(x) =x? 4+ 2x?-3x-8 c=0.1 
52. Let 
P(x) = 6x’ — 40x® + 16x° — 200x* 
60x? — 69x? + 13x — 139 


Calculate P(7) by (a) using synthetic division and (b) substi- 
tuting x = 7 into the polynomial and evaluating directly. 


53-56 m Use the Factor Theorem to show that x — c is a factor of 
P(x) for the given value(s) of c. 


53, P(x) = x? — 3x? + 3x-1, c=1 
54, P(x) = x? + 2x? — 3x - 10, c=2 
55. P(x) = 2x? + 7x2 + 6x—5, c=} 
56. P(x) = x* + 3x3 — 16x? — 27x + 63, c =3,-3 


, 


57-58 m Show that the given value(s) of c are zeros of P(x), and 
find all other zeros of P(x). 


57. P(x) =x? —x?- 11x +15, c=3 
58. P(x) = 3x* — x? — 21x? - 11x +6, c =},-2 


59-62 m Find apolynomial of the specified degree that has the 
given zeros. 


59. Degree 3; zeros —1, 1, 3 
60. Degree 4; zeros —2, 0, 2,4 
61. Degree 4; zeros —1, 1, 3,5 


62. Degree 5; zeros —2, —1,0,1,2 


63. Find a polynomial of degree 3 that has zeros 1, —2, and 3 and 
in which the coefficient of x? is 3. 


64. Find a polynomial of degree 4 that has integer coefficients and 
zeros 1, —1, 2, and}. 


65-68 m Find the polynomial of the specified degree whose graph 
is shown. 


65. Degree 3 66. Degree 3 
YA ya 
1 1 
Oo} { x O; 41 x 
67. Degree 4 68. Degree 4 
yA ya 
1 
! 0; 1 x 
> 
0 1 x 


DISCOVERY =DISCUSSION = WRITING 


69. Impossible Division? Suppose you were asked to solve 
the following two problems on a test: 
A. Find the remainder when 6x10? — 17x>® + 12x + 26 is 
divided by x + 1. 
B. Isx —1a factor of x°67 — 3x4 + x9 + 2? 


Obviously, it’s impossible to solve these problems by dividing, 
because the polynomials are of such large degree. Use one or 
more of the theorems in this section to solve these problems 
without actually dividing. 


70. Nested Form of a Polynomial 
the polynomials P and Q are the same. 


P(x) = 3x* — 5x? + x? — 3x +5 
Q(x) = (3x — 5)x + 1)x — 3)x +5 


Try to evaluate P(2) and Q(2) in your head, using the 
forms given. Which is easier? Now write the polynomial 
R(x) = x>° — 2x4 + 3x3 — 2x? + 3x + 4 in “nested” form, 
like the polynomial Q. Use the nested form to find R(3) in 
your head. 

Do you see how calculating with the nested form follows 
the same arithmetic steps as calculating the value of a polyno- 
mial using synthetic division? 


Expand Q to prove that 
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4.4 REAL ZEROS OF POLYNOMIALS 


Rational Zeros of Polynomials > Descartes’ Rule of Signs and Upper and 
Lower Bounds for Roots B Using Algebra and Graphing Devices to Solve 
Polynomial Equations 


The Factor Theorem tells us that finding the zeros of a polynomial is really the same thing 
as factoring it into linear factors. In this section we study some algebraic methods that 
help us to find the real zeros of a polynomial and thereby factor the polynomial. We be- 
gin with the rational zeros of a polynomial. 


V Rational Zeros of Polynomials 
To help us understand the next theorem, let’s consider the polynomial 
P(x) = (xX — 2)(x — 3)(x + 4) Factored form 
= 3 — x? - 14x + 24 Expanded form 


From the factored form we see that the zeros of P are 2, 3, and —4. When the polynomial 
is expanded, the constant 24 is obtained by multiplying (—2) x (—3) xX 4. This means 
that the zeros of the polynomial are all factors of the constant term. The following gener- 
alizes this observation. 


RATIONAL ZEROS THEOREM 


If the polynomial P(x) = a,x" + a,_yx" 1 +-+++ + a4x + ag has integer 
coefficients, then every rational zero of P is of the form 


ud 
q 


where p is a factor of the constant coefficient a, 
and q is a factor of the leading coefficient a,. 


PROOF |f p/qisarational zero, in lowest terms, of the polynomial P, then we have 


i) taea(§) te ta(G) tae 
ant — | + aq—al — +e++tay{—] +a, =0 
€ \q \q j 


a,p" + a,_p" ‘q +++: + aypq" + + aq" = 0 Multiply by q” 
p(a,p” > + a,-1p" 2q +++» +a,qg""*) = —agq" — Subtract aoq” 
and factor LHS 


Now p is a factor of the left side, so it must be a factor of the right side as well. Since p/q 
is in lowest terms, p and q have no factor in common, so p must be a factor of a). A sim- 
ilar proof shows that q is a factor of a,,. | 


We see from the Rational Zeros Theorem that if the leading coefficient is 1 or —1, then 
the rational zeros must be factors of the constant term. 


EXAMPLE 1 | Using the Rational Zeros Theorem 


Find the rational zeros of P(x) = x? — 3x + 2. 
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Library of Congress 


EVARISTE GALOIS (1811-1832) is 
one of the very few mathematicians to 
have an entire theory named in his 
honor. Not yet 21 when he died, he 
completely settled the central problem 
in the theory of equations by describ- 
ing a criterion that reveals whether a 
polynomial equation can be solved by 
algebraic operations. Galois was one of 
the greatest mathematicians in the 
world at that time, although no one 
knew it but him. He repeatedly sent his 
work to the eminent mathematicians 
Cauchy and Poisson, who either lost his 
letters or did not understand his ideas. 
Galois wrote in a terse style and in- 
cluded few details, which probably 
played a role in his failure to pass the 
entrance exams at the Ecole Polytech- 
nique in Paris. A political radical, Galois 
spent several months in prison for his 
revolutionary activities. His brief life 
came to a tragic end when he was 
killed in a duel over a love affair. The 
night before his duel, fearing that he 
would die, Galois wrote down the 
essence of his ideas and entrusted 
them to his friend Auguste Chevalier. 
He concluded by writing “there will, | 
hope, be people who will find it to their 
advantage to decipher all this mess.” 
The mathematician Camille Jordan did 
just that, 14 years later. 


Polynomial and Rational Functions 


SOLUTION Since the leading coefficient is 1, any rational zero must be a divisor of the 
constant term 2. So the possible rational zeros are +1 and +2. We test each of these pos- 
sibilities. 


P(1) = (1)? - 3(11) +2 =0 
P(—1) = (-1)? - 3-1) +2 =4 
P(2) = (2)? — 3(2) +2 = 
P(—2) = (-2)? - 3(-2) +2 =0 
The rational zeros of P are 1 and —2. 
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The following box explains how we use the Rational Zeros Theorem with synthetic di- 
vision to factor a polynomial. 


FINDING THE RATIONAL ZEROS OF A POLYNOMIAL 


1. List Possible Zeros. List all possible rational zeros, using the Rational Zeros 


Theorem. 


. Divide. 
didates for the rational zeros that you found in Step 1. W hen the remainder is 
0, note the quotient you have obtained. 

. Repeat. Repeat Steps 1 and 2 for the quotient. Stop when you reach a quo- 
tient that is quadratic or factors easily, and use the quadratic formula or factor 
to find the remaining zeros. 


Use synthetic division to evaluate the polynomial at each of the can- 


EXAMPLE 2 | Finding Rational Zeros 


Factor the polynomial P(x) = 2x? + x* — 13x + 6, and find all its zeros. 


SOLUTION By the Rational Zeros Theorem the rational zeros of P are of the form 


factor of constant term 
factor of leading coefficient 


possible rational zero of P = 


The constant term is 6 and the leading coefficient is 2, so 


factor of 6 


ossible rational zero of P = —————_ 
P factor of 2 


The factors of 6 are +1, +2, +3, +6, and the factors of 2 are +1, +2. Thus, the possi- 
ble rational zeros of P are 
1 2 3 6 1 2 3 6 
+ + + + + + + + 
1’ 1’ 1’ 2 2 2? 
Simplifying the fractions and eliminating duplicates, we get the following list of possible 
rational zeros: 


el +2, +3; 


1-5 -5 23 10 
1 -4 -9 14 
1-4 -9 14 BM 
1-5 -5 23 10 
2-6 -22 2 
1-3 -l 1 @ 
1-5 -5 23 10 
5 0 —25 —10 

1 0 -5 -2 (0 
-2 | 1 0 -5 -2 
2 4 2 

1-2 -1 (0 
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To check which of these possible zeros actually are zeros, we need to evaluate P at each 
of these numbers. An efficient way to do this is to use synthetic division. 


Test whether 1 is a zero Test whether 2 is a zero 


1 2 1 -13 6 2 |2 1 -13 6 

2 3 -10 4 10 —-6 

2 3 -10 -4 2 5 =3 0 
Remainder is not 0, Remainder is 0, 

so 1 is not a zero so 2 is azero 


From the last synthetic division we see that 2 is a zero of P and that P factors as 
P(x) = 2x? + x? — 13x + 6 Given polynomial 
= (x — 2)(2x? + 5x — 3) From synthetic division 
= (x — 2)(2x — 1)(x + 3) Factor 2x? + 5x - 3 
From the factored form we see that the zeros of P are 2, 5, and -3. 
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EXAMPLE 3 | Using the Rational Zeros Theorem 
and the Quadratic Formula 


Let P(x) = x* — 5x? — 5x? + 23x + 10. 
(a) Find the zeros of P. (b) Sketch the graph of P. 


SOLUTION 


(a) The leading coefficient of P is 1, so all the rational zeros are integers: They are di- 
visors of the constant term 10. Thus, the possible candidates are 


+1, +2, +5, +10 


Using synthetic division (see the margin), we find that 1 and 2 are not zeros but 
that 5 is a zero and that P factors as 


x* — 5x3 — 5x? + 23x + 10 = (x — 5)(x? — 5x — 2) 


We now try to factor the quotient x? — 5x — 2. Its possible zeros are the divisors of 
—2, namely, 


i, 2 


Since we already know that 1 and 2 are not zeros of the original polynomial P, we 
don’t need to try them again. Checking the remaining candidates, —1 and —2, we 
see that —2 is a zero (see the margin), and P factors as 


x4 — 5x3 — 5x? + 23x + 10 = (x — 5)(x? — 5x — 2) 
= (x — 5)(x + 2)(x? - 2x - 1) 
Now we use the quadratic formula to obtain the two remaining zeros of P: 
2+ V(-2)? - 4(1)(-1) 
x = 
2 
The zeros of P are5, -2,1 + V2, and1— v2. 


= 1 e472 
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50 
3 6 
=50 
FIGURE 1 
P(x) =x* — 5x3 — 5x? + 23x + 10 
Variations 
Polynomial in sign 
x7 + 4x41 0 
2x3 +x-6 1 
x* — 3x? -x +4 2 


(b) Now that we know the zeros of P, we can use the methods of Section 4.2 to sketch 
the graph. If we want to use a graphing calculator instead, knowing the zeros al- 
lows us to choose an appropriate viewing rectangle— one that is wide enough to 
contain all the x-intercepts of P. Numerical approximations to the zeros of P are 


5, —2, 2.4, and —0.4 


So in this case we choose the rectangle [—3, 6] by [—50, 50] and draw the graph 
shown in Figure 1. 
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V Descartes’ Rule of Signs and Upper and Lower Bounds for Roots 


In some cases, the following rule— discovered by the French philosopher and mathemati- 
cian René Descartes around 1637 (see page 223)—is helpful in eliminating candidates 
from lengthy lists of possible rational roots. To describe this rule, we need the concept of 
variation in sign. If P(x) is a polynomial with real coefficients, written with descending 
powers of x (and omitting powers with coefficient 0), then a variation in sign occurs 
whenever adjacent coefficients have opposite signs. For example, 

P(x) = 5x? — 3x5 — x44 2x? +x -3 

eet Siege Sa? 

has three variations in sign. 


DESCARTES’ RULE OF SIGNS 
Let P bea polynomial with real coefficients. 
1. The number of positive real zeros of P(x) either is equal to the number of vari- 


ations in sign in P(x) or is less than that by an even whole number. 


2. The number of negative real zeros of P(x) either is equal to the number of 
variations in sign in P(—x) or is less than that by an even whole number. 


EXAMPLE 4 | Using Descartes’ Rule 


Use Descartes’ Rule of Signs to determine the possible number of positive and negative 
real zeros of the polynomial 


P(x) = 3x® + 4x° + 3x3 -x-3 
SOLUTION Thepolynomial has one variation in sign, so it has one positive zero. Now 
P(—x) = 3(—x)® + 4(—x)> + 3(—x)? - (—x) - 3 


= 3x® — 4x5 — 3x3 +x - 3 
See Set Set 


So P(—x) has three variations in sign. Thus, P (x) has either three or one negative zero(s), 
making a total of either two or four real zeros. 
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We say that a is a lower bound and b is an upper bound for the zeros of a polyno- 
mial if every real zero c of the polynomial satisfies a = c = b. The next theorem helps us 
to find such bounds for the zeros of a polynomial. 
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THE UPPER AND LOWER BOUNDS THEOREM 


Let P be a polynomial with real coefficients. 


1. If we divide P(x) by x — b (with b > 0) using synthetic division and if the 


row that contains the quotient and remainder has no negative entry, then b is 
an upper bound for the real zeros of P. 


. If we divide P(x) by x — a (with a < 0) using synthetic division and if the row 
that contains the quotient and remainder has entries that are alternately nonpos- 
itive and nonnegative, then a is alower bound for the real zeros of P. 


A proof of this theorem is suggested in Exercise 97. The phrase “alternately nonposi- 
tive and nonnegative” simply means that the signs of the numbers alternate, with 0 con- 
sidered to be positive or negative as required. 

EXAMPLE 5 | Upper and Lower Bounds for Zeros of a Polynomial 


Show that all the real zeros of the polynomial P(x) = x* — 3x? + 2x — 5 lie between 
=3 and 2. 


SOLUTION Wedivide P(x) by x — 2 and x + 3 using synthetic division. 


1 0 -3 2-5 -3 [1 0-3 2-5 
2 4 2 8 3 9 -18 48 
F Entries 
12 1 4 All entries 1 -3 6 —16 43 alternate 
positive in sign 


By the Upper and L ower Bounds Theorem, —3 is a lower bound and 2 is an upper bound 
for the zeros. Since neither —3 nor 2 is a zero (the remainders are not 0 in the division 
table), all the real zeros lie between these numbers. 
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EXAMPLE 6 | Factoring a Fifth-Degree Polynomial 
Factor completely the polynomial 
P(x) = 2x> + 5x4 — 8x3 — 14x? + 6x + 9 


SOLUTION The possible rational zeros of P are +5, +1, +3, +3, +3, and +9. We 
check the positive candidates first, beginning with the smallest. 


8 -14 6 9 1 2 5 -8 -14 6 9 
3 = = 4] . . 7 4). =i5: =6 
33 9 63 4° x 
5 7 3 oo > fF =f =5 <6 G 
zero P(1) =0 


So lisazero, and P(x) = (x — 1)(2x* + 7x? — x* — 15x — 9). We continue by factoring 
the quotient. We still have the same list of possible zeros except that 5 has been eliminated. 


2 7 -1 -15 -9 3/2 7 -1 -15 -9 
2 9 8 -7 3 15 21 9 
Poo 
2 9 8 -7 -16 "jehore 2 10 14 6 0 al'entries 


zero nonnegative 
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40 


—20 
FIGURE 2 
P(x) =2x°+5x4— 8x3 — 14x? + 6x +9 
=(x — 1)(2x — 3)(x + 1)°(x + 3) 


We use the Upper and Lower Bounds 
Theorem to see where the solutions can 
be found. 


We see that 3 is both a zero and an upper bound for the zeros of P(x), so we do not need 
to check any further for positive zeros, because all the remaining candidates are greater 
than 3. 


P(x) = (x — 1)(x — 3)(2x? + 10x? + 14x + 6) From synthetic division 


sign 3 = 3 2 Factor 2 from last factor, 
ly es a Rea ae ars) multiply into second factor 


By Descartes’ Rule of Signs, x? + 5x? + 7x + 3 has no positive zero, so its only possi- 
ble rational zeros are —1 and —3. 


a ae * 5 7 3 


Therefore, 
P(x) = (x — 1)(2x — 3)(x + 1)(x? + 4x + 3) From synthetic division 
= (x — 1)(2x -— 3)(x + 1)°x + 3) Factor quadratic 


This means that the zeros of P are 1, 3, —1, and —3. The graph of the polynomial is shown 
in Figure 2. 
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V Using Algebra and Graphing Devices 
to Solve Polynomial Equations 


In Section 2.3 we used graphing devices to solve equations graphically. We can now use 
the algebraic techniques that we've learned to select an appropriate viewing rectangle 
when solving a polynomial equation graphically. 


EXAMPLE 7 | Solving a Fourth-Degree Equation Graphically 
Find all real solutions of the following equation, rounded to the nearest tenth. 

3x4 + 4x3 — 7x? — 2x —-3 =0 
SOLUTION To solve the equation graphically, we graph 


P(x) = 3x4 + 4x3 — 7x? — 2x -3 


First we use the Upper and Lower Bounds Theorem to find two numbers between 
which all the solutions must lie. This allows us to choose a viewing rectangle that is cer- 
tain to contain all the x-intercepts of P. We use synthetic division and proceed by trial and 
error. 

To find an upper bound, we try the whole numbers, 1, 2, 3,..., as potential candidates. 
We see that 2 is an upper bound for the solutions. 


All 
3 610 13 24 45 positive 


20 


FIGURE 3 
y = 3x4 + 4x3 — 7x? — 2x —3 


Volume of a cylinder: V = ar?h 


Volume of a sphere: V = 3 ar? 


150 


0 

50 

FIGURE 5 

y = $x? + 4arx? andy = 100 
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Now we look for a lower bound, trying the numbers —1, —2, and —3 as potential can- 
didates. We see that —3 is a lower bound for the solutions. 


—3/3 4 7 2 3 


=9 15 —24 78 Entries 
alternate 


3. -5 8 —26 75 in sign 
Thus, all the solutions lie between —3 and 2. So the viewing rectangle [—3, 2] by 
{—20, 20] contains all the x-intercepts of P. The graph in Figure 3 has two x-intercepts, 
one between —3 and —2 and the other between 1 and 2. Zooming in, we find that the so- 
lutions of the equation, to the nearest tenth, are —2.3 and 1.3. 
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EXAMPLE 8 | Determining the Size of a Fuel Tank 


A fuel tank consists of a cylindrical center section that is 4 ft long and two hemispherical 
end sections, as shown in Figure 4. If the tank has a volume of 100 ft?, what is the radius 
r shown in the figure, rounded to the nearest hundredth of a foot? 


x—— 4 ft —— 


r 


FIGURE 4 


SOLUTION Using the volume formula listed on the inside back cover of this book, we 
see that the volume of the cylindrical section of the tank is 


aer?+4 
The two hemispherical parts together form a complete sphere whose volume is 
3at 3 
Because the total volume of the tank is 100 ft?, we get the following equation: 
gat? + 4ar? = 100 


A negative solution for r would be meaningless in this physical situation, and by substi- 
tution we can verify that r = 3 leads to a tank that is over 226 ft? in volume, much larger 
than the required 100 ft, Thus, we know the correct radius lies somewhere between 0 
and 3 ft, so we use a viewing rectangle of [0, 3] by [50, 150] to graph the function 
y = 7X? + 4ax?, as shown in Figure 5. Since we want the value of this function to be 
100, we also graph the horizontal line y = 100 in the same viewing rectangle. T he correct 
radius will be the x-coordinate of the point of intersection of the curve and the line. Us- 
ing the cursor and zooming in, we see that at the point of intersection x ~ 2.15, rounded 
to two decimal places. Thus the tank has a radius of about 2.15 ft. 
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Note that we also could have solved the equation in Example 8 by first writing it as 
gat? + 4ar? — 100 =0 


and then finding the x-intercept of the function y = $arx? + 4x? — 100. 
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4.4 EXERCISES 


CONCEPTS 
1. |f the polynomial function 
P(x) = a,x" + a,_yx7 t+ ++ + ayX + ap 


has integer coefficients, then the only numbers that 
could possibly be rational zeros of P are all of the 
form - where p is a factor of and qisa 
factor of 


P(x) = 6x? + 5x? — 19x — 10 are 


. The possible rational zeros of 


2. Using Descartes’ Rule of Signs, we can tell that the 
polynomial P (x) = x> — 3x* + 2x? — x? + 8x — 8 has 


, ——____, or positive real zeros and 


negative real zeros. 


3. True or false? If c is a real zero of the polynomial P, then all 
the other zeros of P are zeros of P(x)/(x — c). 


4. True or false? If a is an upper bound for the real zeros of the 
polynomial P, then —a is necessarily a lower bound for the 
real zeros of P. 


SKILLS 


5-10 @ List all possible rational zeros given by the Rational 
Zeros Theorem (but don’t check to see which actually are zeros). 


5. ne = x3 — dx? + 3 


Q(x) = 3x? — 6x + 8 

R(x) = + 3x3 + 4x? — 8 
S(x) = x? + 2x + 12 
T(x) = 4x4 — 2x? -7 


10. U(x) = 12x° + 6x? — 2x - 8 


11-14 m» A polynomial function P and its graph are given. (a) List 
all possible rational zeros of P given by the Rational Zeros Theo- 
rem. (b) From the graph, determine which of the possible rational 
zeros actually turn out to be zeros. 


11, P(x) = 5x? — x? - 5x +1 


yA 


ny 


12. P(x) = 3x? + 4x? -x-2 
YA 
1 
> 
0 1 x 
13. P(x) = 2x4 — 9x3 + 9x? +x — 3 
ya 
1 
0 x 
14, P(x) = 4x4 -— x3 - 4x 4.1 
Ya 
1 
> 
0 1 x 


15-46 m Find all rational zeros of the polynomial, and write the 
polynomial in factored form. 


®.15, P(x) =x? + 3x2-4 


16. P(x) = x? — 7x? + 14x — 8 
17. P(x) = x° — 3x - 2 

18. P(x) = x? + 4x? — 3x — 18 
19, P(x) = x? — 6x? + 12x - 8 
20. P(x) = x? — x? — 8x + 12 
21. P(x) = x? — 4x? +x +6 
22. P(x) = x? — 4x2 — 7x + 10 
23. P(x) =x? + 3x?-x -3 
24, P(x) = x? — 4x? — 11x + 30 
25. P(x) = x* — 5x2 +4 

26. P(x) = x* — 2x? — 3x? + 8x —4 
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<27, P(x) = x4 + 6x2 + 7x? — 6x — 8 65-70 m Use Descartes’ Rule of Signs to determine how many 
positive and how many negative real zeros the polynomial can 

28. P(x) = x* — x? — 23x? — 3x + 90 have. Then determine the possible total number of real zeros. 

29. P(x) = 4x* — 25x? + 36 65. P(x) =x? -x?-x-3 

30. P(x) = 2x* — x3 — 19x? + 9x + 9 66. P(x) = 2x3— x2 + 4x —7 

31. P(x) = 3x4 — 10x? — 9x? + 40x — 12 © .67. P(x) = 2x6 + 5x4 — x3 — 5x —1 

32. P(x) = 2x? + 7x? + 4x — 4 68. P(x) =x*+x34+x24+x+12 

33. P(x) = 4x? + 4x? - x — 1 69. P(x) = x5 + 4x3 — x? + 6x 

BA. P(x) = 2x? — 3x? — 2x + 3 70. P(x) =x? -—x5+x4—-x34x2-x41 

35. P(x) = 4x° — Tx + 3 71-74 m Show that the given values for a and b are lower and 

36. P(x) = 8x? + 10x? — x -3 upper bounds for the real zeros of the polynomial. 

37. P(x) = 4x3 + 8x? — 11x — 15 ©.71. P(x) = - 5x? +x—-2; a= -3,b=1 

38. P(x) = 6x? + 11x? — 3x —2 72, P(x) = 2x3 — 9x? + 2x +8; a= -3,b=5 

39, P(x) = 20x? — 8x? — 5x +2 73. P(x) = 8x? + 10x? — 39x + 9; a= —-3,b =2 

40. P(x) = 12x? — 20x? +x +3 74, P(x) = 3x4 — 17x? + 24x? — 9x +1; a=0,b=6 

Al. P(x) = 2x* — 7x3 + 3x? + 8x — 4 75-78 m Find integers that are upper and lower bounds for the 

42. P(x) = 6x4 — 7x3 — 12x? + 3x +2 real zeros of the polynomial. 

43, P(x) = x5 + 3x4 — 9x3 — 31x? + 36 75. P(x) = x° — 3x? + 4 

44, P(x) = x3 — 4x4 — 3x3 + 22x? — 4x — 24 76. P(x) = 2x? — 3x? — 8x + 12 

45. P(x) = 3x5 — 14x — 14x3 + 36x? + 43x + 10 77. P(x) = x* — 2x9 + x? — 9x +2 

46, P(x) = 2x® — 3x5 — 13x4 + 29x3 — 27x? + 32x — 12 78. P(x) = x9 — x8 +1 

47-56 m Find all the real zeros of the polynomial. Use the qua- 79-84 @ Find all rational zeros of the polynomial, and then 

dratic formula if necessary, as in Example 3(a). find the irrational zeros, if any. Whenever appropriate, use the 


Rational Zeros Theorem, the Upper and Lower Bounds Theorem, 


ae fae 2 4 
~ 47, P(x) = xO + AK" + 3x — 2 Descartes’ Rule of Signs, the quadratic formula, or other factoring 


48. P(x) = x? — 5x? + 2x + 12 techniques. 

49. P(x) = x* — 6x? + 4x? + 15x +4 ©.79, P(x) = 2x4 + 3x3 — 4x? — 3x +2 

50. P(x) = x* + 2x3 — 2x? — 3x +2 80. P(x) = 2x* + 15x? + 31x? + 20x + 4 

51. P(x) = xt — 7x3 + 14x? — 3x — 9 81. P(x) = 4x* — 21x? +5 

52. P(x) = x° — 4x* — x3 4+ 10x? + 2x - 4 82. P(x) = 6x* — 7x? — 8x? + 5x 

53. P(x) = 4x3 — 6x? +1 83. P(x) = x° — 7x4 + 9x3 + 23x? — 50x + 24 

54. P(x) = 3x3 — 5x? — 8x — 2 84, P(x) = 8x> — 14x* — 22x? + 57x? — 35x + 6 

55. P(x) = 2x* + 15x? + 17x? + 3x - 1 85-88 m Show that the polynomial does not have any rational 
56. P(x) = 4x5 — 18x* — 6x? + 91x? — 60x + 9 ee 

57-64 m A polynomial P is given. (a) Find all the real zeros of P. 85. P(x) =x? —x-2 

(b) Sketch the graph of P. 86. P(x) = 2x*-x3+x+2 

57. P(x) = x? — 3x? — 4x + 12 87. P(x) = x2 — 6x +12 

58. P(x) = —x? — 2x? + 5x +6 88. P(x) = 5x23 4 x21 

59. P(x) = 2x? — 7x? + 4x + 4 2) 89-92 m The real solutions of the given equation are rational. List 
60. P(x) = 3x? + 17x? + 21x — 9 "all possible rational roots using the Rational Zeros Theorem, and 
61. P(x) = x! — 5x2 + 6x? + ax — 8 ie whleh Valles re aula cliagne (all olutote ba 
62. P(x) = —x* + 10x? + 8x — 8 seen in the given viewing rectangle.) 

63. P(x) = x? — x* — 5x3 + x2 4+ 8x +4 89. x? — 3x? -— 4x +12 =0; [-4, 4] by [—15, 15] 

64. P(x) = x? —x* — 6x? + 14x? — 11x +3 90. x* — 5x?+4=0; [-4, 4] by [—30, 30] 
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91, 2x4 — 5x? — 14x? + 5x +12 =0; [-2, 5] by [—40, 40] 
92. 3x3 + 8x2 + 5x +2=0; [—3, 3]by[—10, 10] 


== 93-96 m Use a graphing device to find all real solutions of the 
equation, rounded to two decimal places. 

®. 93, x4-x-4=0 

94, 2x? — 8x? + 9x -9 =0 

95. 4.00x* + 4.00x3 — 10.96x? — 5.88x + 9.09 = 0 

96. x° + 2.00x* + 0.96x3 + 5.00x? + 10.00x + 4.80 = 0 


97, Let P(x) be a polynomial with real coefficients and let b > 0. 
Use the Division Algorithm to write 


P(x) = (x —b)-Q(x) +r 


Suppose that r = 0 and that all the coefficients in Q(x) are 

nonnegative. Let z > b. 

(a) Show that P(z) > 0. 

(b) Prove the first part of the U pper and Lower Bounds 
Theorem. 

(c) Use the first part of the Upper and Lower Bounds T heo- 
rem to prove the second part. [Hint: Show that if P(x) 
satisfies the second part of the theorem, then P(—x) 
satisfies the first part. ] 


98. Show that the equation 
> x? — 5x? — 12x -6 =0 


has exactly one rational root, and then prove that it must have 
either two or four irrational roots. 


4 


xX xX 


APPLICATIONS 


©. 99. Volume of a Silo A grain silo consists of a cylindrical 
main section and a hemispherical roof. If the total volume 
of the silo (including the part inside the roof section) is 
15,000 ft? and the cylindrical part is 30 ft tall, what is the 
radius of the silo, rounded to the nearest tenth of a foot? 


= 100. Dimensions of aLot A rectangular parcel of land has 
an area of 5000 ft*. A diagonal between opposite corners is 


measured to be 10 ft longer than one side of the parcel. W hat 
are the dimensions of the land, rounded to the nearest foot? 


x 


101. Depth of Snowfall Snow began falling at noon on Sun- 
day. The amount of snow on the ground at a certain location 
at time t was given by the function 


h(t) = 11.60t — 12.41t? + 6.20t3 
1.58t4 + 0.205 — 0.01t® 


where t is measured in days from the start of the snowfall 

and h(t) is the depth of snow in inches. Draw a graph of 

this function, and use your graph to answer the following 

questions. 

(a) What happened shortly after noon on Tuesday? 

(b) Was there ever more than 5 in. of snow on the ground? If 
so, on what day(s)? 

(c) On what day and at what time (to the nearest hour) did 
the snow disappear completely? 


102. Volume of aBox An open box with a volume of 1500 cm? 
is to be constructed by taking a piece of cardboard 20 cm by 
40 cm, cutting squares of side length x cm from each corner, and 
folding up the sides. Show that this can be done in two different 
ways, and find the exact dimensions of the box in each case. 


|< 40 cm a 


in 


= 103. Volume of a Rocket A rocket consists of a right circular 


cylinder of height 20 m surmounted by a cone whose height 
and diameter are equal and whose radius is the same as that 
of the cylindrical section. W hat should this radius be (rounded 
to two decimal places) if the total volume is to be 5007/3 m? 


{i 
j 


104. Volume of a Box A rectangular box with a volume of 
2 V2 ft? has a square base as shown below. The diagonal of 
the box (between a pair of opposite corners) is 1 ft longer 
than each side of the base. 

(a) If the base has sides of length x feet, show that 


x®— 2x5 -x4+8=0 


(b) Show that two different boxes satisfy the given condi- 
~ tions. Find the dimensions in each case, rounded to the 
nearest hundredth of a foot. 


105. Girth of a Box A box with a square base has length plus 
girth of 108 in. (Girth is the distance “around” the box.) 
W hat is the length of the box if its volume is 2200 in2? 


“) 
il | 
a 


DISCOVERY = DISCUSSION = WRITING 


106. How Many Real Zeros Can a Polynomial Have? 
Give examples of polynomials that have the following 
properties, or explain why it is impossible to find such a 
polynomial. 

(a) A polynomial of degree 3 that has no real zeros 

(b) A polynomial of degree 4 that has no real zeros 

(c) A polynomial of degree 3 that has three real zeros, only 
one of which is rational 

(d) A polynomial of degree 4 that has four real zeros, none 
of which is rational 


W hat must be true about the degree of a polynomial with in- 
teger coefficients if it has no real zeros? 
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107. The Depressed Cubic The most general cubic (third- 
degree) equation with rational coefficients can be writ- 
ten as 


x3 + ax? +bx+c=0 


(a) Show that if we replace x by X — a/3 and simplify, we 
end up with an equation that doesn’t have an X? term, 
that is, an equation of the form 


X3+pX +q =0 
This is called a depressed cubic, because we have 
“depressed” the quadratic term. 


(b) Use the procedure described in part (a) to depress the 
equation x? + 6x? + 9x +4=0., 


108. The Cubic Formula The quadratic formula can be used 


to solve any quadratic (or second-degree) equation. You might 
have wondered whether similar formulas exist for cubic (third- 
degree), quartic (fourth-degree), and higher-degree equations. 
For the depressed cubic x? + px + q = 0, Cardano (page 311) 
found the following formula for one solution: 


<3 (ee WZ a>, 

2 4 27 2 4 27 

A formula for quartic equations was discovered by the I talian 
mathematician Ferrari in 1540. In 1824 the Norwegian math- 
ematician Niels Henrik Abel proved that it is impossible to 
write a quintic formula, that is, a formula for fifth-degree 
equations. Finally, Galois (page 296) gave a criterion for de- 
termining which equations can be solved by a formula in- 
volving radicals. 

Use the cubic formula to find a solution for the following 
equations. Then solve the equations using the methods you 
learned in this section. Which method is easier? 

(a) x? - 3x +2=0 
(b) x? — 27x — 54 =0 
(c) x? + 3x+4=0 


DISCOVERY 


PROJECT Zeroing in on a Zero 


In this project we explore a numerical method for 


approximating the zeros of a polynomial function. 
You can find the project at the book companion website: 
www.stewartmath.com 
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4.5 CompPLex ZEROS AND THE FUNDAMENTAL THEOREM OF ALGEBRA 


The Fundamental Theorem of Algebra and Complete Factorization B Zeros 
and Their Multiplicities B» Complex Zeros Come in Conjugate Pairs B Linear 
and Quadratic Factors 


We have already seen that an nth-degree polynomial can have at most n real zeros. In the 
complex number system an nth-degree polynomial has exactly n zeros and so can be fac- 
tored into exactly n linear factors. This fact is a consequence of the Fundamental Theorem 
of Algebra, which was proved by the German mathematician C. F. Gauss in 1799 (see 
page 309). 


V The Fundamental Theorem of Algebra 
and Complete Factorization 


The following theorem is the basis for much of our work in factoring polynomials and 
solving polynomial equations. 


FUNDAMENTAL THEOREM OF ALGEBRA 


Every polynomial 


P(x) =a,px"+ a,x” 1 +-+-+ax+a, (n=1,a,#0) 


with complex coefficients has at least one complex zero. 


Because any real number is also a complex number, the theorem applies to polynomi- 
als with real coefficients as well. 

The Fundamental Theorem of Algebra and the Factor Theorem together show that a 
polynomial can be factored completely into linear factors, as we now prove. 


COMPLETE FACTORIZATION THEOREM 
If P(x) is a polynomial of degree n = 1, then there exist complex numbers 


a, Cz, Co,..., C, (with a # 0) such that 
PS Sam CaN Cao 26 7) 


PROOF By the Fundamental Theorem of Algebra, P has at least one zero. Let’s call it 
C,. By the Factor Theorem (see page 292), P(x) can be factored as 
P(x) = (X — C1) + Qi(x) 


where Q(x) is of degree n — 1. Applying the Fundamental Theorem to the quotient Q ;(x) 
gives us the factorization 


P(x) = (X = Cy) *(X C2) Qa(x) 


where Q,(x) is of degree n — 2 and c, is a zero of Q;(x). Continuing this process for n 
steps, we get a final quotient Q,,(x) of degree 0, a nonzero constant that we will call a. 
This means that P has been factored as 


P(x) = a(x — C)(X = C2) + (XK = Cy) a 
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To actually find the complex zeros of an nth-degree polynomial, we usually first factor 
as much as possible, then use the quadratic formula on parts that we can’t factor further. 


EXAMPLE 1 | Factoring a Polynomial Completely 
Let P(x) = x? — 3x? + x — 3. 


(a) Find all the zeros of P. 
(b) Find the complete factorization of P. 


SOLUTION 
(a) We first factor P as follows. 
P(x) =x? — 3x? +x -3 Given 
= x(x — 3) + (x-—3) _ Group terms 
= (x — 3)(x? + 1) Factor x — 3 


We find the zeros of P by setting each factor equal to 0: 
P(x) = (x — 3)(x? + 1) 


This factor is 0 when x = 3 This factor is 0 when x =i or —i 


Setting x — 3 = 0, we see that x = 3 is azero. Setting x* + 1 = 0, we get 
x? = —1,s0 x = +i. So the zeros of P are 3, i, and —i. 


(b) Since the zeros are 3, i, and —i, by the Complete Factorization Theorem P factors as 
P(x) = (x — 3)(« — i)[x - (-i)] 
= (xX — 3)(x — i)(x + i) 
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EXAMPLE 2 | Factoring a Polynomial Completely 
Let P(x) =x? — 2x +4. 

(a) Find all the zeros of P. 

(b) Find the complete factorization of P. 


SOLUTION 
| 1 -0 -2 -4 (a) The possible rational zeros are the factors of 4, which are +1, +2, +4. Using synthetic 
> 4g =a division (see the margin), we find that —2 is a zero, and the polynomial factors as 
a P(x) = (x + 2)(x? — 2x + 2) 


This factor is 0 when x = —2 Use the Quadratic Formula to 
find when this factor is 0 


To find the zeros, we set each factor equal to 0. Of course, x + 2 = 0 means that 
X = —2. We use the quadratic formula to find when the other factor is 0. 


x*—2x+2=0 _ Set factor equal to 0 


2+vV4-8 

X= = Quadratic Formula 
a Qi 

X= 5 Take square root 

) ea anal Simplify 


So the zeros of P are —2,1 +i, andl —i. 
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(b) Since the zeros are —2, 1 + i, and 1 — i, by the Complete Factorization Theorem, 
P factors as 


P(x) = [x —(-2)]k- (1 + )]/k-@G-i] 
= (x + 2)(x —1—i)(K-1+1) 
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V Zeros and Their Multiplicities 


In the Complete Factorization Theorem the numbers c,, C,,..., C, are the zeros of P. 
These zeros need not all be different. If the factor x — c appears k times in the complete 
factorization of P(x), then we say that c is a zero of multiplicity k(see page 282). For ex- 
ample, the polynomial 


P(x) = (x — 1)3(x + 2)°(x + 3)9 
has the following zeros: 
1 (multiplicity 3), —2 (multiplicity 2), —3 (multiplicity 5) 


The polynomial P has the same number of zeros as its degree: It has degree 10 and has 
10 zeros, provided that we count multiplicities. This is true for all polynomials, as we 
prove in the following theorem. 


ZEROS THEOREM 


Every polynomial of degree n = 1 has exactly n zeros, provided that a zero of 
multiplicity k is counted k times. 


PROOF LetP beapolynomial of degree n. By the Complete Factorization Theorem 
P(x) = a(x — Cy)(X — Cz) +++ (X — Cy) 
Now suppose that c is a zero of P other than c,, C,,..., Cy. Then 
P(c) = a(c — C,)(C — Cy) ---(C —C,) = 0 


Thus, by the Zero-Product Property, one of the factors c — c; must be 0, soc = c, for some 
i. It follows that P has exactly then zeros C, Cy,..., Cp. |_| 


EXAMPLE 3 | Factoring a Polynomial with Complex Zeros 
Find the complete factorization and all five zeros of the polynomial 
P(x) = 3x° + 24x? + 48x 


SOLUTION Since 3x is acommon factor, we have 
P(x) = 3x(x* + 8x? + 16) 


= 3x(x? + 4) 


This factor isO whenx =0 _ This factor is 0 when 
YS or = =2i 


© CORBIS 


CARL FRIEDRICH GAUSS 
(1777-1855) is considered the greatest 
mathematician of modern times. His 
contemporaries called him the “Prince 
of Mathematics.” He was born into a 
poor family; his father made a living as 
a mason. As a very small child, Gauss 
found a calculation error in his father's 
accounts, the first of many incidents 
that gave evidence of his mathematical 
precocity. (See also page 834.) At 19, 
Gauss demonstrated that the regular 
17-sided polygon can be constructed 
with straight-edge and compass alone. 
This was remarkable because, since the 
time of Euclid, it had been thought that 
the only regular polygons constructible 
in this way were the triangle and pen- 
tagon. Because of this discovery Gauss 
decided to pursue a career in mathe- 
matics instead of languages, his other 
passion. In his doctoral dissertation, 
written at the age of 22, Gauss proved 
the Fundamental Theorem of Algebra: 
A polynomial of degree n with complex 
coefficients has rn roots. His other ac- 
complishments range over every 
branch of mathematics, as well as 
physics and astronomy. 
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To factor x? + 4, note that 2i and —2i are zeros of this polynomial. Thus, x? + 4 = 
(x — 2i)(x + 2i), so 


P(x) = 3x[(x — 2i)(x + 2i)/ 


= 3x(x — 2i)°(x + 21)? 
0 is a zero of 2i is a zero of —2i is a zero of 
multiplicity 1 multiplicity 2 multiplicity 2 


The zeros of P are 0, 2i, and —2i. Since the factors x — 2i and x + 2i each occur twice in 
the complete factorization of P, the zeros 2) and —2i are of multiplicity 2 (or double ze- 
ros). Thus, we have found all five zeros. 
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The following table gives further examples of polynomials with their complete factor- 
izations and zeros. 


Degree Polynomial Zero(s) Number of zeros 
1 P(x) =x—-4 4 1 
2 P(x) = x? — 10x + 25 5 (multiplicity 2) 2 
= (x — 5)(x — 5) 
3 P(x) =x? +x 0, i, -i 3 
= x(x — i)(x +1) 
4 P(x) =x? + 18x? + 81 3i (multiplicity 2), 4 
= (x — 3i)*(x + 3i)? —3i (multiplicity 2) 
5 P(x) = x° — 2x* + x3 0 (multiplicity 3), 5 
= 3x — 1)? 1 (multiplicity 2) 


EXAMPLE 4 | Finding Polynomials with Specified Zeros 


(a) Find a polynomial P (x) of degree 4, with zeros i, —i, 2, and —2, and with 
P(3) = 25. 

(b) Find a polynomial Q(x) of degree 4, with zeros —2 and 0, where —2 is a zero 
of multiplicity 3. 


SOLUTION 
(a) The required polynomial has the form 
P(x) = a(x — i)(x — (~1))(K — 2)(x — (-2)) 
= a(x? +1)(x?- 4) _ Difference of squares 
= a(x’ — 3x? — 4) M ultiply 


We know that P(3) = a(34 4) = 50a = 25, 50a =>. Thus, 
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40 


—20 


FIGURE 1 
P(x) = 3x4 — 2x3 — x? - 12x - 4 


Figure 1 shows the graph of the poly- 
nomial P in Example 5. The x-inter- 


cepts correspond to the real zeros of P. 


The imaginary zeros cannot be deter- 
mined from the graph. 


Polynomial and Rational Functions 


(b) We require 


= a(x? + 6x? + 12x + 8)x Special Product Formula 4 (Section P.5) 
= a(x* + 6x? + 12x? + 8x) 


Since we are given no information about Q other than its zeros and their multiplic- 
ity, we can choose any number for a. If we use a = 1, we get 


Q(x) = x* + 6x? + 12x? + 8x 
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EXAMPLE 5 | Finding All the Zeros of a Polynomial 


Find all four zeros of P(x) = 3x* — 2x? — x? — 12x — 4. 


SOLUTION Using the Rational Zeros Theorem from Section 4.4, we obtain the fol- 
lowing list of possible rational zeros: +1, +2, +4, +3, +$, +3. Checking these 
using synthetic division, we find that 2 and —} are zeros, and we get the following 
factorization: 


P(x) = 3x* — 2x? — x? — 12x - 4 

= (x — 2)(3x? + 4x? + 7x + 2) 
= (x — 2)(x + 3)(3x? + 3x + 6) 
= 3(x — 2)(x + 5)(x? + x + 2) 


Factor x — 2 
Factor x + 3 
Factor 3 
The zeros of the quadratic factor are 
-1+ v1-8 L-.. Va 
2 


X= =-rHtiI 


uadratic Formula 
2 2 


so the zeros of P(x) are 


1 ' 
+ 
2, 3’ 2 
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V Complex Zeros Come in Conjugate Pairs 


As you might have noticed from the examples so far, the complex zeros of polynomials 
with real coefficients come in pairs. Whenever a + bi is a zero, its complex conjugate 
a — bi is also a zero. 


CONJUGATE ZEROS THEOREM 


If the polynomial P has real coefficients and if the complex number z is a zero of 
P, then its complex conjugate z is also a zero of P. 
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PROOF Let 
P(x) = aqx" + ap_-ix” b+ +++ + ayx + ag 


where each coefficient is real. Suppose that P(z) = 0. We must prove that P(z) = 0. We 
use the facts that the complex conjugate of a sum of two complex numbers is the sum of 


the conjugates and that the conjugate of a product is the product of the conjugates. 


P(z) = a,(z)" + a,_ 


II 
fy) 
s 
b 
zis 
fy) 
a 
whi 
N 
P= | 
ae 
4 


(z)" 1 +++ + az + ay 


Because the coefficients are real 


=a," tay tt:+++ayzt+ay 
=P(2)=0=0 
This shows that z is also a zero of P(x),which proves the theorem. | 


EXAMPLE 6 | A Polynomial with a Specified Complex Zero 


Find a polynomial P(x) of degree 3 that has integer coefficients and zeros 5 and 3 — i. 


SOLUTION Since3 — i isa zero, then so is 3 + i by the Conjugate Zeros Theorem. 
This means that P(x) must have the following form. 


P(x) = a(x — 2)[x — 3 -i)][k-@G+i)] 
= a(x — $)[(x — 3) +i][% -—3) —i] — Regroup 
= a(x — 5)[(x — 3)? — 17] Difference of Squares Formula 
= a(x — 3)(x? — 6x + 10) Expand 
= a(x? — Bx? + 13x — 5) Expand 


To make all coefficients integers, we set a = 2 and get 


P(x) = 2x? — 13x? + 26x — 10 


Any other polynomial that satisfies the given requirements must be an integer multiple of 


this one. 
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GEROLAMO CARDANO 
(1501-1576) is certainly one of the 
most colorful figures in the history of 
mathematics. He was the best-known 
physician in Europe in his day, yet 
throughout his life he was plagued by 
numerous maladies, including rup- 
tures, hemorrhoids, and an irrational 
fear of encountering rabid dogs. He 
was a doting father, but his beloved 
sons broke his heart—his favorite was 
eventually beheaded for murdering his own wife. Cardano was also a 
compulsive gambler; indeed, this vice might have driven him to write 
the Book on Games of Chance, the first study of probability from a 
mathematical point of view. 


Copyright © North Wind/North Wind Picture 


Archives. All rights reserved. 


In Cardano’s major mathematical work, the Ars Magna, he detailed 
the solution of the general third- and fourth-degree polynomial equa- 
tions. At the time of its publication, mathematicians were uncomfort- 
able even with negative numbers, but Cardano’s formulas paved the 
way for the acceptance not just of negative numbers, but also of imagi- 
nary numbers, because they occurred naturally in solving polynomial 
equations. For example, for the cubic equation 


x— 15x-4=0 
one of his formulas gives the solution 
x= W2+ V=121 + W2 - V—121 


(See page 305, Exercise 108). This value for x actually turns out to be the 
integer 4, yet to find it, Cardano had to use the imaginary number 


V~121 = 11. 
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V Linear and Quadratic Factors 


We have seen that a polynomial factors completely into linear factors if we use complex 
numbers. If we don’t use complex numbers, then a polynomial with real coefficients can 
always be factored into linear and quadratic factors. We use this property in Section 11.7 
when we study partial fractions. A quadratic polynomial with no real zeros is called irre- 
ducible over the real numbers. Such a polynomial cannot be factored without using com- 
plex numbers. 


LINEAR AND QUADRATIC FACTORS THEOREM 


Every polynomial with real coefficients can be factored into a product of linear 
and irreducible quadratic factors with real coefficients. 


PROOF We first observe that if c = a + bi is a complex number, then 
(x — c)(xX — C) = [x — (a + bi) ][x — (a — bi)] 
= [(x — a) — bi][(x — a) + bi] 
=a)? = (bi)? 
= x? — 2ax + (a7 + b?) 


The last expression is a quadratic with real coefficients. 
Now, if P is a polynomial with real coefficients, then by the Complete Factorization 
Theorem 


P(X) = a(x — Cy)(X = Ca) “(XK = Cn) 


Since the complex roots occur in conjugate pairs, we can multiply the factors correspond- 
ing to each such pair to get a quadratic factor with real coefficients. This results in P being 
factored into linear and irreducible quadratic factors. A 


EXAMPLE 7 | Factoring a Polynomial into Linear 
and Quadratic Factors 


Let P(x) = x4 + 2x? - 8. 
(a) Factor P into linear and irreducible quadratic factors with real coefficients. 
(b) Factor P completely into linear factors with complex coefficients. 


SOLUTION 
(a) P(x) =x*+2x?-8 
(x? — 2)(x? + 4) 
= (x — V2)(x + V2)(x2 + 4) 

The factor x? + 4 is irreducible, since it has no real zeros. 

(b) To get the complete factorization, we factor the remaining quadratic factor. 
P(x) = (x — V2)(x + V2)(x? + 4) 
= (x — V2)(x + V2)(x — 2i)(x + 2i) 
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4.5 EXERCISES 


CONCEPTS 41. R has degree 4 and zeros 1 — 2i and 1, with 1 a zero of multi- 
1. The polynomial P (x) = 3(x — 5)3(x — 3)(x + 2) has degree plicity 2. 
. Ithas zeros 5, 3, and . The zero 5 has seponnesGedine = aN nek erane a 
multiplicity | and the zero 3 has multiplicity 43. T has degree 4, zeros i and 1 + i, and constant term 12. 
44. U has degree 5, zeros 3, —1, and —i, and leading coefficient 4; 
ee the zero —1 has multiplicity 2. 
2. (a) If ais azero of the polynomial P, then must be 
a factor of P (x). 45-62 m Find all zeros of the polynomial. 
(b) If a is a zero of multiplicity m of the polynomial P, then © .45. P(x) = x3 + 2x2 + 4x + 8 
must be a factor of P(x) when we factor P 46, P(x) = x3 — 7x? + 17x — 15 
letely. 
alias 47. P(x) =x? — 2x2 + 2x -—1 
3. A polynomial of degree n = 1 has exactly ____zeros if ed Syd 
a zero of multiplicity m is counted m times. ce ane et 
=y3 2 
4. If the polynomial function P has real coefficients and if a + bi ao) PO) - ax =e 
isazero of P,then_____is also a zero of P. onl. eae ie 
51. P(x) = 2x? + 7x? + 12x + 9 
SKILLS 52. P(x) = 2x? — 8x? + 9x — 9 
53. P(x) = xt + x3 + 7x? + 9x — 18 
5-16 = A polynomial P is given. (a) Find all zeros of P, real and BA. P(x) = yt = 5y? 92 =5y¢ 3 
complex. (b) Factor P completely. . oS ; : 
& 5, P(x) = x4 4+ 4x? 6. P(x) = x3 + 9x3 55. P(x) = xX? — x" + 7x? — 7x* + 12x — 12 
56. P(x) = x° + x? + 8x? + 8 [Hint: Factor by grouping.] 
7. P(x) = x? — 2x? + 2x 8. P(x) =x? +x?4+x 
57. P(x) = x* — 6x? + 13x? — 24x + 36 
9. P(x) =x'+ 2x? 41 10. P(x) = x*-x?-2 — 
P P ; 58. P(x) =x" — x° + 2x +2 
11, P(x) =x*-1 . call 
(x) - ‘ a) ee 59. P(x) = 4x4 + 4x3 4 5x2 4 4x $1 
BER Sa re ae aa is 60. P(x) = 4x4 + 2x3 — 2x? — 3x —1 
a es yb Fy 
2 Pe oe A a ek 61. P(x) = x5 — 3x4 + 12x? — 28x? + 27x - 9 
17-34 m Factor the polynomial completely, and find all its zeros. 62, P(x) =x) — 2x4 + 2x3 — ax? + x — 2 
State the multiplicity of each zero. 
63-68 = A polynomial P is given. (a) Factor P into linear and ir- 
ye: a = 2 
eS ee TBS P= Ohad reducible quadratic factors with real coefficients. (b) Factor P 
©2119, Q(x) =x? + 2x +2 20. Q(x) = x? — 8x +17 completely into linear factors with complex coefficients. 
21. P(x) = x? + 4x 22, P(x) =x? — x? +x 63. P(x) = x? — 5x? + 4x — 20 
23. Q(x) =x*-1 24. Q(x) = x* — 625 ~ P(x) =x? -— 2x -4 
25. P(x) = 16x* — 81 26. P(x) = x? — 64 » P(x) = x4 + 8x? — 9 66. P(x) = x* + 8x? + 16 
27. P(x) =x? +x?24+9x +9 28 P(x) = x®— 729 . P(x) = x® — 64 68. P(x) = x> — 16x 
©.29. Q(x) = xt + 2x2 +1 30. Q(x) = x* + 10x? + 25 . By the Zeros Theorem, every nth-degree polynomial equation 
ae ee = 45 4 9y3 has exactly n solutions (including possibly some that are re- 
a Ea es Be ST ae peated). Some of these may be real, and some may be imagi- 
33. P(x) = x? + 6x? + 9x 34, P(x) = x° + 16x? + 64 nary. Use a graphing device to determine how many real and 


imaginary solutions each equation has. 


35-44 m Find a polynomial with integer coefficients that satisfies (a) x? — 2x2 — 11x? + 12x =0 
the given conditions. {b) x4 — 2x3 — 1x2 + 12x -5=0 
©. 35, P has degree 2 and zeros 1 + i and1 —i. (c) x* — 2x3 — 11x? + 12x + 40 =0 
36. P has degree 2 and zeros 1 + iV2 and 1 — i v2. 70-72 m So far, we have worked only with polynomials that have 
37. Q has degree 3 and zeros 3, 2i, and —2i. real coefficients. These exercises involve polynomials with real and 


38. Q has degree 3 and zeros 0 andi. iineainiaty COSticlonts. 


70. Find all solutions of the equation. 
(a) 2x + 4i =1 (b) x? —ix =0 
40. Q has degree 3 and zeros —3 and1 +i. (c) x? + 2ix-1=0 (d) ix? -2x+i=0 


©. 39, P has degree 3 and zeros 2 andi. 
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71. (a) Show that 2) and 1 — i are both solutions of the equation 
x? —(1+i)x + (2+ 2i) =0 
but that their complex conjugates —2i and 1 + i are not. 


(b) Explain why the result of part (a) does not violate the 
Conjugate Zeros Theorem. 


72. (a) Find the polynomial with real coefficients of the smallest 
possible degree for which i and 1 + i are zeros and in 
which the coefficient of the highest power is 1. 
(b) Find the polynomial with complex coefficients of the 
smallest possible degree for which i and 1 + i are zeros 
and in which the coefficient of the highest power is 1. 


4.6 RATIONAL FUNCTIONS 


DISCOVERY DISCUSSION = WRITING 


73. Polynomials of Odd Degree The Conjugate Zeros 
Theorem says that the complex zeros of a polynomial with 
real coefficients occur in complex conjugate pairs. Explain 
how this fact proves that a polynomial with real coefficients 
and odd degree has at least one real zero. 


74, Roots of Unity There are two square roots of 1, namely, 1 
and —1. These are the solutions of x? = 1. The fourth roots of 
1 are the solutions of the equation x* = 1 orx* — 1 =0.How 
many fourth roots of 1 are there? Find them. The cube roots of 
1 are the solutions of the equation x? = 1 orx? — 1 = 0. How 
many cube roots of 1 are there? Find them. How would you 
find the sixth roots of 1? How many are there? M ake a conjec- 
ture about the number of nth roots of 1. 


Rational Functions and Asymptotes B Transformations of y = 1/x > 
Asymptotes of Rational Functions Graphing Rational Functions ® Slant 
Asymptotes and End Behavior Applications 


A rational function is a function of the form 


where P and Q are polynomials. We assume that P(x) and Q(x) have no factor in com- 
mon. Even though rational functions are constructed from polynomials, their graphs look 
quite different from the graphs of polynomial functions. 


V Rational Functions and Asymptotes 


Domains of rational expressions are 
discussed in Section P.7. 


The domain of a rational function consists of all real numbers x except those for which 
the denominator is zero. When graphing a rational function, we must pay special attention 


to the behavior of the graph near those x-values. We begin by graphing a very simple ra- 


tional function. 


EXAMPLE 1 | A Simple Rational Function 


Graph the rational function f(x) = and state the domain and range. 


SOLUTION The function f is not defined for x = 0. The following tables show that 
when x is close to zero, the value of | f(x) | is large, and the closer x gets to zero, the larger 


| f(x) | gets. 
For positive real numbers, i 
I 
BIG NUMBER = small number —0.1 
1 —0.01 
———— = BIG NUMBER —0.00001 
small number 


f(x) x f() 
~10 0.1 10 
~100 0.01 100 
100,000 0.00001 100,000 


Approaching 0- 


Approaching — 


Approaching 0* Approaching 
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We describe this behavior in words and in symbols as follows. The first table shows 
that as x approaches 0 from the left, the values of y = f(x) decrease without bound. In 
symbols, 


“y approaches negative infinity 
as X approaches 0 from the left” 


f(X) + -oo as X>07 
The second table shows that as x approaches 0 from the right, the values of f(x) increase 
without bound. In symbols, 


“y approaches infinity as x 
approaches 0 from the right” 


f(x) >00o as x—>0* 


The next two tables show how f(x) changes as | x| becomes large. 


Approaching — 20 


Approaching 0 


x f() x f(x) 
10 -0.1 10 0.1 
~100 0.01 100 0.01 
—100,000 0.00001 100,000 0.00001 


Approaching 


Approaching 0 


These tables show that as |x| becomes large, the value of f(x) gets closer and closer to 
zero. We describe this situation in symbols by writing 


f(x) =0 aS X—-oco 


and 


f(x) 30 a Xoo 


Using the information in these tables and plotting a few additional points, we obtain the 
graph shown in Figure 1. 


yA a 
x f(x) = % A ot 
a) ai 7 
2 
-] -] 27 fl = as 
-} 2 iL 
1 ; 
5 2 t t 0 t 5 t a 
l l f(x) >0as ii 
2 I X > —00 4 
FIGURE 1 i) = 
fx)=} BRO 


The function f is defined for all values of x other than 0, so the domain is {x| x # O}. 
From the graph we see that the range is {y| y # O}. 


©. NOW TRY EXERCISE 7 


In Example 1 we used the following arrow notation. 


Symbol Meaning 

Xx>a X approaches a from the left 

x—> at X approaches a from the right 

X—>-—oo | xX goes to negative infinity; that is, x decreases without bound 
X > 00 X goes to infinity; that is, x increases without bound 


316 CHAPTER 4 | Polynomial and Rational Functions 


The line x = 0 is called a vertical asymptote of the graph in Figure 1, and the line 
y = Oisahorizontal asymptote. Informally speaking, an asymptote of a function is aline 
to which the graph of the function gets closer and closer as one travels along that line. 


DEFINITION OF VERTICAL AND HORIZONTAL ASYMPTOTES 


1. Theline x = a is a vertical asymptote of the function y = f(x) if y approaches +oo as x approaches a from the right 
or left. 


Ue Pee 


yo asx a" y > asx >a ‘ —00 aS X > a* y > —00 aS X > a 


2. The line y = b is a horizontal asymptote of the function y = f(x) if y approaches b as x approaches +o. 


y—>basx—o y bas x— —oo 


A rational function has vertical asymptotes where the function is undefined, that is, 
where the denominator is zero. 


V Transformations of y= 1/x 
A rational function of the form 


ax +b 
cx +d 


r(x) = 


can be graphed by shifting, stretching, and/or reflecting the graph of f(x) = % shown in 
Figure 1, using the transformations studied in Section 3.5. (Such functions are called lin- 
ear fractional transformations.) 

EXAMPLE 2 | Using Transformations to Graph Rational Functions 


Graph each rational function, and state the domain and range. 


2 3x +5 
Vertical eS ie x-3 b= x+2 
asymptote 
= SOLUTION 
(a) Let f(x) = +. Then we can express r in terms of f as follows: 
2 
i+ ag 
a’ =2( : ) Factor 2 
Horizontal x—3 
eee = 2(f(x — 3)) Since f(x) =} 
y = 
From this form we see that the graph of r is obtained from the graph of f by shifting 


3 units to the right and stretching vertically by a factor of 2. Thus, r has vertical as- 
FIGURE 2 ymptote x = 3 and horizontal asymptote y = 0. The graph of r is shown in Figure 2. 


3 
x + 2)3x +5 
3x + 6 
—1 
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The function r is defined for all x other than 3, so the domain is {x | x # 3}. From 
the graph we see that the range is {y | y # O}. 


(b) Using long division (see the margin), we get s(x) = 3 — ;4>5. Thus, we can ex- 
press s in terms of f as follows: 
1 


(x) = 3 12 


xX 

1 

== +3 Rearrange terms 
ose 2 


=—f(x+2)+3 — Sincef(x) =} 


From this form we see that the graph of s is obtained from the graph of f by shift- 
ing 2 units to the left, reflecting in the x-axis, and shifting upward 3 units. Thus, s 
has vertical asymptote x = —2 and horizontal asymptote y = 3. The graph of s is 
shown in Figure 3. 


Vertical asymptote 
X=—2 


yh 


| Horizontal asymptote 
m= 


FIGURE 3 


The function s is defined for all x other than —2, so the domain is {x | x # —2}. 
From the graph we see that the range is {y | y # 3}. 
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V Asymptotes of Rational Functions 


The methods of Example 2 work only for simple rational functions. To graph more com- 
plicated ones, we need to take a closer look at the behavior of a rational function near its 
vertical and horizontal asymptotes. 


EXAMPLE 3 | Asymptotes of a Rational Function 


2x? — 4x +5 
h r(x) = —5—=——, and state the domain and range. 
Graph r(x) Xe Ox and state g 
SOLUTION 
Vertical asymptote: We first factor the denominator 
fi) = 2x? — 4x +5 
(x= 1) 


The line x = 1 is a vertical asymptote because the denominator of r is zero when x = 1. 
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To see what the graph of r looks like near the vertical asymptote, we make tables of 


values for x-values to the left and to the right of 1. From the tables shown below we see 
yo as that 
posal 
a Y>oo as Xx>1- and Yoo a Xx>1* 
X>17 x>1t 
7 x y 5 y 
| 0 5 2 5 
7 0.5 14 15 14 
i+ 0.9 302 1.1 302 
ow ee a ae 0.99 30,002 1.01 30,002 
a. ae 
Approaching 1” Approaching Approaching1* Approaching « 


FIGURE 4 


Thus, near the vertical asymptote x = 1, the graph of r has the shape shown in Figure 4. 


Horizontal asymptote: The horizontal asymptote is the value that y approaches as x > 
+oo. To help us find this value, we divide both numerator and denominator by x?, the 
highest power of x that appears in the expression: 


1 +43 

2x?- 4x +5 x? Xx? 

YS e411 7.4 
1 + 

x? XxX x? 


The fractional expressions {, 3, 2, and 5 all approach 0 as x > +oo (see Exercise 67, 


page 14). So as x > +oo, we have 


These terms approach 0 


Pio do 
y— 2as 2 XX? _ po U0 _5 
xo y 2 1 a es 
——e 
X X 


These terms approach 0 


Thus, the horizontal asymptote is the line y = 2. 
Since the graph must approach the horizontal asymptote, we can complete it as in 


FIGURE 5 Figure 5. 
éiii= set) age Domain and range: The function r is defined for all values of x other than 1, so the do- 
x?-2x+1 main is {x| x # 1}. From the graph we see that the range is {y | y > 2}. 
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From Example 3 we see that the horizontal asymptote is determined by the leading 
coefficients of the numerator and denominator, since after dividing through by x? (the 
highest power of x), all other terms approach zero. In general, if r(x) = P(x)/Q(x) and 
the degrees of P and Q are the same (both n, say), then dividing both numerator and de- 
nominator by x" shows that the horizontal asymptote is 


leading coefficient of P 
~ leading coefficient of Q 


FIGURE 6 
nies = 2h =] 
2x? + 3x —2 


Graph is drawn using dot mode to 
avoid extraneous lines. 
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The following box summarizes the procedure for finding asymptotes. 


FINDING ASYMPTOTES OF RATIONAL FUNCTIONS 

Let r be the rational function 
anX" + ap_yx7 b+ ++) + ax + ao 
DmX™ + Dmx b+ ++ + bX + Do 


r(x) 


1. The vertical asymptotes of r are the lines x = a, where a is a zero of the 
denominator. 


2. (a) If n <_m, thenr has horizontal asymptote y = 0. 


(b) If n = m, then r has horizontal asymptote y = = 


(c) If n >, thenr has no horizontal asymptote. 


EXAMPLE 4 | Asymptotes of a Rational Function 


Find the vertical and horizontal asymptotes of r(x) = pet a) 
2x* + 3x — 2 
SOLUTION 
Vertical asymptotes: We first factor 
3x? — 2x -1 


) = Bx = VK + 2) 


This factorisO — This factor is 0 
when x =3 when x = —2 


The vertical asymptotes are the lines x = 3 and x = —2. 


Horizontal asymptote: The degrees of the numerator and denominator are the same, 
and 


leading coefficient of numerator 3 
leading coefficient of denominator 2 


Thus, the horizontal asymptote is the line y = 3. 
To confirm our results, we graph r using a graphing calculator (see Figure 6). 
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V Graphing Rational Functions 


We have seen that asymptotes are important when graphing rational functions. In general, 
we use the following guidelines to graph rational functions. 
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A fraction is 0 if and only if its numer- 
ator is 0. 


When choosing test values, we must 
make sure that there is no x-intercept 
between the test point and the vertical 
asymptote. 


SKETCHING GRAPHS OF RATIONAL FUNCTIONS 


. Factor. Factor the numerator and denominator. 

. Intercepts. Find the x-intercepts by determining the zeros of the numerator 
and the y-intercept from the value of the function at x = 0. 

. Vertical Asymptotes. Find the vertical asymptotes by determining the zeros 
of the denominator, and then see whether y —> oo or y — —oo on each side of 


each vertical asymptote by using test values. 

. Horizontal Asymptote. Find the horizontal asymptote (if any), using the 
procedure described in the box on page 319. 

. Sketch the Graph. Graph the information provided by the first four steps. 
Then plot as many additional points as needed to fill in the rest of the graph of 
the function. 


EXAMPLE 5 | Graphing a Rational Function 

Graph r(x) = eat and state the domain and range. 

SOLUTION We factor the numerator and denominator, find the intercepts and asymp- 
totes, and sketch the graph. 

(2x — 1)(x + 4) 

(x — 1)(x + 2) 


x-Intercepts: The x-intercepts are the zeros of the numerator, x = } and x = —4. 


Factor: Y= 


y-Intercept: To find the y-intercept, we substitute x = 0 into the original form of the 
function. 


The y-intercept is 2. 


Vertical asymptotes: The vertical asymptotes occur where the denominator is 0, that 
is, where the function is undefined. From the factored form we see that the vertical as- 
ymptotes are the lines x = 1 and x = —2. 


Behavior near vertical asymptotes: Weneed to know whether y = oo or y > —ooon 
each side of each vertical asymptote. To determine the sign of y for x-values near the verti- 
cal asymptotes, we use test values. For instance, as x > 1”, we use a test value close to and 
to the left of 1 (x = 0.9, say) to check whether y is positive or negative to the left of x = 1. 
2(0.9) — 1)((0.9) + 4 +)(+ 
y — 209) = 109) +4) rrcsignis DCO 
(0.9) — 1)((0.9) + 2) (—)(+) 
So y > —oo as X = 17. On the other hand, as x — 1*, we use a test value close to and 
to the right of 1 (x = 1.1, say), to get 


_ 1) - H(LD +4) (+)(+) 
(G1) =1G.1) +2) 


(negative) 


Asx —> —2- —2* i 1t 
' eee (-+) (-+) G4) GG) 
ee Geary FV-) FG) EG) MO) 


soy—> 


MATHEMATICS IN 
THE MODERN WORLD 


Unbreakable Codes 

If you read spy novels, you know about 
secret codes and how the hero “breaks” 
the code. Today secret codes have a 
much more common use. Most of the 
information that is stored on comput- 
ers is coded to prevent unauthorized 
use. For example, your banking records, 
medical records, and school records are 
coded. Many cellular and cordless 
phones code the signal carrying your 
voice so that no one can listen in. For- 
tunately, because of recent advances 

in mathematics, today's codes are 
“unbreakable.” 

Modern codes are based on a sim- 
ple principle: Factoring is much harder 
than multiplying. For example, try mul- 
tiplying 78 and 93; now try factoring 
9991. It takes a long time to factor 9991 
because it is a product of two primes 
97 X 103,50 to factor it, we have to 
find one of these primes. Now imagine 
trying to factor a number N that is the 
product of two primes p and q, each 
about 200 digits long. Even the fastest 
computers would take many millions 
of years to factor such a number! But 
the same computer would take less 
than a second to multiply two such 
numbers. This fact was used by Ron 
Rivest, Adi Shamir, and Leonard 
Adleman in the 1970s to devise the 
RSA code. Their code uses an extremely 
large number to encode a message but 
requires us to know its factors to de- 
code it. As you can see, such a code is 
practically unbreakable. 

The RSA code is an example of a 
“public key encryption” code. In such 
codes, anyone can code a message us- 
ing a publicly known procedure based 
on N, but to decode the message, they 
must know p and q, the factors of N. 
When the RSA code was developed, it 
was thought that a carefully selected 
80-digit number would provide an un- 
breakable code. But interestingly, re- 
cent advances in the study of factoring 
have made much larger numbers 
necessary. 
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Horizontal asymptote: The degrees of the numerator and denominator are the same, 
and 


leading coefficient of numerator — 2 
leading coefficient of denominator 1 


Thus, the horizontal asymptote is the line y = 2. 


Graph: Weuse the information we have found, together with some additional values, to 
sketch the graph in Figure 7. 


a y 
-6 0.93 
3 -1.75 
-1 4.50 patananean 
15] 6.29 a ae 
2 4.50 
3 3.50 FIGURE 7 
2x? + 7x = 4 
reg x +x-2 


Domain and range: Thedomainis {x | x # 1, x # —2}. From the graph we see that the 
range is all real numbers. 
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EXAMPLE 6 | Graphing a Rational Function 


5x + 21 
Graph r(x) = , and state the domain and range. 
PHT) x? + 10x + 25 : 
SOLUTION 
— oP Zl 
actor: Yy +5) +5) 
21 
x-Intercept: 5" from 5x + 21 =0 
meme <=) Os 
y-Intercept: >-, because + 10-0425 
21 
25 
Vertical asymptote: x = —5, from the zeros of the denominator 
Behavior near vertical asymptote: 
Asx > —5” —5+ 
the sign of y= xa Be is =) (—) 
OS (=) | He) 
soy—> —oo —oo 


Horizontal asymptote: y = 0, because the degree of the numerator is less than the de- 


gree of the denominator 
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Graph: Weuse the information we have found, together with some additional values, to 
sketch the graph in Figure 8. 


Ya 
38 y a7 
—15 —0.5 
—10 —1.2 
3 15 
-1 1.0 
3 0.6 
5 0.5 FIGURE 8 
10 0.3 (%) = 5x+ 21 
x + 10x + 25 


Domain and range: The domain is {x| x # —5}. From the graph we see that the range 
iS approximately the interval (—oo, 1.5]. 
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From the graph in Figure 8 we see that, contrary to common misconception, a graph 
may cross a horizontal asymptote. The graph in Figure 8 crosses the x-axis (the horizon- 
tal asymptote) from below, reaches a maximum value near x = —3, and then approaches 
the xaxis from above as x= oo. 


EXAMPLE 7 | Graphing a Rational Function 


x — 3x-4 
h the rational functi eo rer 
Graph the rational function r(x) ee oy 
SOLUTION 
. (x+ 1)(x= 4) 
actor: y= 2x(x + 2) 


x-Intercepts: —land4, fromx+1=0andx—4=0 
y-Intercept: None, because r(0) is undefined 
Vertical asymptotes: x= 0 and x= —2, from the zeros of the denominator 


Behavior near vertical asymptotes: 


Asx —> —27 —2+ Om or 
(K+ IK- 4 | (==) (-) (FM) (FY) 
ee eerrnrmees (-\-) (4) |G) A) 
soy—> ere) —oo oo —co 


Horizontal asymptote: y = 3, because the degree of the numerator and the degree of 
the denominator are the same and 


leading coefficient of numerator 1 
leading coefficient of denominator 2 
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Graph: Weuse the information we have found, together with some additional values, to 
sketch the graph in Figure 9. 


x yy 
= 3 2.33 
=o 3.90 
—0.5 1.50 
1 —1.00 
3 —0.13 
5 0.09 FIGURE 9 
ae! ear 
10) = Te 


Domain and range: The domain is {x | x # 0, x # —2}. From the graph we see that the 
range is all real numbers. 
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V Slant Asymptotes and End Behavior 


If r(x) = P(x)/Q(x) is a rational function in which the degree of the numerator is one 
more than the degree of the denominator, we can use the Division Algorithm to express 
the function in the form 

wens 

r(x) = ax 

Q(x) 

where the degree of R is less than the degree of Q and a # 0. This means that as 
X — +00, R(x)/Q(x) — 0, so for large values of | x | the graph of y = r(x) approaches the 
graph of the line y = ax + b. In this situation we say that y = ax + b is a slant asymp- 
tote, or an oblique asymptote. 


EXAMPLE 8 | A Rational Function with a Slant Asymptote 


2 — 
Graph the rational function r(x) = ae 
SOLUTION 
X+DX=-5 
Factor: y= i 


x=3 
x-Intercepts: —land5,fromx+1=0Oandx-—5=0 


0?7-4.0-5 5 
0-3 3 


y-Intercepts: 2 because r(0) = 


Horizontal asymptote: None, because the degree of the numerator is greater than the 
degree of the denominator 


Vertical asymptote: xX = 3, from the zero of the denominator 


Behavior near vertical asymptote: y— oo asx—> 3° andy — —ooas x —> 37 
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x=] 


x — 3)x?— 4x —5 


x? — 3x 


=k = 3 
=K £3 


=6 


Slant asymptote: Since the degree of the numerator is one more than the degree of the 
denominator, the function has a slant asymptote. Dividing (see the margin), we obtain 

8 
x=3 


r(x) =x-1 


Thus, y = x — lis the slant asymptote. 


Graph: Weuse the information we have found, together with some additional values, to 
sketch the graph in Figure 10. 


Slant 
asymptote 


DARNFN |] & 
wo 


FIGURE 10 
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So far, we have considered only horizontal and slant asymptotes as end behaviors for 
rational functions. In the next example we graph a function whose end behavior is like 
that of a parabola. 


EXAMPLE 9 | End Behavior of a Rational Function 


Graph the rational function 


x? — 2x? + 3 
aa 
and describe its end behavior. 
SOLUTION 
X + 1)(x? — 3x +3 
Factor: y = ( ut ) 


a2 
x-Intercepts: —1, from x +1 =0 (The other factor in the numerator has no real zeros.) 


Pa20 +3. 3 
0=2 — 2 


y-Intercepts: -5 because r(0) = 


Vertical asymptote: xX = 2, from the zero of the denominator 
Behavior near vertical asymptote: y— —ooaSx—> 2° andy —ooasx—>2* 
Horizontal asymptote: None, because the degree of the numerator is greater than the 
degree of the denominator 
End behavior: Dividing (see the margin), we get 

3 
Xx-2 


This shows that the end behavior of r is like that of the parabola y = x? because 3/(x — 2) 
is small when |x| is large. That is, 3/(x — 2) +0 as x > +00. This means that the graph 
of r will be close to the graph of y = x? for large |x|. 


r(x) =x? + 
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Graph: In Figure 11(a) we graph r in a small viewing rectangle; we can see the inter- 
cepts, the vertical asymptotes, and the local minimum. In Figure 11(b) we graph r ina 
larger viewing rectangle; here the graph looks almost like the graph of a parabola. In Fig- 
ure 11(c) we graph both y = r(x) and y = x?; these graphs are very close to each other 
except near the vertical asymptote. 


20 200 
4 4 30 | 30 
7 ‘ 
—20 


—~200 
(a) (b) 


FIGURE 11 
aad ©. NOW TRY EXERCISE 73 = 


= x-2 


V Applications 


Rational functions occur frequently in scientific applications of algebra. In the next ex- 
ample we analyze the graph of a function from the theory of electricity. 


EXAMPLE 10 | Electrical Resistance 


When two resistors with resistances R, and R, are connected in parallel, their combined 
8 ohms resistance R is given by the formula 


RR 
R = 182 
R, + Rp 


Suppose that a fixed 8-ohm resistor is connected in parallel with a variable resistor, as shown 
in Figure 12. If the resistance of the variable resistor is denoted by x, then the combined re- 
sistance R is a function of x. Graph R, and give a physical interpretation of the graph. 


FIGURE 12 SOLUTION Substituting R, = 8 and R, = x into the formula gives the function 
R(x) 8x 


8 +X 

Since resistance cannot be negative, this function has physical meaning only when x > 0. 
The function is graphed in Figure 13(a) using the viewing rectangle [0, 20] by [0, 10]. The 
function has no vertical asymptote when x is restricted to positive values. The combined re- 
sistance R increases as the variable resistance x increases. If we widen the viewing rectan- 
gle to [0,100] by [0, 10}, we obtain the graph in Figure 13(b). For large x the combined re- 
sistance R levels off, getting closer and closer to the horizontal asymptote R = 8. No matter 
how large the variable resistance x, the combined resistance is never greater than 8 ohms. 


10 10 


FIGURE 13 
8x 
8+ x (a) (b) 
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4.6 EXERCISES 


CONCEPTS 

1. If the rational function y = r(x) has the vertical asymptote 
X = 2, then as x — 2°, either y > ory —> 

2. If the rational function y = r(x) has the horizontal asymptote 

y = 2, theny > 


as X > too. 


3-6 m= The following questions are about the rational function 
(x + 1)(x — 2) 
(i) = 
(x + 2)(x — 3) 


3. The function r has x-intercepts and 


4. The function r has y-intercept 
5. The function r has vertical asymptotes x = _____ and 
X= 


6. The function r has horizontal asymptote y = 


SKILLS 


7-10 @ A rational function is given. (a) Complete each table 
for the function. (b) Describe the behavior of the function near its 


vertical asymptote, based on Tables 1 and 2. (c) Determine the hor- 


izontal asymptote, based on Tables 3 and 4. 


17-20 m From the graph, determine the x- and y-intercepts and 
the vertical and horizontal asymptotes. 


17. ya 18. yA 
4 a) 
t 
Be 
0 x 
> 
my) 4 a 
19. YA 20. Ya 
Ly 2, 
3 0 3 % 
| 
| 
| 


21-32 m@ Find all horizontal and vertical asymptotes (if any). 


TABLE 1 TABLE 2 
x | 19 x | 1% 
15 2.5 
1.9 2.1 
1.99 2.01 
1.999 2.001 
TABLE 3 TABLE 4 
x | rx x | ro 
10 —10 
50 —50 
100 —100 
1000 —1000 
4x+1 
2 = = 
7. (Xx) 9 8. r(x) o5 
x= 10 Bx? +1 
; = 10. a 
9. r(x) (« — 22 0. r(x) (x — 2) 


11-16 m Find the x- and y-intercepts of the rational function. 


21. r(x) = 5 22. r(x) = = = 
6x 2x —4 
2310) = 5 are aa 
6x? + 1 8x2 +1 
BOF ex | 7M 6 
_ (xX — 1) + 1) _ (2x — 1) + 3) 
27. SO) = yaya 2) 7B S) = xajax —4) 
6x? — 2 5x3 
ann = 2x3 + 5x? + 6x ae x? + 2x? + 5x 
2 en 2 
&.31, t(x) = “2 32. r(x) = ae 


33-40 m Use transformations of the graph of y = } to graph the 
rational function, as in Example 2. 


33. BCS area 34, r(x) = 
©.35. s(x) = ; 2 ; 36. s(x) -—, 
©.37, t(x) = ans 38, t(x) = a2 

39, r(x) = : 40. r(x) = x 


41-64 m Find the intercepts and asymptotes, and then sketch a 


x-1 3x 
11. SA 12. a) =s 6 
2 
== 2 
1B. t(x) =“ : M4. 10) = a5 
x= 9 x3 + 8 
15. r(x) = xe 16. r(x) = ad 


graph of the rational function and state the domain and range. Use 
a graphing device to confirm your answer. 
4-4 


2x +6 
41. r(x) = a) 42. r(x) = ee eS 


43, s(x) = “= a st) = 3 

©.45. (x) = : “yy! 46. r(x) = aap 
47. s(x) = uo be Pd) 48. s(x) = waded 
49, s(x) = = 50. s(x) = ane 
51. t(x) = wa 52. t(x) = 2 = - 

53. r(x) = as 54, r(x) = neers 

©.55, r(x) = eo al oa aS 

57. ro = Ba. 0 ES ae 

59, r(x) = nes oo 60. r(x) = fe 
61. r(x) = oS 62. r(x) = a 
63. s(x) = et 64. t(x) = a 


65-72 m Find the slant asymptote, the vertical asymptotes, and 
sketch a graph of the function. 


2 2 
©.65. r(x) = 5 66, r(x) = - z 2 
2 _ ay’ 
67. r(x) =~ = : 68. r(x) = * SS 
2 a 3 
er) = WSF a 
ew 2x? + 2X 
71, r(x) = ) 4 72. r(x) = a 


large viewing rectangle to show that they have the same end 
behavior. 


2x? + 6x + 6 
& _ 
- 73. f(x) (a3. 0 q(x) = 2x 
aa ge = 5 
74, = + 
f(x) a a (x) x+4 
75, 4x 2 Ib yes? 
F(X) = a (x) = 
—x* + 2x3 — 2x 
76. = = 2 
6. f(x) i g(%) =1—x 


same end behavior as the rational function, and graph both func- 


73-76 = Graph the rational function f, and determine all vertical 
~ asymptotes from your graph. Then graph f and g in a sufficiently 


77-82 = Graph the rational function, and find all vertical asymp- 
~~ totes, x- and y-intercepts, and local extrema, correct to the nearest 
decimal. Then use long division to find a polynomial that has the 
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tions in a sufficiently large viewing rectangle to verify that the end 
behaviors of the polynomial and the rational function are the same. 


2x? — 5x 
wy 2x +3 

x? — 3x? + x? — 3x +3 
78. 
oy x? — 3x 

x? x4 
MY 34 Oa 

x? — 3x3 + 6 4 + x? — x? 
81. r(x) = ¥=5 82. 1 (Xx) Za] 
APPLICATIONS 


©. 83. Population Growth Suppose that the rabbit population 


on Mr. Jenkins’ farm follows the formula 


3000t 
ad 
where t = 0 is the time (in months) since the beginning of 
the year. 
(a) Draw a graph of the rabbit population. 
(b) What eventually happens to the rabbit population? 


. Drug Concentration After a certain drug is injected into 
a patient, the concentration c of the drug in the bloodstream is 
monitored. At time t = 0 (in minutes since the injection), the 
concentration (in mg/L) is given by 
_ _30t 
t? +2 
(a) Draw a graph of the drug concentration. 


(b) What eventually happens to the concentration of drug in 
the bloodstream? 


. Drug Concentration A drug is administered to a patient, 
and the concentration of the drug in the bloodstream is moni- 
tored. At time t = 0 (in hours since giving the drug), the con- 
centration (in mg/L) is given by 


5t 

ee) t?+1 

Graph the function c with a graphing device. 

(a) What is the highest concentration of drug that is reached 
in the patient’s bloodstream? 

(b) What happens to the drug concentration after along pe- 
riod of time? 

(c) How long does it take for the concentration to drop below 
0.3 mg/L? 
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86. Flight of aRocket Suppose a rocket is fired upward from 


the surface of the earth with an initial velocity v (measured in 
meters per second). Then the maximum height h (in meters) 
reached by the rocket is given by the function 


) Rv? 
\ Sie 
2gR — v? 


where R = 6.4 x 10° mis the radius of the earth and 

g = 9.8 m/s? is the acceleration due to gravity. Use a graphing 
device to draw a graph of the function h. (Note that h and v 
must both be positive, so the viewing rectangle need not con- 
tain negative values.) What does the vertical asymptote repre- 
sent physically? 


. The Doppler Effect Asa train moves toward an observer 
(see the figure), the pitch of its whistle sounds higher to the ob- 
server than it would if the train were at rest, because the crests 
of the sound waves are compressed closer together. This phe- 
nomenon is called the D oppler effect. The observed pitch P isa 
function of the speed v of the train and is given by 


So 
P 
(5 = :) 


where P, is the actual pitch of the whistle at the source and 
So = 332 m/s is the speed of sound in air. Suppose that a 
train has a whistle pitched at P, = 440 Hz. Graph the func- 
tion y = P(v) using a graphing device. How can the vertical 
asymptote of this function be interpreted physically? 


P(v) = 


. Focusing Distance For a camera with a lens of fixed fo- 
cal length F to focus on an object located a distance x from the 
lens, the film must be placed a distance y behind the lens, 
where F ,, x, and y are related by 


(See the figure.) Suppose the camera has a55-mm lens (F = 55). 

(a) Express y as a function of x and graph the function. 

(b) What happens to the focusing distance y as the object 
moves far away from the lens? 

(c) What happens to the focusing distance y as the object 
moves close to the lens? 


N 
ees 


= 
SS a 
SS a 
= Ze 
Se 
‘ { 
a 
a SS 
a Si 
Pa ‘s 
we 
i 7 
kK x > F >| 


DISCOVERY DISCUSSION = WRITING 


90. 


91, 


92. 


Constructing a Rational Function from Its Asymp- 
totes Give an example of a rational function that has verti- 
cal asymptote x = 3. Now give an example of one that has 
vertical asymptote x = 3 and horizontal asymptote y = 2. 
Now give an example of a rational function with vertical as- 
ymptotes x = 1 and x = —1, horizontal asymptote y = 0, and 
x-intercept 4. 


A Rational Function with No Asymptote Explain 
how you can tell (without graphing it) that the function 


+10 
x4 + 8x? +15 


r(x) 


has no x-intercept and no horizontal, vertical, or slant asymp- 
tote. W hat is its end behavior?’ 


Graphs with Holes __ In this chapter we adopted the con- 
vention that in rational functions, the numerator and denomi- 
nator don’t share a common factor. In this exercise we con- 
sider the graph of a rational function that does not satisfy this 
rule. 

(a) Show that the graph of 


3x? — 3x — 6 
Xx-2 
is the line y = 3x + 3 with the point (2, 9) removed. 


[Hint: Factor. What is the domain of r?] 
(b) Graph the rational functions: 


r(x) = 


gets 
x+5 
2x*-x-1 
t a 
(x) =1 
x-2 
oy 


Transformations of y= 1/x?_ In Example 2 we saw 
that some simple rational functions can be graphed by shift- 
ing, stretching, or reflecting the graph of y = 1/x. In this exer- 
cise we consider rational functions that can be graphed by 
transforming the graph of y = 1/x?, shown on the following 
page. 

(a) Graph the function 


1 


Mea 


by transforming the graph of y = 1/x. 
(b) Use long division and factoring to show that the function 


Ce ie te 
x*+2x4+1 
can be written as 
3 
§(x) = 2 + —— 7, 
(x) (x +1) 


Then graph s by transforming the graph of y = 1/x. 


(c) One of the following functions can be graphed by trans- 
forming the graph of y = 1/x?; the other cannot. Use 
transformations to graph the one that can be, and explain 
why this method doesn’t work for the other one. 

2 — 3x? 


(x) =. go 2S 
oie Cy oy ae ee ee | 
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1. (a) Write the defining equation for a polynomial P of 
degree n. 


(b) What does it mean to say that c is a zero of P? 


2. Sketch graphs showing the possible end behaviors of 
polynomials of odd degree and of even degree. 


3. What steps would you follow to graph a polynomial by hand? 


4. (a) What is meant by a local maximum point or local 
minimum point of a polynomial? 
(b) How many local extrema can a polynomial of degree n 
have? 
5. State the Division Algorithm and identify the dividend, 
divisor, quotient, and remainder. 
6. How does synthetic division work? 
7. (a) State the Remainder Theorem. 
(b) State the Factor Theorem. 
8. (a) State the Rational Zeros Theorem. 
(b) What steps would you take to find the rational zeros of a 
polynomial? 


9. State Descartes’ Rule of Signs. 


M EXERCISES 


10. (a) What does it mean to say that a is a lower bound and b is 
an upper bound for the zeros of a polynomial? 


(b) State the Upper and Lower Bounds Theorem. 


11. (a) State the Fundamental Theorem of Algebra. 
(b) State the Complete Factorization Theorem. 
(c) What does it mean to say that c is a zero of multiplicity k 
of a polynomial P? 
(d) State the Zeros Theorem. 
(e) State the Conjugate Zeros Theorem. 


12. (a) What is a rational function? 

(b) What does it mean to say that x = a is a vertical 
asymptote of y = f(x)? 

(c) How do you locate a vertical asymptote? 

(d) What does it mean to say that y = b is a horizontal 
asymptote of y = f(x)? 

(e) How do you locate a horizontal asymptote? 

(f) What steps do you follow to sketch the graph of a 
rational function by hand? 

(g) Under what circumstances does a rational function have a 
slant asymptote? If one exists, how do you find it? 

(h) How do you determine the end behavior of a rational 
function? 


1-4 m A quadratic function is given. (a) Express the function in 
standard form. (b) Graph the function. 


1. f(x) =x? + 4x41 

2. f(x) = —2x? + 12x + 12 
3. g(X) = 1+ 8x —- x? 

4. g(x) = 6x — 3x? 


5-6 @ Find the maximum or minimum value of the quadratic 
function. 
5. f(x) = 2x? + 4x —5 
6. g(x) =1-—x-x? 
7. A stone is thrown upward from the top of a building. Its height 
(in feet) above the ground after t seconds is given by the func- 


tion h(t) = —16t? + 48t + 32. What maximum height does 
the stone reach? 


8. The profit P (in dollars) generated by selling x units of a cer- 
tain commodity is given by the function 


P(x) = —1500 + 12x — 0.004x? 


W hat is the maximum profit, and how many units must be sold 
to generate it? 


9-14 m Graph the polynomial by transforming an appropriate 
graph of the form y = x". Show clearly all x- and y-intercepts. 


9, P(x) = —x3? + 64 

10. P(x) = 2x3 — 16 

11. P(x) = 2(x + 1)4 - 32 
12. P(x) = 81 — (x — 3)4 
13, P(x) = 32 + (x — 1) 
14, P(x) = —3(x + 2)3 + 96 
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15-16 = A polynomial function P is given. (a) Determine the 
multiplicity of each zero of P. (b) Sketch a graph of P. 


15. P(x) = x3(x — 2) 16. P(x) = x(x + 1)3(x — 1)? 


= 17-20 m= Usea graphing device to graph the polynomial. Find 


7 the x- and y-intercepts and the coordinates of all local extrema, 
correct to the nearest decimal. Describe the end behavior of the 
polynomial. 

17, P(x) =x? - 4x +1 18. P(x) = —2x? + 6x? — 2 
19. P(x) = 3x* — 4x? - 10x -1 

20. P(x) = x>° + x4 — 7x3 — x? + 6x +3 

21. The strength S of a wooden beam of width x and depth y is 


given by the formula S = 13.8xy*. A beam is to be cut froma 
log of diameter 10 in., as shown in the figure. 


(a) Express the strength S of this beam as a function of x only. 
(b) What is the domain of the function S? 

ey (c) Draw a graph of S. 

~ (d) What width will make the beam the strongest? 


22. A small shelter for delicate plants is to be constructed of thin 
plastic material. It will have square ends and a rectangular top 
and back, with an open bottom and front, as shown in the 
figure. The total area of the four plastic sides is to be 1200 in? 
(a) Express the volume V of the shelter as a function of the 

depth x. 

(b) Draw a graph of V. 

(c) What dimensions will maximize the volume of the shelter? 


y 


Xx 


23-30 m Find the quotient and remainder. 


a Pia 
23, xX 3x +5 2A, X x-—12 
x-2 x-3 
B= age. ae Se Qos 
25, Xx x* + 11x 4+ 2 26. Xx 2x 10 
x-4 Xx+3 
4 _ 2 4 4 3 
27, X 8x° + 2x +7 28. 2X" + 3X 12 
x+5 x+4 
2x3 +x?-— 8x4+15 x4 — 2x? + 7x 
29. 30. ——___ 
x? +2x-1 x?-x +3 


31-32 m Find the indicated value of the polynomial using the 
Remainder Theorem. 


31. P(x) = 2x3 — 9x? — 7x + 13; find P(5) 
32. Q(x) = x* + 4x3 + 7x? + 10x + 15; find Q(—3) 
33. Show that 5 is a zero of the polynomial 

P(x) = 2x4 + x3? — 5x2 + 10x — 4 


34. Use the Factor Theorem to show that x + 4 is a factor of the 
polynomial 


P(x) = x° + 4x4 — 7x3 — 23x? + 23x + 12 
35. What is the remainder when the polynomial 
P(x) = x00 + 6x70! — x2 - 2x +4 
is divided by x — 1? 
36. What is the remainder when x1" — x* + 2 is divided by x + 1? 


37-38 = A polynomial P is given. (a) List all possible rational 
zeros (without testing to see whether they actually are zeros). 
(b) Determine the possible number of positive and negative real 
zeros using Descartes’ Rule of Signs. 

37. P(x) = x° — 6x? — x? + 2x + 18 

38. P(x) = 6x4 + 3x37 + x24 3x44 


39-46 m A polynomial P is given. (a) Find all real zeros of P, and 
state their multiplicities. (b) Sketch the graph of P. 


39. P(x) = x? — 16x 


40. P(x) = x? — 3x? — 4x 

41. P(x) = x4 + x3 — 2x? 

42. P(x) =x*— 5x? +4 

43. P(x) = x? — 2x3 — 7x? + 8x + 12 

44, P(x) = x* — 2x3 — 2x? + 8x — 8 

45. P(x) = 2x4 + x3 + 2x? — 3x —2 

46. P(x) = 9x° — 21x4 + 10x? + 6x? — 3x -1 


47. Find a polynomial of degree 3 with constant coefficient 12 and 
zeros —}, 2, and 3. 


48. Find a polynomial of degree 4 that has integer coefficients and 
zeros 3i and 4, with 4 a double zero. 


49. Does there exist a polynomial of degree 4 with integer 
coefficients that has zeros i, 2i, 3i, and 4i? If so, find it. If not, 
explain why. 


50. Prove that the equation 3x* + 5x? + 2 = 0 has no real root. 


51-60 m Find all rational, irrational, and complex zeros (and state 
their multiplicities). Use Descartes’ Rule of Signs, the Upper and 
Lower Bounds Theorem, the Quadratic Formula, or other factoring 
techniques to help you whenever possible. 


51. P(x) = x? — 3x? — 13x + 15 
52. P(x) = 2x? + 5x? — 6x — 9 
53. P(x) = x* + 6x? + 17x? + 28x + 20 


= x4 + 7x3 + 9x? — 17x — 20 
= x? — 3x4 x3 4+ 11x? 12x + 4 


BA. P(x) 
55. P(x) 
56. P(x) 
57. P(x) = x® — 64 
P(x) 
P(x) 
P(x) 


58. = 18x? + 3x?- 4x -1 
59. = 6x* — 18x? + 6x? — 30x + 36 
60. 


we 61-64 m Use a graphing device to find all real solutions of the 
~ equation. 


61. 2x? =5x +3 

62. x? + x* — 14x - 24=0 
63. x* — 3x? — 3x? - 9x -2 =0 
64. x°=x4+3 


65-66 = A polynomial function P is given. Find all the real zeros 
of P, and factor P completely into linear and irreducible quadratic 
factors with real coefficients. 


65. P(x) =x?-2x-4 66. P(x) = x' + 3x? - 4 


CHAPTER 4 | Review 331 


67-72 = Graph the rational function. Show clearly all x- and 
y-intercepts and asymptotes. 


3x — 12 1 
67. r(x) = ‘od 68. r(x) = (+2)? 
x= 2 20 = Gk 7 
69. r(x) = =o =o 70. r(x) = er 
x? — 9 Cag 
71, (xX) = eae 72, (xX) = er 


se) 73-76 m Usea graphing device to analyze the graph of the 
~ rational function. Find all x- and y-intercepts and all vertical, 


horizontal, and slant asymptotes. If the function has no horizontal 
or slant asymptote, find a polynomial that has the same end behav- 
ior as the rational function. 


x-3 2x-—7 

73. r(x) = x6 74, r(x) = aaa 
x34 8 2x3 — x? 

75. r(x) = agus 76. r(x) = <1 


77. Find the coordinates of all points of intersection of the 
graphs of 


y=xt+x?4+ 24x andy = 6x? + 20 
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1. Express the quadratic function f(x) = x? — x — 6 in standard form, and sketch its graph. 
2. Find the maximum or minimum value of the quadratic function g(x) = 2x? + 6x + 3. 


3. A cannonball fired out to sea from a shore battery follows a parabolic trajectory given by the 
graph of the equation 
h(x) = 10x — 0.01x? 
where h(x) is the height of the cannonball above the water when it has traveled a horizontal 
distance of x feet. 
(a) What is the maximum height that the cannonball reaches? 
(b) How far does the cannonball travel horizontally before splashing into the water? 


4. Graph the polynomial P(x) = —(x + 2)? + 27, showing clearly all x- and y-intercepts. 


5. (a) Use synthetic division to find the quotient and remainder when x4 — 4x? + 2x + 5is 
divided by x — 2. 
(b) Use long division to find the quotient and remainder when 2x° + 4x4 — x3 — x? + Tis 
divided by 2x? — 1. 
6. Let P(x) = 2x? — 5x? — 4x + 3. 
(a) List all possible rational zeros of P. 
(b) Find the complete factorization of P. 
(c) Find the zeros of P. 
(d) Sketch the graph of P. 


7. Find all real and complex zeros of P(x) = x? — x? — 4x - 6. 


8. Find the complete factorization of P(x) = x* — 2x3? + 5x? — 8x + 4. 
9. Find a fourth-degree polynomial with integer coefficients that has zeros 3) and —1, with —1 
a zero of multiplicity 2. 
10. Let P(x) = 2x* — 7x3 + x? — 18x + 3. 
(a) Use Descartes’ Rule of Signs to determine how many positive and how many negative 
real zeros P can have. 
(b) Show that 4 is an upper bound and —1 is a lower bound for the real zeros of P. 
se) (c) Draw agraph of P, and use it to estimate the real zeros of P, correct to two decimal places. 
: (d) Find the coordinates of all local extrema of P, correct to two decimals. 


11. Consider the following rational functions: 


ioec2—. gga By 


aa 
axe? 2+ 4 


X+2 


(a) Which of these rational functions has a horizontal asymptote? 
(b) Which of these functions has a slant asymptote? 
(c) Which of these functions has no vertical asymptote? 
(d) Graph y = u(x), showing clearly any asymptotes and x- and y-intercepts the function 
may have. 
(e) Use long division to find a polynomial P that has the same end behavior as t. Graph both 
~ P and ton the same screen to verify that they have the same end behavior. 


FOCUS ON MODELING 


Fitting Polynomial Curves to Data 


We have learned how to fit a line to data (see Focus on Modeling, page 171). The line 
models the increasing or decreasing trend in the data. If the data exhibit more variability, 
such as an increase followed by a decrease, then to model the data, we need to use a curve 
rather than a line. Figure 1 shows a scatter plot with three possible models that appear to 
fit the data. Which model fits the data best? 


ay 


Linear model Quadratic model Cubic model 


FIGURE 1 


V Polynomial Functions as Models 


Polynomial functions are ideal for modeling data for which the scatter plot has peaks or 
valleys (that is, local maxima or minima). For example, if the data have a single peak as 
in Figure 2(a), then it may be appropriate to use a quadratic polynomial to model the data. 
The more peaks or valleys the data exhibit, the higher the degree of the polynomial needed 
to model the data (see Figure 2). 


y y m= «CY r 
ny ee? e ° : - e e 
*%. % . e me a e 
° A o se one ‘ e . e “a 
> i > ° > 
x x x 
(a) (b) (c) 
FIGURE 2 


Graphing calculators are programmed to find the polynomial of best fit of a specified 
degree. As is the case for lines (See page 172), a polynomial of a given degree fits the data 
best if the sum of the squares of the distances between the graph of the polynomial and 
the data points is minimized. 


EXAMPLE 1 | Rainfall and Crop Yield 
Rain is essential for crops to grow, but too much rain can diminish crop yields. The data 
give rainfall and cotton yield per acre for several seasons in a certain county. 


(a) Makea scatter plot of the data. W hat degree polynomial seems appropriate for 
modeling the data? 


(b) Use a graphing calculator to find the polynomial of best fit. Graph the polynomial 
on the scatter plot. 


(c) Use the model that you found to estimate the yield if there are 25 in. of rainfall. 
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Season Rainfall (in.) Yield (kg/acre) 
1 23.3 5311 
2 20.1 4382 
3 18.1 3950 
4 12.5 3137 
5 30.9 5113 
6 33.6 4814 
7 35.8 3540 
8 15.5 3850 
9 27.6 5071 

10 34.5 3881 


SOLUTION 


(a) The scatter plot is shown in Figure 3. The data appear to have a peak, so it is ap- 
propriate to model the data by a quadratic polynomial (degree 2). 


6000 


1 
1500 


FIGURE 3 Scatter plot of yield 
vs. rainfall data 


(b) Using a graphing calculator, we find that the quadratic polynomial of best fit is 
y = —12.6x? + 651.5x — 3283.2 


The calculator output and the scatter plot, together with the graph of the quadratic 
model, are shown in Figure 4. 


6000 


QuadReg 
y=ax2+bxtc 
a=-12.6271745 
b=651.5470392 


c=-3283.15741 


(a) 
FIGURE 4 


(c) Using the model with x = 25, we get 
y = —12.6(25)? + 651.5(25) — 3283.2 ~ 5129.3 
We estimate the yield to be about 5130 kg/acre. 
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EXAMPLE 2 | Length-at-Age Data for Fish 


Otoliths (“earstones”) are tiny structures that are found in the heads of fish. Microscopic 
growth rings on the otoliths, not unlike growth rings on a tree, record the age of a fish. 
The table gives the lengths of rock bass caught at different ages, as determined by the 
otoliths. Scientists have proposed a cubic polynomial to model this data. 


(a) Usea graphing calculator to find the cubic polynomial of best fit for the data. 
(b) Make a scatter plot of the data and graph the polynomial from part (a). 
(c) A fisherman catches a rock bass 20 in. long. Use the model to estimate its age. 


Otoliths for several fish species 


Age (yr) Length (in.) Age (yr) Length (in.) 
1 48 9 18.2 
2 8.8 9 17.1 
2 8.0 10 18.8 
| 79 10 19.5 
4 11.9 11 18.9 
5 14.4 12 21.7 
6 14.1 12 21.9 
6 15.8 13 23.8 
7 15.6 14 26.9 
8 17.8 14 2521 
SOLUTION 
(a) Using a graphing calculator (see Figure 5(a)), we find the cubic polynomial of 
best fit: 


y = 0.0155x? — 0.372x? + 3.95x + 1.21 
(b) The scatter plot of the data and the cubic polynomial are graphed in Figure 5(b). 


CubicReg 
y=ax3+bx2+cxt+d 
a=.0154911306 
b=—.372473323 


c=3.94608636 
d=1.21080418 


(a) (b) 
FIGURE 5 


(c) Moving the cursor along the graph of the polynomial, we find that y = 20 when 
x ~ 10.8. Thus, the fish is about 11 years old. a) 


PROBLEMS 


1. Tire Inflation and Treadwear Car tires need to be inflated properly. Overinflation or 
underinflation can cause premature treadwear. The data and scatter plot on the next page 
show tire life for different inflation values for a certain type of tire. 


(a) Find the quadratic polynomial that best fits the data. 
(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
(c) Use your result from part (b) to estimate the pressure that gives the longest tire life. 
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Pressure Tire life y (mi) 4 

(Ib/in?) (mi) 80,000 + x * 

26 50,000 70,000 + .  % 

28 66,000 u 

31 78,000 ged " 

35 81,000 50,000 + se 

38 74,000 i “ 
42 70,000 0 25 30 35 40 45 50_ x (Ib/in2) 
45 59,000 


2. Too Many Corn Plants per Acre? The more corn a farmer plants per acre, the greater 
is the yield the farmer can expect, but only up to a point. Too many plants per acre can cause 
overcrowding and decrease yields. The data give crop yields per acre for various densities of 
corn plantings, as found by researchers at a university test farm. 


(a) Find the quadratic polynomial that best fits the data. 
(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
(c) Use your result from part (b) to estimate the yield for 37,000 plants per acre. 


Density Crop yield 
(plants/acre) | (bushels/acre) 
15,000 43 
20,000 98 
25,000 118 
30,000 140 
35,000 142 
40,000 122 
45,000 93 
50,000 67 


3. How Fast Can You List Your Favorite Things? _|f you are asked to make a list of 
objects in a certain category, how fast you can list them follows a predictable pattern. For ex- 
ample, if you try to name as many vegetables as you can, you'll probably think of several 
right away— for example, carrots, peas, beans, corn, and so on. Then after a pause you might 
think of ones you eat less frequently— perhaps zucchini, eggplant, and asparagus. Finally, a 
few more exotic vegetables might come to mind— artichokes, jicama, bok choy, and the like. 
A psychologist performs this experiment on a number of subjects. The table below gives the 
average number of vegetables that the subjects named by a given number of seconds. 


(a) Find the cubic polynomial that best fits the data. 

(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 

(c) Use your result from part (b) to estimate the number of vegetables that subjects would 
be able to name in 40 seconds. 

(d) According to the model, how long (to the nearest 0.1 second) would it take a person to 
name five vegetables? 


Number of 
Seconds vegetables 
1 2 
2 6 
5 10 
10 12 
15 14 
20 15 
25 18 
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4. Clothing Sales Are Seasonal Clothing sales tend to vary by season, with more 
clothes sold in spring and fall. The table gives sales figures for each month at a certain cloth- 
ing store. 


(a) Find the quartic (fourth-degree) polynomial that best fits the data. 
(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
(c) Do you think that a quartic polynomial is a good model for these data? Explain. 


Month Sales ($) 
January 8,000 
February 18,000 
March 22,000 
April 31,000 
May 29,000 
June 21,000 
July 22,000 
August 26,000 
September 38,000 
October 40,000 
November 27,000 
December 15,000 


5. Height of a Baseball A baseball is thrown upward, and its height measured at 
0.5-second intervals using a strobe light. The resulting data are given in the table. 


(a) Draw a scatter plot of the data. What degree polynomial is appropriate for modeling 
the data? 


(b) Find apolynomial model that best fits the data, and graph it on the scatter plot. 
(c) Find the times when the ball is 20 ft above the ground. 
(d) What is the maximum height attained by the ball? 


Time (s) Height (ft) 
0 4.2 
0.5 26.1 
1.0 40.1 
15 46.0 
2.0 43.9 
2.5 33.7 
3.0 15.8 


6. Torricelli’s Law Water in a tank will flow out of a small hole in the bottom faster when 
the tank is nearly full than when it is nearly empty. According to Torricelli’s Law, the height 
h(t) of water remaining at time t is a quadratic function of t. 

A certain tank is filled with water and allowed to drain. The height of the water is mea- 
sured at different times as shown in the table. 


(a) Find the quadratic polynomial that best fits the data. 
(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 


(c) Use your graph from part (b) to estimate how long it takes for the tank to drain 
completely. 


Time (min) | Height (ft) 


0 5.0 
4 3:1 
8 19 
12 0.8 
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EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


5.1 Exponential Functions 


5.2 The Natural Exponential 
Function 


5.3 Logarithmic Functions 
5.4 Laws of Logarithms 


5.5 Exponential and Logarithmic 
Equations 


5.6 Modeling with Exponential 
and Logarithmic Functions 


FOCUS ON MODELING 
Fitting Exponential and Power 
Curves to Data 


In this chapter we study a class of functions called exponential functions. 
These are functions, like f(x) = 2%, where the independent variable is in the 
exponent. Exponential functions are used in modeling many real-world phe- 
nomena, such as the growth of a population or the growth of an investment 
that earns compound interest. Once an exponential model is obtained, we can 
use the model to predict population size or calculate the amount of an invest- 
ment for any future date. To find out when a population will reach a certain 
level, we use the inverse functions of exponential functions, called logarithmic 
functions. So if we have an exponential model for population growth, we can 
answer questions like: When will my city be as crowded as the N ew York City 
street pictured above? 
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5.1 EXPONENTIAL FUNCTIONS 


The Laws of Exponents are listed on 
page 16. 


Exponential Functions ® Graphs of Exponential Functions > Compound 
Interest 


In this chapter we study a new class of functions called exponential functions. For example, 
f(x) = 2° 


is an exponential function (with base 2). Notice how quickly the values of this function 
increase: 


f3) =23=8 
f(10) = 2° = 1024 
f(30) = 23° = 1,073,741,824 


Compare this with the function g(x) = x’, where g(30) = 30? = 900. The point is that 
when the variable is in the exponent, even a small change in the variable can cause a dra- 
matic change in the value of the function. 


V Exponential Functions 


To study exponential functions, we must first define what we mean by the exponential ex- 
pression a” when x is any real number. In Section P.4 we defined a” for a > 0 and x a ra- 
tional number, but we have not yet defined irrational powers. So what is meant by 5¥? or 
27? To define a* when x is irrational, we approximate x by rational numbers. 

For example, since 


V3 = 1.73205... 


is an irrational number, we successively approximate a? by the following rational powers: 
aly, qi?3 qh 732 ql-7320, qb73205 ee 


Intuitively, we can see that these rational powers of a are getting closer and closer to aY?, It 
can be shown by using advanced mathematics that there is exactly one number that these 
powers approach. We define a? to be this number. 
For example, using a calculator, we find 
5V3 mw 51-732 


= 16.2411... 
The Mole decimal places of /3 we use in our calculation, the better our approximation 
of 5¥°, 


It can be proved that the Laws of Exponents are still true when the exponents are real 
numbers. 


EXPONENTIAL FUNCTIONS 


The exponential function with base ais defined for all real numbers x by 


fx) =a" 
wherea > Oanda #1. 


We assume that a # 1 because the function f(x) = 1* = 1 is just a constant function. 
Here are some examples of exponential functions: 


F(X) = 2" — g(x) = 3% h(x) = 10* 


Base 2 Base 3 Base 10 
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EXAMPLE 1 | Evaluating Exponential Functions 


Let f(x) = 3%, and evaluate the following: 


(a) f(2) (b) f(—3) 
(c) f(z) (d) f(V2) 
SOLUTION Weuse a calculator to obtain the values of f. 

Calculator keystrokes Output 
(a) f(2) = 7=9 3|/a]/2]/ enter 9 
(b) f(-3) = 3°77 ~ 0.4807 BI[AI[C( (2) |B]D][enter] [0.4807498 
(c) f(a) = 37 = 31.544 3]{A][7][ ENTER 31.5442807 
(d) f(V2) = 3%? ~ 4.7288 3][A][V][2]] enter 4.7288043 
®. NOW TRY EXERCISE 5 B 


V Graphs of Exponential Functions 


We first graph exponential functions by plotting points. We will see that the graphs of such 
functions have an easily recognizable shape. 


EXAMPLE 2 | Graphing Exponential Functions by Plotting Points 
Draw the graph of each function. 


@ 50-38 tb) x) = (3) 


SOLUTION We calculate values of f(x) and g(x) and plot points to sketch the graphs 
in Figure 1. 


x f@)=3" | g&)= (3) 
-3 + 27 
2 : 9 
=] 3 3 
0 1 1 
1 3 ; 
2 9 $ 
3 27 + 
FIGURE 1 
Notice that 


Reflecting graphs is explained in so we could have obtained the graph of g from the graph of f by reflecting in the y-axis. 
Section 3.5. 


©. NOW TRY EXERCISE 15 | 
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To see just how quickly f(x) = 2* in- 
creases, let's perform the following 
thought experiment. Suppose we 

start with a piece of paper that is a 
thousandth of an inch thick, and we 
fold it in half 50 times. Each time we 
fold the paper, the thickness of the 
paper stack doubles, so the thickness of 
the resulting stack would be 2°°/1000 
inches. How thick do you think that is? 
It works out to be more than 17 million 
miles! 


FIGURE 2 A family of exponential 
functions 


See Section 4.6, page 315, where the 
“arrow notation” used here is explained. 


Figure 2 shows the graphs of the family of exponential functions f(x) = a* for various 
values of the base a. All of these graphs pass through the point (0, 1) because a° = 1 for 
a #0. You can see from Figure 2 that there are two kinds of exponential functions: If 
0 <a <1, the exponential function decreases rapidly. If a > 1, the function increases 
rapidly (see the margin note). 


The x-axis is a horizontal asymptote for the exponential function f(x) = a*. This is be- 
cause when a > 1, we have a* — 0 as X — —oo, and when 0 < a <1, wehavea* > 0 
as X — oo (see Figure 2). Also, a > 0 for all x € R, so the function f(x) = a* has do- 
main R and range (0, oo). These observations are summarized in the following box. 


GRAPHS OF EXPONENTIAL FUNCTIONS 
The exponential function 
f(x) = a* (a>0,a #1) 


has domain R and range (0, co). The line y = 0 (the x-axis) is a horizontal as- 
ymptote of f. The graph of f has one of the following shapes. 


yA 


0 0 


f(x) =a*fora>1 f(x) = a* forO<a<1 


EXAMPLE 3 | Identifying Graphs of Exponential Functions 


Find the exponential function f(x) = a* whose graph is given. 
(a) (b) 
(2, 25) 


Shifting and reflecting of graphs is 
explained in Section 3.5. 


FIGURE 3 
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SOLUTION 

(a) Since f(2) = a? = 25, we see that the base is a = 5. So f(x) = 5%. 

(b) Since f(3) = a> = 3, we see that the base is a = 3. So f(x) = (3)". 

©. NOW TRY EXERCISE 19 | 


In the next example we see how to graph certain functions, not by plotting points, but 
by taking the basic graphs of the exponential functions in Figure 2 and applying the shift- 
ing and reflecting transformations of Section 3.5. 


EXAMPLE 4 | Transformations of Exponential Functions 


Use the graph of f(x) = 2* to sketch the graph of each function. 
(a) g(x) =1+2* — (b) h(x) = —2* (c) k(x) = 2*72 


SOLUTION 

(a) To obtain the graph of g(x) = 1 + 2*, westart with the graph of f(x) = 2* and shift 
it upward 1 unit. Notice from Figure 3(a) that the line y = 1 is now a horizontal 
asymptote. 

(b) Again we start with the graph of f(x) = 2*, but here we reflect in the x-axis to get 
the graph of h(x) = —2* shown in Figure 3(b). 

(c) This time we start with the graph of f(x) = 2* and shift it to the right by 1 unit to 
get the graph of k(x) = 2%! shown in Figure 3(c). 


Horizontal 
asymptote 


(a) 


©. NOW TRY EXERCISES 25, 27, AND 31 a 


EXAMPLE 5 | Comparing Exponential and Power Functions 


Compare the rates of growth of the exponential function f(x) = 2* and the power 
function g(x) = x? by drawing the graphs of both functions in the following viewing 
rectangles. 


(a) [0, 3] by [0,8] 
(b) [0, 6] by [0, 25] 
(c) [0, 20] by [0, 1000] 
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SOLUTION 


(a) Figure 4(a) shows that the graph of g(x) = x? catches up with, and becomes higher 
than, the graph of f(x) = 2* atx = 2. 

(b) The larger viewing rectangle in Figure 4(b) shows that the graph of f(x) = 2” over- 
takes that of g(x) = x? when x = 4. 


(c) Figure 4(c) gives a more global view and shows that when x is large, f(x) = 2” is 
much larger than g(x) = x?. 


8 1000 
0 3 0 = 20 
FIGURE 4 (a) (c) 
® NOW TRY EXERCISE 41 o 


Vv Compound Interest 


Exponential functions occur in calculating compound interest. If an amount of money P, 
called the principal, is invested at an interest rate i per time period, then after one time 
period the interest is Pi, and the amount A of money is 


A=P +Pi=P(1+i) 


If the interest is reinvested, then the new principal is P(1 + i), and the amount after an- 
other time period is A = P(1 + i)(1 + i) = P(1 + i). Similarly, after a third time pe- 
riod the amount is A = P(1 + i)*. In general, after k periods the amount is 
A =P(1+i)k 
Notice that this is an exponential function with base 1 + i. 
If the annual interest rate is r and if interest is compounded n times per year, then in 


each time period the interest rate is i = r/n, and there are nt time periods in t years. This 
leads to the following formula for the amount after t years. 


COMPOUND INTEREST 


Compound interest is calculated by the formula 


A(t) = (a # r)" 


where A(t) = amount after t years 
P = principal 
r = interest rate per year 
n = number of times interest is compounded per year 
t = number of years 


r is often referred to as the nominal 
annual interest rate. 


EXAMPLE 6 | Calculating Compound Interest 


A sum of $1000 is invested at an interest rate of 12% per year. Find the amounts in the 
account after 3 years if interest is compounded annually, semiannually, quarterly, 
monthly, and daily. 


Simple interest is studied 
in Section 1.2. 
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SOLUTION Weuse the compound interest formula with P = $1000, r = 0.12, andt = 3. 
Compounding n Amount after 3 years 
1(3) 
Annual 1 1000(1 + a = $1404.93 
; 0.12 \* 
Semiannual 2 1000|1 + > = $1418.52 
0.12 \*°) 
Quarterly 4 1000(1 aa ) = $1425.76 
0.12 \ #0) 
M onthly 12 1000(1 +o ) = $1430.77 
0.12 365(3) 
Daily 365 1000(1 + 7 = $1433.24 
®. NOW TRY EXERCISE 51 | 


If an investment earns compound interest, then the annual percentage yield (APY ) is 
the simple interest rate that yields the same amount at the end of one year. 


EXAMPLE 7 | Calculating the Annual Percentage Yield 


Find the annual percentage yield for an investment that earns interest at a rate of 6% per 
year, compounded daily. 


SOLUTION After one year, a principal P will grow to the amount 


0,06 (3 
A= (a + | = P(1.06183) 
The formula for simple interest is 

A=P(1 +r) 


Comparing, we see that 1 + r = 1.06183, so r = 0.06183. Thus, the annual percentage 
yield is 6.183%. 


©. NOW TRY EXERCISE 57 a 


CONCEPTS 


1. The function f(x) = 5* is an exponential function with base 


,and f(6) = 

2. Match the exponential function with its graph. 
(a) f(x) = 2" 

(b) f(x) = 2° 

(c) f(x) = —2" 

(d) f(x) = —2% 


Ss 5. f(x) = 4% ual! 
FOR S FH 15)FV3) Fe) -7) 
g(x) = GY" (1.3), g(V5), g(2x), o(—3) 
a(x) = (3) (0.7), g(-V7/2), gA/7), 9(3) 
9-14 m Sketch the graph of the function by making a table of 
values. Use a calculator if necessary. 
9. f(x) = 2* 10. g(x) = 8% 
UL. f(x) = G)" 12. h(x) = (1.1) 
13. g(x) = 3(1.3)* 14, h(x) = 2(3)" 
15-18 m Graph both functions on one set of axes. 
15. f(x) =2* and g(x) = 27 
16. f(x) =3-* and g(x) = (3)" 
17. f(x) = 4 and g(x) =7* 
18. f(x) = 3) and g(x) =) 
19-22 m Find the exponential function f(x) = a* whose graph is 
given. 
© 219, 20. 
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3. (a) To obtain the graph of g(x) = 2% — 1, we start with the 


graph of f(x) = 2” and shift it 
(upward/downward) 1 unit. 


(b) To obtain the graph of h(x) = 2*~1, we start with the 


graph of f(x) = 2* and shift it to the 
(left/right) 1 unit. 


4. In the formula A(t) = P(1 + 1)" for compound interest the 
letters P, r, n, and t stand for , 


, and , respectively, and 


A(t) stands for . S0 if $100 is invested at an 
interest rate of 6% compounded quarterly, then the amount 


after 2 years is 


SKILLS 


5-10 m Usea calculator to evaluate the function at the indicated 
values. Round your answers to three decimals. 


(2, 9) 


21, 22. ya 

=a, aE: 3 x 
23-24 m Match the exponential function with one of the graphs 
labeled | or Il. 
23. f(x) = 5**? 24. f(x) =5* +1 


25- 


ay 


36 = Graph the function, not by plotting points, but by 


starting from the graphs in Figure 2. State the domain, range, and 
asymptote. 


©2225, 


38. 


39. 


»y=5%*+1 34, 
.yo3s=—10" 36. 
» (a) Sketch the graphs of f(x) = 2* and g(x) 


. If f(x) = 


h(x) = 2441 


= 3(2°). 

(b) How are the graphs related? 

(a) Sketch the graphs of f(x) = 9%? and g(x) = 3%. 

(b) Use the Laws of Exponents to explain the relationship 
between these graphs. 


Compare the functions f(x) = x? and g(x) = 3° by evaluating 
both of them for x = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, and 20. 
Then draw the graphs of f and g on the same set of axes. 


fe +h) Ff) | /10" = 1 
= 10°( i 


10*, show that 


. (a) Compare the rates of growth of the functions f(x) = 2* 


and g(x) = x° by drawing the graphs of both functions in 
the following viewing rectangles. 
(i) [0, 5] by [0, 20] 
(ii) [0,25] by [0, 107] 
(iii) [0,50] by [0, 10°] 
(b) Find the solutions of the equation 2* = x°, rounded to one 
decimal place. 


f=) 42. (a) Compare the rates of growth of the functions f(x) = 3” 


and g(x) = x‘ by drawing the graphs of both functions in 
the following viewing rectangles: 
(i) [—4, 4] by [0, 20] 
(ii) [0, 10] by [0, 5000] 
(iii) [0, 20] by (0, 10°] 
(b) Find the solutions of the equation 3* = x‘, rounded to two 
decimal places. 


| 43-44 m Draw graphs of the given family of functions for 


 ¢ = 0.25, 0.5, 1, 2, 4. How are the graphs related? 
43. f(x) = C2" 44, f(x) = 2° 


= 45-46 m Find, rounded to two decimal places, (a) the intervals on 


= which the function is increasing or decreasing and (b) the range of 
the function. 


45. y = 10*-* 46. y = x2" 


APPLICATIONS 


47. Bacteria Growth A bacteria culture contains 1500 bacte- 
riainitially and doubles every hour. 
(a) Find a function that models the number of bacteria after 
t hours. 
(b) Find the number of bacteria after 24 hours. 


48. Mouse Population A certain breed of mouse was intro- 
duced onto a small island with an initial population of 320 
mice, and scientists estimate that the mouse population is dou- 
bling every year. 

(a) Find a function that models the number of mice after 
t years. 
(b) Estimate the mouse population after 8 years. 


49-50 = Compound Interest An investment of $5000 is de- 
posited into an account in which interest is compounded monthly. 
Complete the table by filling in the amounts to which the invest- 
ment grows at the indicated times or interest rates. 


49. r = 4% 50. t = 5 years 

Time Rate 

(years) | Amount per year} Amount 
1 1% 
2 2% 
3 3% 
4 4% 
5 5% 
6 6% 


©. 51. Compound Interest If $10,000 is invested at an interest 


rate of 3% per year, compounded semiannually, find the value 
of the investment after the given number of years. 


(a) 5 years (b) 10 years 


52. Compound Interest __|f $2500 is invested at an interest 
rate of 2.5% per year, compounded daily, find the value of the 
investment after the given number of years. 

(a) 2 years (b) 3 years (c) 6 years 


(c) 15 years 
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53. Compound Interest _|f $500 is invested at an interest 
rate of 3.75% per year, compounded quarterly, find the value 
of the investment after the given number of years. 

(a) 1 year (b) 2 years (c) 10 years 


54. Compound Interest If $4000 is borrowed at a rate of 
5.75% interest per year, compounded quarterly, find the 
amount due at the end of the given number of years. 

(a) 4 years (b) 6 years (c) 8 years 


55-56 = Present Value The present value of asum of 
money is the amount that must be invested now, at a given rate of 
interest, to produce the desired sum at a later date. 


55. Find the present value of $10,000 if interest is paid at a rate of 
9% per year, compounded semiannually, for 3 years. 


56. Find the present value of $100,000 if interest is paid at a rate 
of 8% per year, compounded monthly, for 5 years. 


57. Annual Percentage Yield Find the annual percentage 
yield for an investment that earns 8% per year, compounded 
monthly. 


58. Annual Percentage Yield Find the annual percentage 
yield for an investment that earns 53% per year, compounded 
quarterly. 


DISCOVERY = DISCUSSION = WRITING 


59. Growth of an Exponential Function Suppose you 
are offered a job that lasts one month, and you are to be very 
well paid. Which of the following methods of payment is more 
profitable for you? 

(a) One million dollars at the end of the month 

(b) Two cents on the first day of the month, 4 cents on the 
second day, 8 cents on the third day, and, in general, 
2" cents on the nth day 


60. The Height of the Graph of an Exponential 


Function Your mathematics instructor asks you to sketch a 
graph of the exponential function 


F(x) = 2" 


for x between 0 and 40, using a scale of 10 units to one inch. 
W hat are the dimensions of the sheet of paper you will need to 
sketch this graph? 


DISCOVERY 


PROJECT Exponential Explosion 


In this project we explore an example about collecting pennies 


that helps us experience how exponential growth works. Y ou 
can find the project at the book companion website: 
www.stewartmath.com 
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5.2 THE NATURAL EXPONENTIAL FUNCTION 


© Garry McMichael /Photo Researchers, Inc. 


The Gateway Arch in St.Louis, Missouri, 
is shaped in the form of the graph of a 
combination of exponential functions 
(nota parabola, as it might first appear). 
Specifically, it is a catenary, which is the 
graph of an equation of the form 


y=ae*+e™) 


(see Exercise 17). This shape was chosen 
because it is optimal for distributing the 
internal structural forces of the arch. 
Chains and cables suspended between 
two points (for example, the stretches of 
cable between pairs of telephone 

poles) hang in the shape of a catenary. 


The notation e was chosen by Leon- 
hard Euler (see page 92), probably 


because it is the first letter of the word 


exponential. 


FIGURE 1. Graph of the natural ex- 
ponential function 


The Number @ The Natural Exponential Function > Continuously 
Compounded Interest 


Any positive number can be used as a base for an exponential function. In this section we 
study the special base e, which is convenient for applications involving calculus. 


Vv The Number e 


The number e is defined as the value that (1 + 1/n)" approaches as n becomes large. (In 
calculus this idea is made more precise through the concept of a limit.) The table shows the 
values of the expression (1 + 1/n)" for increasingly large values of n. 


1 n 

n (2 + *) 

1 2.00000 

5 2.48832 

10 2.59374 

100 2.70481 

1000 2.71692 
10,000 2.71815 
100,000 2.71827 
1,000,000 2.71828 


It appears that, correct to five decimal places, e ~ 2.71828; in fact, the approximate 
value to 20 decimal places is 


e ~ 2.71828182845904523536 


It can be shown that e is an irrational number, so we cannot write its exact value in deci- 
mal form. 


V The Natural Exponential Function 


The number e is the base for the natural exponential function. W hy use such a strange base 
for an exponential function? It might seem at first that a base such as 10 is easier to work 
with. We will see, however, that in certain applications the number e is the best possible 
base. In this section we study how e occurs in the description of compound interest. 


THE NATURAL EXPONENTIAL FUNCTION 


The natural exponential function is the exponential function 


SOS e" 
with base e. It is often referred to as the exponential function. 


Since 2 < e < 3, the graph of the natural exponential function lies between the graphs 
of y = 2% and y = 3%, as shown in Figure 1. 

Scientific calculators have a special key for the function f(x) = e*. We use this key in 
the next example. 


FIGURE 2 
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EXAMPLE 1 | Evaluating the Exponential Function 


Evaluate each expression rounded to five decimal places. 


(a) e° (b) 2e°°°? (c) e*® 

SOLUTION Weuse the/e*|key ona calculator to evaluate the exponential function. 
(a) e? ~ 20.08554 (b) 2e-°°? ~ 1.17721 (c) e*® ~ 121.51042 

®. NOW TRY EXERCISE 3 a 


EXAMPLE 2 | Transformations of the Exponential Function 


Sketch the graph of each function. 

(a) f(x) =e”* (b) g(x) = 3e°™ 

SOLUTION 

(a) We start with the graph of y = e* and reflect in the y-axis to obtain the graph of 
y =e “asin Figure 2. 

(b) We calculate several values, plot the resulting points, then connect the points with a 
smooth curve. The graph is shown in Figure 3. 


x f(x) = 3&™* 
4 0.67 
= 1.10 
=| 1.82 
0 3.00 
1 4.95 
2 8.15 a | +—+—+ 
3 13.45 = a 
FIGURE 3 
®&. NOW TRY EXERCISES 5 AND 7 go 


EXAMPLE 3 | An Exponential Model for the Spread of a Virus 
An infectious disease begins to spread in a small city of population 10,000. After t days, 
the number of people who have succumbed to the virus is modeled by the function 
10,000 
M) = Sy 12a5e0oF 
(a) How many infected people are there initially (at time t = 0)? 
(b) Find the number of infected people after one day, two days, and five days. 
se (c) Graph the function v, and describe its behavior. 


SOLUTION 

(a) Since v(0) = 10,000/(5 + 1245e°) = 10,000/1250 = 8, we conclude that 8 peo- 
ple initially have the disease. 

(b) Using a calculator, we evaluate v(1), v(2), and v(5) and then round off to obtain 
the following values. 


Days Infected people 
1 21 
2 54 
5 678 
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3000 (c) From the graph in Figure 4 we see that the number of infected people first rises 
slowly, then rises quickly between day 3 and day 8, and then levels off when about 
2000 people are infected. 


©. NOW TRY EXERCISE 25 a 


The graph in Figure 4 is called a logistic curve or alogistic growth model. Curves like 
0 iE it occur frequently in the study of population growth. (See Exercises 25-28.) 
FIGURE 4 

ut) = em V Continuously Com ded Interest 
5 + 1245e 097 y pounded interes 

In Example 6 of Section 5.1 we saw that the interest paid increases as the number of com- 
pounding periods n increases. L et’s see what happens as n increases indefinitely. If we let 
m =n/r, then 


A(t) = (a +f)" °| (2 +ty"y' = f(a a 


Recall that as m becomes large, the quantity (1 + 1/m)™ approaches the number e. Thus, 
the amount approaches A = Pe''. This expression gives the amount when the interest is 
compounded at “every instant.” 


CONTINUOUSLY COMPOUNDED INTEREST 
Continuously compounded interest is calculated by the formula 
A(t) = Pe" 


where A(t) = amount after t years 
P = principal 
r = interest rate per year 
t = number of years 


EXAMPLE 4 | Calculating Continuously Compounded Interest 


Find the amount after 3 years if $1000 is invested at an interest rate of 12% per year, com- 
pounded continuously. 


SOLUTION Weuse the formula for continuously compounded interest with P = $1000, 
r = 0.12, and t = 3 to get 


A(3) = 1000e°1?3 = 1000e°7* = $1433.33 
Compare this amount with the amounts in Example 6 of Section 5.1. 
®&. NOW TRY EXERCISE 31 | 


CONCEPTS 2. In the formula A(t) = Pe" for continuously compound inter- 
1. The function f(x) = e” is called the 


exponential est, the letters P, r , and t stand for i , and 


, respectively, and A(t) stands for . SO if 
$100 is invested at an interest rate of 6% compounded continu- 


function. The number e is approximately equal to 


ously, then the amount after 2 years is 


SKILLS 


3-4 m Use a calculator to evaluate the function at the indicated 
values. Round your answers to three decimals. 


©. 3. h(x) = e% —h(3), h(0.23), h(1), h(—2) 
4. h(x) =e; h(1), h(V2), h(—3), h(3) 


5-6 m= Complete the table of values, rounded to two decimal 
places, and sketch a graph of the function. 


5. pe CC. 


x | f09 = 3e* x | FQ) = 260% 
—2 =3 
=1 =2 
—0.5 -1 

0 0 

0.5 1 

1 2 

2 3 


7-14 @ Graph the function, not by plotting points, but by starting 
from the graph of y = e* in Figure 1. State the domain, range, and 
asymptote. 


7. f(x) = -@* 8 y=1-e* 
9 y=e*-1 10. f(x) = -—e* 
11. f(x) =e? 12, y=e*34+4 


13. h(x) = e**! — 3 14, g(x) = —e* 1-2 
15. The hyperbolic cosine function is defined by 

x + —% 
cosh(x) = — 

(a) Sketch the graphs of the functions y = e* and y = $e-* 
on the same axes, and use graphical addition (see Sec- 
tion 3.6) to sketch the graph of y = cosh(x). 

(b) Use the definition to show that cosh(—x) = cosh(x). 

16. The hyperbolic sine function is defined by 


sinh(x) = 2 


(a) Sketch the graph of this function using graphical addition 
as in Exercise 15. 
(b) Use the definition to show that sinh(—x) = —sinh(x) 


. (a) Draw the graphs of the family of functions 


f(x) = S(e%* + e**) 


fora = 0.5, 1, 1.5, and 2. 
(b) How does a larger value of a affect the graph? 


18-19 m Find the local maximum and minimum values of the 
~ function and the value of x at which each occurs. State each an- 


swer correct to two decimal places. 
18. g(x) =x* (x>0) 19, g(x) = e* +e 


APPLICATIONS 


20. Medical Drugs When acertain medical drug is 
administered to a patient, the number of milligrams 
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remaining in the patient’s bloodstream after t hours 
is modeled by 


D(t) = 50eo* 


How many milligrams of the drug remain in the patient's 
bloodstream after 3 hours? 


21. Radioactive Decay A radioactive substance decays in 
such a way that the amount of mass remaining after t days is 
given by the function 


m(t) = 13¢-0 


where m(t) is measured in kilograms. 
(a) Find the mass at time t = 0. 
(b) How much of the mass remains after 45 days? 


22. Radioactive Decay Doctors use radioactive iodine as a 
tracer in diagnosing certain thyroid gland disorders. This type 
of iodine decays in such a way that the mass remaining after 
t days is given by the function 


m(t) = 6e~ 2.087 


where m(t) is measured in grams. 
(a) Find the mass at time t = 0. 
(b) How much of the mass remains after 20 days? 


. Sky Diving A sky diver jumps from a reasonable height 
above the ground. The air resistance she experiences is propor- 
tional to her velocity, and the constant of proportionality is 
0.2. It can be shown that the downward velocity of the sky 
diver at time t is given by 


v(t) = 80(1 — et) 


where t is measured in seconds and v(t) is measured in feet 

per second (ft/s). 

(a) Find the initial velocity of the sky diver. 

(b) Find the velocity after 5 s and after 10 s. 

(c) Draw a graph of the velocity function v(t). 

(d) The maximum velocity of a falling object with wind re- 
sistance is called its terminal velocity. From the graph in 
part (c) find the terminal velocity of this sky diver. 


24. Mixtures and Concentrations A 50-gallon barrel is 
filled completely with pure water. Salt water with a concentra- 
tion of 0.3 Ib/gal is then pumped into the barrel, and the result- 
ing mixture overflows at the same rate. The amount of salt in 
the barrel at time tis given by 


Q(t) = 15(1 — e-°™) 


where t is measured in minutes and Q(t) is measured in pounds. 
(a) How much salt is in the barrel after 5 min? 
(b) How much salt is in the barrel after 10 min? 

(c) Draw agraph of the function Q(t). 
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w= (d) Use the graph in part (c) to determine the value that the 


amount of salt in the barrel approaches as t becomes large. 


Is this what you would expect? 


Olt) = 15(1 — e°™) 


©. 25. Logistic Growth Animal populations are not capable of 
unrestricted growth because of limited habitat and food sup- 
plies. Under such conditions the population follows a logistic 
growth model: 
d 
PO) Ty kee 


where c, d, and k are positive constants. For a certain fish pop- 


ulation ina small pond d = 1200, k = 11, c = 0.2, and tis 

measured in years. The fish were introduced into the pond at 

time t = 0. 

(a) How many fish were originally put in the pond? 

(b) Find the population after 10, 20, and 30 years. 

(c) Evaluate P(t) for large values of t. What value does the 
population approach as t = oo? Does the graph shown 
confirm your calculations? 


Ph 
1200 


1000 


> 
t 


0 10 20 30 40 


. Bird Population § The population of a certain species of 
bird is limited by the type of habitat required for nesting. The 
population behaves according to the logistic growth model 


5600 
M(t) = 05 + 27,5¢ 00 


where t is measured in years. 

(a) Find the initial bird population. 

(b) Draw a graph of the function n(t). 

(c) What size does the population approach as time 
goes on? 


ulation has been decreasing steadily in recent years. On the 


basis of this, some population models predict that world popu- 


lation will eventually stabilize at a level that the planet can 
support. One such logistic model is 
73.2 


PO) = 61 + 5.ge Om 


. World Population The relative growth rate of world pop- 


where t = 0 is the year 2000 and population is measured in 

billions. 

(a) What world population does this model predict for the 
year 2200? For 2300? 

(b) Sketch a graph of the function P for the years 2000 to 
2500. 


(c) According to this model, what size does the world popula- 
tion seem to approach as time goes on? 


. Tree Diameter For a certain type of tree the diameter 
D (in feet) depends on the tree’s age t (in years) according 
to the logistic growth model 


5.4 
D(t) = ————__,} 
(t) 1 + 2.9e° 0-H 


Find the diameter of a 20-year-old tree. 


No wow fk WN 


9 100 300 700 t 


29-30 » Compound Interest An investment of $7,000 is 
deposited into an account in which interest is compounded contin- 
uously. Complete the table by filling in the amounts to which the 
investment grows at the indicated times or interest rates. 


29. r = 3% 30. t = 10 years 

Time Rate 

(years) | Amount per year} Amount 
1 1% 
2 2% 
3 3% 
4 4% 
5 5% 
6 6% 


. 31. Compound Interest _|f $2000 is invested at an interest 


rate of 3.5% per year, compounded continuously, find the 
value of the investment after the given number of years. 
(a) 2 years (b) 4 years (c) 12 years 


32. Compound Interest If $3500 is invested at an interest 
rate of 6.25% per year, compounded continuously, find the 
value of the investment after the given number of years. 

(a) 3 years (b) 6 years (c) 9 years 


33. Compound Interest _|f $600 is invested at an interest 
rate of 2.5% per year, find the amount of the investment at the 
end of 10 years for the following compounding methods. 

(a) Annually (b) Semiannually 
(c) Quarterly (d) Continuously 


34. Compound Interest _|f $8000 is invested in an account 
for which interest is compounded continuously, find the 
amount of the investment at the end of 12 years for the follow- 
ing interest rates. 


(a) 2% (b) 3% (c) 4.5% (d) 7% 


35. 


36. 


as 
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Compound Interest Which of the given interest rates (b) Draw a graph of A(t). 
and compounding periods would provide the best investment? (c) Use the graph of A(t) to determine when this investment 
(a) 23% per year, compounded semiannually will amount to $25,000. 


(b) 23% per year, compounded monthly 
(c) 2% per year, compounded continuously 


Compound Interest Which of the given interest rates and DISCOVERY *DISCUSSION = WRITING 


compounding periods would provide the better investment? 38. The Definition of @ | Ilustrate the definition of the num- 
(a) 53% per year, compounded semiannually ™; ber e by graphing the curve y = (1 + 1/x)* and the liney =e 
(b) 5% per year, compounded continuously on the same screen, using the viewing rectangle [0, 40] by 

. Investment A sum of $5000 is invested at an interest rate (0, 4}, 


of 9% per year, compounded continuously. 
(a) Find the value A(t) of the investment after t years. 


3 LOGARITHMIC FUNCTIONS 


Logarithmic Functions Graphs of Logarithmic Functions Common 
Logarithms ® Natural Logarithms 


In this section we study the inverses of exponential functions. 


ya 
f(x) =a’, 
a> V Logarithmic Functions 
Every exponential function f(x) = a%, with a > 0 anda # 1, is a one-to-one function by 
the Horizontal Line Test (see Figure 1 for the case a > 1) and therefore has an inverse 
function. The inverse function f+ is called the logarithmic function with base a and is 
2 denoted by log,. Recall from Section 3.6 that f+ is defined by 
0 x 


fO=y -S FO) =x 


FIGURE 1 f(x) =a*is 
one-to-one. This leads to the following definition of the logarithmic function. 


DEFINITION OF THE LOGARITHMIC FUNCTION 


Let a bea positive number with a # 1. The logarithmic function with base a 
denoted by log,, is defined by 


We read log, x = y as “log base a of log,xxX=y <= al=x 
Kisy,” 

So log, x is the exponent to which the base a must be raised to give x. 

When we use the definition of logarithms to switch back and forth between the loga- 
By tradition the name of the logarith- —_—_ rithmic form |og,x = y and the exponential form a’ = x, it is helpful to notice that, in 
mic function is log,, not just a single both forms, the base is the same: 


letter. Also, we usually omit the paren- 
theses in the function notation and 


wiite Logarithmic form Exponential form 
loga(x) = logax Exponent Exponent 
log,X = y aY =x 


Base Base 
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x 10gi0X 
104 4 
103 3 
10? 2 
10 1 

1 0 
10°? -1 
10°? —2 
10-3 —3 
10-4 —4 


Inverse Function Property: 
FFX) = x 
F(f-“(x)) = x 


EXAMPLE 1 | Logarithmic and Exponential Forms 


The logarithmic and exponential forms are equivalent equations: If one is true, then 
so is the other. So we can switch from one form to the other as in the following illus- 
trations. 


Logarithmic form Exponential form 
109,100,000 = 5 10° = 100,000 
log.8 = 3 2°= 8. 
loga(g) =-3 23=¢% 
log;s =r St = 
®. NOW TRY EXERCISE 5 | 


Itis important to understand that log, x is an exponent. For example, the numbers in the 
right column of the table in the margin are the logarithms (base 10) of the numbers in the 
left column. This is the case for all bases, as the following example illustrates. 


EXAMPLE 2 | Evaluating Logarithms 


(a) 1!0g,,1000 = 3 because 10° = 1000 
(b) log, 32 =5 because 2° = 32 

(c) log,,0.1 = —1 because 107=0.1 
(d) logig4 = 3 because 16¥=4 


©. NOW TRY EXERCISES 7 AND 9 a 


When we apply the Inverse Function Property described on page 243 to f(x) = a* and 
f (x) = log, x, we get 


log,(a*) = x, xER 
aowmx cS 


We list these and other properties of logarithms discussed in this section. 


PROPERTIES OF LOGARITHMS 


Property Reason 
1. log.1 =0 We must raise a to the power 0 to get 1. 
. log,a = 1 We must raise a to the power 1 to get a. 


2 
3. log,a* = x We must raise a to the power x to get a*. 
A, Qior =~ log, x is the power to which a must be raised to get x. 


EXAMPLE 3 | Applying Properties of Logarithms 
We illustrate the properties of logarithms when the base is 5. 
log;1 = 0 Property 1 log55 =1 Property 2 
log;5° = 8 — Property 3 5!09512 = 12 Property 4 
©. NOW TRY EXERCISES 19 AND 25 | 


FIGURE 2 Graph of the logarithmic 
function f(x) = log, x 


FIGURE 4 A family of logarithmic 
functions 
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V Graphs of Logarithmic Functions 


Recall that if a one-to-one function f has domain A and range B, then its inverse function 
f+ has domain B and range A. Since the exponential function f(x) = a* with a # 1 has 
domain R and range (0, oo), we conclude that its inverse function, f 1(x) = log, x, has 
domain (0, oo) and range R. 

The graph of f +(x) = log, x is obtained by reflecting the graph of f(x) = a” in the 
line y = x. Figure 2 shows the case a > 1. The fact that y = a* (fora > 1) is avery rapidly 
increasing function for x > 0 implies that y = log, x is a very slowly increasing function 
for x > 1 (see Exercise 92). 

Since log, 1 = 0, the x-intercept of the function y = log, x is 1. The y-axis is a vertical 
asymptote of y = log, x because log, X > —oo as Xx > 0°. 


EXAMPLE 4 | Graphing a Logarithmic Function 
by Plotting Points 
Sketch the graph of f(x) = logpx. 


SOLUTION Tomakea table of values, we choose the x-values to be powers of 2 so that 
we can easily find their logarithms. We plot these points and connect them with asmooth 
curve as in Figure 3. 


ya 
x log, x 
23 3 
2? 2 
2 1 
1 0 . 
27 —1 = 
2? =2 
24 —3 
2% —4 
FIGURE 3 
©. NOW TRY EXERCISE 41 | 


Figure 4 shows the graphs of the family of logarithmic functions with bases 2, 3, 5, and 
10. These graphs are drawn by reflecting the graphs of y = 2%,y = 3%,y = 5%, and 
y = 10* (see Figure 2 in Section 5.1) in the line y = x. We can also plot points as an aid 
to sketching these graphs, as illustrated in Example 4. 


YA 
y =log, x 


y = log; x 


y = logs x 
y = 109i x 


cae | 
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MATHEMATICS IN In the next two examples we graph logarithmic functions by starting with the basic 
THE MODERN WORLD graphs in Figure 4 and using the transformations of Section 3.5. 


EXAMPLE 5 | Reflecting Graphs of Logarithmic Functions 
Sketch the graph of each function. 
(a) g(x) = —log.x 

ia (b) h(x) = log,(—x) 


© Bettmann /CORBIS © Hulton-Deutsch 

Collection /CORBIS SOLUTION 
Law Enforcement (a) We start with the graph of f(x) = log x and reflect in the x-axis to get the graph of 
Mathematics aids law enforcement in g(x) = —log2x in Figure 5(a). 
numerous and surprising ways, from : = : = 
FU ire Arar Peto (b) We start with the graph of f(x) = log2x and reflect in the y-axis to get the graph of 
to determining the time of death to h(x) = logo —x) in Figure 5(b). 


calculating the probability that a DNA 
sample is from a particular person. One 
interesting use is in the search for miss- 
ing persons. A person who has been 
missing for several years might look 
quite different from his or her most re- 
cent available photograph. This is par- 
ticularly true if the missing person is a 
child. Have you ever wondered what 
you will look like 5, 10, or 15 years from 
now? 

Researchers have found that differ- 
ent parts of the body grow at different 
rates. For example, you have no doubt 


noticed that a baby’s head is much FIGURE 5 
larger relative to its body than an 
adult's. As another example, the ratio of & NOW TRY EXERCISE 55 aa 


arm length to height is } in a child but 
about 2 in an adult. By collecting data 


SaTelchve eal BMS) cl GIESSEN EXAMPLE 6 | Shifting Graphs of Logarithmic Functions 
are able to determine the functions 


that model growth. As in all growth Find the domain of each function, and sketch the graph. 
phenomena, exponential and logarith- 

mic functions play a crucial role. For in- (a) g(X) Sa logs x 

stance, the formula that relates arm (b) h(x) — 10910(X — 3) 

length / to height h is | = ae“ where a 

and k are constants. By studying vari- SOLUTION 


ous physical characteristics of a person, 
mathematical biologists model each 
characteristic by a function that de- 
scribes how it changes over time. Mod- 


(a) The graph of g is obtained from the graph of f(x) = logsx (Figure 4) by shifting 
upward 2 units (see Figure 6). The domain of f is (0, co). 


els of facial characteristics can be pro- ya 

grammed into a computer to give a 

picture of how a person's appearance 34 g(x) = 2 + logs x 
changes over time. These pictures aid 


law enforcement agencies in locating 2 4 
missing persons. 


FIGURE 6 


(b) The graph of h is obtained from the graph of f(x) = logy)x (Figure 4) by shifting 
to the right 3 units (see Figure 7). The line x = 3 isa vertical asymptote. Since 
10g19X is defined only when x > 0, the domain of h(x) = logio(x — 3) is 


{x]x — 3 > 0} = {x|x > 3} = (3, 0) 


Library of Congress 


JOHN NAPIER (1550-1617) was a 
Scottish landowner for whom mathe- 
matics was a hobby. We know him to- 
day because of his key invention: loga- 
rithms, which he published in 1614 
under the title A Description of the Mar- 
velous Rule of Logarithms. In Napier’s 
time, logarithms were used exclusively 
for simplifying complicated calcula- 
tions. For example, to multiply two 
large numbers, we would write them as 
powers of 10. The exponents are simply 
the logarithms of the numbers. For 
instance, 


4532 < 57783 


aS 103-69629 x 10476180 


= 10841809 
= 261,872,564 


The idea is that multiplying powers 
of 10 is easy (we simply add their expo- 
nents). Napier produced extensive ta- 
bles giving the logarithms (or expo- 
nents) of numbers. Since the advent of 
calculators and computers, logarithms 
are no longer used for this purpose. 
The logarithmic functions, however, 
have found many applications, some of 
which are described in this chapter. 

Napier wrote on many topics. One of 
his most colorful works is a book enti- 
tled A Plaine Discovery of the Whole Reve- 
lation of Saint John, in which he pre- 
dicted that the world would end in the 
year 1700. 
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ya Asymptote 
X=3 


FIGURE 7 
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V Common Logarithms 
We now study logarithms with base 10. 


COMMON LOGARITHM 


The logarithm with base 10 is called the common logarithm and is denoted by 


omitting the base: 


10g X = 10gy9X 


From the definition of logarithms we can easily find that 
log10 = 1 and log 100 = 2 


But how do we find log 50? We need to find the exponent y such that 10” = 50. Clearly, 
1 is too small and 2 is too large. So 


1 <log50 <2 


To get a better approximation, we can experiment to find a power of 10 closer to 50. For- 
tunately, scientific calculators are equipped with a[Loc | key that directly gives values of 
common logarithms. 


EXAMPLE 7 | Evaluating Common Logarithms 


Use a calculator to find appropriate values of f(x) = log x and use the values to sketch 
the graph. 


SOLUTION Wemakea table of values, using a calculator to evaluate the function at 
those values of x that are not powers of 10. We plot those points and connect them by a 
smooth curve as in Figure 8. 


ya 
x log x 
0.01 -2 
0.1 =1 
0.5 —0.301 
1 0 
4 0.602 
5 0.699 
10 il 


FIGURE 8 
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Human response to sound and light 
intensity is logarithmic. 


We study the decibel scale in more 
detail in Section 5.6. 


The notation In is an abbreviation for 
the Latin name logarithmus naturalis. 


FIGURE 9 Graph of the natural 
logarithmic function 


Scientists model human response to stimuli (such as sound, light, or pressure) using 
logarithmic functions. For example, the intensity of a sound must be increased manyfold 
before we “feel” that the loudness has simply doubled. The psychologist Gustav F echner 
formulated the law as 

S= «loa( 1) 
I 


where S is the subjective intensity of the stimulus, | is the physical intensity of the stim- 
ulus, I, stands for the threshold physical intensity, and k is a constant that is different for 
each sensory stimulus. 


EXAMPLE 8 | Common Logarithms and Sound 
The perception of the loudness B (in decibels, dB) of a sound with physical intensity | (in 


W/m?) is given by 
B = 10 iog( 1) 
I 


where |, is the physical intensity of a barely audible sound. Find the decibel level (loud- 
ness) of a sound whose physical intensity | is 100 times that of I). 


SOLUTION We find the decibel level B by using the fact that! = 1001). 


B= 10 iog( +) Definition of B 
0 
1001 
= 10 iog( 4) | = 1001, 
0 
= 10 log 100 Cancel |, 
= 10-2 = 20 Definition of log 
The loudness of the sound is 20 dB. 
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V Natural Logarithms 


Of all possible bases a for logarithms, it turns out that the most convenient choice for the 
purposes of calculus is the number e, which we defined in Section 5.2. 


NATURAL LOGARITHM 


The logarithm with base e is called the natural logarithm and is denoted by In: 


Inx = logex 


The natural logarithmic function y = In x is the inverse function of the natural expo- 
nential function y = e*. Both functions are graphed in Figure 9. By the definition of in- 
verse functions we have 


Inx=y <= e=xX 


If we substitute a = e and write “In” for “log,” in the properties of logarithms men- 
tioned earlier, we obtain the following properties of natural logarithms. 


= 


FIGURE 10 
y = xIn(4 — x’) 
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PROPERTIES OF NATURAL LOGARITHMS 


Property Reason 
1. Inl =0 We must raise e to the power 0 to get 1. 
.Ine=1 We must raise e to the power 1 to get e. 


2 
3. Ine* = x We must raise e to the power x to get e”. 
Ace x In x is the power to which e must be raised to get x. 


Calculators are equipped with an [in] key that directly gives the values of natural 
logarithms. 


EXAMPLE 9 | Evaluating the Natural Logarithm Function 


(a) Ine® = 8 Definition of natural logarithm 


1 
(b) in( 5) =\|Ine?=-2 Definition of natural logarithm 


(c) In5 ~ 1.609 Use| tn | key on calculator 
&. NOW TRY EXERCISE 39 ea) 


EXAMPLE 10 | Finding the Domain of a Logarithmic Function 
Find the domain of the function f(x) = In(4 — x’). 


SOLUTION Aswith any logarithmic function, In x is defined when x > 0. Thus, the 
domain of f is 


{x| 4 — x? > O} = {x| x? < 4} = {x| |x| <2} 
= {x|-2 <x <2} = (-2,2) 
©. NOW TRY EXERCISE 63 | 


EXAMPLE 11 | Drawing the Graph of a Logarithmic Function 


Draw the graph of the function y = x In(4 — x’), and use it to find the asymptotes and lo- 
cal maximum and minimum values. 


SOLUTION Asin Example 10 the domain of this function is the interval (—2, 2), so 
we choose the viewing rectangle [—3, 3] by |—3, 3}. The graph is shown in Figure 10, and 
from it we see that the lines x = —2 and x = 2 are vertical asymptotes. 

The function has a local maximum point to the right of x = 1 and a local minimum 
point to the left of x = —1. By zooming in and tracing along the graph with the cursor, 
we find that the local maximum value is approximately 1.13 and this occurs when 
Xx = 1.15. Similarly (or by noticing that the function is odd), we find that the local mini- 
mum value is about —1.13, and it occurs when x ~ —1.15. 
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CONCEPTS 
1. log x is the exponent to which the base 10 must be raised to get 
. So we can complete the following table for log x. 


10-2 | 10-3 | 10¥2 


10°? 


x 10? | 107 | 10? | 10° 


2. The function f(x) = loggx is the logarithm function with 
— 5690) = ——__ {) =—___, 
___, f(81) = —______, and f(3) = _____. 
3. (a) 5° = 125, so log = 


base 


(b) log; 25 = 2, so = 

4, Match the logarithmic function with its graph. 
(a) f(x) =log,x — (b) f(x) = log(—x) 
(c) f(x) = —log,x (d) f(x) = —log,(—x) 


Il ev 


ay 


I 


SKILLS 


5-6 m Complete the table by finding the appropriate logarithmic 
or exponential form of the equation, as in Example 1. 


5. 
Logarithmic Exponential 
form form 
log,8 =1 
log,64 = 2 
73 = 4 
8? = 512 
loge(g) = —1 
s?=4 


a Logarithmic Exponential 
form form 
43 = 64 
logy2 = 5 
#?= 8 
logy (ie) = —2 
loga(3) = —3 
4-5/2 = 4 


7-12 @ Express the equation in exponential form. 
®&. 7, (a) log; 25 = 2 (b) log,1 = 0 

8. (a) log,,0.1 = —1 (b) log,512 = 3 
©. 9 (a) logg2 = 3 (b) log,(3) = -3 


10. (a) 1og;81 = 4 (b) logs4 = 3 
11, (a) In5 =x (b) Iny =5 
12. (a) In(x +1) =2 (b) In(x — 1) =4 


13-18 m Express the equation in logarithmic form. 


13. (a) 53 = 125 (b) 10-4 = 0.0001 
14, (a) 103 = 1000 (b) 814 = 9 

15. (a) 8! =} (b) 2-3 =§ 

16. (a) 4-3/2 = 0.125 (b) 73 = 343 

17. (a) eX =2 (b) e? =y 

18. (a) e**! = 0.5 (b) e®* =t 


19-28 m Evaluate the expression. 


©. 19, (a) log;3 (b) log;1 (c) log;3? 
20. (a) log;5* (b) log, 64 (c) log; 9 
21. (a) |og,36 (b) log,81 (c) log,7*° 
22. (a) log, 32 (b) log, 8%’ (c) log,1 
23. (a) log3(<7) (b) logy) V10 (c) log; 0.2 
24. (a) |og;125 (b) logus7 (c) logy V3 

©.25. (a) Jlog. 37 (b) 310938 (c) elnv5 
26. (a) e'"” (b) 10!°9° (c) 10!°9°” 
27. (a) |og,0.25 (b) Ine* (c) In(1/e) 
28. (a) log, V2 (b) log4(3) (c) log,8 


29-36 m Use the definition of the logarithmic function to find x. 


29. (a) log.x =5 (b) log,16 = x 
30. (a) log;x = 4 (b) 10g,)0.1 = x 
31. (a) log3243 = x (b) log;x = 3 
32. (a) log,2 = x (b) log,x = 2 
33. (a) log,).x = 2 (b) log;x = 2 


34, (a) log, 1000 = 3 (b) log,25 = 2 
35. (a) log,16 = 4 (b) log,8 = 3 
36. (a) log,6 = 3 (b) 1og,3 = 3 


37-40 m Usea calculator to evaluate the expression, correct to 
four decimal places. 


37. (a) log 2 (b) log 35.2 (c) 109(3) 

38. (a) log 50 (b) logVv2 (c) log(3 V2) 
©. 39. (a) Ind (b) In 25.3 (c) In(1 + V3) 

40. (a) In 27 (b) In 7.39 (c) In 54.6 


41-44 @ Sketch the graph of the function by plotting points. 
©. 41. f(x) = logsx 42. g(x) = logyx 
_ ~ 43. f(x) = 2 logx 44, g(x) = 1 + logx 
45-48 m Find the function of the form y = log, x whose graph 
is given. 
45. yy 46. ya 


a sig 48. y4 oo 


49-50 = Match the logarithmic function with one of the graphs 
labeled | or Il. 


49. f(x) =2 + Inx 50. f(x) = In(x — 2) 
I Il ya ! 
[x= 2 
| 
1(3, 0) 
Ae _ 
0] 1 3 x 
| 
| 


51. Draw the graph of y = 4*, then use it to draw the graph of 
y = logyx. 

52. Draw the graph of y = 3%, then use it to draw the graph of 
y = logx. 
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53-62 m Graph the function, not by plotting points, but by 
starting from the graphs in Figures 4 and 9. State the domain, 
range, and asymptote. 


© .53. f(x) = loga(x — 4) 54. f(x) = —logiox 
©.55. g(x) = logs(—x) 56. g(x) = In(x + 2) 
®&.57. y = 2 + logsx 58. y = log,(x — 1) -2 
59. y = 1 — 10gioX 60. y = 1 + In(—x) 
61. y = | Inx | 62. y = In|x| 


63-68 m Find the domain of the function. 


©. 63. f(x) = logig(x + 3) 64. f(x) = log,(8 — 2x) 
65. g(x) = log3(x? — 1) 66. g(x) = In(x — x’) 
67. h(x) = Inx + In(2 — x) 
68. h(x) = Vx — 2 — logs(10 — x) 


69-74 m Draw the graph of the function in a suitable viewing rec- 
~~ tangle, and use it to find the domain, the asymptotes, and the local 
maximum and minimum values. 


©.69. y = logi(1 — x?) 
71. y =x + Inx 


70. y = In(x? — x) 
72. y = x(In x)? 


74, y = x logio(x + 10) 


75-78 m Find the functions f °g and g ° f and their domains. 
75. f(x) = 2%, 
76. f(x) =3) g(x) =x? 41 
77, f(x) = logox, g(x) =x-2 

F(X) = logx, g(x) = x? 
. Compare the rates of growth of the functions f(x) = In x and 


g(x) = VX by drawing their graphs on a common screen us- 
ing the viewing rectangle[—1, 30] by [—1, 6]. 


g(x) =x+1 


. (a) By drawing the graphs of the functions 
f(x) =14+In(+x) and = g(x) = vx 


in a suitable viewing rectangle, show that even when a 
logarithmic function starts out higher than a root function, 
itis ultimately overtaken by the root function. 

(b) Find, correct to two decimal places, the solutions of the 
equation Vx = 1 + In(1 + x). 


81-82 = A family of functions is given. (a) Draw graphs of the 
~~ family forc = 1, 2, 3, and 4. (b) How are the graphs in part (a) 


related? 
B1. f(x) = 


log(cx) 82. f(x) = c logx 


83-84 @ A function f(x) is given. (a) Find the domain of the 
function f. (b) Find the inverse function of f. 


83. f(x) = log,(l0910x) 84. f(x) = In(In(In x)) 
85. (a) Find the inverse of the function f(x) = 1 ae 


(b) What is the domain of the inverse function? 
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APPLICATIONS 


86. Absorption of Light A spectrophotometer measures the 


concentration of a sample dissolved in water by shining a light 
through it and recording the amount of light that emerges. In 
other words, if we know the amount of light that is absorbed, we 
can calculate the concentration of the sample. For a certain sub- 
stance the concentration (in moles per liter) is found by using the 
formula 


C = —2500 in( ) 
lp 


where |, is the intensity of the incident light and | is the 
intensity of light that emerges. Find the concentration of the 
substance if the intensity | is 70% of |p. 


©. 87. Carbon Dating The age of an ancient artifact can be 


determined by the amount of radioactive carbon-14 remaining 
init. If D, is the original amount of carbon-14 and D is the 
amount remaining, then the artifact’s age A (in years) is 


given by 
D 
A = —8267 in >) 


Find the age of an object if the amount D of carbon-14 that 
remains in the object is 73% of the original amount D,. 


. Bacteria Colony A certain strain of bacteria divides every 
three hours. If a colony is started with 50 bacteria, then the 
time t (in hours) required for the colony to grow to N bacteria 
is given by 


log(N/50) 
log 2 


Find the time required for the colony to grow to a million 
bacteria. 


. Investment The time required to double the amount of an 
investment at an interest rate r compounded continuously is 
given by 


Find the time required to double an investment at 6%, 7%, 
and 8%. 


. Charging a Battery The rate at which a battery charges 
is slower the closer the battery is to its maximum charge Co. 
The time (in hours) required to charge a fully discharged bat- 
tery to a charge C is given by 


C 
t= ~Kin( -=) 


where k is a positive constant that depends on the battery. 
For acertain battery, k = 0.25. If this battery is fully dis- 
charged, how long will it take to charge to 90% of its maxi- 
mum charge C ,? 


91. Difficulty of aTask The difficulty in “acquiring a target” 
(such as using your mouse to click on an icon on your 
computer screen) depends on the distance to the target and the 
size of the target. According to Fitts’s Law, the index of 
difficulty (ID) is given by 


_ log(2A/W) 
~ — log2 


where W is the width of the target and A is the distance to 

the center of the target. Compare the difficulty of clicking on 
an icon that is 5 mm wide to clicking on one that is 10 mm 
wide. In each case, assume that the mouse is 100 mm from the 
icon. 


DISCOVERY *DISCUSSION = WRITING 


92. The Height of the Graph of a Logarithmic 
Function Suppose that the graph of y = 2* is drawn ona 
coordinate plane where the unit of measurement is an inch. 
(a) Show that at a distance 2 ft to the right of the origin the 
height of the graph is about 265 mi. 

(b) If the graph of y = log,x is drawn on the same set of 
axes, how far to the right of the origin do we have to go 
before the height of the curve reaches 2 ft? 


93. The Googolplex A googol is 101°, and a googolplex is 
109°", Find 


log(log(googol )) and log(log(log(googolplex ))) 


94. Comparing Logarithms Which is larger, log,17 or 
log; 24? Explain your reasoning. 


95. The Number of Digits in an Integer Compare 
log 1000 to the number of digits in 1000. Do the same for 
10,000. How many digits does any number between 1000 
and 10,000 have? Between what two values must the common 
logarithm of such a number lie? Use your observations 
to explain why the number of digits in any positive integer 
x is [log x|] + 1. (The symbol |[n]] is the greatest integer 
function defined in Section 3.2.) How many digits does the 
number 22°° have? 
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5.4 Laws oF LOGARITHMS 


Laws of Logarithms > Expanding and Combining Logarithmic Expressions 
> Change of Base Formula 


In this section we study properties of logarithms. T hese properties give logarithmic func- 
tions a wide range of applications, as we will see in Section 5.6. 


V Laws of Logarithms 


Since logarithms are exponents, the Laws of Exponents give rise to the Laws of 
Logarithms. 


LAWS OF LOGARITHMS 
Let a be a positive number, with a # 1. LetA, B, and C be any real numbers with A > 0 andB > 0. 


Law Description 
1. log,(AB) = log,A + 1og,B The logarithm of a product of numbers is the sum of the logarithms of the numbers. 


2. log, ress log,A — 1og,B Thelogarithm of a quotient of numbers is the difference of the logarithms of the 
numbers. 


32 log. (A> — © log, A The logarithm of a power of a number is the exponent times the logarithm of the number. 


PROOF Wemakeuse of the property log,a* = x from Section 5.3. 


Law 1 Letlog,A = uandlog,B = v. When written in exponential form, these equa- 
tions become 


at =A and a” =B 
Thus log,(AB) = log,(a’a’) = log,(a"*”) 
u+v=log,A + log,B 


Law 2 Using Law 1, we have 
log,A = oa,| (* Ja | = 9,(#) + log, B 


10) o9,(*) = log,A — log,B 


Law3 Letlog,A =u. Thena’ =A, so 
log,(A°) = log,(a")° = log,(a"~) = uC = C log,A = 


EXAMPLE 1 | Using the Laws of Logarithms 
to Evaluate Expressions 

Evaluate each expression. 

(a) log,2 + log,32 

(b) log, 80 — log,5 

(c) —j1og8 
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SOLUTION 
(a) log,2 + logy32 = log,(2 - 32) Law 1 
= log,64 = 3 Because 64 = 43 


(b) 1og,80 — log,5 = log,(®) Law 2 
= log,16 = 4 Because 16 =2* 
(c) —}log 8 = log 8-1? Law 3 
= log(3) Property of negative exponents 
= —0.301 Calculator 
©. NOW TRY EXERCISES 7, 9, AND 11 a 


V Expanding and Combining Logarithmic Expressions 


The Laws of Logarithms allow us to write the logarithm of a product or a quotient as the 
sum or difference of logarithms. This process, called expanding a logarithmic expression, 
is illustrated in the next example. 


EXAMPLE 2 | Expanding Logarithmic Expressions 
Use the Laws of Logarithms to expand each expression. 


(a) log,(6x) —(b) logs(xy*) (ed in( 2.) 


We 
SOLUTION 
(a) log,(6x) = log,6 + log,x Law 1 
(b) log;(x*y°) = log,x? + logs y® Law 1 
= 3log;x + 6logsy Law 3 
(c) in( 2.) = In(ab) — Inwe Law 2 
We 
=Ina+inb—Inc¥? Lawl 
=Ina+Inb—4lInc Law 3 
®. NOW TRY EXERCISES 19, 21, AND 33 Oo 


The Laws of Logarithms also allow us to reverse the process of expanding that was 
done in Example 2. That is, we can write sums and differences of logarithms as a single 
logarithm. This process, called combining logarithmic expressions, is illustrated in the 
next example. 

EXAMPLE 3 | Combining Logarithmic Expressions 
Combine 3 log x + $log(x + 1) into a single logarithm. 
SOLUTION 
3 logx + #log(x + 1) = logx? + log(x+1)¥? = Law3 
= log(x3(x + 1)¥*) Law 1 
®. NOW TRY EXERCISE 47 HA 


EXAMPLE 4 | Combining Logarithmic Expressions 
Combine 3 Ins + 5Int — 4In(t? + 1) into asingle logarithm. 
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SOLUTION 
3Ins + Flint — 4In(t? + 1) = Ins? + Int’? — Int? +.1)* — Law3 
= In(s*t¥/*) — In(t? + 1)4 Law 1 
3 
svt 
= In| | Law 2 
(a m De) = 
©. NOW TRY EXERCISE 49 a 


Warning Although the Laws of Logarithms tell us how to compute the logarithm of a 
product or a quotient, there is no corresponding rule for the logarithm of a sum or a dif- 
ference. For instance, 


@ loga(x + Woo + logay 


In fact, we know that the right side is equal to log,(xy). Also, don’t improperly simplify 
quotients or powers of logarithms. For instance, 


log 6 (5) 5 
@ a2 5 and (log, x)? = 3 log, x 


Logarithmic functions are used to model a variety of situations involving human be- 
havior. One such behavior is how quickly we forget things we have learned. For example, 
if you learn algebra at a certain performance level (say, 90% on a test) and then don’t use 
algebra for a while, how much will you retain after a week, a month, or a year? Hermann 
Ebbinghaus (1850-1909) studied this phenomenon and formulated the law described in 
the next example. 


EXAMPLE 5 | The Law of Forgetting 


If a task is learned at a performance level Po, then after a time interval t the performance 
level P satisfies 
logP = log Py — clog(t + 1) 
where c is a constant that depends on the type of task and t is measured in months. 
(a) Solve for P. 
(b) If your score on a history test is 90, what score would you expect to get on a simi- 
lar test after two months? After a year? (Assume that c = 0.2.) 
SOLUTION 


Forgetting what we've learned depends (a) We first combine the right-hand side. 
on how long ago we learned it. 


logP = logP, — clog(t + 1) Given equation 
logP = log Py — log(t + 1)‘ Law 3 


Po 
logP = log (+ 0S Law 2 
Po 
P= (t+ 1: Because log is one-to-one 


(b) Here P, = 90, c = 0.2, and t is measured in months. 


90 
In two months: t=2 and P= Q+1" =~ 72 
In one year: t= 12 and P= =e ~ 54 
ae (2 +)” 


Your expected scores after two months and one year are 72 and 54, respectively. 
©. NOW TRY EXERCISE 69 | 
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We may write the Change of Base 
Formula as 


lo x= (> io X 
Ob log, b da 


So log, x is just a constant multiple 


, 1 
of log, x; the constant is ——. 
log,b 


V Change of Base Formula 


For some purposes we find it useful to change from logarithms in one base to logarithms 
in another base. Suppose we are given log, x and want to find log, x. Let 


y = logy x 
We write this in exponential form and take the logarithm, with base a, of each side. 
bY = x Exponential form 
log,(b’) = log, x Take log, of each side 
y log, b = log, x Law 3 


10g, X 
y= log, b 


Divide by log, b 


This proves the following formula. 


CHANGE OF BASE FORMULA 


In particular, if we put x = a, then log,a = 1, and this formula becomes 
logua = oe 
904 Tog, b 

We can now evaluate a logarithm to any base by using the Change of Base Formula to 


express the logarithm in terms of common logarithms or natural logarithms and then us- 
ing a calculator. 


EXAMPLE 6 | Evaluating Logarithms with the Change 
of Base Formula 


Use the Change of Base Formula and common or natural logarithms to evaluate each log- 
arithm, correct to five decimal places. 


(a) log,5 (b) log, 20 
SOLUTION 
(a) We use the Change of Base Formula with b = 8 and a = 10: 
— 10199 
logg5 = nage 0.77398 


(b) We use the Change of Base Formula with b = 9 anda = e: 


In 20 
10gg20 = Tile 1.36342 


©. NOW TRY EXERCISES 55 AND 57 a 


EXAMPLE 7 | Using the Change of Base Formula to Graph 
a Logarithmic Function 


Use a graphing calculator to graph f(x) = log,x. 


SECTION 5.4 | Laws of Logarithms 367 


2 SOLUTION Calculators don’t have a key for log, so we use the Change of Base For- 
mula to write 
Inx 
£(X) = logex = ing 
0 36 
Since calculators do have an [xn | key, we can enter this new form of the function and 
graph it. The graph is shown in Figure 1. 
-1 
icy ©. NOW TRY EXERCISE 63 = 
FIGURE 1 f(x) = log,x Ine 


CONCEPTS 19 
1. The logarithm of a product of two numbers is the same as *©.19 
the of the logarithms of these numbers. So 21 
logs(25 - 125) = + 23 
2. The logarithm of a quotient of two numbers is the same 25 
as the of the logarithms of these numbers. So 7 
logs(i75) = = 
3. The logarithm of a number raised to a power is the same as 29 
the power the logarithm of the number. So 31 
logs(252°) = . — 
4. (a) Wecan expand oo“) to get . 
(b) We can combine 2 logx + logy — logz to get 35 
5. Most calculators can find logarithms with base and 
base . To find logarithms with different bases, we 37 
use the Formula. To find log, 12, we write 39 
log712 = — = 
41 
6. True or false? We get the same answer if we do the calculation 
in Exercise 5 using In in place of log. 43 
SKILLS 
45 
7-18 m= Evaluate the expression. 45 
®&. 7. log, 27 8. log, 160 — log,5 ‘G 
©. 9, log 4 + log 25 10. lod noo tis, ag 
©.11, 1og,192 — log,3 12. 1091.9 + log. 16 48 
13. log,6 — log, 15 + log,20 49 
14, log;100 — log318 — log3;50 50 
15. 1og,162° 16. log,8° 51 
17. log(log 101°) 18. In(In e*”) 52 


-44 m Use the Laws of Logarithms to expand the expression. 
» 1092(2x) 20. log3(5y) 
» 10g2(x(x — 1)) 22. logs 
. log 6° 24, In Vz 
. 10g2(AB?) 26. logs W17 
» logs(x VY) 28. log2(xy)"® 
2 
. logs Vx? + 1 30. oo3( “s) 
. InVab 32. In W/3r2s 
x3y4 a2 
-too( 7) 3. eal 5) 
| & + 2)) az = 
tN et ONE 
y 3x? 
n(x") ac (x + 1)” 
X 
. log Vx? + y? 40. |o (=) 
? y \T=x 
+4 tt te 
f ————_-— VyVvz 
log (x? 4 1)03 = 7) log X yVvz 
ePVx—1 10* 
n( x44 ) - o9( + DOO 5) 


-54 m Use the Laws of Logarithms to combine the expression. 
. 1og35 + 5 log;2 

. log 12 + 4 log 7 — log2 

. log,A + log,B — 2 log,C 

» logs(x? — 1) — logs(x — 1) 


» 4log x — $log(x? + 1) + 2log(x — 1) 
. In(a + b) + In(a — b) — 2Inc 
.In5 + 2Inx + 31n(x? + 5) 


» 2(logsx + 2 logsy — 3 logsz) 
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53. 
54, 


slog(x + 2)? + [log x4 — log(x? — x — 6)*] 
log,b + clog.,d — r logs 


55-62 m Use the Change of Base Formula and a calculator to 
evaluate the logarithm, rounded to six decimal places. Use either 
natural or common logarithms. 


© 255. 
©.57, 
59. 


65. 


66. 
67. 


log.5 56. log; 2 
log; 16 58. |og,92 
log; 2.61 60. |og,532 
» 1og,125 62. 10g,.2.5 
. Use the Change of Base Formula to show that 
log3X = ue 
In3 


Then use this fact to draw the graph of the function 
f(x) = log3x. 


. Draw graphs of the family of functions y = log, x for a = 2, e, 


5, and 10 on the same screen, using the viewing rectangle 
[0, 5] by [—3, 3}. How are these graphs related? 


Use the Change of Base Formula to show that 


Simplify: (log, 5)(logs 7) 
Show that —In(x x — 1) =In(x + Vx? = 1). 


APPLICATIONS 


68. 


269, 


70. 


Forgetting Use the Law of Forgetting (Example 5) to esti- 
mate a student’s score on a biology test two years after he got 
a score of 80 on a test covering the same material. 
Assume that c = 0.3 and t is measured in months. 


Wealth Distribution Vilfredo Pareto (1848-1923) 
observed that most of the wealth of a country is owned 
by afew members of the population. Pareto’s Principle is 


logP = logc — klogW 


where W is the wealth level (how much money a person has) 

and P is the number of people in the population having that 

much money. 

(a) Solve the equation for P. 

(b) Assume that k = 2.1, c = 8000, and W is measured in 
millions of dollars. Use part (a) to find the number of peo- 
ple who have $2 million or more. How many people have 
$10 million or more? 


Biodiversity Some biologists model the number of 
species S in a fixed area A (such as an island) by the species- 
area relationship 


logS =logc + klogA 


where c and kK are positive constants that depend on the type of 
species and habitat. 
(a) Solve the equation for S. 


(b) Use part (a) to show that if k = 3, then doubling the area 
increases the number of species eightfold. 


71. Magnitude of Stars The magnitude M of astar is a mea- 


sure of how bright a star appears to the human eye. It is 


defined by 
B 
M = —2.5 oa( 5) 


where B is the actual brightness of the star and B, is a con- 

stant. 

(a) Expand the right-hand side of the equation. 

(b) Use part (a) to show that the brighter a star, the less its 
magnitude. 

(c) Betelgeuse is about 100 times brighter than Albiero. Use 
part (a) to show that B etelgeuse is 5 magnitudes less 
bright than A Ibiero. 


DISCOVERY =DISCUSSION = WRITING 


72. True or False? Discuss each equation and determine 


whether it is true for all possible values of the variables. (Ig- 
nore values of the variables for which any term is undefined.) 


x log x 
a) lo (2) oat ae 
(a) log y logy 
(b) log.(x — y) = logox — logay 
a 


(c) gs = logsa — 2logsb 


(d) log 2’? = zlog2 
(e) (log P )(logQ) = logP + log Q 


loga 
(f) ieee loga — logb 


(g) (log. 7)* = x log,7 
(h) log,a® = a 

log x 
log y 


(j) -in( =) =InA 


(i) log(x — y) = 


SECTION 5.5 | Exponential and Logarithmic Equations 369 


73. Find the Error What is wrong with the following 74, Shifting, Shrinking, and Stretching Graphs of 
argument? Functions Let f(x) = x. Show that (2x) = 4f(x), and 
explain how this shows that shrinking the graph of f horizon- 
eat bes toa tally has the same effect as stretching it vertically. Then use 


= 10g(0.1)? the identities e?** = ee% and In(2x) = In 2 + In x to show 
= log 0.01 that for g(x) = e” a horizontal shift is the same as a vertical 
stretch and for h(x) = In x a horizontal shrinking is the same 
log 0.1 < log 0.01 as a vertical shift. 
0.1 < 0.01 


5.5 EXPONENTIAL AND LOGARITHMIC EQUATIONS 


| Exponential Equations B Logarithmic Equations B Compound Interest 


In this section we solve equations that involve exponential or logarithmic functions. The 
techniques that we develop here will be used in the next section for solving applied 
problems. 


V Exponential Equations 
An exponential equation is one in which the variable occurs in the exponent. For example, 
2X = 


The variable x presents a difficulty because it is in the exponent. To deal with this 
difficulty, we take the logarithm of each side and then use the Laws of Logarithms to 
“bring down x” from the exponent. 


2=7 Given equation 
In2* =In7 Take In of each side 
xIn2 =In7 Law 3 (bring down exponent) 
In7 
Xx =—— Solve for x 
In2 


=~ 2.807 Calculator 


Recall that Law 3 of the Laws of Logarithms says that log, AC = C log, A. 
The method that we used to solve 2” = 7 is typical of how we solve exponential equa- 
tions in general. 


GUIDELINES FOR SOLVING EXPONENTIAL EQUATIONS 


1. |solate the exponential expression on one side of the equation. 


2. Take the logarithm of each side, then use the Laws of Logarithms to “bring 
down the exponent.” 


3. Solve for the variable. 


EXAMPLE 1 | Solving an Exponential Equation 


Find the solution of the equation 3**? = 7, rounded to six decimal places. 
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SOLUTION We take the common logarithm of each side and use L aw 3. 


a Given equation 
log(3***) = log 7 Take log of each side 
We could have used natural logarithms = . 
instead of common logarithms. In (x + 2)log 3 = log7 Law 3 (bring down exponent) 
fact, using the same steps, we get log7 
in? +2 ina Divide by log 3 
x= {2 = 0.228756 ie 
In3 
log 7 
X=—z-2 Subtract 2 
log 3 
= —0.228756 Calculator 
Substituting x = —0.228756 into the original equation and using a calculator, we get 
3(-0.228756)+2 — 7 Vv 
®. NOW TRY EXERCISE 7 | 
EXAMPLE 2 | Solving an Exponential Equation 
Solve the equation 8e2* = 20. 
SOLUTION We first divide by 8 to isolate the exponential term on one side of the 
equation. 
8e** = 20 Given equation 
ex = 2% Divide by 8 
Ine =|n2.5 Take Inof each side 
2x = 1n2.5 Property of In 
a 
n2. 
Substituting x = 0.458 into the original X= Divide by 2 
equation and using a calculator, we get 2 
870-458) ~ 20 o =~ 0.458 Calculator 
©. NOW TRY EXERCISE 9 | 


EXAMPLE 3 | Solving an Exponential Equation Algebraically 
and Graphically 


Solve the equation e?-** = 4 algebraically and graphically. 


SOLUTION 1: Algebraic 
Since the base of the exponential term is e, we use natural logarithms to solve this 


equation. 
ere Given equation 
In(ee-2*) = In 4 Take In of each side 
3 —2x=In4 Property of In 
—2x = —-3 + |n4 Subtract 3 


x =3—|n4) ~0.807 — Multiply by —} 


You should check that this answer satisfies the original equation. 


FIGURE 1 


If we let w = e*, we get the quadratic 
equation 


w—w-6=0 
which factors as 
(w — 3)(w+ 2) =0 


x =0: 
3(0)e° + 072° =0 
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SOLUTION2: Graphical 


We graph the equations y = e? 2% and y = 4 in the same viewing rectangle as in Figure 1. 
The solutions occur where the graphs intersect. Zooming in on the point of intersection of 
the two graphs, we see that x ~ 0.81. 


©. NOW TRY EXERCISE 11 i 


EXAMPLE 4 | An Exponential Equation of Quadratic Type 
Solve the equation e* — eX — 6 = 0. 


SOLUTION To isolate the exponential term, we factor. 


ex — eX § =0 Given equation 
(e*)? — eX -6=0 Law of Exponents 
(e* — 3)(e* + 2) =0 Factor (a quadratic in e*) 
e*—3=0 or e+2=0 Zero-Product Property 
eX = 3 e* = —2 


The equation e* = 3 leads to x = In 3. But the equation e* = —2 has no solution because 
e* > 0 for all x. Thus, x = In 3 ~ 1.0986 is the only solution. You should check that this 
answer satisfies the original equation. 


©. NOW TRY EXERCISE 29 | 


EXAMPLE 5 | Solving an Exponential Equation 
Solve the equation 3xe* + x’e* = 0. 
SOLUTION First we factor the left side of the equation. 


3xe* + x2eX = 0 Given equation 
x(3 + x)e* = 0 Factor out common factors 
xX(3 + x) =0 Divide by e* (because e* 0) 


x=0 or 3+x=0 Zero-Product Property 


Thus the solutions are x = 0 and x = —3. 


®. NOW TRY EXERCISE 33 a 
Radiocarbon Dating is a method archeologists use to determine For example, if a donkey 
the age of ancient objects. The carbon dioxide in the atmosphere al- bone contains 73% as much 


ways contains a fixed fraction of radioactive carbon, carbon-14 ('4C), ™C asa living donkey and it 
with a half-life of about 5730 years. Plants absorb carbon dioxide from died t years ago, then by the 
the atmosphere, which then makes its way to animals through the food formula for radioactive de- 
chain. Thus, all living creatures contain the same fixed proportions of cay (Section 5.6), 
™4C to nonradioactive '*C as the atmosphere. 

After an organism dies, it stops assimilating '*C, and the amount of 


OFS = (MO CHahe 


'4C in it begins to decay exponentially. We can then determine the time — We solve this exponential equation to find t ~ 2600, so the bone is 
elapsed since the death of the organism by measuring the amount of about 2600 years old. 


"4C left in it. 
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V Logarithmic Equations 
A logarithmic equation is one in which a logarithm of the variable occurs. For example, 


log(x +2) =5 

To solve for x, we write the equation in exponential form. 

x+2=2° Exponential form 
X = 32 — 2 = 30 Solve for x 
Another way of looking at the first step is to raise the base, 2, to each side of the equation. 
2a) 7 Raise 2 to each side 
x+2=2 Property of logarithms 
X = 32 — 2 = 30 Solve for x 


The method used to solve this simple problem is typical. We summarize the steps as follows. 


GUIDELINES FOR SOLVING LOGARITHMIC EQUATIONS 


1. Isolate the logarithmic term on one side of the equation; you might first need 
to combine the logarithmic terms. 


2. Write the equation in exponential form (or raise the base to each side of the 
equation). 
3. Solve for the variable. 


EXAMPLE 6 | Solving Logarithmic Equations 


Solve each equation for x. 


(a) Inx =8 (b) log,(25 — x) =3 
SOLUTION 
(a) Inx =8 Given equation 


8 


X=e Exponential form 


Therefore, x = e® ~ 2981. 
We can also solve this problem another way: 


Inx =8 Given equation 


alnx = 98 Raise e to each side 


8 


x 
II 


e Property of In 
(b) The first step is to rewrite the equation in exponential form. 


log.(25 — x) = 3 Given equation 


2-x=23 Exponential form (or raise 2 to each side) 
If x = 17, we get 25-x=8 
log.(25 — 17) =log,8B=3 x=25-8=17 


©. NOW TRY EXERCISES 37 AND 41 =) 


CHECK YOUR ANSWER 


X= —4: 
log(—4 + 2) + log(—4 — 1) 
= log(—2) + log(—5) 
undefined 


X = 3: 
log(3 + 2) + log(3 — 1) 
=log5 + log2 = log(5-2) 
=logl10=1 ¥ 


—=3 
FIGURE 2 
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EXAMPLE 7 | Solving a Logarithmic Equation 
Solve the equation 4 + 3 log(2x) = 16. 


SOLUTION We first isolate the logarithmic term. This allows us to write the equation 
in exponential form. 


4 + 3log(2x) = 16 Given equation 
3 log(2x) = 12 Subtract 4 
log(2x) = 4 Divide by 3 
2k = 10" Exponential form (or raise 10 to each side) 
x = 5000 Divide by 2 


CHECK YOUR ANSWER 


If x = 5000, we get 
4 + 3 log 2(5000) = 4 + 3 log 10,000 
=4 +4 3(4) 
=16 wv 
©. NOW TRY EXERCISE 43 | 


EXAMPLE 8 | Solving a Logarithmic Equation Algebraically 
and Graphically 


Solve the equation log(x + 2) + log(x — 1) = 1 algebraically and graphically. 
SOLUTION 1: Algebraic 
We first combine the logarithmic terms, using the Laws of Logarithms. 
logi(x + 2)(x-1)] =1 Law 1 
(x + 2)(x — 1) = 10 Exponential form (or raise 10 to each side) 
x°+x—2=10 — Expandleftside 
x7+x—-12=0 Subtract 10 
(x + 4)(x — 3) =0 Factor 
x=—-4 or Xx=3 


We check these potential solutions in the original equation and find that x = —4 is nota 
solution (because logarithms of negative numbers are undefined), but x = 3 is a solution. 
(See Check Your Answers.) 


SOLUTION 2: Graphical 
We first move all terms to one side of the equation: 

log(x + 2) + log(x —1) -1=0 
Then we graph 

y = log(x + 2) + log(x — 1) —-1 


as in Figure 2. The solutions are the x-intercepts of the graph. Thus, the only solution is 
X = 3. 


©. NOW TRY EXERCISE 49 | 
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In Example 9 it's not possible to isolate 
Xx algebraically, so we must solve the 
equation graphically. 


FIGURE 3 


The intensity of light in a lake 
diminishes with depth. 


EXAMPLE 9 | Solving a Logarithmic Equation Graphically 
Solve the equation x? = 2 In(x + 2). 
SOLUTION We first move all terms to one side of the equation 
x? — 2In(x + 2) =0 
Then we graph 
y = x? — 2In(x + 2) 


as in Figure 3. The solutions are the x-intercepts of the graph. Zooming in on the 
x-intercepts, we see that there are two solutions: 


X =~ -0.71 and xX = 1.60 
&. NOW TRY EXERCISE 59 |_| 


Logarithmic equations are used in determining the amount of light that reaches vari- 
ous depths in a lake. (This information helps biologists to determine the types of life a 
lake can support.) As light passes through water (or other transparent materials such as 
glass or plastic), some of the light is absorbed. It’s easy to see that the murkier the water, 
the more light is absorbed. The exact relationship between light absorption and the dis- 
tance light travels in a material is described in the next example. 


EXAMPLE 10 | Transparency of a Lake 


If 1, and! denote the intensity of light before and after going through a material and x is the 
distance (in feet) the light travels in the material, then according to the Beer-L ambert L aw, 


where k is a constant depending on the type of material. 
(a) Solve the equation for |. 


(b) For acertain lake k = 0.025, and the light intensity is |, = 14 lumens (Im). Find 
the light intensity at a depth of 20 ft. 


SOLUTION 
(a) We first isolate the logarithmic term. 
1 (; ) 
——In{ —] = Given equation 
k  \lo 


> 
a 
Ss |— 
Se 

ll 

| 

~ 

S< 


Multiply by -k 


Exponential form 


l=)e" Multiply by |, 


(b) We find | using the formula from part (a). 
kx 


| = |)e- From part (a) 
= 14e(—9.02520) |, = 14, k = 0.025, x = 20 
=~ 8.49 Calculator 


The light intensity at a depth of 20 ft is about 8.5 Im. 
©. NOW TRY EXERCISE 85 | 
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Vv Compound Interest 


Recall the formulas for interest that we found in Section 5.1. If a principal P is 
invested at an interest rate r for a period of t years, then the amount A of the investment 
is given by 


A =P(1 +r) Simple interest (for one year) 


r nt 
A(t) = € + r) Interest compounded n times per year 


A(t) = Pe" Interest compounded continuously 


We can use logarithms to determine the time it takes for the principal to increase to a 
given amount. 


EXAMPLE 11 | Finding the Term for an Investment to Double 


A sum of $5000 is invested at an interest rate of 5% per year. Find the time required for 
the money to double if the interest is compounded according to the following method. 


(a) Semiannually (b) Continuously 


SOLUTION 
(a) We use the formula for compound interest with P = $5000, A(t) = $10,000, 
r = 0.05, and n = 2 and solve the resulting exponential equation for t. 


0.05 


2t 
5000( 1 + 2) = 10,000 


(1.025) = 2 
log 1.0257 = log 2 
2t log 1.025 = log 2 


r nt 
p(1 +t) =A 
n 
Divide by 5000 


Take log of each side 


Law 3 (bring down the exponent) 


ele Divide by 2 log 1.025 
= ivi : 
2 log 1.025 etic. 
t ~ 14.04 Calculator 


The money will double in 14.04 years. 


(b) We use the formula for continuously compounded interest with P = $5000, 
A(t) = $10,000, and r = 0.05 and solve the resulting exponential equation for t. 


5000e°° = 10,000 = Pe't=A 


eit) Divide by 5000 
In et = In 2 Take In of each side 
0.05t = In2 Property of In 
= ne Divide by 0.05 
t ~ 13.86 Calculator 
The money will double in 13.86 years. 
©. NOW TRY EXERCISE 75 | 


EXAMPLE 12 | Time Required to Grow an Investment 


A sum of $1000 is invested at an interest rate of 4% per year. Find the time required for 
the amount to grow to $4000 if interest is compounded continuously. 
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SOLUTION Weuse the formula for continuously compounded interest with 
P = $1000, A(t) = $4000, and r = 0.04 and solve the resulting exponential equation 
for t. 


1000e°% = 4000 Pet=A 


e004 — 4 Divide by 1000 
0.04t = In4 Take In of each side 
mes Divide by 0.04 

0.04 7 


t ~ 34.66 Calculator 
The amount will be $4000 in about 34 years and 8 months. 
©. NOW TRY EXERCISE 77 


10 
CONCEPTS 25. = 4 26, 2 
1. Let's solve the exponential equation 2e* = 50. 27. 100(1.04)% = 300 28, (1.00625) = 
(a) First, we isolate e* to get the equivalent equation 
(b) Next, we take In of each side to get the equivalent equation a2 aos oulvemeeaiatol 
©. 29, e — 3e° + 2 = 0 30. e* — e-6=0 
(c) Now we use a calculator to find x = aia ala ideale, 
2. Let's solve the logarithmic equation eta baa) 
log 3 + log(x — 2) = logx. 35. 4x2e > — 3x4e * = 0 36. x’e% + xe* — e = 0 
(a) First, we combine the logarithms to get the equivalent 37-54 m Solve the logarithmic equation for x. 
equation ©. 37. Inx = 10 38. In(2 +x) =1 
(b) Next, we write each side in exponential form to get the 39. logx = —2 40. log(x — 4) =3 
equivalent equation ©. 41, log(3x + 5) =2 42. |og3(2 — x) =3 
(c) Now we find x = _____. ©. 43. 4 — log(3 — x) =3 44, logo(x? — x — 2) =2 
45. log,3 + log.x = log 5 + log.(x — 2) 
SKILLS 46. 2 log x = log 2 + log(3x — 4) 
3-28 m Find the solution of the exponential equation, rounded to ahs oun loathe T= 10a) 
four decimal places. 48. log,x + log.(x + 1) = log,20 
3.10" = 25 4. 10-* = © .49. logs(x + 1) — logs(x — 1) = 2 
5.e X=7 6. e* = 12 50. log3(x + 15) — log,(x — 1) =2 
7. 21-*% = 3 8. 3% 1 =5 51. log,x + logo(x — 3) =2 
9. 3e* = 10 10. 2e!% = 17 52. logx + log(x — 3) =1 
11. eh = 2 12. 4(1 + 10) =9 53. logg(x — 5) + logo(x + 3) =1 
13. 4+ 3% =8 14, 2% = 34 54. In(x — 1) + In(x + 2) =1 
15, 8°*% = 5 16, 3°" = G1 55. For what value of x is the following true? 
17%, 5 = 9 18. & > = 16 log(x + 3) =logx + log 3 
19. e**1 = 200 20. (7)" = 75 56. For what value of x is it true that (log x)? = 3 log x? 
21 Se" 2. i= e 57. Solve for x: 22/0%x = 2 
3.2" =3 4.7 =5 > 58. Solve for x: log(log3x) = 4 


== 59-66 m Use a graphing device to find all solutions of the 


equation, rounded to two decimal places. 


©.59. Inx =3-—x 60. logx =x? -2 
61. x? — x = log(x + 1) 62. x = In(4 — x?) 
63. eX = —x 64.2% =x-1 
65. 4% = vx 66. e* —2 = x3 —x 
67-70 @ Solve the inequality. 

67. log(x — 2) + log(9 — x) <1 
68. 3 < log,x <4 
69. 2<10%<5 70. x?eX — 2e*< 0 
71-74 m@ Find the inverse function of f. 
71. f(x) = 2 72. f(x) = 37? 
73. f(x) = loga(x — 1) 74, f(x) = log 3x 
APPLICATIONS 
©.75. Compound Interest A man invests $5000 in an account 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


that pays 8.5% interest per year, compounded quarterly. 
(a) Find the amount after 3 years. 
(b) How long will it take for the investment to double? 


Compound Interest A woman invests $6500 in an ac- 
count that pays 6% interest per year, compounded continuously. 
(a) What is the amount after 2 years? 

(b) How long will it take for the amount to be $8000? 


Compound Interest Find the time required for an in- 
vestment of $5000 to grow to $8000 at an interest rate of 7.5% 
per year, compounded quarterly. 


Compound Interest Nancy wants to invest $4000 in 
saving certificates that bear an interest rate of 9.75% per year, 
compounded semiannually. How long a time period should she 
choose to save an amount of $5000? 


Doubling an Investment How long will it take for an 
investment of $1000 to double in value if the interest rate is 
8.5% per year, compounded continuously? 


Interest Rate A sum of $1000 was invested for 4 years, and 
the interest was compounded semiannually. If this sum amounted 
to $1435.77 in the given time, what was the interest rate? 


Radioactive Decay A 15-g sample of radioactive iodine 
decays in such a way that the mass remaining after t days is 
given by m(t) = 15e~°-°8"" where m(t) is measured in grams. 
After how many days is there only 5 g remaining? 


Sky Diving The velocity of a sky diver t seconds after 
jumping is given by v(t) = 80(1 — e-°). After how many 
seconds is the velocity 70 ft/s? 


Fish Population A small lake is stocked with a certain 
species of fish. The fish population is modeled by the function 


> 10 
1+ 4eO8t 


where P is the number of fish in thousands and t is measured 

in years since the lake was stocked. 

(a) Find the fish population after 3 years. 

(b) After how many years will the fish population reach 5000 
fish? 


84. 


©. 85, 


86. 


87. 
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Transparency of a Lake Environmental scientists mea- 
sure the intensity of light at various depths in a lake to find the 
“transparency” of the water. Certain levels of transparency are re- 
quired for the biodiversity of the submerged macrophyte popula- 
tion. In a certain lake the intensity of light at depth x is given by 


| = 10e~ 2.008x 


where | is measured in lumens and x in feet. 
(a) Find the intensity | at a depth of 30 ft. 
(b) At what depth has the light intensity dropped to | = 5? 


Atmospheric Pressure Atmospheric pressure P (in kilo- 
pascals, kPa) at altitude h (in kilometers, km) is governed by 
the formula 


where k = 7 and P, = 100 kPa are constants. 
(a) Solve the equation for P. 
(b) Use part (a) to find the pressure P at an altitude of 4 km. 


Cooling an Engine Suppose you're driving your car ona 
cold winter day (20°F outside) and the engine overheats (at 
about 220°F). When you park, the engine begins to cool down. 
The temperature T of the engine t minutes after you park 
satisfies the equation 


T — 20 
in( 2) = —0.11t 


(a) Solve the equation for T. 
(b) Use part (a) to find the temperature of the engine after 
20 min (t = 20). 


Electric Circuits An electric circuit contains a battery that 

produces a voltage of 60 volts (V), a resistor with a resistance 

of 13 ohms (Q), and an inductor with an inductance of 5 hen- 

rys (H), as shown in the figure. Using calculus, it can be 

shown that the current | = I(t) (in amperes, A) t seconds after 

the switch is closed is! = §§(1 — e- 1"), 

(a) Use this equation to express the time t as a function of the 
current |. 

(b) After how many seconds is the current 2A? 


13.0 


5H 


Switch 
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88. Learning Curve A learning curve is a graph of a function 
P(t) that measures the performance of someone learning a 


DISCOVERY =DISCUSSION = WRITING 


skill as a function of the training time t. At first, the rate of 89. Estimating a Solution Without actually solving the 
learning is rapid. Then, as performance increases and ap- equation, find two whole numbers between which the solution 
proaches a maximal value M, the rate of learning decreases. It of 9* = 20 must lie. Do the same for 9X = 100. Explain how 
has been found that the function you reached your conclusions. 
P(t) =M —Ce® 90. A Surprising Equation Take logarithms to show that the 
where k and C are positive constants and C < M is a reason- equation 
able model for learning. yllogx — 5 
(a) Express the learning time t as a function of the per- 
formance level P. has no solution. For what values of k does the equation 
(b) For a pole-vaulter in training, the learning curve is given by xtllogx — 
P(t) = 20 — eS" have a solution? W hat does this tell us about the graph of the 
where P(t) is the height he is able to pole-vault after function f(x) = x99"? Confirm your answer using a graphing 
t months. After how many months of training is he able to device. 
vault 12 ft? 


91. Disguised Equations Each of these equations can be 
transformed into an equation of linear or quadratic type by ap- 
plying the hint. Solve each equation. 

(a) (x — 1)!-) = 100(x — 1) [Take log of each side.] 
(b) log,x + log,x + loggx = 11 [Change all logs to base 2.] 
(c) 4 — 2*t1=3 [Write as a quadratic in 2%] 


(c) Draw a graph of the learning curve in part (b). 


5.6 MODELING WITH EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Exponential Growth (Doubling Time) B Exponential Growth (Relative 
Growth Rate) B Radioactive Decay B Newton’s Law of Cooling > 
Logarithmic Scales 


M any processes that occur in nature, such as population growth, radioactive decay, heat 
diffusion, and numerous others, can be modeled by using exponential functions. L oga- 
rithmic functions are used in models for the loudness of sounds, the intensity of earth- 
quakes, and many other phenomena. In this section we study exponential and logarithmic 
models. 


V Exponential Growth (Doubling Time) 


Suppose we start with a single bacterium, which divides every hour. After one hour we 
have 2 bacteria, after two hours we have 2? or 4 bacteria, after three hours we have 2? or 
8 bacteria, and so on (see Figure 1). We see that we can model the bacteria population af- 
ter thours by f(t) = 2° 


2C2eee 


FIGURE 1 Bacteria population 
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If we start with 10 of these bacteria, then the population is modeled by f(t) = 10- 2°. 
A slower-growing strain of bacteria doubles every 3 hours; in this case the population is 
modeled by f(t) = 10-2". In general, we have the following. 


EXPONENTIAL GROWTH (DOUBLING TIME) 


If the intial size of a population is ng and the doubling time is a, then the size of 
the population at time t is 


n(t) = ng2" 


where a and t are measured in the same time units (minutes, hours, days, years, 
and so on). 


EXAMPLE 1 | Bacteria Population 


Under ideal conditions a certain bacteria population doubles every three hours. Initially 
there are 1000 bacteria in a colony. 


(a) Find a model for the bacteria population after t hours. 
(b) How many bacteria are in the colony after 15 hours? 
(c) When will the bacteria count reach 100,000? 
SOLUTION 
(a) The population at time t is modeled by 
n(t) = 1000-2" 
where t is measured in hours. 
(b) After 15 hours the number of bacteria is 
n(15) = 1000-215? = 32,000 


(c) We set n(t) = 100,000 in the model that we found in part (a) and solve the result- 
ing exponential equation for t. 


100,000 = 1000-2" n(t) = 1000-2" 
100 = 243 Divide by 1000 
log 100 = log 2" Take log of each side 
t 
2= 3 log 2 Properties of log 
t= cae 19.93 Solve f 
For guidelines on working with signifi- = log 2 no ane ser 
cant figures, see the A ppendix, Calcu- 
lations and Significant Figures. The bacteria level reaches 100,000 in about 20 hours. 
®. NOW TRY EXERCISE 1 | 


EXAMPLE 2 | Rabbit Population 

A certain breed of rabbit was introduced onto a small island 8 months ago. The current 
rabbit population on the island is estimated to be 4100 and doubling every 3 months. 

(a) What was the initial size of the rabbit population? 

(b) Estimate the population one year after the rabbits were introduced to the island. 

(c) Sketch a graph of the rabbit population. 
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20,000 


0 20 


FIGURE 2 n(t) = 645-2! 


For guidelines on working with signifi- 


cant figures, see the A ppendix, Calcu- 
lations and Significant Figures. 


SOLUTION 
(a) The doubling time is a = 3, so the population at time t is 
n(t) =no2%? ~— Model 


where Ng is the initial population. Since the population is 4100 when t is 8 months, 
we have 


n(8) = 1928? ~—- From model 


4100 = n9283 ~—— Because n(8) = 4100 


4100 
he = 38h Divide by 28 and switch sides 
No = 645 Calculate 


Thus we estimate that 645 rabbits were introduced onto the island. 


(b) From part (a) we know that the initial population is ng = 645, so we can model the 
population after t months by 


n(t) = 645-24? — Model 
After one year t = 12, so 
n(12) = 645-212? =~ 10,320 


So after one year there would be about 10,000 rabbits. 
(c) We first note that the domain is t = 0. The graph is shown in Figure 2. 


©. NOW TRY EXERCISE 3 a 


V Exponential Growth (Relative Growth Rate) 


We have used an exponential function with base 2 to model population growth (in terms 
of the doubling time). We could also model the same population with an exponential func- 
tion with base 3 (in terms of the tripling time). In fact, we can find an exponential model 
with any base. If we use the base e, we get the following model of a population in terms 
of the relative growth rate r: the rate of population growth expressed as a proportion of 
the population at any time. For instance, if r = 0.02, then at any time t the growth rate is 
2% of the population at time t. 


EXPONENTIAL GROWTH (RELATIVE GROWTH RATE) 


A population that experiences exponential growth increases according to the 
model 


n(t) = nye" 


where n(t) = population at time t 
No = initial size of the population 
r = relative rate of growth (expressed as a proportion of the 
population) 
t = time 


Notice that the formula for population growth is the same as that for continuously com- 
pounded interest. In fact, the same principle is at work in both cases: The growth of a pop- 
ulation (or an investment) per time period is proportional to the size of the population (or 


5000 


FIGURE 3 


The relative growth of world popula- 
tion has been declining over the past 
few decades— from 2% in 1995 to 
1.3% in 2006. 


Standing Room Only 

The population of the world was about 
6.1 billion in 2000 and was increasing 
at 1.4% per year. Assuming that each 
person occupies an average of 4 ft? of 
the surface of the earth, the exponen- 
tial model for population growth pro- 
jects that by the year 2801 there will be 
standing room only! (The total land 
surface area of the world is about 

1.8 X 10'° ft?) 
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the amount of the investment). A population of 1,000,000 will increase more in one year 
than a population of 1000; in exactly the same way, an investment of $1,000,000 will in- 
crease more in one year than an investment of $1000. 

In the following examples we assume that the populations grow exponentially. 


EXAMPLE 3 | Predicting the Size of a Population 


The initial bacterium count in a culture is 500. A biologist later makes a sample count of 
bacteria in the culture and finds that the relative rate of growth is 40% per hour. 


(a) Find a function that models the number of bacteria after t hours. 
(b) What is the estimated count after 10 hours? 

(c) When will the bacteria count reach 80,000? 

(d) Sketch the graph of the function n(t). 


SOLUTION 
(a) We use the exponential growth model with n» = 500 andr = 0.4 to get 


n(t) = 500e°** 
where t is measured in hours. 
(b) Using the function in part (a), we find that the bacterium count after 10 hours is 
n(10) = 500e°4 = 500e* ~ 27,300 
(c) We set n(t) = 80,000 and solve the resulting exponential equation for t: 
80,000 = 500-e°* n(t) = 500-e* 


160 = e°* Divide by 500 
In 160 = 0.4t Take In of each side 
In 160 
t= 04 =~ 12.68 Solve for t 


The bacteria level reaches 80,000 in about 12.7 hours. 
(d) The graph is shown in Figure 3. 


©. NOW TRY EXERCISE 5 a 


EXAMPLE 4 | Comparing Different Rates of Population Growth 


In 2000 the population of the world was 6.1 billion, and the relative rate of growth was 
1.4% per year. It is claimed that a rate of 1.0% per year would make a significant 
difference in the total population in just a few decades. Test this claim by estimating the 
population of the world in the year 2050 using a relative rate of growth of (a) 1.4% per 
year and (b) 1.0% per year. 

Graph the population functions for the next 100 years for the two relative growth rates 
in the same viewing rectangle. 


SOLUTION 
(a) By the exponential growth model we have 


n(t) = 6.120 


where n(t) is measured in billions and t is measured in years since 2000. Because 
the year 2050 is 50 years after 2000, we find 


(50) = 6,12") = 6.1e = 12.3 
The estimated population in the year 2050 is about 12.3 billion. 
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30 


nt) = 6.1609" 


0 
FIGURE 4 


500,000 


(0) 4 


FIGURE 5 
Graphs of y = 10,000- 2+! 
and y = 10,000e197 


(b) We use the function 
a(t) = 6.168" 
and find 
n(50) = 6.1e%069) — 6.1695? = 10,1 
The estimated population in the year 2050 is about 10.1 billion. 
The graphs in Figure 4 show that a small change in the relative rate of growth will, over 
time, make a large difference in population size. 
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EXAMPLE 5 | Expressing a Model in Terms of e 


A culture starts with 10,000 bacteria, and the number doubles every 40 minutes. 

(a) Find a function n(t) = no2"? that models the number of bacteria after t minutes. 
(b) Find a function n(t) = noe" that models the number of bacteria after t minutes. 
(c) Sketch a graph of the number of bacteria at time t. 


SOLUTION 


(a) The initial population is ny = 10,000. The doubling timeisa = 40 min = 2/3h. 
Since 1/a = 3/2 = 1.5, the model is 


n(t) = 10,000- 24 


(b) The initial population isn g = 10,000. We need to find the relative growth rate r. 
Since there are 20,000 bacteria when t = 2/3 h, we have 


20,000 = 10,000e") n(t) = 10,000e" 
P= ee) Divide by 10,000 
In2 = Ine’) Take In of each side 
In2 = 1r(2/3) Property of In 
= 3In2 


r =~ 1.0397 Solve for r 


2 
Now that we know the relative growth rater, we can find the model: 
n(t) = 10,000e!%9” 


(c) Wecan graph the model in part (a) or the one in part (b). The graphs are identical. 
See Figure 5. 


©. NOW TRY EXERCISE 9 =) 


V Radioactive Decay 


Radioactive substances decay by spontaneously emitting radiation. The rate of decay is 
proportional to the mass of the substance. This is analogous to population growth except 
that the mass decreases. Physicists express the rate of decay in terms of half-life. F or ex- 
ample, the half-life of radium-226 is 1600 years, so a 100-g sample decays to 50 g (or 
5 X 100 g) in 1600 years, then to 25 g (or X 5 X 100 g)in 3200 years, and so on. In 
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general, for a radioactive substance with mass my and half-life h, the amount remaining 
The half-lives of radioactive elements at time t is modeled by 
vary from very long to very short. Here 


are some examples. 
Element Half-life m(t) = Mees” 
Thorium-232 14.5 billion years 
Uranium-235 4.5 billion years where h and t are measured in the same time units (minutes, hours, days, years, and so on). 
Bees ee years To express this model in the form m(t) = me", we need to find the relative decay rate 
utonium- . years : : yi 
cuenta 5,730 years r. Since h is the half-life, we have 
Radium-226 1,600 years m(t) =m,e't M odel 
Cesium-137 30 years 
Strontium-90 28 years Mo ih . ; 
Polonium-210 140 days > = Moe h is the half-life 
Thorium-234 25 days 
lodine-135 8 days 1 on eat 
Radon-222 3.8 days 5 =e Divide by mo 
Lead-211 3.6 minutes 
Krypton-91 10 seconds 1 ; 
Ins = —rh Take In of each side 
SSS 
In2 
r= “a Solve for r 


This last equation allows us to find the rate r from the half-life h. 


RADIOACTIVE DECAY MODEL 


If Mo is the initial mass of a radioactive substance with half-life h, then the mass 
remaining at time t is modeled by the function 
=e 


m(t) = me 


where r = 


EXAMPLE 6 | Radioactive Decay 

Polonium-210 (7!°Po) has a half-life of 140 days. Suppose a sample of this substance has 
a mass of 300 mg. 

(a) Find a function m(t) = mo2~*" that models the mass remaining after t days. 

(b) Find a function m(t) = moe“ that models the mass remaining after t days. 

(c) Find the mass remaining after one year. 

(d) How long will it take for the sample to decay to a mass of 200 mg? 

(e) Draw a graph of the sample mass as a function of time. 

SOLUTION 

(a) We have my = 300 and h = 140, so the amount remaining after t days is 


m(t) = 300+ 2-9 


(b) We have my = 300 andr = In 2/140 ~ —0.00495, so the amount remaining after t 
days is 
m(t) = 300- e 0.00495 


In parts (c) and (d) wecan also usethe (c) Weuse the function we found in part (a) with t = 365 (one year). 
model found in part (a). Check that the m(365) = 3006~09495365) ~ 49.256 


result is the same using either model. 
Thus, approximately 49 mg of 72°Po remains after one year. 
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(d) We use the function that we found in part (a) with m(t) = 200 and solve the result- 
ing exponential equation for t. 


300e- °.00495t — 200 m(t) =m,e" 
gr MASSE ed Divided by 300 
[ne OOM = Ing Take In of each side 
Z —0.00495t = In§ Property of In 
: t= ee Solve for t 
3 t = 81.9 Calculator 
Radioactive Waste The time required for the sample to decay to 200 mg is about 82 days. 


gia aaa a (e) We can graph the model in part (a) or the one in part (b). The graphs are identical. 
curs, whether as the result of an atomic See F Igure 6. 

bomb test, a nuclear accident such as 

the one at Chernobyl in 1986, or the m(t) A 
uneventful production of electricity at 
a nuclear power plant. 

One radioactive material that is 
produced in atomic bombs is the iso- 
tope strontium-90 (°°Sr), with a half-life 
of 28 years. This is deposited 
like calcium in human bone tissue, 
where it can cause leukemia and other 
cancers. However, in the decades since 
atmospheric testing of nuclear 


m(t) = 300 e~.00495" 


Amount of 7!°Po (mg) 
0 
} 
5S 


weapons was halted, ?°Sr levels in the } { { { > 
environment have fallen to a level that 0 50 ; 150 t 
no longer poses a threat to health. FIGURE 6 Time (days) 
Nuclear power plants produce 
radioactive plutonium-239 (7?°Pu), & NOW TRY EXERCISE 17 go 


which has a half-life of 24,360 years. Be- 
cause of its long half-life, 73°Pu could 

pose a threat to the environment for ; 
thousands of years. So great care must Vv N ewton’s Law of Cooling 


be taken to dispose of it properly. The 


difficulty of ensuring the safety of the Newton's Law of Cooling states that the rate at which an object cools is proportional to 
disposed radioactive waste is one rea- the temperature difference between the object and its surroundings, provided that the tem- 
son that nuclear power plants remain perature difference is not too large. By using calculus, the following model can be de- 
Come duced from this law. 


NEWTON’S LAW OF COOLING 


If Dy is the initial temperature difference between an object and its surroundings, 
and if its surroundings have temperature T., then the temperature of the object at 


time t is modeled by the function 
Gh) Ue ae Dig 


where k is a positive constant that depends on the type of object. 


EXAMPLE 7 | Newton’s Law of Cooling 

A cup of coffee has a temperature of 200°F and is placed in a room that has a tempera- 
ture of 70°F. After 10 min the temperature of the coffee is 150°F. 

(a) Find a function that models the temperature of the coffee at time t. 

(b) Find the temperature of the coffee after 15 min. 
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(c) When will the coffee have cooled to 100°F? 
(d) Illustrate by drawing a graph of the temperature function. 


SOLUTION 
(a) The temperature of the room is T, = 70°F, and the initial temperature difference is 


ae Dy = 200 — 70 = 130°F 


So by Newton’s Law of Cooling, the temperature after t minutes is modeled by the 
function 


We need to find the constant k associated with this cup of coffee. To do this, we 
use the fact that when t = 10, the temperature is T(10) = 150. So we have 


70 + 130e-* = 150 T, +De =T(t) 
130e 1% = 80 Subtract 70 
eg ik = 8 Divide by 130 
—10k = Ing Take In of each side 
k=—-yln§ — Solvefork 


k ~ 0.04855 Calculator 
Substituting this value of k into the expression for T(t), we get 
T(t) = 70 + 130@ 90485 
(b) We use the function that we found in part (a) with t = 15. 
T(15):= 70 + 130e O°) a 133°F 


(c) We use the function that we found in part (a) with T(t) = 100 and solve the result- 
ing exponential equation for t. 


T(F)A 
70 + 130e°°85t = 100 T, De" =T 
oe 130a- Ot = 30 Subtract 70 
= —0.04855r 
oo gr tuasst — 3 Divide by 130 
—0.04855t = InZ Take In of each side 
3 
70+ Nis 
= t = ——_—_ Solve for t 
ome =0.04855 
po t ~ 30.2 Calculator 
0) 10 20 30 40 t(min) 
The coffee will have cooled to 100°F after about half an hour. 
FIGURE 7 Temperature of coffee (d) The graph of the temperature function is sketched in Figure 7. Notice that the line 
after t minutes t = 70 is a horizontal asymptote. (W hy?) 
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V Logarithmic Scales 


When a physical quantity varies over a very large range, it is often convenient to take its 
logarithm in order to have a more manageable set of numbers. We discuss three such 
situations: the pH scale, which measures acidity; the Richter scale, which measures the 
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pH for Some Common 


Substances 

Substance pH 
Milk of magnesia 10.5 
Seawater 8.0-8.4 
Human blood 7.3-7.5 
Crackers 7.0-8.5 
Hominy 6.9-7.9 
Cow's milk 6.4-6.8 
Spinach 5.1-5.7 
Tomatoes 4.1-4.4 
Oranges 3.0-4.0 
Apples 2.9-3.3 
Limes 1.3-2.0 
Battery acid 1.0 


Largest Earthquakes 


Location Date Magnitude 
Chile 1960 9.5 
Alaska 1964 9.2 
Sumatra 2004 9.1 
Alaska 1957 9.1 
Kamchatka 1952 9.0 
Chile 2010 8.8 
Ecuador 1906 8.8 
Alaska 1965 oa 
Sumatra 2005 8.7 
Tibet 1950 8.6 
Kamchatka 1923 8.5 
Indonesia 1938 8.5 
Kuril Islands 1963 8.5 


intensity of earthquakes; and the decibel scale, which measures the loudness of sounds. 
Other quantities that are measured on logarithmic scales are light intensity, information 
capacity, and radiation. 


The pH Scale Chemists measured the acidity of a solution by giving its hydrogen ion 
concentration until S@ren Peter Lauritz Sgrensen, in 1909, proposed a more convenient 
measure. He defined 


pH = —log[H*] 


where [H *]is the concentration of hydrogen ions measured in moles per liter (M ). He did 
this to avoid very small numbers and negative exponents. For instance, 


if [H*]=10*M, then — pH = —log,,(10°-*) = —(—4) =4 
Solutions with a pH of 7 are defined as neutral, those with pH < 7 areacidic, and those 


with pH > 7 are basic. Notice that when the pH increases by one unit, [H *] decreases by 
a factor of 10. 


EXAMPLE 8 | pH Scale and Hydrogen lon Concentration 


(a) The hydrogen ion concentration of a sample of human blood was measured to be 
[H*] = 3.16 x 10°-°M. Find the pH and classify the blood as acidic or basic. 


(b) The most acidic rainfall ever measured occurred in Scotland in 1974; its pH was 
2.4. Find the hydrogen ion concentration. 


SOLUTION 
(a) A calculator gives 
pH = —log[H*] = —log(3.16 x 10-8) ~ 7.5 
Since this is greater than 7, the blood is basic. 
(b) To find the hydrogen ion concentration, we need to solve for [H *] in the logarith- 


mic equation 
logiH *] = —pH 
So we write it in exponential form. 
(a7) =10* 


In this case pH = 2.4, so 
[H*] =10°7**= 40 x 103M 
®&. NOW TRY EXERCISE 29 | 


The Richter Scale |n 1935 the American geologist Charles Richter (1900-1984) 
defined the magnitude M of an earthquake to be 


M = log = 


where | is the intensity of the earthquake (measured by the amplitude of a seismograph 
reading taken 100 km from the epicenter of the earthquake) and S is the intensity of a 
“standard” earthquake (whose amplitude is 1 micron = 10~* cm). The magnitude of a 
standard earthquake is 


M log 2 log1 =0 


© Roger Ressmeyer/CORBIS 
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Richter studied many earthquakes that occurred between 1900 and 1950. The largest had 
magnitude 8.9 on the Richter scale, and the smallest had magnitude 0. This corresponds 
to a ratio of intensities of 800,000,000, so the Richter scale provides more manageable 
numbers to work with. For instance, an earthquake of magnitude 6 is ten times stronger 
than an earthquake of magnitude 5. 


EXAMPLE 9 | Magnitude of Earthquakes 


The 1906 earthquake in San Francisco had an estimated magnitude of 8.3 on the Richter 
scale. In the same year a powerful earthquake occurred on the Colombia-E cuador border 
that was four times as intense. What was the magnitude of the Colombia-Ecuador earth- 
quake on the Richter scale? 


SOLUTION If isthe intensity of the San Francisco earthquake, then from the defini- 
tion of magnitude we have 


| 
M = log 5 8.3 
The intensity of the Colombia-E cuador earthquake was 4I, so its magnitude was 
M = log = log4 + log 5 = log4 + 8.3 ~ 8.9 
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EXAMPLE 10 | Intensity of Earthquakes 


The 1989 Loma Prieta earthquake that shook San Francisco had a magnitude of 7.1 on the 
Richter scale. How many times more intense was the 1906 earthquake (see Example 9) 
than the 1989 event? 


SOLUTION If 1, and 1, are the intensities of the 1906 and 1989 earthquakes, then we 
are required to find |,/1,. To relate this to the definition of magnitude, we divide the nu- 
merator and denominator by S. 


| |,/S 
log 7 = log e2 Divide numerator and denominator by S 
2 2 


| | 
= loge = loge Law 2 of logarithms 


=83-71=12 Definition of earthquake magnitude 
Therefore, 


3 = 1Q!o9ta/2) — 1912 = 16 
2 


The 1906 earthquake was about 16 times as intense as the 1989 earthquake. 
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The Decibel Scale The ear is sensitive to an extremely wide range of sound intensities. 
We take as a reference intensity |, = 10-2 W/m? (watts per square meter) at a frequency of 
1000 hertz, which measures a sound that is just barely audible (the threshold of hearing). The 
psychological sensation of loudness varies with the logarithm of the intensity (the Weber- 
Fechner Law), so the intensity level B, measured in decibels (dB), is defined as 


B = 10 log~ 
0 


& 
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The intensity levels of sounds that 
we can hear vary from very loud to very 
soft. Here are some examples of the 


Exponential and Logarithmic Functions 


decibel levels of commonly heard 


The intensity level of the barely audible reference sound is 


| 
B = 10 log ** = 10 log 1 = 0 dB 
0 


EXAMPLE 11 | Sound Intensity of a Jet Takeoff 


Find the decibel intensity level of a jet engine during takeoff if the intensity was measured 


SOLUTION From the definition of intensity level we see that 


2 


B = 10log = 10 log a = 10 log 10"* = 140 dB 
0 
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The table in the margin lists decibel intensity levels for some common sounds ranging 


sounds. at 100 W/m2. 
Source of sound B (dB) 

Jet takeoff 140 

Jackhammer 130 

Rock concert 120 

Subway 100 

Heavy traffic 80 Thus, the intensity level is 140 dB. 
Ordinary traffic 70 

Normal conversation 50 

Whisper 30 

Rustling leaves 10-20 

Threshold of hearing 0 


from the threshold of human hearing to the jet takeoff of Example 11. The threshold of 
pain is about 120 dB. 


APPLICATIONS 


1-16 m These exercises use the population growth model. 


. 1. Bacteria Culture A certain culture of the bacterium 
Streptococcus A initially has 10 bacteria and is observed to 


double every 1.5 hours. 


(c) After how many hours will the bacteria count reach 
1 million? 


. 3. Squirrel Population A grey squirrel population was in- 
troduced in a certain county of Great Britain 30 years ago. Bi- 
ologists observe that the population doubles every 6 years, and 
now the population is 100,000. 


(a) Find an exponential model n(t) = no2' for the number of 
bacteria in the culture after t hours. 

(b) Estimate the number of bacteria after 35 hours. 

(c) When will the bacteria count reach 10,000? 


Image copyright Sebastian Kaulitzki 2009. 
Used under license from Shutterstock.com 


Streptococcus A 
(12,000 x magnification) 


. Bacteria Culture A certain culture of the bacterium 


Rhodobacter sphaeroides initially has 25 bacteria and is ob- 

served to double every 5 hours. 

(a) Find an exponential model n(t) = n 92? for the number of 
bacteria in the culture after t hours. 

(b) Estimate the number of bacteria after 18 hours. 


(a) What was the initial size of the squirrel population? 
(b) Estimate the squirrel population 10 years from now. 
(c) Sketch a graph of the squirrel population. 


. Bird Population A certain species of bird was introduced 


in a certain county 25 years ago. Biologists observe that the 
population doubles every 10 years, and now the population is 
13,000. 

(a) What was the initial size of the bird population? 

(b) Estimate the bird population 5 years from now. 

(c) Sketch a graph of the bird population. 


. Fox Population The fox population in a certain region 


has a relative growth rate of 8% per year. It is estimated that 

the population in 2005 was 18,000. 

(a) Find a function n(t) = ne" that models the population 
t years after 2005. 

(b) Use the function from part (a) to estimate the fox popula- 
tion in the year 2013. 

(c) Sketch a graph of the fox population function for the years 
2005-2013. 


. Fish Population § The population of a certain species of 


fish has a relative growth rate of 1.2% per year. It is estimated 

that the population in 2000 was 12 million. 

(a) Find an exponential model n(t) = ne" for the population 
t years after 2000. 

(b) Estimate the fish population in the year 2005. 

(c) Sketch a graph of the fish population. 


10. 


11, 


12. 


. Bacteria Culture 


. Population of a Country The population of a country 


has a relative growth rate of 3% per year. The government is 
trying to reduce the growth rate to 2%. The population in 1995 
was approximately 110 million. Find the projected population 
for the year 2020 for the following conditions. 

(a) The relative growth rate remains at 3% per year. 

(b) The relative growth rate is reduced to 2% per year. 


It is observed that a certain bacteria 
culture has a relative growth rate of 12% per hour, but in the 
presence of an antibiotic the relative growth rate is reduced to 
5% per hour. The initial number of bacteria in the culture is 
22. Find the projected population after 24 hours for the follow- 
ing conditions. 
(a) No antibiotic is present, so the relative growth rate is 12%. 
(b) An antibiotic is present in the culture, so the relative 
growth rate is reduced to 5%. 


. Population of a City The population of a certain city 


was 112,000 in 2006, and the observed doubling time for the 

population is 18 years. 

(a) Find an exponential model n(t) = n,2"* for the population 
t years after 2006. 

(b) Find an exponential model n(t) = n,e" for the population 
t years after 2006. 

(c) Sketch a graph of the population at time t. 

(d) Estimate when the population will reach 500,000. 


Bat Population The bat population in a certain M idwest- 

ern county was 350,000 in 2009, and the observed doubling 

time for the population is 25 years. 

(a) Find an exponential model n(t) = n92"* for the population 
t years after 2006. 

(b) Find an exponential model n(t) = n,e" for the population 
t years after 2006. 

(c) Sketch a graph of the population at time t. 

(d) Estimate when the population will reach 2 million. 


Deer Population § The graph shows the deer population in 

a Pennsylvania county between 2003 and 2007. Assume that 

the population grows exponentially. 

(a) What was the deer population in 2003? 

(b) Find a function that models the deer population t years 
after 2003. 

(c) What is the projected deer population in 2011? 

(d) In what year will the deer population reach 100,000? 


n(t) A 


(4, 31,000) 
30,000 
Deer 
population en 
10,000 
t t t t a 
0 1 2 3 4 
Years since 2003 


Frog Population Some bullfrogs were introduced into a 
small pond. The graph shows the bullfrog population for the 
next few years. Assume that the population grows exponentially. 
(a) What was the initial bullfrog population? 
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(b) Find a function that models the bullfrog population t years 
since the bullfrogs were put into the pond. 

(c) What is the projected bullfrog population after 15 years? 

(d) Estimate how long it takes the population to reach 75,000. 


na 
700 
600 
500 
400 


Frog 
population 


13. Bacteria Culture A culture starts with 8600 bacteria. A f- 
ter one hour the count is 10,000. 
(a) Find a function that models the number of bacteria n(t) 
after t hours. 
(b) Find the number of bacteria after 2 hours. 
(c) After how many hours will the number of bacteria 
double? 


14. Bacteria Culture The countin a culture of bacteria was 

400 after 2 hours and 25,600 after 6 hours. 

(a) What is the relative rate of growth of the bacteria popula- 
tion? Express your answer as a percentage. 

(b) What was the initial size of the culture? 

(c) Find a function that models the number of bacteria n(t) 
after t hours. 

(d) Find the number of bacteria after 4.5 hours. 

(e) When will the number of bacteria be 50,000? 


15. Population of California The population of California 
was 29.76 million in 1990 and 33.87 million in 2000. Assume 
that the population grows exponentially. 

(a) Find a function that models the population t years after 1990. 

(b) Find the time required for the population to double. 

(c) Use the function from part (a) to predict the population of 
California in the year 2010. Look up California’s actual 
population in 2010, and compare. 


16. World Population The population of the world was 
5.7 billion in 1995, and the observed relative growth rate was 
2% per year. 
(a) By what year will the population have doubled? 
(b) By what year will the population have tripled? 


17-24 m These exercises use the radioactive decay model. 


©.17. Radioactive Radium = The half-life of radium-226 is 


1600 years. Suppose we have a 22-mg sample. 

(a) Find a function m(t) = m92~‘* that models the mass re- 
maining after t years. 

(b) Find afunction m(t) = m,e~" that models the mass re- 
maining after t years. 

(c) How much of the sample will remain after 4000 years? 

(d) After how long will only 18 mg of the sample remain? 


18. Radioactive Cesium The half-life of cesium-137 is 
30 years. Suppose we have a 10-g sample. 
(a) Find a function m(t) = m92~‘" that models the mass re- 
maining after t years. 


390 CHAPTER 5 | Exponential and Logarithmic Functions 


(b) Find a function m(t) = me that models the mass re- 
maining after t years. 

(c) How much of the sample will remain after 80 years? 

(d) After how long will only 2 g of the sample remain? 


28 
19, Radioactive Strontium The half-life of strontium-90 is 
28 years. How long will it take a 50-mg sample to decay to a 


mass of 32 mg? 


20. Radioactive Radium Radium-221 has a half-life of 30s. 


How long will it take for 95% of a sample to decay? 


Finding Half-life —|f 250 mg of a radioactive element de- 
cays to 200 mg in 48 hours, find the half-life of the element. 


21. 
©. 29 


22. Radioactive Radon After 3 days a sample of radon-222 
has decayed to 58% of its original amount. 

(a) What is the half-life of radon-222? 

(b) How long will it take the sample to decay to 20% of its 


original amount? 


23. Carbon-14 Dating A wooden artifact from an ancient 
tomb contains 65% of the carbon-14 that is present in living 
trees. How long ago was the artifact made? (The half-life of 


carbon-14 is 5730 years.) 


24. Carbon-14 Dating The burial cloth of an Egyptian 
mummy is estimated to contain 59% of the carbon-14 it con- 
tained originally. How long ago was the mummy buried? (The 


half-life of carbon-14 is 5730 years.) 


33 


25-28 m These exercises use Newton's L aw of Cooling. 


©.25. Cooling Soup A hot bowl of soup is served at a dinner 
party. It starts to cool according to Newton's L aw of Cooling, 
so its temperature at time t is given by 


Te) = 65 + 1450-9 


where t is measured in minutes and T is measured in °F. 
(a) What is the initial temperature of the soup? 

(b) What is the temperature after 10 min? 

(c) After how long will the temperature be 100°F? 


26. Time of Death Newton's Law of Cooling is used in homi- 

cide investigations to determine the time of death. The normal 

body temperature is 98.6 °F. Immediately following death, the 

body begins to cool. It has been determined experimentally 

that the constant in N ewton’s L aw of Cooling is approximately 

k = 0.1947, assuming that time is measured in hours. Suppose 

that the temperature of the surroundings is 60°F. 

(a) Find a function T(t) that models the temperature t hours 
after death. 

(b) If the temperature of the body is now 72°F, how long ago 
was the time of death? 


27. Cooling Turkey A roasted turkey is taken from an oven 
when its temperature has reached 185°F and is placed on a 


table in a room where the temperature is 75°F. 


(a) If the temperature of the turkey is 150°F after half an 
hour, what is its temperature after 45 min? 
(b) When will the turkey cool to 100°F? 


. Boiling Water A kettle full of water is brought to a boil in 
a room with temperature 20°C. After 15 min the temperature 
of the water has decreased from 100°C to 75°C. Find the tem- 
perature after another 10 min. Illustrate by graphing the tem- 
perature function. 


29-43 m These exercises deal with logarithmic scales. 


. Finding pH_ The hydrogen ion concentration of a sample 
of each substance is given. Calculate the pH of the substance. 
(a) Lemon juice: [H*] = 5.0 x 10°3M 
(b) Tomato juice: [H*] = 3.2 x 10-4 M 
(c) Seawater: [H*] = 5.0 x 10-9 M 


. Finding pH = An unknown substance has a hydrogen ion 
concentration of [H*] = 3.1 x 10-8 M. Find the pH and clas- 
sify the substance as acidic or basic. 


. lon Concentration The pH reading of a sample of each 
substance is given. Calculate the hydrogen ion concentration 
of the substance. 

(a) Vinegar: pH = 3.0 
(b) Milk: pH = 6.5 


. lon Concentration The pH reading of a glass of liquid is 
given. Find the hydrogen ion concentration of the liquid. 
(a) Beer: pH = 4.6 
(b) Water: pH = 7.3 


. Finding pH_ The hydrogen ion concentrations in cheeses 
range from 4.0 x 10-’ M to 1.6 x 10~° M. Find the corre- 
sponding range of pH readings. 


be 


. lon Concentration in Wine The pH readings for wines 
vary from 2.8 to 3.8. Find the corresponding range of hydro- 
gen ion concentrations. 


. Earthquake Magnitudes _|f one earthquake is 20 times 
as intense as another, how much larger is its magnitude on the 
Richter scale? 


. Earthquake Magnitudes The 1906 earthquake in San 
Francisco had a magnitude of 8.3 on the Richter scale. At the 
same time in J apan an earthquake with magnitude 4.9 caused 
only minor damage. How many times more intense was the 
San Francisco earthquake than the J apanese earthquake? 


. Earthquake Magnitudes The Alaska earthquake of 
1964 had a magnitude of 8.6 on the Richter scale. How many 
times more intense was this than the 1906 San Francisco 
earthquake? (See Exercise 36.) 


38. Earthquake Magnitudes The Northridge, California, 
earthquake of 1994 had a magnitude of 6.8 on the Richter 
scale. A year later, a 7.2-magnitude earthquake struck K obe, 
Japan. How many times more intense was the K obe earth- 
quake than the Northridge earthquake? 


39. Earthquake Magnitudes The 1985 Mexico City earth- 
quake had a magnitude of 8.1 on the Richter scale. The 1976 
earthquake in Tangshan, China, was 1.26 times as intense. 

W hat was the magnitude of the Tangshan earthquake? 


40. Subway Noise The intensity of the sound of a subway 
train was measured at 98 dB. Find the intensity in W/m?. 


© .41. Traffic Noise The intensity of the sound of traffic at a 


busy intersection was measured at 2.0 x 10-> W/m?. Find the 
intensity level in decibels. 


42. Comparing Decibel Levels The noise from a power 
mower was measured at 106 dB. The noise level at a rock con- 
cert was measured at 120 dB. Find the ratio of the intensity of 
the rock music to that of the power mower. 
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43. Inverse Square Law for Sound A law of physics 
states that the intensity of sound is inversely proportional to 
the square of the distance d from the source: | = k/d?. 
(a) Use this model and the equation 


B = 10log 2. 
lo 
(described in this section) to show that the decibel levels 
B, and B, at distances d, and d, from a sound source are 
related by the equation 
d 
B, =B, + 20 log — 
qd, 
(b) The intensity level at a rock concert is 120 dB at a dis- 


tance 2m from the speakers. Find the intensity level at a 
distance of 10 m. 


1. (a) Write an equation that defines the exponential function 
with base a. 


(b) What is the domain of this function? 
(c) What is the range of this function? 


(d) Sketch the general shape of the graph of the exponential 
function for each case. 


(i)a>1 (ii) O<a<1l 
2. If x is large, which function grows faster, y = 2* ory = x7? 


3. (a) How is the number e defined? 
(b) What is the natural exponential function? 


4. (a) How is the logarithmic function y = log, x defined? 
(b) What is the domain of this function? 
(c) What is the range of this function? 
(d) Sketch the general shape of the graph of the function 
y =log,xifa > 1. 
(e) What is the natural logarithm? 
(f) What is the common logarithm? 


5. State the three Laws of Logarithms. 
6. State the Change of Base Formula. 


M EXERCISES 


7. (a) How do you solve an exponential equation? 
(b) How do you solve a logarithmic equation? 

8. Suppose an amount P is invested at an interest rate r and A is 
the amount after t years. 


(a) Write an expression for A if the interest is compounded n 
times per year. 
(b) Write an expression for A if the interest is compounded 
continuously. 
9. The initial size of a population is ng and the population grows 
exponentially. 


(a) Write an expression for the population in terms of the 
doubling time a. 


(b) Write an expression for the population in terms of the rel- 
ative growth rate r. 
10. (a) What is the half-life of a radioactive substance? 


(b) If a radioactive substance has initial mass m, and 
half-life h, write an expression for the mass m(t) 
remaining at time t. 


11. What does Newton's Law of Cooling say? 


12. What do the pH scale, the Richter scale, and the decibel scale 
have in common? What do they measure? 


1-4 m Use a calculator to find the indicated values of the exponen- 
tial function, correct to three decimal places. 


1. f(x) =5% f(-1.5), f(V2), f(2.5) 
2. f(x) =3+2%  f(-2.2), (V7), F(5.5) 
3. g(x) = 4-(3)2; g(-0.7), gle), g(m) 


4. g(x) = fe", g(—2), (V3), 93.6) 
5-16 = Sketch the graph of the function. State the domain, range, 
and asymptote. 

5. fx a 22" 6. f(x) = 3%? 

7. g(x) = 3 + 2% 8. g(x) =5 
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F(X) = logs(x — 1) 
ll. f(x) =2- - 
13. F(x) = 
15. g(x) = 2|nx 


10. 
12. 
14, 


16. 


g(x) = log(—x) 
f(x) = 3 + logs(x + 4) 
G (x) = = ex 1 


g(x) = ne) 


17-20 m Find the domain of the function. 


17. f(x) = 10” + log(1 — 2x) 
18. g(x) = log(2 + x — x’) 
19. h(x) = In(x? — 4) 


20. 


k(x) = In|x| 


21-24 @ Write the equation in exponential form. 


21. log, 1024 = 10 
23. log x = y 


22. 
24, 


logg37 = x 
Inc=17 


25-28 m Write the equation in logarithmic form. 


25. 2° = 64 
27. 10° = 74 


26. 
28. 


4g-V2 = 2 


eé =m 


29-44 m Evaluate the expression without using a calculator. 


29. log, 128 

31. 10" 

33. In(e®) 

35. 1093(z7) 

37. log; V5 

39. log 25 + log4 

41. log, 167 

43. |0gg36 — logg3 + logg2 


30. 
. log 0.000001 


44, 


logg1 


» 10948 


Jloga13 
e2in7 


» logs V243 
42. 


logs 250 — log;2 
loglog 102° 


45-50 m= Expand the logarithmic expression. 


45. log(AB°C?) 
a7. in, —2 
41 
x°(1 — 5x)3? 
49. |og;| —————— 
- xX 


46. 


48. 


50. 


loga(x Vx? + 1) 
dx 3 
oa( xe y5) 


n( x4 +12 ) 
(x + 16) Vx — 3 


51-56 = Combine into a single logarithm. 


51. log6 + 4log2 


53. 3 1og2(x — y) — 2 log,(x’ + y’) 


52. log x + log(x’y) + 3 logy 


54. logs2 + logs(x + 1) — $log,(3x + 7) 


55. log(x — 2) + log(x + 2) 


56. 3[In(x — 4) + 5In(x2 + 4x)] 


57-68 m Solve the equation. Find the exact solution if possible; 


5log(x? + 4) 


otherwise, use a calculator to approximate to two decimals. 


57. 3%"? = 27 
59. 2* 5 =7 


58. 


60. 


4-x _ 1. 
a a5 


10°-* = 18 


61. a 62. e** = 10 

63. x’e + 2xe = 8e* 64, 3* — 3-6 =0 
65. log,(1 — x) =4 

66. log x + log(x + 1) = log12 

67. logg(x + 5) — logg(x — 2) = 1 

68. In(2x — 3) +1=0 


69-72 m Use a calculator to find the solution of the equation, 
rounded to six decimal places. 


69. 5-23 = 0.63 70. 2-5 =7 
71, 52+! = 3-1 72, ek = 10,000 


==) 73-76 = Draw a graph of the function and use it to determine the 
asymptotes and the local maximum and minimum values. 


73. y = ene") 74, y = 10" — 5* 
75. y = log(x? — x) 76. y = 2x? — Inx 


s=| 77-78 m Find the solutions of the equation, rounded to two deci- 
~ mal places. 


77. 3 log x = 6 — 2x 78.4-x°=e% 


==, 79-80 m Solve the inequality graphically. 
79. Inx >x—2 80. e% < 4y? 


ss) 81. Use a graph of f(x) = e“ — 3e * — 4x to find, approximately, 
: the intervals on which f is increasing and on which f is 
decreasing. 


82. Find an equation of the line shown in the figure. 


83-86 m Use the Change of Base Formula to evaluate the loga- 
rithm, rounded to six decimal places. 


83. log, 15 84, 1og,(3) 
85. log, 0.28 86. 109399 250 
87. Which is larger, log, 258 or log; 620? 


88. Find the inverse of the function f(x) = 2®, and state its 
domain and range. 


89. If $12,000 is invested at an interest rate of 10% per year, find 
the amount of the investment at the end of 3 years for each 
compounding method. 

(a) Semiannually (b) Monthly 
(c) Daily (d) Continuously 


90. A sum of $5000 is invested at an interest rate of 83% per year, 
compounded semiannually. 
(a) Find the amount of the investment after 13 years. 


91. 


92. 


(b) After what period of time will the investment amount 
to $7000? 

(c) If interest were compounded continously instead of semi- 
annually, how long would it take for the amount to grow 
to $7000? 


A money market account pays 5.2% annual interest, com- 

pounded daily. If $100,000 is invested in this account, how 
long will it take for the account to accumulate $10,000 in 

interest? 


A retirement savings plan pays 4.5% interest, compounded 
continuously. How long will it take for an investment in this 
plan to double? 


93-94 m Determine the annual percentage yield (APY ) for 
the given nominal annual interest rate and compounding 


frequency. 
93. 4.25%; daily 94. 3.2%; monthly 
95. The stray-cat population in a small town grows exponentially. 


96. 


97. 


98. 


99. 


In 1999 the town had 30 stray cats, and the relative growth 

rate was 15% per year. 

(a) Find a function that models the stray-cat population n(t) 
after t years. 

(b) Find the projected population after 4 years. 

(c) Find the number of years required for the stray-cat popu- 
lation to reach 500. 


A culture contains 10,000 bacteria initially. After an hour the 
bacteria count is 25,000. 

(a) Find the doubling period. 

(b) Find the number of bacteria after 3 hours. 


Uranium-234 has a half-life of 2.7 x 10° years. 

(a) Find the amount remaining from a 10-mg sample after a 
thousand years. 

(b) How long will it take this sample to decompose until its 
mass is 7 mg? 


A sample of bismuth-210 decayed to 33% of its original mass 
after 8 days. 

(a) Find the half-life of this element. 

(b) Find the mass remaining after 12 days. 


The half-life of radium-226 is 1590 years. 

(a) If asample has a mass of 150 mg, find a function that 
models the mass that remains after t years. 

(b) Find the mass that will remain after 1000 years. 

(c) After how many years will only 50 mg remain? 
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100. The half-life of palladium-100 is 4 days. After 20 days a 


101. 


102. 


103. 


104. 


105. 


106. 


sample has been reduced to a mass of 0.375 g. 

(a) What was the initial mass of the sample? 

(b) Find a function that models the mass remaining after 
t days. 

(c) What is the mass after 3 days? 

(d) After how many days will only 0.15 g remain? 


The graph shows the population of a rare species of bird, 

where t represents years since 1999 and n(t) is measured in 

thousands. 

(a) Find a function that models the bird population at time t 
in the form n(t) = noe". 

(b) What is the bird population expected to be in the year 2010? 


n(t) A 
4000 


(5, 3200) 


3000 
Bird 
population 2999 


1000 


A car engine runs at a temperature of 190°F. When the en- 
gine is turned off, it cools according to Newton's Law of 
Cooling with constant k = 0.0341, where the time is mea- 
sured in minutes. Find the time needed for the engine to cool 
to 90°F if the surrounding temperature is 60°F. 


The hydrogen ion concentration of fresh egg whites was 
measured as 

(H*]=13x 108M 
Find the pH, and classify the substance as acidic or basic. 


The pH of lime juice is 1.9. Find the hydrogen ion 
concentration. 


If one earthquake has magnitude 6.5 on the Richter scale, 
what is the magnitude of another quake that is 35 times as 
intense? 


The drilling of a jackhammer was measured at 132 dB. The 
sound of whispering was measured at 28 dB. Find the ratio 
of the intensity of the drilling to that of the whispering. 
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10. 


. Sketch the graph of each function, and state its domain, range, and asymptote. Show the x- 


and y-intercepts on the graph. 
(a) f(x) = 2% +4 (b) g(x) = logs(x + 3) 


. (a) Write the equation 6% = 25 in logarithmic form. 


(b) Write the equation In A = 3 in exponential form. 


. Find the exact value of each expression. 


(a) 10!°936 (b) Ine? 
(c) log; V27 (d) log, 80 — log, 10 
(e) logs4 (f) logg4 + loge9 


. Use the Laws of Logarithms to expand the expression: 


lo sf X+2 
IV 2 + 4) 


. Combine into a single logarithm: In x — 2 In(x? + 1) + 31n(3 — x‘) 
. Find the solution of the equation, correct to two decimal places. 


(a) 2! = 10 (b) 51n(3 — x) =4 
(c) 10**3 = 6* (d) log,(x + 2) + log.(x — 1) =2 


. The initial size of a culture of bacteria is 1000. After one hour the bacteria count is 8000. 


(a) Find a function that models the population after t hours. 
(b) Find the population after 1.5 hours. 

(c) When will the population reach 15,000? 

(d) Sketch the graph of the population function. 


. Suppose that $12,000 is invested in a savings account paying 5.6% interest per year. 


(a) Write the formula for the amount in the account after t years if interest is compounded 
monthly. 


(b) Find the amount in the account after 3 years if interest is compounded daily. 


(c) How long will it take for the amount in the account to grow to $20,000 if interest is 
compounded semiannually? 


. The half-life of krypton-91 (°K r) is 10 seconds. At time t = 0 a heavy canister contains 3 g 


of this radioactive gas. 

(a) Find a function that models the amount A(t) of “Kr remaining in the canister after 
t seconds. 

(b) How much °'Kr remains after one minute? 

(c) When will the amount of “Kr remaining be reduced to 1 yg (1 microgram, or 10~° g)? 


An earthquake measuring 6.4 on the Richter scale struck J apan in J uly 2007, causing exten- 
sive damage. Earlier that year, a minor earthquake measuring 3.1 on the Richter scale was 
felt in parts of Pennsylvania. How many times more intense was the J apanese earthquake 
than the Pennsylvania earthquake? 


FOCUS ON MODELING 


Fitting Exponential and Power Curves to Data 


In a previous Focus on Modeling (page 296) we learned that the shape of a scatter plot 
helps us to choose the type of curve to use in modeling data. The first plot in Figure 1 
fairly screams for a line to be fitted through it, and the second one points to a cubic poly- 
nomial. For the third plot it is tempting to fit a second-degree polynomial. But what if an 
exponential curve fits better? How do we decide this? In this section we learn how to fit 
exponential and power curves to data and how to decide which type of curve fits the data 
better. We also learn that for scatter plots like those in the last two plots in Figure 1, the 
data can be modeled by logarithmic or logistic functions. 


FIGURE 1 


TABLE 1 


World population 


Year World population 
(8 (Pin millions) 
1900 1650 
1910 1750 
1920 1860 
1930 2070 
1940 2300 
1950 2520 
1960 3020 
1970 3700 
1980 4450 
1990 5300 
2000 6060 


V Modeling with Exponential Functions 


If ascatter plot shows that the data increase rapidly, we might want to model the data us- 
ing an exponential model, that is, a function of the form 


f(x) = Ce® 


where C and k are constants. In the first example we model world population by an ex- 
ponential model. Recall from Section 5.6 that population tends to increase exponentially. 


EXAMPLE 1 | An Exponential Model for World Population 


Table 1 gives the population of the world in the 20th century. 
(a) Draw a scatter plot, and note that a linear model is not appropriate. 
(b) Find an exponential function that models population growth. 


(c) Draw a graph of the function that you found together with the scatter plot. How 
well does the model fit the data? 


(d) Use the model that you found to predict world population in the year 2020. 


SOLUTION 


(a) The scatter plot is shown in Figure 2. The plotted points do not appear to lie along 
a straight line, so a linear model is not appropriate. 


6500 


1900 2000 


0 


FIGURE 2 Scatter plot of world population 
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(b) Using a graphing calculator and the ExpReg command (see Figure 3(a)), we get the 
exponential model 
P(t) = (0.0082543) -(1.0137186)' 


This is a model of the form y = Cb‘ To convert this to the form y = Ce“, we use 
the properties of exponentials and logarithms as follows: 


1.0137186t = eln1.0137186" A =e 


all 
& 
= 
& 
=) 
a 
© 
oO 
= 
~ 
= 
& 
faa] 
@ 
S 
& 
£ 
® 
= 
c= 
lt 
= 
& 
2 
= 
5 
© 
= 
6 


= at !n 1.0137186 InA& =BinA 
= eiiee In 1.0137186 ~ 0.013625 
Thus, we can write the model as 
The population of the world Pi = 0.0082543e°019>" 
ngieses x ppHenally (c) From the graph in Figure 3(b) we see that the model appears to fit the data fairly 


well. The period of relatively slow population growth is explained by the depres- 
sion of the 1930s and the two world wars. 


6500 

ExpReg 

y=a*b*x 

a=.0082543035 

b=1.013718645 

1900 2000 
0 
(a) (b) 


FIGURE 3 Exponential model for world population 


(d) The model predicts that the world population in 2020 will be 
P(2020) = 0.0082543e(0.013625)(2020) 
= 7,405,400,000 | 


V Modeling with Power Functions 


If the scatter plot of the data we are studying resembles the graph of y = ax”, y = ax 
or some other power function, then we seek a power model, that is, a function of the form 


1.32 
’ 


where a is a positive constant and n is any real number. 

In the next example we seek a power model for some astronomical data. In astronomy, 
distance in the solar system is often measured in astronomical units. An astronomical unit 
(AU) is the mean distance from the earth to the sun. The period of a planet is the time it 
aon takes the planet to make a complete revolution around the sun (measured in earth years). 

‘ In this example we derive the remarkable relationship, first discovered by J ohannes 
ee : K epler (see page 792), between the mean distance of a planet from the sun and its period. 


Saturn 


Mars 


Jupiter 


EXAMPLE 2 | A Power Model for Planetary Periods 


Table 2 gives the mean distance d of each planet from the sun in astronomical units and 
its period T in years. 


TABLE 2 

Distances and periods of the planets 
Planet d T 
Mercury 0.387 0.241 
Venus 0.723 0.615 
Earth 1.000 1.000 
Mars 1.523 1.881 
J upiter 5.203 11.861 
Saturn 9.541 29.457 
Uranus 19.190 84.008 
Neptune 30.086 164.784 
Pluto 39.507 | 248.350 


FIGURE 5 Power model for 


planetary data 
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(a) Sketch a scatter plot. Is a linear model appropriate? 
(b) Find a power function that models the data. 


(c) Draw agraph of the function you found and the scatter plot on the same graph. 
How well does the model fit the data? 


(d) Use the model that you found to calculate the period of an asteroid whose mean 
distance from the sun is 5 AU. 


SOLUTION 


(a) The scatter plot shown in Figure 4 indicates that the plotted points do not lie along 
a straight line, so a linear model is not appropriate. 


260 


FIGURE 4 Scatter plot 
of planetary data 


45 


(b) Using a graphing calculator and the PwrReg command (see Figure 5(a)), we get the 
power model 


T = 1.000396d"499% 


If we round both the coefficient and the exponent to three significant figures, we 
can write the model as 
T= qi 


This is the relationship discovered by K epler (see page 792). Sir Isaac Newton 
(page 863) later used his Law of Gravity to derive this relationship theoretically, 
thereby providing strong scientific evidence that the Law of Gravity must be true. 


(c) The graph is shown in Figure 5(b). The model appears to fit the data very well. 


260 
PwrReg 

y=a*x“b 

a=1.000396048 

b=1.499661718 
0 45 

(a) (b) 
(d) In this cased = 5 AU, So our model gives 
T = 1,00039~ 52 11,22 
The period of the asteroid is about 11.2 years. Oo 


V Linearizing Data 


We have used the shape of a scatter plot to decide which type of model to use: linear, ex- 
ponential, or power. This works well if the data points lie on a straight line. But it’s 
difficult to distinguish a scatter plot that is exponential from one that requires a power 
model. So to help decide which model to use, we can linearize the data, that is, apply a 
function that “straightens” the scatter plot. The inverse of the linearizing function is then 
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an appropriate model. We now describe how to linearize data that can be modeled by ex- 
ponential or power functions. 


> Linearizing Exponential Data 


If we suspect that the data points (x, y) lie on an exponential curve y = Ce™, then the 
points 


(x, Iny) 
should lie on a straight line. We can see this from the following calculations: 
Iny = Ince Assume that y = Ce and take In 
=Ine* + Inc Property of In 
=kx + Inc Property of In 
To see that In y is a linear function of x, let Y = In y and A =InC; then 
TABLE 3 Y=kx+A 


World population data 
We apply this technique to the world population data (t, P ) to obtain the points (t, In P) 


Population P in Table 3. The scatter plot of (t, In P) in Figure 6, called a semi-log plot, shows that the 
t | (in millions) | InP linearized data lie approximately on a straight line, so an exponential model should be 
1900 1650 21.224 | appropriate. 
1910 1750 21.283 
1920 1860 21.344 23 
1930 2070 21.451 
1940 2300 21.556 
1950 2520 21.648 
1960 3020 21.829 
1970 3700 22.032 
1980 4450 22.216 F au 
1990 5300 7301: | tee 1900 2010 
2000 6060 22.525 : 
> Linearizing Power Data 
If we suspect that the data points (x, y) lie on a power curve y = ax", then the points 
(In x, In y) 
should be on a straight line. We can see this from the following calculations: 
Iny = Inax? Assume that y = ax" and take In 
=Ina-+Inx* Property of In 
=Ina+nInx Property of In 
To see that In y is a linear function of In x, let Y =Iny, X =Inx, andA = Ina; then 
TABLE 4 eae) ee 
Log-log table We apply this technique to the planetary data (d,T) in Table 2 to obtain the points 
(Ind, InT) in Table 4. The scatter plot of (Ind, InT) in Figure 7, called a log-log plot, 
Ind In T . ; . . 
shows that the data lie on a straight line, so a power model seems appropriate. 
—0.94933 —1.4230 
—0.32435 —0.48613 
0 0 
0.42068 0.6318 
1.6492 2.4733 
2.2556 3.3829 
2.9544 4.4309 
spe eee FIGURE 7 Log-log 
‘ ‘ plot of data in Table 4 


TABLE 5 

x y 

1 2 

2 6 

3 14 

4 22 

5 34 

6 46 

7 64 

8 80 

9 102 

10 130 

TABLE 6 
x In x Iny 
1 0 0.7 
2 0.7 1.8 
3 11 2.6 
4 14 3.1 
5 1.6 3.5 
6 18 3.8 
7 19 4.2 
8 2.1 4.4 
9 2.2 4.6 
10 23 4.9 
140 


o= 
FIGURE 11 
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V An Exponential or Power Model? 


Suppose that a scatter plot of the data points (x, y) shows a rapid increase. Should we use 
an exponential function or a power function to model the data? To help us decide, we draw 
two scatter plots: one for the points (x, In y) and the other for the points (In x, In y). If the 
first scatter plot appears to lie along a line, then an exponential model is appropriate. If 
the second plot appears to lie along a line, then a power model is appropriate. 


EXAMPLE 3 | An Exponential or Power Model? 

Data points (x,y) are shown in Table 5. 

(a) Draw a scatter plot of the data. 

(b) Draw scatter plots of (x, In y) and (In x, In y). 

(c) Is an exponential function or a power function appropriate for modeling this data? 
(d) Find an appropriate function to model the data. 

SOLUTION 

(a) The scatter plot of the data is shown in Figure 8. 


140 


FIGURE 8 0 


(b) We use the values from Table 6 to graph the scatter plots in Figures 9 and 10. 


FIGURE 9 Semi-log plot FIGURE 10 Log-log plot 


(c) The scatter plot of (x, In y) in Figure 9 does not appear to be linear, so an exponen- 
tial model is not appropriate. On the other hand, the scatter plot of (In x, In y) in 
Figure 10 is very nearly linear, so a power model is appropriate. 


(d) Using the PwrReg command on a graphing calculator, we find that the power func- 
tion that best fits the data point is 


yo ite” 


The graph of this function and the original data points are shown inFigure11. 


Before graphing calculators and statistical software became common, exponential and 
power models for data were often constructed by first finding a linear model for the lin- 
earized data. Then the model for the actual data was found by taking exponentials. For in- 
stance, if we find that In y = A In x + B, then by taking exponentials we get the model 
y =e8 -eA!* ory = Cx’ (whereC = e®). Special graphing paper called “log paper” or 
“log-log paper” was used to facilitate this process. 
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V Modeling with Logistic Functions 


A logistic growth model is a function of the form 


where a, b, and c are positive constants. L ogistic functions are used to model populations 
where the growth is constrained by available resources. (See Exercises 25-28 of 
Section 5.2.) 


EXAMPLE 4 | Stocking a Pond with Catfish 


TABLE 7 M uch of the fish that is sold in supermarkets today is raised on commercial fish farms, not 
caught in the wild. A pond on one such farm is initially stocked with 1000 catfish, and the 
Week Catfish fish population is then sampled at 15-week intervals to estimate its size. The population 
0 1000 data ae given in Table 7. 
15 1500 (a) Find an appropriate model for the data. 
30 3300 (b) Make a scatter plot of the data and graph the model that you found in part (a) on 
. re the scatter plot. 
5 6900 (c) How does the model predict that the fish population will change with time? 
Pt Uae SOLUTION 
120 7900 (a) Since the catfish population is restricted by its habitat (the pond), a logistic model 


is appropriate. Using the Logistic command on a calculator (see Figure 12(a)), 
we find the following model for the catfish population P(t): 


7925 
~ 1+ 1 7e Ose 


P(t) 


9000 
Logistic 
y=c/(1+ae%*(-bx)) 
a=7.69477503 
b=.0523020764 


c=7924.540299 


180 


FIGURE 12 (a) (b) Catfish population y = P (t) 


(b) The scatter plot and the logistic curve are shown in Figure 12(b). 


(c) From the graph of P in Figure 12(b) we see that the catfish population increases 
rapidly until about t = 80 weeks. Then growth slows down, and at about t = 120 
weeks the population levels off and remains more or less constant at slightly over 
7900. o 


The behavior that is exhibited by the catfish population in Example 4 is typical of 
logistic growth. After a rapid growth phase, the population approaches a constant level 
called the carrying capacity of the environment. This occurs because as t — oo, we have 
et _, 0 (see Section 5.2), and so 


C C 
= 1+ ae“ 1+ 6 


Thus, the carrying capacity is c. 
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PROBLEMS 


1. U.S.Population TheU.S. Constitution requires a census every 10 years. The census 
data for 1790-2000 are given in the table. 
(a) M ake a scatter plot of the data. 
(b) Use a calculator to find an exponential model for the data. 
(c) Use your model to predict the population at the 2010 census. 


(d) Use your model to estimate the population in 1965. 


(e) Compare your answers from parts (c) and (d) to the values in the table. Do you think an 
exponential model is appropriate for these data? 


Population Population Population 
Year (in millions) Year (in millions) Year (in millions) 
1790 3.9 1870 38.6 1950 151.3 
1800 5.3 1880 50.2 1960 179.3 
1810 7.2 1890 63.0 1970 203.3 
1820 9.6 1900 76.2 1980 226.5 
1830 12.9 1910 92.2 1990 248.7 
1840 17.1 1920 106.0 2000 281.4 
1850 23.2 1930 123.2 
1860 31.4 1940 132.2 


Time | Distance 2. A Falling Ball Ina physics experiment a lead ball is dropped from a height of 5 m. The 
8 (s) (a) students record the distance the ball has fallen every one-tenth of a second. (This can be 
done by using a camera and a strobe light.) 
6 0.1 0.048 (a) Make a scatter plot of the data. 
r i on (b) Use a calculator to find a power model. 
I . . 
@ 0.4 0.882 (c) Use your model to predict how far a dropped ball would fall in 3 s. 
0.5 1.227 
Mt 0.6 1.765 . Health-Care Expenditures The U.S. health-care expenditures for 1970-2001 are 
@ 0.7 2.401 given in the table below, and a scatter plot of the data is shown in the figure. 
0.8 3.136 (a) Does the scatter plot shown suggest an exponential model? 
0.9 3.969 (b) Make a table of the values (t, In E) and a scatter plot. Does the scatter plot appear to be 
1.0 4.902 linear? 
(c) Find the regression line for the data in part (b). 
(d) Use the results of part (c) to find an exponential model for the growth of health-care 
expenditures. 
(e) Use your model to predict the total health-care expenditures in 2009. 
Health-care expenditures Ek 
Year (in billions of dollars) 1400 2 
e 
1970 74.3 1200 % 
1 251.1 
“ee i 5 U.S. health-care 1000 5 = 
; expenditures 
ae ae (inbillions 8 ae 
' of dollars 
1992 820.3 ) 609 ; 
1994 937.2 400 a 
1996 1039.4 e 
1998 1150.0 2) 
2000 1310.0 SSS ~~ 
2001 1424.5 1970 1980 : 1990 2000 ¢ 
ear 
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Time (h) Amount of #44 g) 

0 4.80 

8 4.66 
16 4.51 
24 4.39 
32 4.29 
40 4.14 
48 4.04 


Light intensity decreases 
exponentially with depth. 


. Half-Life of Radioactive lodine A student is trying to determine the half-life of 


radioactive iodine-131. He measures the amount of iodine-131 in a sample solution every 
8 hours. His data are shown in the table in the margin. 


(a) Make a scatter plot of the data. 
(b) Use acalculator to find an exponential model. 
(c) Use your model to find the half-life of iodine-131. 


. The Beer-Lambert Law As sunlight passes through the waters of lakes and oceans, the 


light is absorbed, and the deeper it penetrates, the more its intensity diminishes. The light 
intensity | at depth x is given by the Beer-L ambert Law: 


| = Ie 


where |, is the light intensity at the surface and k is a constant that depends on the murkiness 

of the water (see page 374). A biologist uses a photometer to investigate light penetration in a 

northern lake, obtaining the data in the table. 

(a) Use a graphing calculator to find an exponential function of the form given by the B eer- 
Lambert Law to model these data. W hat is the light intensity |, at the surface on this day, 
and what is the “murkiness” constant k for this lake? [Hint: If your calculator gives 
you a function of the form! = ab*, convert this to the form you want using the identities 
b* = elm) = ex! See Example 1(b).] 

(b) Make a scatter plot of the data, and graph the function that you found in part (a) on your 
scatter plot. 

(c) If the light intensity drops below 0.15 lumen (Im), a certain species of algae can’t sur- 
vive because photosynthesis is impossible. Use your model from part (a) to determine 
the depth below which there is insufficient light to support this algae. 


Depth Light intensity Depth Light intensity 
(ft) (Im) (ft) (Im) 
5 13.0 25 18 
10 7.6 30 11 
15 45 35 0.5 
20 2.7 40 0.3 


. Experimenting with “Forgetting” Curves Every one of usis all too familiar with 


the phenomenon of forgetting. Facts that we clearly understood at the time we first learned them 
sometimes fade from our memory by the time the final exam rolls around. Psychologists have 
proposed several ways to model this process. One such model is Ebbinghaus’ Law of Forget- 
ting, described on page 365. Other models use exponential or logarithmic functions. To develop 
her own model, a psychologist performs an experiment on a group of volunteers by asking 
them to memorize a list of 100 related words. She then tests how many of these words they can 
recall after various periods of time. The average results for the group are shown in the table. 


(a) Use a graphing calculator to find a power function of the form y = at® that models the 
average number of words y that the volunteers remember after t hours. Then find an ex- 
ponential function of the form y = ab‘ to model the data. 

(b) Make a scatter plot of the data, and graph both the functions that you found in part (a) 
on your scatter plot. 


(c) Which of the two functions seems to provide the better model? 


Time Words recalled 
15 min 64.3 
Th 45.1 
8h 37:3 
1 day 32.8 
2 days 26.9 
3 days 25.6 
5 days 22.9 


Image copyright ARENA Creative. 


Used under license from Shutterstock.com 


The number of different bat species 
in a cave is related to the size 
of the cave by a power function. 
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7. Modeling the Species-Area Relation The table gives the areas of several caves in 
central M exico and the number of bat species that live in each cave.* 


(a) Find a power function that models the data. 


(b) Draw a graph of the function you found in part (a) and a scatter plot of the data on the 
same graph. Does the model fit the data well? 


(c) The cave called El Sapo near Puebla, M exico, has a surface area of A = 205 m?. Use the 
model to estimate the number of bat species you would expect to find in that cave. 


Cave Area(m?) | Number of species 
La Escondida 18 1 
El Escorpion 19 1 
El Tigre 58 1 
Mision Imposible 60 2 
San M artin 128 5 
E! Arenal 187 4 
La Ciudad 344 6 
Virgen 511 7 


8. Auto Exhaust Emissions A study by the U.S. Office of Science and Technology in 
1972 estimated the cost of reducing automobile emissions by certain percentages. Find an 
exponential model that captures the “diminishing returns” trend of these data shown in the 


table below. 

Reduction in Cost per 

emissions (% ) car ($) 
50 45 
55 55 
60 62 
65 70 
70 80 
75 90 
80 100 
85 200 
90 375 
95 600 


9. Exponential or Power Model? Data points (x, y) are shown in the table. 
(a) Draw a scatter plot of the data. 
(b) Draw scatter plots of (x, Iny) and (In x, Iny). 


(c) Which is more appropriate for modeling this data: an exponential function or a power 
function? 


(d) Find an appropriate function to model the data. 


x y 
2 0.08 
4 0.12 
6 0.18 
8 0.25 
10 0.36 
12 0.52 
14 0.73 
16 1.06 


*A.K. Brunet and R.A. Medallin, “The Species-A rea Relationship in Bat Assemblages of Tropical Caves.” 
Journal of Mammalogy, 82(4):1114-1122, 2001. 
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2 y 10. Exponential or Power Model? Data points (x, y) are shown in the table in the margin. 
(a) Draw a scatter plot of the data. 
- - (b) Draw scatter plots of (x, In y) and (In x, In y). 
30 151 (c) Which is more appropriate for modeling this data: an exponential function or a power 
40 235 function? 
50 330 (d) Find an appropriate function to model the data. 
11. Logistic Population Growth The table and scatter plot give the population of black 
80 669 flies in a closed laboratory container over an 18-day period. 
90 797 (a) Use the Logistic command on your calculator to find a logistic model for these data. 
(b) Use the model to estimate the time when there were 400 flies in the container. 
NA 
Time Number 500 amd 
H e 
(days) of flies 400 : 
0 10 Number 
2 a of flies > F 
4 
6 144 200 Z 
8 262 
1 
10 374 o e 
12 446 ———————_— 
16 492 0) 2 4 6 8 10 12 14 16 18 ¢ 
18 498 Days 
12. Logarithmic Models A logarithmic model is a function of the form 
y=a+tblinx 
Many relationships between variables in the real world can be modeled by this type of func- 
tion. The table and the scatter plot show the coal production (in metric tons) from a small 
mine in northern British Columbia. 
(a) Use the LnReg command on your calculator to find a logarithmic model for these pro- 
duction figures. 
(b) Use the model to predict coal production from this mine in 2010. 
CA " 
Metric tons 
Year of coal 905 ° 
1950 882 900 ° 
1960 889 M etric tons 805 
1970 894 of coal 0 
1980 899 890 s 
1990 905 
2000 909 B85 
e 
> 
1940 1960 1980 2000 t 
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Ue eee eee CHAPTERS 3, 4, and 5 


1, Let f(x) = x? — 4x and g(x) = Vx + 4. Find each of the following: 


(a) The domain of f 

(b) The domain of g 

(c) f(—2), £(0), F(4), g(0), 9(8), g(—6) 

(d) f(x + 2), g(x + 2), f(2 +h) 

(e) The average rate of change of g between x = 5 and x = 21 


(f) fog ge f f(g(12)), g(f(12)) 
(g) The inverse of g 


4 ifx <2 


ek -{ ifx >2 


(a) Evaluate (0), f(1), f(2), f(3), and f(4). 
(b) Sketch the graph of f. 


. Let f be the quadratic function f(x) = —2x? + 8x + 5. 


(a) Express f in standard form. 

(b) Find the maximum or minimum value of f. 

(c) Sketch the graph of f. 

(d) Find the interval on which f is increasing and the interval on which f is decreasing. 
(e) How is the graph of g(x) = —2x’ + 8x + 10 obtained from the graph of f? 


(f) How is the graph of h(x) = —2(x + 3)? + 8(x + 3) + 5 obtained from the graph 
of f? 


. Without using a graphing calculator, match each of the following functions to the graphs 


below. Give reasons for your choices. 


F(x) = x7 — 8x g(x) = —x* + 8x? r(x) = . i 
(x) = 3 h(x) = 2*—5 k(x) = 2% +3 
i y cy Dy E, y Foy 
LT | 
) 0 i 0 a 0 x 0 x 0 i 0 x 
5. Let P(x) = 2x? — 11x? + 10x + 8. 


(a) List all possible rational zeros of P. 

(b) Determine which of the numbers you listed in part (a) actually are zeros of P. 
(c) Factor P completely. 

(d) Sketch a graph of P. 


» Let Q(x) = x° — 3x4 + 3x3 + x? — 4x + 2. 


(a) Find all zeros of Q, real and complex, and state their multiplicities. 
(b) Factor Q completely. 
(c) Factor Q into linear and irreducible quadratic factors. 
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406 CUMULATIVE REVIEW TEST 


Chapters 3,4, and 5 


7. 


10. 


11. 


12. 


3x7 + 6X ; ; ; 
Let r(x) = >———~, Find the x- and y-intercepts and the horizontal and vertical 
xr-—x-2 


asymptotes. Then sketch the graph of r. 


. Sketch graphs of the following functions on the same coordinate plane. 


(a) f(x) =2—e& (b) g(x) = In(x + 1) 


. (a) Find the exact value of log316 — 2 log; 36. 


(b) Use the Laws of Logarithms to expand the expression 
(4 ) 
2x — 3 
Solve the equations. 
(a) logyx + log,(x — 2) = 3 
(b) 2e* — 11e* + 10e* + 8 = 0 [Hint: Compare to the polynomial in Problem 5.] 


A sum of $25,000 is deposited into an account paying 5.4% interest per year, compounded 
daily. 

(a) What will the amount in the account be after 3 years? 

(b) When will the account have grown to $35,000? 

(c) How long will it take for the initial deposit to double? 

After a shipwreck, 120 rats manage to swim from the wreckage to a deserted island. The rat 


population on the island grows exponentially, and after 15 months there are 280 rats on the 
island. 


(a) Find a function that models the population t months after the arrival of the rats. 
(b) What will the population be 3 years after the shipwreck? 
(c) When will the population reach 2000? 


TRIGONOMETRIC FUNCTIONS: RIGHT TRIANGLE APPROACH 
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CHAPTER |x 


6.1 Angle Measure 
6.2 Trigonometry of Right Triangles 


6.3 Trigonometric Functions 
of Angles 


6.4 Inverse Trigonometric Functions 
and Triangles 


6.5 The Law of Sines 
6.6 The Law of Cosines 


FOCUS ON MODELING 
Surveying 


Suppose we want to find the distance from the earth to the sun. Using a tape 
measure is obviously impractical, so we need something other than simple 
measurements to tackle this problem. Angles are easier to measure than dis- 
tances. For example, we can find the angle formed by the sun, earth, and moon 
by simply pointing to the sun with one arm and to the moon with the other and 
estimating the angle between them. The Key idea is to find relationships be- 
tween angles and distances. So if we had a way of determining distances from 
angles, we would be able to find the distance to the sun without having to go 
there. The trigonometric functions provide us with just the tools we need. 


If Ais an angle in a right triangle, then the trigonometric ratio sin @ is de- 
fined as the length of the side opposite 6 divided by the length of the hypo- 
tenuse. This ratio is the same in any similar right triangle, including the huge 
triangle formed by the sun, earth, and moon! (See Section 6.2, Exercise 61.) 

The trigonometric functions can be defined in two different but equivalent 
ways: as functions of angles (Chapter 6) or as functions of real numbers 
(Chapter 7). The two ei are independent of each other, so 

. We study both approaches be- 
cause the different aparoaches are required for different applications. 
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6.1 ANGLE MEASURE 


Angle Measure ® Angles in Standard Position B> Length of a Circular Arc 
> Area of a Circular Sector ® Circular Motion 


AnangleAOB consists of two rays R, and R, with acommon vertex O (see Figure 1). We 
often interpret an angle as a rotation of the ray R, onto R;. In this case, R, is called the 
initial side, and R, is called the terminal side of the angle. If the rotation is counter- 
clockwise, the angle is considered positive, and if the rotation is clockwise, the angle is 
considered negative. 


R, O initial side 


se > R, 


terminal 2 


side terminal side 


initial side A 
S ° > R, R, 
Positive angle Negative angle 
FIGURE 1 
V Angle Measure 


The measure of an angle is the amount of rotation about the vertex required to move R, 
onto R,. Intuitively, this is how much the angle “opens.” One unit of measurement for an- 
gles is the degree. An angle of measure 1 degree is formed by rotating the initial side 345 
of a complete revolution. In calculus and other branches of mathematics, a more natural 
method of measuring angles is used— radian measure. The amount an angle opens is 
measured along the arc of a circle of radius 1 with its center at the vertex of the angle. 


DEFINITION OF RADIAN MEASURE 


Radian 
() measure If a circle of radius 1 is drawn with the vertex of an angle at its center, then the 
of @ measure of this angle in radians (abbreviated rad) is the length of the arc that 


subtends the angle (see Figure 2). 


FIGURE 2 
The circumference of the circle of radius 1 is 27 and so a complete revolution has mea- 
sure 27 rad, a straight angle has measure zr rad, and a right angle has measure 7/2 rad. 
An angle that is subtended by an arc of length 2 along the unit circle has radian measure 
2 (see Figure 3). 


7 rad 5 rad 2 rad 
as a 
~ > 


FIGURE 3 Radian measure 


Since a complete revolution measured in degrees is 360° and measured in radians is 
27 rad, we get the following simple relationship between these two methods of angle 
measurement. 
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RELATIONSHIP BETWEEN DEGREES AND RADIANS 


180° = mrad lrad = (2) fered 
7 il 


80 


1. To convert degrees to radians, multiply by Tr 


180 
2. To convert radians to degrees, multiply by eee 
«| 1 
To get some idea of the size of a radian, notice that 
lrad ~ 57.296° and 1° = 0.01745 rad 
M easure of 6 = 1 rad 
M easure of 6 ~ 57.296° An angle 6 of measure 1 rad is shown in Figure 4. 
FIGURE 4 


EXAMPLE 1 | Converting Between Radians and Degrees 
7 
6 
SOLUTION Therelationship between degrees and radians gives 


(a) 60° = e0( 7) rad=~ rad — (b) ~ rad = (z)() _ 39° 


(a) Express 60° in radians. (b) Express — rad in degrees. 


180 3 6 6 
©. NOW TRY EXERCISES 3 AND 15 a 


A note on terminology: We often use a phrase such as “a 30° angle” to mean an angle 
whose measure is 30°. Also, for an angle 6, we write @ = 30° or 6 = 77/6 to mean the measure 
of @ is 30° or 7/6 rad. When no unit is given, the angle is assumed to be measured in radians. 


V Angles in Standard Position 


An angle is in standard position if it is drawn in the xy-plane with its vertex at the ori- 
gin and its initial side on the positive x-axis. Figure 5 gives examples of angles in stan- 
dard position. 


yA Ya Ya Ya 


(a) (b) (c) (d) 
FIGURE 5 Angles in standard position 


Two angles in standard position are coterminal if their sides coincide. In Figure 5 the 
angles in (a) and (c) are coterminal. 


EXAMPLE 2 | Coterminal Angles 


(a) Find angles that are coterminal with the angle @ = 30° in standard position. 
7 


(b) Find angles that are coterminal with the angle 9 = 3 


in standard position. 
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FIGURE 6 


FIGURE 7 
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SOLUTION 


(a) To find positive angles that are coterminal with @, we add any multiple of 360°. 


Thus 


30° + 360° = 390° 


subtract any multiple of 360°. Thus 
30° — 360° = —330° 


and 30° + 720° = 750° 
are coterminal with @ = 30°. To find negative angles that are coterminal with 6, we 


and 30° — 720° = —690° 


are coterminal with 6. (See Figure 6.) 


Ya Ya YA 
=330° 
a> aay ie 
7 2 OU TD 
390° 


(b) To find positive angles that are coterminal with @, we add any multiple of 27. Thus 


7 
+27 =—— 


3 


T 


137 


and — +47 = 


3 


3 


are coterminal with @ = 7/3. To find negative angles that are coterminal with 6, we 


subtract any multiple of 27. Thus 


11 
a -2r=-- and - a 
are coterminal with 6. (See Figure 7.) 

Ya Ya Ya 

_ 37 

a 3 
i PB —G 

0 x x 
WZ 
3 
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EXAMPLE 3 | Coterminal Angles 


Find an angle with measure between 0° and 360° that is coterminal with the angle of mea- 


sure 1290° in standard position. 


SOLUTION Wecan subtract 360° as many times as we wish from 1290°, and the re- 
sulting angle will be coterminal with 1290°. Thus, 1290° — 360° = 930° is coterminal 


with 1290°, and so is the angle 1290° — 2(360)° = 570°. 


To find the angle we want between 0° and 360°, we subtract 360° from 1290° as many 
times as necessary. An efficient way to do this is to determine how many times 360° goes 
into 1290°, that is, divide 1290 by 360, and the remainder will be the angle we are look- 
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ing for. We see that 360 goes into 1290 three times with a remainder of 210. Thus, 210° 
is the desired angle (see Figure 8). 


ae 


WY 


FIGURE 8 
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V Length of a Circular Arc 


An angle whose radian measure is @ is subtended by an arc that is the fraction 6/(2zr) of 
the circumference of a circle. Thus, in a circle of radius r, the length s of an arc that sub- 
tends the angle 6 (see Figure 9) is 


0 4 : 
S= a x circumference of circle 
TT 


6 
= 35 em) =6r 


FIGURE 9 s=6r 


LENGTH OF A CIRCULAR ARC 


In acircle of radius r, the length s of an arc that subtends a central angle of 6 ra- 


dians is 


s=re 


Solving for 6, we get the important formula 


This formula allows us to define radian measure using a circle of any radius r: The radian 
measure of an angle @ is s/r, where s is the length of the circular arc that subtends 6 in a 
circle of radius r (see Figure 10). 


: 
FIGURE 10 The radian measure of 6 CJ ‘ C) . 
is the number of “radiuses” that can fit 

in the arc that subtends 6; hence the 


term radian. 


EXAMPLE 4 | Arc Length and Angle Measure 


(a) Find the length of an arc of a circle with radius 10 m that subtends a central angle 
of 30°. 


(b) A central angle 6 in a circle of radius 4 mis subtended by an arc of length 6 m. 
Find the measure of 6 in radians. 
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SOLUTION 
(a) From Example 1(b) we see that 30° = z/6 rad. So the length of the arc is 
@ The formulas = r@ is true only ¢=fp=( Lr a7 
when @ is measured in radians. my) 6 3 
(b) By the formula 6 = s/r, we have 
Ss 6 3 
6=—=-— =—rad 
r 4 2 
©. NOW TRY EXERCISES 55 AND 57 | 


V Area of a Circular Sector 


The area of acircle of radius r is A = ar?.A sector of this circle with central angle @ has 
an area that is the fraction 6/(27r) of the area of the entire circle (see Figure 11). So the 
A area of this sector is 


6 . 
A = — X area of circle 


2a 
6 1 
FIGURE 11 i he 
A =3r70 ” 
AREA OF A CIRCULAR SECTOR 
In acircle of radius r, the area A of a sector with a central angle of 6 radians is 
= 1 2 
A= ou 0 
EXAMPLE 5 | Area of a Sector 
Find the area of a sector of a circle with central angle 60° if the radius of the circle is 
3m. 
SOLUTION To use the formula for the area of a circular sector, we must find the cen- 
tral angle of the sector in radians: 60° = 60(7/180) rad = 7/3 rad. Thus, the area of the 
sector is 
@ The formula A = 3r’0 is true only 1, 1 oof 7 ST % 
when @ is measured in radians. A= >! v= 5 (3) 3) 2 m 
®. NOW TRY EXERCISE 61 | 


\\ V Circular Motion 


Suppose a point moves along a circle as shown in Figure 12. There are two ways 

to describe the motion of the point: linear speed and angular speed. Linear speed is the 

rate at which the distance traveled is changing, so linear speed is the distance traveled di- 

vided by the time elapsed. Angular speed is the rate at which the central angle @ is chang- 

ing, so angular speed is the number of radians this angle changes divided by the time 
FIGURE 12 elapsed. 


The symbol w is the Greek letter 
“omega.” 


= 
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LINEAR SPEED AND ANGULAR SPEED 


Suppose a point moves along a circle of radius r and the ray from the center of 
the circle to the point traverses 6 radians in time t. Let s = ré@ be the distance the 
point travels in time t. Then the speed of the object is given by 


Angular speed 


Linear speed 


EXAMPLE 6 | Finding Linear and Angular Speed 


A boy rotates a stone in a 3-ft-long sling at the rate of 15 revolutions every 10 seconds. 
Find the angular and linear velocities of the stone. 


SOLUTION I[n10s, the angle 6 changes by 15 - 27 = 307 radians. So the angular 


speed of the stone is 
0 307 rad 


t 10s 


The distance traveled by the stonein10siss = 15-2ar = 15- 27-3 = 907m ft. So the 
linear speed of the stone is 


o= = 37 rad/s 


S 907 ft 
pee 


t 10s 
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= On ft/s 


Notice that angular speed does not depend on the radius of the circle, but only on the 
angle 6. However, if we know the angular speed w and the radius r, we can find linear 
speed as follows: v = s/t = ro/t = r(/t) = re. 


RELATIONSHIP BETWEEN LINEAR AND ANGULAR SPEED 


If a point moves along a circle of radius r with angular speed w, then its linear 


speed v is given by 
Disha) 


EXAMPLE 7 | Finding Linear Speed from Angular Speed 


A woman is riding a bicycle whose wheels are 26 inches in diameter. If the wheels rotate 
at 125 revolutions per minute (rpm), find the speed at which she is traveling, in mi/h. 


SOLUTION The angular speed of the wheels is 277-125 = 2507 rad/min. Since the 
wheels have radius 13 in. (half the diameter), the linear speed is 

v = fw = 13-2507 ~ 10,210.2 in./min 
Since there are 12 inches per foot, 5280 feet per mile, and 60 minutes per hour, her speed 
in miles per hour is 

10,210.2 in./min x 60 min/h — 612,612 in./h 
12 in./ft * 5280 ft/mi 63,360 in./mi 
= 9.7 mi/h 
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3.72 4. 54° 5. —45° 
6. —60° Ty =75° 8. —300° 
9. 1080° 10. 3960° 11. 96° 
12, 15° 13. 7.5° 14, 202.5° 
15-26 m Find the degree measure of the angle with the given ra- 
dian measure. 
Tt lla 57 
2 pas fall ee 
~15. 6 16. 3 17. 4 
18. — 19, 3 20. —2 
T 
21, —1.2 22. 3.4 23. 10 
57 2a 137 
24. 78 25. 75 26. “DD 
27-32 m= The measure of an angle in standard position is 
given. Find two positive angles and two negative angles that 
are coterminal with the given angle. 
®. 27, 50° 28, 135° &. 29, 37 
lla 7 2 
30. — 31, 4 32. —45 
33-38 m The measures of two angles in standard position are 
given. Determine whether the angles are coterminal. 
33. 70°, 430° 34, —30°, 330° 
5a Illa 327 )6«=6 11a 
ace a a) oe 
37. 155°, 875° 38. 50°, 340° 
39-44 m Find an angle between 0° and 360° that is coterminal 
with the given angle. 
®. 39, 733° 40. 361° 41, 1110° 
42. —100° 43. —800° 44, 1270° 
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CONCEPTS 
1. (a) The radian measure of an angle @ is the length of the 
that subtends the angle in a circle of radius 


(b) To convert degrees to radians, we multiply by 
(c) To convert radians to degrees, we multiply by 
2. A central angle @ is drawn in a circle of radius r. 
(a) The length of the arc subtended by @ iss = 
(b) The area of the sector with central angle @ is 
A= 


SKILLS 


3-14 m Find the radian measure of the angle with the given 
degree measure. 


45-50 m Find an angle between 0 and 277 that is coterminal with 
the given angle. 


45. 


48. 


51, 


52. 


53. 


lla Tt 
“Fe 46. —3 47. 877 
lla 5li 
Find the length of the arc s 5 
in the figure. 
Cw) 
Find the angle @ in the figure. 10 


Find the radius r of the circle 
in the figure. 


. Find the length of an arc that subtends a central angle of 45° in 


a circle of radius 10 m. 


. Find the length of an arc that subtends a central angle of 


2 rad in a circle of radius 2 mi. 


. A central angle @ in a circle of radius 5 m is subtended by an arc 


of length 6 m. Find the measure of 6 in degrees and in radians. 


. Anarc of length 100 m subtends a central angle @ in a circle of 


radius 50 m. Find the measure of 6 in degrees and in radians. 


. A circular arc of length 3 ft subtends a central angle of 25°. 


Find the radius of the circle. 


. Find the radius of the circle if an arc of length 6 m on the cir- 


cle subtends a central angle of 77/6 rad. 


. Find the radius of the circle if an arc of length 4 ft on the cir- 


cle subtends a central angle of 135°. 


. Find the area of the sector shown in each figure. 


(a) (b) 


0.5 rad 


AO 


80° 
D 
10 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


Find the radius of each circle if the area of the sector is 12. 
(a) (b) 


= 


Ss 


Find the area of a sector with central angle 1 rad in a circle of 
radius 10 m. 


A sector of a circle has a central angle of 60°. Find the area of 
the sector if the radius of the circle is 3 mi. 


The area of a sector of a circle with a central angle of 2 rad is 
16 m2. Find the radius of the circle. 


A sector of a circle of radius 24 mi has an area of 288 mi?. 
Find the central angle of the sector. 


The area of a circle is 72 cm’. Find the area of a sector of this 
circle that subtends a central angle of 77/6 rad. 


Three circles with radii 1, 2, and 3 ft are externally tangent to 
one another, as shown in the figure. Find the area of the sector 
of the circle of radius 1 that is cut off by the line segments 
joining the center of that circle to the centers of the other two 
circles. 


APPLICATIONS 


69. 


70. 


71, 


Travel Distance A car's wheels are 28 in. in diameter. 
How far (in miles) will the car travel if its wheels revolve 
10,000 times without slipping? 


Wheel Revolutions How many revolutions will a car 
wheel of diameter 30 in. make as the car travels a distance of 
one mile? 


Latitudes Pittsburgh, Pennsylvania, and Miami, Florida, lie 
approximately on the same meridian. Pittsburgh has a latitude of 
40.5°N, and Miami has a latitude of 25.5°N. Find the distance 
between these two cities. (The radius of the earth is 3960 mi.) 


72. 


73. 


74. 


75. 


76. 
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Latitudes Memphis, Tennessee, and New Orleans, 
Louisiana, lie approximately on the same meridian. Memphis 
has a latitude of 35°N, and New Orleans has a latitude of 
30°N. Find the distance between these two cities. (The radius 
of the earth is 3960 mi.) 


Orbit of the Earth Find the distance that the earth travels 
in one day in its path around the sun. Assume that a year has 
365 days and that the path of the earth around the sun is a cir- 
cle of radius 93 million miles. [The path of the earth around 
the sun is actually an ellipse with the sun at one focus (see 
Section 11.2). This ellipse, however, has very small eccentric- 
ity, so itis nearly circular.] 


Circumference of the Earth The Greek mathematician 
Eratosthenes (ca. 276-195 8.c.) measured the circumference 
of the earth from the following observations. He noticed that 
on a certain day the sun shone directly down a deep well in 
Syene (modern A swan), At the same time in Alexandria, 500 
miles north (on the same meridian), the rays of the sun shone 
at an angle of 7.2° to the zenith. Use this information and the 
figure to find the radius and circumference of the earth. 


500 mi 


Rays of sun 


Nautical Miles Find the distance along an arc on the sur- 
face of the earth that subtends a central angle of 1 minute 

(1 minute = g degree). This distance is called a nautical mile. 
(The radius of the earth is 3960 mi.) 


Irrigation An irrigation system uses a straight sprinkler 
pipe 300 ft long that pivots around a central point as shown. 
Due to an obstacle the pipe is allowed to pivot through 280° 
only. Find the area irrigated by this system. 
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77. 


78. 


© 279. 


80. 


©.81, 


Windshield Wipers The top and bottom ends of a wind- 
shield wiper blade are 34 in. and 14 in., respectively, from the 
pivot point. While in operation, the wiper sweeps through 
135°. Find the area swept by the blade. 


The Tethered Cow A cow is tethered by a 100-ft rope to 
the inside corner of an L-shaped building, as shown in the 
figure. Find the area that the cow can graze. 


Fan A ceiling fan with 16-in. blades rotates at 45 rpm. 
(a) Find the angular speed of the fan in rad/min. 
(b) Find the linear speed of the tips of the blades in in./min. 


Radial Saw A radial saw has a blade with a 6-in. radius. 
Suppose that the blade spins at 1000 rpm. 

(a) Find the angular speed of the blade in rad/min. 

(b) Find the linear speed of the sawteeth in ft/s. 


Winch A winch of radius 2 ft is used to lift heavy loads. 
If the winch makes 8 revolutions every 15 s, find the speed at 
which the load is rising. 


82. 


83. 


84, 


85 


86. 


87. 


Speed of a Car Thewheels of a car have radius 11 in. and 
are rotating at 600 rpm. Find the speed of the car in mi/h. 


Speed at the Equator The earth rotates about its axis 
once every 23h 56 min 4s, and the radius of the earth is 
3960 mi. Find the linear speed of a point on the equator in mi/h. 


Truck Wheels A truck with 48-in.-diameter wheels is 
traveling at 50 mi/h. 

(a) Find the angular speed of the wheels in rad/min. 

(b) How many revolutions per minute do the wheels make? 


Speed of a Current To measure the speed of a current, 
scientists place a paddle wheel in the stream and observe the 
rate at which it rotates. If the paddle wheel has radius 0.20 m 
and rotates at 100 rpm, find the speed of the current in m/s. 


Bicycle Wheel The sprockets and chain of a bicycle are 

shown in the figure. The pedal sprocket has a radius of 4 in., 

the wheel sprocket a radius of 2 in., and the wheel a radius of 

13 in. The cyclist pedals at 40 rpm. 

(a) Find the angular speed of the wheel sprocket. 

(b) Find the speed of the bicycle. (Assume that the wheel 
turns at the same rate as the wheel sprocket.) 


Conical Cup A conical cup is made from a circular piece 

of paper with radius 6 cm by cutting out a sector and joining 

the edges as shown on the next page. Suppose 6 = 57/3. 

(a) Find the circumference C of the opening of the cup. 

(b) Find the radius r of the opening of the cup. [Hint: Use 
C =2nr.] 

(c) Find the height h of the cup. 
Theorem. ] 


[Hint: Use the Pythagorean 


(d) Find the volume of the cup. 


Whe 


88. Conical Cup _n this exercise we find the volume of the 
conical cup in Exercise 87 for any angle 0. 
(a) Follow the steps in Exercise 87 to show that the volume 
of the cup as a function of 6 is 


V(@) = 2 eae =i 
7 


B=) (b) Graph the function V. 
(c) For what angle @ is the volume of the cup a 
= maximum? 


0<60<27 
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DISCOVERY = DISCUSSION = WRITING 


89. Different Ways of Measuring Angles The custom of 
measuring angles using degrees, with 360° in a circle, dates back 
to the ancient Babylonians, who used a number system based on 
groups of 60. Another system of measuring angles divides the 
circle into 400 units, called grads. In this system a right angle is 
100 grad, so this fits in with our base 10 number system. 

Write a short essay comparing the advantages and disadvan- 
tages of these two systems and the radian system of measuring 
angles. W hich system do you prefer? Why? 


90. Clocks and Angles _|n one hour, the minute hand on a 
clock moves through a complete circle, and the hour hand 
moves through 3 of a circle. Through how many radians do 
the minute and the hour hand move between 1:00 p.m. and 
6:45 p.m. (on the same day)? 


6.2 TRIGONOMETRY OF RIGHT TRIANGLES 


Trigonometric Ratios > Special Triangles B Applications of Trigonometry 
of Right Triangles 


In this section we study certain ratios of the sides of right triangles, called trigonometric 
ratios, and give several applications. 


V Trigonometric Ratios 


Consider a right triangle with @ as one of its acute angles. The trigonometric ratios are 
defined as follows (see Figure 1). 


THE TRIGONOMETRIC RATIOS 


hypotenuse ais opposite vere adjacent opposite 
apes hypotenuse hypotenuse adjacent 
- h h dj 
otenuse otenuse adjacent 
adjacent a yp ae yPC ] 
FIGURE 1 opposite adjacent opposite 


The symbols we use for these ratios are abbreviations for their full names: sine, cosine, 
tangent, cosecant, secant, cotangent. Since any two right triangles with angle 6 are 
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HIPPARCHUS (circa 140 B.c.) is consid- 
ered the founder of trigonometry. He 
constructed tables for a function closely 
related to the modern sine function and 
evaluated for angles at half-degree in- 
tervals. These are considered the first 
trigonometric tables. He used his tables 
mainly to calculate the paths of the 
planets through the heavens. 


FIGURE 2 


3 2 
2 
/5 


FIGURE 3 


i 


3 
FIGURE 4 
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similar, these ratios are the same, regardless of the size of the triangle; the trigonometric 
ratios depend only on the angle @ (see Figure 2). 


50 
30 
5 
3 
Z| Oy 
4 40 
sino =3 sing=7 =? 
EXAMPLE 1 | Finding Trigonometric Ratios 
Find the six trigonometric ratios of the angle 6 in Figure 3. 
SOLUTION 
2 V5 2 
=— = t =.=, 
sin 6 3 cos 6 3 an 6 V5 
3 3 V5 
csc 6 = 5 ee ye cot = —— 
®. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Finding Trigonometric Ratios 


If cos aw = i, sketch a right triangle with acute angle a, and find the other five trigono- 
metric ratios of a. 


SOLUTION Since cos ais defined as the ratio of the adjacent side to the hypotenuse, we 
sketch a triangle with hypotenuse of length 4 and a side of length 3 adjacent to a. If the op- 
posite side is x, then by the Pythagorean Theorem, 3? + x? = 4? orx* = 7,sox = V7.We 
then use the triangle in Figure 4 to find the ratios. 


sina = a CoS a = . tana = aa) 
: oo 4 ae 
CSC.a = = Sec a = ss cota = = 
Qa V7 a 5 a V7 
©. NOW TRY EXERCISE 19 iz 
V Special Triangles 


Certain right triangles have ratios that can be calculated easily from the Pythagorean T he- 
orem. Since they are used frequently, we mention them here. 

The first triangle is obtained by drawing a diagonal in a square of side 1 (see Figure 5). 
By the Pythagorean Theorem this diagonal has length V2. The resulting triangle has an- 
gles 45°, 45°, and 90° (or 7/4, 2/4, and 7/2). To get the second triangle, we start with an 
equilateral triangle ABC of side 2 and draw the perpendicular bisector DB of the base, as 
in Figure 6. By the Pythagorean Theorem the length of DB is V3. Since DB bisects an- 
gle ABC, we obtain a triangle with angles 30°, 60°, and 90° (or 7/6, 7/3, and 7/2). 


raters CI 
FIGURE 5 


B 


/| 


2 30° 
60° 
ny adie C 
1D 


FIGURE 6 


For an explanation of numerical meth- 
ods, see the margin note on page 498. 
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We can now use the special triangles in Figures 5 and 6 to calculate the trigonometric 
ratios for angles with measures 30°, 45°, and 60° (or 27/6, 77/4, and 7/3). These are listed 
in Table 1. 


TABLE 1 
Values of the trigonometric ratios for special angles 


Oin degrees | @inradians | sin9@ cos 0 tan@ | csc@ | sec6é | coté 
7 7 1 V3 V3 2V3 
30 6 5 3 2 =: V3 
45° a Mees |), Ve 1 v2 | v2 1 
4 2 2 
7 7 V3 1 2V3 V3 
” 3 2 ee aa | ae 


It's useful to remember these special trigonometric ratios because they occur often. Of 
course, they can be recalled easily if we remember the triangles from which they are 
obtained. 

To find the values of the trigonometric ratios for other angles, we use a calculator. 
Mathematical methods (called numerical methods) used in finding the trigonometric ra- 
tios are programmed directly into scientific calculators. For instance, when the [sin] key 
is pressed, the calculator computes an approximation to the value of the sine of the given 
angle. Calculators give the values of sine, cosine, and tangent; the other ratios can be eas- 
ily calculated from these by using the following reciprocal relations: 


1 
(= 
oN sint cost tan t 


You should check that these relations follow immediately from the definitions of the 
trigonometric ratios. 

We follow the convention that when we write sin t, we mean the sine of the angle whose 
radian measure is t. For instance, sin 1 means the sine of the angle whose radian measure 
is 1. When using a calculator to find an approximate value for this number, set your cal- 
culator to radian mode; you will find that 


sin] ~ 0.841471 


If you want to find the sine of the angle whose measure is 1°, set your calculator to degree 
mode; you will find that 


sin 1° ~ 0.0174524 


V Applications of Trigonometry of Right Triangles 


A triangle has six parts: three angles and three sides. To solve a triangle means to deter- 
mine all of its parts from the information known about the triangle, that is, to determine 
the lengths of the three sides and the measures of the three angles. 


EXAMPLE 3 | Solving a Right Triangle 


Solve triangle ABC, shown in Figure 7 on the next page. 
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12 


ee [ic 


FIGURE 7 


77 \ CO 


FIGURE 8 
a=rsindg 
b=rcosé 


ARISTARCHUS OF SAMOS (310-230 
B.c.) was a famous Greek scientist, musi- 
cian, astronomer, and geometer. In his 
book On the Sizes and Distances of the 


Sun and the Moon, he estimated the dis- 


tance to the sun by observing that 
when the moon is exactly half full, the 
triangle formed by the sun, moon, and 


the earth has a right angle at the moon. 


His method was similar to the one de- 
scribed in Exercise 61 in this section. 
Aristarchus was the first to advance the 
theory that the earth and planets move 
around the sun, an idea that did not 
gain full acceptance until after the time 
of Copernicus, 1800 years later. For this 
reason Aristarchus is often called “the 
Copernicus of antiquity.” 
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SOLUTION It'sclear that 2B = 60°. To find a, we look for an equation that relates a 
to the lengths and angles we already know. In this case, we have sin 30° = a/12, so 


a = 12sin 30° = 12(3) = 6 
Similarly, cos 30° = b/12, so 


b = 12 cos 30° = 2(~) = 6V3 
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Figure 8 shows that if we know the hypotenuse r and an acute angle @ in a right trian- 
gle, then the legs a and b are given by 


a=rsing and b =rcosé@ 


The ability to solve right triangles by using the trigonometric ratios is fundamental to 
many problems in navigation, surveying, astronomy, and the measurement of distances. 
The applications we consider in this section always involve right triangles, but as we will 
see in the next three sections, trigonometry is also useful in solving triangles that are not 
right triangles. 

To discuss the next examples, we need some terminology. If an observer is looking at 
an object, then the line from the eye of the observer to the object is called the line of sight 
(Figure 9). If the object being observed is above the horizontal, then the angle between 
the line of sight and the horizontal is called the angle of elevation. If the object is below 
the horizontal, then the angle between the line of sight and the horizontal is called the an- 
gle of depression. |n many of the examples and exercises in this chapter, angles of ele- 
vation and depression will be given for a hypothetical observer at ground level. If the line 
of sight follows a physical object, such as an inclined plane or a hillside, we use the term 
angle of inclination. 


Angle of 
depression 


Angle of 


elevation Horizontal 


FIGURE 9 


The next example gives an important application of trigonometry to the problem of 
measurement: We measure the height of a tall tree without having to climb it! Although 
the example is simple, the result is fundamental to understanding how the trigonometric 
ratios are applied to such problems. 


EXAMPLE 4 | Finding the Height of a Tree 


A giant redwood tree casts a shadow 532 ft long. Find the height of the tree if the angle 
of elevation of the sun is 25.7°. 


THALES OF MILETUS (circa 625-547 
B.C.) is the legendary founder of Greek 
geometry. It is said that he calculated 
the height of a Greek column by com- 
paring the length of the shadow of his 
staff with that of the column. Using 
properties of similar triangles, he ar- 
gued that the ratio of the height h of 
the column to the height h’ of his staff 
was equal to the ratio of the length s of 
the column's shadow to the length s’ of 
the staff's shadow: 


Since three of these quantities are 
known, Thales was able to calculate the 
height of the column. 

According to legend, Thales used a 
similar method to find the height of the 
Great Pyramid in Egypt,a feat that im- 
pressed Egypt's king. Plutarch wrote that 
“although he [the king of Egypt] admired 
you [Thales] for other things, yet he par- 
ticularly liked the manner by which you 
measured the height of the pyramid 
without any trouble or instrument.’The 
principle Thales used, the fact that ratios 
of corresponding sides of similar trian- 
gles are equal, is the foundation of the 
subject of trigonometry. 


FIGURE 11 


SOLUTION Letthe height of the tree be h. From Figure 10 we see that 


h ° 

599 = tan 25.7 
h = 532 tan 25.7° 

~ 532(0.48 
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Definition of tangent 


Multiply by 532 


127) ~ 256 Use a calculator 


Therefore, the height of the tree is about 256 ft. 


FIGURE 10 
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EXAMPLE 5 | A Problem 


Involving Right Triangles 


From a point on the ground 500 ft from the base of a building, an observer finds that the 
angle of elevation to the top of the building is 24° and that the angle of elevation to the 
top of a flagpole atop the building is 27°. Find the height of the building and the length 


of the flagpole. 


SOLUTION Figure 11 illustrates the situation. The height of the building is found in the 
same way that we found the height of the tree in Example 4. 


h ° 

500 = tan 24 
h = 500 tan 
~ 500(0.4 


Definition of tangent 
24° Multiply by 500 
452) ~ 223 ~~ Use a calculator 


The height of the building is approximately 223 ft. 
To find the length of the flagpole, let’s first find the height from the ground to the top 


of the pole: 


as = tan 27° 
k = 500 tan 27° 
= 500(0.5095) 
=~ 255 


To find the length of the flagpole, we subtract h from k. So the length of the pole is ap- 


proximately 255 — 223 = 32 ft. 
®. NOW TRY EXERCISE 55 
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6.2 EXERCISES 


CONCEPTS 9-10 = Find (a) sina and cos £, (b) tan @ and cot B, and 
(c) sec @ and csc B. 


7 “d 


L A right triangle with an angle 6 is shown in the figure. 


ZZ \ CI 
5 


11-16 m Find the side labeled x In Exercises 13 and 14 state your 


answer rounded to five decimal places. 
(a) Label the “opposite” and “adjacent” sides of @ and the hy- 


1L 
7 a 
(N 
ail 
potenuse of the triangle. 
(b) The trigonometric functions of the angle @ are defined as 1B 
follows: x 
sin @ = ——— cos @ = ———____ tang@ = ———_ 
13 
(c) The trigonometric ratios do not depend on the size of the 


triangle. This is because all right triangles with an acute 


angle @ are 
2. The reciprocal identities state that 


1 1 1 
csc: 8 = — sec 9 = — cot 6 = —— 


SKILLS 


3-8 m Find the exact values of the six trigonometric ratios of the 


angle @ in the triangle. 17. 
a. 3 4 
4 25 28 
5 ae 
3 24 wr 


ri 


17-18 m Express xand yin terms of oo ratios of 0. 


UI x 
4 
= a = - 8 ©. te pues vee 7 enna 
ii a ©.19, sing =3 20. cos =% 
15 2L cot¢ =1 22. tang = V3 
23. seco =5 24. csco = #3 


25-30 m Evaluate the expression without using a calculator. 
BN 3B. sin + cose 
8 26. sin 30° csc 30° 
27. sin 30° cos 60° + sin 60° cos 30° 


7 28. (sin 60°)? + (cos 60°)? 


29. (cos 30°)? — 


30. 


(sin 30°)? 


sin a cos zy) 
4 3 


(sin e cos i 
3 4 


31-38 m Solve the right triangle. 


35. 


a1: 32. 
Kj 
<| 100 
4 <) 
O 
33. J 34, 
<h 
Oo 
33.5 D 


1000 


38. a 
425 4 


S 


39. Use a ruler to carefully measure the sides of the triangle, and 


40. Using a protractor, sketch a right triangle that has the acute an- 
gle 40°. M easure the sides carefully, and use your results to es- 


then use your measurements to estimate the six trigonometric 
ratios of 6. 


timate the six trigonometric ratios of 40°. 


41-44 m Find x rounded to one decimal place. 


41, 
Le. 
J" _b 30° 
x x 


Bh ae 


Trigonometry of Right Triangles 
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42. 


85 


43. 


50 


423 


46. Express the length a, b, c, and d in the figure in terms of the 


trigonometric ratios of 0. 


APPLICATIONS 


©. 47, Height of a Building The angle of elevation to the top 


of the Empire State Building in New York is found to be 11° 
from the ground at a distance of 1 mi from the base of the 


building. Using this information, find the height of the 
Empire State Building. 
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48. Gateway Arch A planeis flying within sight of the 
Gateway Arch in St. Louis, Missouri, at an elevation of 
35,000 ft. The pilot would like to estimate her distance from 
the Gateway Arch. She finds that the angle of depression to a 
point on the ground below the arch is 22°. 

(a) What is the distance between the plane and the arch? 
(b) What is the distance between a point on the ground 
directly below the plane and the arch? 


49. Deviation of aLaser Beam _ A laser beam is to be di- 
rected toward the center of the moon, but the beam strays 0.5° 
from its intended path. 

(a) How far has the beam diverged from its assigned target 
when it reaches the moon? (The distance from the earth to 
the moon is 240,000 mi.) 

(b) The radius of the moon is about 1000 mi. Will the beam 
strike the moon? 


50. Distance at Sea_ From the top of a 200-ft lighthouse, the 
angle of depression to a ship in the ocean is 23°. How far is 
the ship from the base of the lighthouse? 


51. Leaning Ladder A 20-ft ladder leans against a building 
so that the angle between the ground and the ladder is 72°. 
How high does the ladder reach on the building? 


52. Height of aTower A 600-ft guy wireis attached to the top 
of acommunications tower. If the wire makes an angle of 65° 
with the ground, how tall is the communications tower? 


53. Elevation of a Kite A man is lying on the beach, flying a 
kite. He holds the end of the kite string at ground level, and 
estimates the angle of elevation of the kite to be 50°. If the 
string is 450 ft long, how high is the kite above the ground? 


54. Determining a Distance A woman standing on ahill 
sees a flagpole that she knows is 60 ft tall. The angle of depres- 
sion to the bottom of the pole is 14°, and the angle of elevation 
to the top of the pole is 18°. Find her distance x from the pole. 


.55. Height of aTower A water tower is located 325 ft from a 
building (see the figure). From a window in the building, an ob- 
server notes that the angle of elevation to the top of the tower is 
39° and that the angle of depression to the bottom of the tower 
is 25°. How tall is the tower? How high is the window? 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


Determining a Distance An airplane is flying at an ele- 
vation of 5150 ft, directly above a straight highway. Two mo- 
torists are driving cars on the highway on opposite sides of the 
plane, and the angle of depression to one car is 35° and to the 
other is 52°. How far apart are the cars? 


Determining a Distance _|f both cars in Exercise 56 are 
on one side of the plane and if the angle of depression to one car 
is 38° and to the other car is 52°, how far apart are the cars? 


Height of a Balloon A hot-air balloon is floating above a 
straight road. To estimate their height above the ground, the 
balloonists simultaneously measure the angle of depression to 
two consecutive mileposts on the road on the same side of the 
balloon. The angles of depression are found to be 20° and 22°. 
How high is the balloon? 


Height of a Mountain To estimate the height of a moun- 
tain above a level plain, the angle of elevation to the top of the 
mountain is measured to be 32°. One thousand feet closer to the 
mountain along the plain, itis found that the angle of elevation 
is 35°. Estimate the height of the mountain. 


Height of Cloud Cover To measure the height of the 
cloud cover at an airport, a worker shines a spotlight upward 
at an angle 75° from the horizontal. An observer 600 m away 
measures the angle of elevation to the spot of light to be 45°. 
Find the height h of the cloud cover. 


Distance to the Sun When the moon is exactly half full, 
the earth, moon, and sun form a right angle (see the figure). At 
that time the angle formed by the sun, earth, and moon is mea- 
sured to be 89.85°. If the distance from the earth to the moon 
is 240,000 mi, estimate the distance from the earth to the sun. 


moon 


4 


Distance to the Moon 1o find the distance to the sun 
as in Exercise 61, we needed to know the distance to the 
moon. Here is a way to estimate that distance: When the 
moon is seen at its zenith at a point A on the earth, it is ob- 
served to be at the horizon from point B (see the following 


figure). Points A and B are 6155 mi apart, and the radius of the 
earth is 3960 mi. 
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parallax of 0.000211°. Estimate the distance to this star. (Take 
the distance from the earth to the sun to be 9.3 x 107 mi.) 


63. 


64, 


6. 


(a) Find the angle @ in degrees. 
(b) Estimate the distance from point A to the moon. 


65. Distance from Venus to the Sun_ The elongation a of 
a planet is the angle formed by the planet, earth, and sun (see 
the figure). W hen Venus achieves its maximum elongation of 
46.3°, the earth, Venus, and the sun form a triangle with a right 
angle at Venus. Find the distance between Venus and the sun 
in astronomical units (AU). (By definition the distance be- 
tween the earth and the sun is 1 AU.) 


Radius of the Earth In Exercise 74 of Section 6.1 a 
method was given for finding the radius of the earth. Here is a 
more modern method: From a satellite 600 mi above the earth, 
it is observed that the angle formed by the vertical and the line 
of sight to the horizon is 60.276°. Use this information to find 
the radius of the earth. 


Parallax To find the distance to nearby stars, the method of 
parallax is used. The idea is to find a triangle with the star at 
one vertex and with a base as large as possible. To do this, the 
star is observed at two different times exactly 6 months apart, 
and its apparent change in position is recorded. From these 
two observations, ZE,SE, can be calculated. (The times are 
chosen so that 7E,SE, is as large as possible, which guaran- 
tees that 7E,0S is 90°.) The angle E,SO is called the parallax 
of the star. Alpha Centauri, the star nearest the earth, has a 


DISCOVERY = DISCUSSION = WRITING 


66. Similar Triangles If two triangles are similar, what prop- 
erties do they share? Explain how these properties make it 
possible to define the trigonometric ratios without regard to 
the size of the triangle. 


3 TRIGONOMETRIC FUNCTIONS OF ANGLES 


Trigonometric Functions of Angles ® Evaluating Trigonometric Functions 
at Any Angle ® Trigonometric Identities B Areas of Triangles 


In the preceding section we defined the trigonometric ratios for acute angles. Here we ex- 
tend the trigonometric ratios to all angles by defining the trigonometric functions of an- 
gles. With these functions we can solve practical problems that involve angles that are not 
necessarily acute. 
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FIGURE 2 


O 


FIGURE 3 


Trigonometric Functions: Right Triangle Approach 


V Trigonometric Functions of Angles 


Let POQ bea right triangle with acute angle 6 as shown in Figure 1(a). Place @ in stan- 
dard position as shown in Figure 1(b). 


_ a P(x, y) 


opposite 


hypotenuse 
Q 
O adjacent 
(a) (b) 
FIGURE 1 


Then P = P(x, y) is a point on the terminal side of 6. In triangle POQ, the opposite side 
has length y and the adjacent side has length x. Using the Pythagorean Theorem, we see 
that the hypotenuse has length r = Vx? + y?. So 


X 
sing =~ cos 6 = — tang = ~ 
r r X 


The other trigonometric ratios can be found in the same way. 
These observations allow us to extend the trigonometric ratios to any angle. We define 
the trigonometric functions of angles as follows (see Figure 2). 


DEFINITION OF THE TRIGONOMETRIC FUNCTIONS 


Let @ be an angle in standard position and let P(x, y) be a point on the terminal 
side. If r = Vx? + y’ is the distance from the origin to the point P(x, y), then 


x 
sing => e050 = tang =~ (x # 0) 


ae 5 (y # 0) sec 0 = (x # 0) cote = (y # 0) 


Since division by 0 is an undefined operation, certain trigonometric functions are not 
defined for certain angles. For example, tan 90° = y/x is undefined because x = 0. The 
angles for which the trigonometric functions may be undefined are the angles for which 
either the x- or y-coordinate of a point on the terminal side of the angle is 0. These are 
quadrantal angles— angles that are coterminal with the coordinate axes. 

It is a crucial fact that the values of the trigonometric functions do not depend on the 
choice of the point P(x, y). This is because if P(x’, y’) is any other point on the terminal 
side, as in Figure 3, then triangles POQ and P’0Q’ are similar. 


V Evaluating Trigonometric Functions at Any Angle 


From the definition we see that the values of the trigonometric functions are all positive 
if the angle 6 has its terminal side in Quadrant |. This is because x and y are positive in 
this quadrant. [Of course, r is always positive, since it is simply the distance from the ori- 
gin to the point P(x, y).] If the terminal side of @ is in Quadrant I|, however, then x is 
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Relationship to the Trigonometric 
Functions of Real Numbers 


You may have already studied the trigonometric 
functions defined using the unit circle (Chapter 7). 
To see how they relate to the trigonometric func- 
tions of an angle, let’s start with the unit circle in 
the coordinate plane. 


P(x, y) is the terminal 
point determined by +. 


Let P(x, y) be the terminal point determined by an 
arc of length ton the unit circle. Then t subtends 
an angle @ at the center of the circle. If we drop a 
perpendicular from P onto the point Q on the 
x-axis, then triangle AOPQ is a right triangle with 
legs of length x and y, as shown in the figure. 


Triangle OPQ is 
a right triangle. 


Now, by the definition of the trigonometric 
functions of the real number t we have 


sint=y 
cost =x 


By the definition of the trigonometric functions of 
the angle @ we have 


If 8 is measured in radians, then @ = t. (See the 
figure below.) Comparing the two ways of defining 
the trigonometric functions, we see that they are 
identical. In other words, as functions, they assign 
identical values to a given real number. (The real 
number is the radian measure of 8 in one case or 
the length t of an arc in the other, 


The radian measure 
of angle @ ist. 


Why then do we study trigonometry in two dif- 
ferent ways? Because different applications require 
that we view the trigonometric functions differ- 
ently. (See Focus on Modeling, pages 463, 525,and 
571,and Sections 6.2, 6.5, and 6.6.) 
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The following mnemonic device canbe negative and y is positive. Thus, in Quadrant II the functions sin @ and csc @ are positive, 
used to remember which trigonometric and all the other trigonometric functions have negative values. Y ou can check the other en- 
functions are positive in each quadrant: —_trjes in the following table. 

All of them, Sine, Tangent, or Cosine. 


A 
‘ SIGNS OF THE TRIGONOMETRIC FUNCTIONS 
Sine All Quadrant Positive Functions Negative Functions 

> all none 

Xx 
sin, CSC cos, sec, tan, cot 

Tangent Cosine 

tan, cot SIiESGRCOS See 


COS, SEC sin, csc, tan, cot 


You can remember this as “All 
Students Take Calculus.” 


We now turn our attention to finding the values of the trigonometric functions for an- 
gles that are not acute. 


EXAMPLE 1 | Finding Trigonometric Functions of Angles 
Find (a) cos 135° and (b) tan 390°. 


SOLUTION 


(a) From Figure 4 we see that cos 135° = —x/r. But cos 45° = x/r, and since 
cos 45° = 2/2, we have 
cos 135° = a 
2 
(b) The angles 390° and 30° are coterminal. From Figure 5 it’s clear that 
tan 390° = tan 30° and, since tan 30° = V3/3, we have 


tan 390° = 3 
3 
Ya 
4 
4 
shee 
| 
| 
| > 
x Ok 
FIGURE 4 FIGURE 5 
© NOW TRY EXERCISES 11 AND 13 |_| 


From Example 1 we see that the trigonometric functions for angles that aren’t acute 
have the same value, except possibly for sign, as the corresponding trigonometric func- 
tions of an acute angle. That acute angle will be called the reference angle. 


REFERENCE ANGLE 


Let @ be an angle in standard position. The reference angle @ associated with @ is 
the acute angle formed by the terminal side of 6 and the x-axis. 
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Figure 6 shows that to find a reference angle @, it’s useful to know the quadrant in 
which the terminal side of the angle @ lies. 


yA yA yA yA 


0 
(] Ase 
0 x 0 ; r 0 \0] 6 * 
FIGURE 6 Thereference 


angle @ for an angle @ 


S 


y 


EXAMPLE 2 | Finding Reference Angles 


yA : 5a 
; Find the reference angle for (a) 6 = 3 and (b) 6 = 870°. 
a 
ae = SOLUTION 
0 aS é 
a a (a) The reference angle is the acute angle formed by the terminal side of the angle 
52/3 and the x-axis (see Figure 7). Since the terminal side of this angle is in 
Quadrant IV, the reference angle is 
FIGURE 7 = 537 oT 
d= 20 = a = 3 
YA (b) The angles 870° and 150° are coterminal [because 870 — 2(360) = 150]. Thus, the 


terminal side of this angle is in Quadrant I| (see Figure 8). So the reference angle is 


870° m7 ° 
“HEN 6 = 180° — 150° = 30 
y 


WP) ©. NOW TRY EXERCISES 3 AND 7 = 


«Y 


FIGURE 8 EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY ANGLE 


To find the values of the trigonometric functions for any angle @, we carry out the 
following steps. 


. Find the reference angle 6 associated with the angle 6. 


. Determine the sign of the trigonometric function of @ by noting the quadrant in 
which @ lies. 

. The value of the trigonometric function of @ is the same, except possibly for 
sign, as the value of the trigonometric function of 9. 


EXAMPLE 3 | Using the Reference Angle to Evaluate 
Trigonometric Functions 


yA Find (a) sin 240° and (b) cot 495°. 
SOLUTION 


R 

S 

PY 
%Yv 


(a) This angle has its terminal side in Quadrant III, as shown in Figure 9. The 
reference angle is therefore 240° — 180° = 60°, and the value of sin 240° is 


0 ; 
negative. Thus 
3 
sin 240° = —sin 60° = = 
FIGURE 9 2 
S14 sin 240° is negative. Sign Reference angle 


TIC 
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FIGURE 10 
S|A 


a0 tan 495° is negative, 


so cot 495° is negative. 


(b) The angle 495° is coterminal with the angle 135°, and the terminal side of 
this angle is in Quadrant II, as shown in Figure 10. So the reference angle is 
180° — 135° = 45°, and the value of cot 495° is negative. We have 


cot 495° = cot 135° = —cot 45° = —-1 


Coterminal angles Sign Reference angle 


©. NOW TRY EXERCISES 17 AND 19 @ 


EXAMPLE 4 | Using the Reference Angle to Evaluate 
Trigonometric Functions 


Find (a) sin a and (b) sec(-). 


SOLUTION 


(a) The angle 1677/3 is coterminal with 47r/3, and these angles are in Quadrant III (see 
Figure 11). Thus, the reference angle is (4/3) — a = 7/3. Since the value of sine 
is negative in Quadrant III, we have 


sin De yet sin = we 
3 3 3 2 
Coterminal angles Sign Reference angle 


(b) The angle —7/4 is in Quadrant IV, and its reference angle is 7/4 (see Figure 12). 
Since secant is positive in this quadrant, we get 


7 T 
=+ = 
sec( = ) sec V2 


Sign Reference angle 


~ 
Lae 


a 0 0 _7 
0 4/6 
FIGURE 11 FIGURE 12 
SIA oe 16m: S|A fuk a 
ele sin 18 is negative. ar cos(—7) is positive, 
So sec(— 7) is positive. 
®. NOW TRY EXERCISES 23 AND 25 a 


V Trigonometric Identities 


The trigonometric functions of angles are related to each other through several important 
equations called trigonometric identities. We've already encountered the reciprocal 
identities. These identities continue to hold for any angle 6, provided that both sides of the 


YA 
(x, y) 
; 
y 
0 
> 
0 x x 
FIGURE 13 
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equation are defined. The Pythagorean identities are a consequence of the Pythagorean 
Theorem.* 


FUNDAMENTAL IDENTITIES 
Reciprocal Identities 


iL 1 
esc 9 = — sec 6 = —___ Cord) = —— 
sin cos 0 tan 6 


sin 6 cos 0 
tan @ = —— cot @ = —— 
cos 0 sin 0 


Pythagorean Identities 


sin?@ + cos? = 1 tan2@ + 1 = sec’@ 1 + cot?@ = csc? 


PROOF Let's prove the first Pythagorean identity. Using x? + y? = r2 (the Pythagorean 
Theorem) in Figure 13, we have 


2 2 x2 + 2 2 
sin?o + costo = (*) +(*) = sf =4=1 
r r 


Thus, sin?@ + cos?@ = 1. (Although the figure indicates an acute angle, you should check 
that the proof holds for all angles 6.) o 


See Exercises 61 and 62 for the proofs of the other two Pythagorean identities. 


EXAMPLE 5 | Expressing One Trigonometric Function 
in Terms of Another 


(a) Express sin @ in terms of cos 0. 
(b) Express tan 6 in terms of sin 6, where @ is in Quadrant Il. 


SOLUTION 
(a) From the first Pythagorean identity we get 
sing = +V1 — cos’6 


where the sign depends on the quadrant. If @ is in Quadrant | or II, then sin @ is 


positive, and so 
sind = V1 — cos’6 
whereas if @ isin Quadrant II! or IV, sin 6 is negative, and so 
sind = —V1 — cos’6 
(b) Since tan @ = sin 6/cos 0, we need to write cos @ in terms of sin 6. By part (a) 
cos@ = +V/1 — sin’6 
and since cos 0 is negative in Quadrant II, the negative sign applies here. Thus 
sind _ sin 0 
cos@ = _\/1 — sin29 


©. NOW TRY EXERCISE 39 | 


tan @ = 


* We follow the usual convention of writing sin?@ for (sin @)?. In general, we write sin"@ for (sin @)" for all in- 
tegers n exceptn = —1. The exponent n = —1 will be assigned another meaning in Section 6.4. Of course, 
the same convention applies to the other five trigonometric functions. 
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If you wish to rationalize the denomi- 
nator, you can express cos 6 as 
3 VIB__3v3 
VG VB 13 


FIGURE 14 


[\ 


1 


FIGURE 15 


FIGURE 16 
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EXAMPLE 6 | Evaluating a Trigonometric Function 
If tan @ = } and @ is in Quadrant III, find cos 0. 


SOLUTION 1 Weneed to write cos 6 in terms of tan 6. From the identity 
tan?@ + 1 = sec’@ we get sec @ = + Vtan’6 + 1.1n Quadrant III, sec @ is negative, so 


sec @ = —Vtan’o + 1 

1 1 

seed —/tantg +1 

7 1 a 
-VOF+1 -V¥ 


SOLUTION 2 This problem can be solved more easily by using the method of Exam- 
ple 2 of Section 6.2. Recall that, except for sign, the values of the trigonometric functions 
of any angle are the same as those of an acute angle (the reference angle). So, ignoring the 
sign for the moment, let’s sketch a right triangle with an acute angle @ satisfying tan @ = 3 
(see Figure 14). By the Pythagorean Theorem the hypotenuse of this triangle has length 
V13. From the triangle in Figure 14 we immediately see that cos 8 = 3/13. Since @ is 
in Quadrant III, cos @ is negative, so 


Thus, cos 6 = 


3 
cos 8 = —-—= 
V13 
© NOW TRY EXERCISE 45 a 


EXAMPLE 7 | Evaluating Trigonometric Functions 
If sec 6 = 2 and @ is in Quadrant IV, find the other five trigonometric functions of 6. 


SOLUTION Wesketcha triangle as in Figure 15 so that sec @ = 2. Taking into account 
the fact that 6 is in Quadrant IV, we get 


sing =~? cos = 5 tan@ = —V3 
a ee sec 0 = 2 Se 
V3 V3 
® NOW TRY EXERCISE 47 Oo 


V Areas of Triangles 


We conclude this section with an application of the trigonometric functions that 
involves angles that are not necessarily acute. M ore extensive applications appear in the 
next two sections. 

The area of a triangle is sf = 5 x base x height. If we know two sides and the in- 
cluded angle of a triangle, then we can find the height using the trigonometric functions, 
and from this we can find the area. 

If 6 is an acute angle, then the height of the triangle in Figure 16(a) is given by 
h = b sin 6. Thus the area is 


A = +X base X height = Sab sin 
If the angle @ is not acute, then from Figure 16(b) we see that the height of the triangle is 
h = bsin(180° — @) = bsine 


10cm 


FIGURE 17 
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This is so because the reference angle of @ is the angle 180° — @. Thus, in this case also, 
the area of the triangle is 


A = + X base X height = ab sin @ 


AREA OF A TRIANGLE 


The area of of a triangle with sides of lengths a and b and with included 
angle 6 is 


A = jab sine 


EXAMPLE 8 | Finding the Area of a Triangle 
Find the area of triangle ABC shown in Figure 17. 


SOLUTION Thetriangle has sides of length 10 cm and 3 cm, with included angle 120°. 
Therefore 


A = jab sing 
3(10)(3) sin 120° 
15 sin 60° 


Reference angle 


= 3s? = 13cm? 


©. NOW TRY EXERCISE 55 | 
11 11 11 
CONCEPTS “7. @) i= - (d= 
1. If the angle 6 is in standard position and P(x, y) is a point on i 33 23 
the terminal side of 6, and r is the distance from the origin to 8. (a) = (b) as (c) a old 
3 4 6 
P, then 
57 
sing=——- _ cos@ =——__ tang = —— 9. (a) a (b) —1.47 (c) 14 
10. (a) 2.37 (b) 2.3 (c) —107 


2. The sign of a trigonometric function of @ depends on the 
in which the terminal side of the angle @ lies. 


11-34 m Find the exact value of the trigonometric function. 


In Quadrant II, sin @ is (positive / negative). ®.11L sin 150° 12. sin 225° ©. 13. cos 210° 
In Quadrant III, cos @ is (positive / negative). 14, cos(—60°) 15. tan(—60°) 16. sec 300° 
In Quadrant IV, sin @ is (positive / negative). ©.17. csc(—630°) 18. cot 210° © 219, cos 570° 
20. sec 120° 21, tan 750° 22. cos 660° 
* 23. sin 24, sina 25. sin 
SKILLS 
3-10 m Find the reference angle for the given angle. 26. cos 27. cos(-7= ) 28. tan == 
©. 3. (a) 150° (b) 330° (c) —30° 
lla 57 7 
4. (a) 120° (b) —210° (c) 780° 29. sec — 30. csc 31. cot(-) 
5. (a) 225° (b) 810° (c) —105° Tin Ge We 
2. = 33. tan — 34, sin — 
6. (a) 99° (b) —199° (c) 359° sa 2 i: 
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35-38 m Find the quadrant in which @lies from the information 
given. 


35. singd<0 and cosa<0 
36. tangd<0 and sing<0 
37. seco >0 and tana<0 
38. csc@>0 and cosa<0 


39-44 mw Write the first trigonometric function in terms of the sec- 
ond for @ in the given quadrant. 


©. 39, tan@, cos 6; @in Quadrant III 


40. cot, siné; @in Quadrant II 
41. cos@, sin@; @in Quadrant IV 
42. sec @, sind; @in Quadrant | 

43. sec @, tané@; @in Quadrant II 
44. csc @, coté; @in Quadrant III 


45-52 m Find the values of the trigonometric functions of @ from 
the information given. 


©.45, sing = 3, @in Quadrant II 


46. cos@ = —%, 6 in Quadrant III 
©.47, tang = —3, cos@>0 

48. seco =5, sind<0 

49. csc@=2, @in Quadrant | 

50. cota =}, sina<0 

51. coso = —4, tana<0 

52. ttnga=—4, sino>0 


53. If @ = 7/3, find the value of each expression. 
(a) sin20, 2sin@ (b) sin 36, 4sin@ 
(c) sin?@, sin(@) 

54, Find the area of a triangle with sides of length 7 and 9 and in- 
cluded angle 72°. 


. 55. Find the area of a triangle with sides of length 10 and 22 and 
included angle 10°. 


56. Find the area of an equilateral triangle with side of length 10. 


57. A triangle has an area of 16 in, and two of the sides of the tri- 
angle have lengths 5 in. and 7 in. Find the angle included by 
these two sides. 


58. An isosceles triangle has an area of 24 cm?, and the angle be- 
tween the two equal sides is 52/6. W hat is the length of the 
two equal sides? 


59-60 m Find the area of the shaded region in the figure. 


59. 60. N 


O B 


61. Use the first Pythagorean identity to prove the second. 
[Hint: Divide by cos?6.] 


62. Use the first Pythagorean identity to prove the third. 


APPLICATIONS 


63. Height of a Rocket A rocket fired straight up is tracked 
by an observer on the ground a mile away. 
(a) Show that when the angle of elevation is 6, the height of 
the rocket in feet ish = 5280 tan 0. 
(b) Complete the table to find the height of the rocket at the 
given angles of elevation. 


6 20° 60° 80° 85° 
h 


Ik 1 mi . 


64. Rain Gutter A rain gutter is to be constructed from a 
metal sheet of width 30 cm by bending up one-third of the 
sheet on each side through an angle 0. 

(a) Show that the cross-sectional area of the gutter is 
modeled by the function 


A(@) = 100 sing + 100sin 6 cos 6 


= (b) Graph the function A for0 = 6 S$ w/2. 
) (c) For what angle @ is the largest cross-sectional area 
ee achieved? 


10cm 


65. Wooden Beam _ A rectangular beam is to be cut from a 

cylindrical log of diameter 20 cm. The figures show different 

ways this can be done. 

(a) Express the cross-sectional area of the beam as a 
function of the angle @ in the figures. 

== (b) Graph the function you found in part (a). 

(c) Find the dimensions of the beam with largest cross- 

ca sectional area. 


width —>| 


depth 


66. 


67. 


68. 


69. 


Strength of aBeam_ The strength of a beam is propor- 
tional to the width and the square of the depth. A beam is cut 
from alog as in Exercise 65. Express the strength of the beam 
as a function of the angle @ in the figures. 


Throwing a Shot Put TherangeR and height H of a 
shot put thrown with an initial velocity of v, ft/s at an angle @ 
are given by 
v3 sin(26) 

g 


vj sin’@ 
29 


On the earth g = 32 ft/s* and on the moon g = 5.2 ft/s’. Find 
the range and height of a shot put thrown under the given con- 
ditions. 

(a) On the earth with v, = 12 ft/s and 6 = 7/6 

(b) On the moon with v, = 12 ft/s and 6 = 7/6 


aan oma 
Za a 
7 
ee A ay 
SS 

“ NY 

a | % 
x \ 
kx R >| 


Sledding Thetimein seconds that it takes for a sled to 
slide down a hillside inclined at an angle @ is 


d 


t= ; 
16 sin@ 


where d is the length of the slope in feet. Find the time it takes 
to slide down a 2000-ft slope inclined at 30°. 


ie 


ae 


Beehives na beehive each cell is a regular hexagonal 
prism, as shown in the figure. The amount of wax W in the cell 
depends on the apex angle @ and is given by 


W = 3.02 — 0.38 cot @ + 0.65 csc 8 


Bees instinctively choose @ so as to use the least amount of 
wax possible. 


(a) Use a graphing device to graph W as a function of 6 for 


0<0<7. 
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(b) For what value of @ does W have its minimum value? 
[Note: Biologists have discovered that bees rarely deviate 
from this value by more than a degree or two.] 


70. Turning a Corner A steel pipe is being carried down a 


hallway that is 9 ft wide. At the end of the hall there is a right- 

angled turn into a narrower hallway 6 ft wide. 

(a) Show that the length of the pipe in the figure is modeled 
by the function 


L(@) = 9csc@ + 6sec 4 


=) (b) Graph the function L for0 <6 < 7/2. 
}) (c) Find the minimum value of the function L. 
=) (d) Explain why the value of L you found in part (c) is the 


length of the longest pipe that can be carried around the 
corner. 


6 ft 


Lx—— 9 ft ——>| 


. Rainbows Rainbows are created when sunlight of different 


wavelengths (colors) is refracted and reflected in raindrops. 
The angle of elevation @ of a rainbow is always the same. It 
can be shown that 6 = 46 — 2a, where 


sina =ksinB 


and a = 59.4° and k = 1.33 is the index of refraction of water. 
Use the given information to find the angle of elevation 6 of a 
rainbow. (For a mathematical explanation of rainbows see Cal- 
culus Early Transcendentals, 7th Edition, by J ames Stewart, 
page 282.) 
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For each of the five other trigonometric functions, find a line seg- 


DISCOVERY = DISCUSSION = WRITING ment in the figure whose length equals the value of the function 


72. Using a Calculator To solve a certain problem, you need at 0. (Note: The radius of the circle is 1, the center is O, segment 
to find the sine of 4 rad. Your study partner uses his calculator QS is tangent to the circle at R, and 2S0Q is a right angle.) 
and tells you that s 


sin 4 = 0.0697564737 


On your calculator you get 


sin 4 = —0.7568024953 R 
What is wrong? What mistake did your partner make? ei 
A\ 
73. Viete’s Trigonometric Diagram __|n the 16th century ; Q 


the French mathematician Francois Viéte (see page 82) pub- 
lished the following remarkable diagram. Each of the six 
trigonometric functions of @ is equal to the length of a line 
segment in the figure. For instance, sin@ = |PR |, since from 
AOPR we see that 


DISCOVERY 
; opp |PR | PROJECT Similarity 
sing =——- =-——— 
hyp OR | In this project we explore the idea of similarity and some of its 
|PR | consequences for any type of figure. You can find the project at 
ae ae |PR | the book companion website: www.stewartmath.com 


6.4 INVERSE TRIGONOMETRIC FUNCTIONS AND RIGHT TRIANGLES 


The Inverse Sine, Inverse Cosine, and Inverse Tangent Functions ® Solving 
for Angles in Right Triangles B Evaluating Expressions Involving Inverse 
Trigonometric Functions 


The graphs of the inverse trigonometric Recall that for a function to have an inverse, it must be one-to-one. Since the trigonomet- 

functions are studied in Section 7.5. ric functions are not one-to-one, they do not have inverses. So we restrict the domain of 
each of the trigonometric functions to intervals on which they attain all their values and 
on which they are one-to-one. The resulting functions have the same range as the original 
functions but are one-to-one. 


V The Inverse Sine, Inverse Cosine, and Inverse Tangent Functions 


Let's first consider the sine function. We restrict the domain of the sine function to angles 
6 with —7/2 < 6 S z/2. From Figure 1 we see that on this domain the sine function at- 
tains each of the values in the interval | —1, 1] exactly once and so is one-to-one. Simi- 
larly, we restrict the domains of cosine and tangent as shown in Figure 1. 


A A A 
ie ie if 
0 0 0 
ae x x 
; ; sing =~ coso == tang =~ 
FIGURE 1 Restricted domains of the . 7 ” ie 
sine, cosine, and tangent functions 727 S055 O=0=7 “7S d0<9 
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On these restricted domains we can define an inverse for each of these functions. By the 
definition of inverse function we have 


Si = ee SDNY = 
COSm a= Vane COs aK 
fain =) any x 


We summarize the domains and ranges of the inverse trigonometric functions in the 
following box. 


THE INVERSE SINE, INVERSE COSINE, AND INVERSE TANGENT FUNCTIONS 


The sine, cosine, and tangent functions on the restricted domains [—7/2, 7/2], 
[0, aw], and (—7/2, 7/2), respectively, are one-to one and so have inverses. The 
inverse functions have domain and range as follows. 
Function Domain Range 
[-1,. 1] [-a/2, 7/2] 
[-1,1] [0, a] 
R (—1/2, 7/2) 


The functions sin~?, cos~+, and tan~! are sometimes called arcsine, arccosine, 
and arctangent, respectively. 


Since these are inverse functions, they reverse the rule of the original function. For ex- 
ample, since sin zr/6 = 4, it follows that sin-14 = a/6. The following example gives fur- 
ther illustrations. 


EXAMPLE 1 | Evaluating Inverse Trigonometric Functions 

Find the exact value. 

(a) sin 3 (b) cos 1(—3) (c) tan“? 1 

SOLUTION 

(a) The angle in the interval [ —7/2, 2/2] whose sine is 3/2 is 2/3. Thus 
sin-?(V3/2) = 77/3. 


(b) The angle in the interval [0, 7] whose cosine is 3 is 2ar/3. Thus 
cos (—3) = 2x/3. 


(c) The angle in the interval [—7/2, 2/2] whose tangent is 1 is 7/4. Thus 
tan? 1 = 7/4. 


©. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Evaluating Inverse Trigonometric Functions 
Find approximate values for the given expression. 

(a) sin-+(0.71) (b) tan~1(2) (c) cos 12 

SOLUTION Weusea calculator to approximate these values. 


(a) Using the [1nv)[stnj, or |SIN-‘], or [aRc|/szN] key(s) on the calculator (with the cal- 
culator in radian mode), we get 


sin-(0.71) ~ 0.78950 
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(b) Using the [znv][Tan], or [TAN-*], or [arc][TAN] Key(s) on the calculator (with the cal- 
culator in radian mode), we get 


tan-'2 ~ 1.10715 
(c) Since 2 > 1, itis not in the domain of cos~*, so cos! 2 is not defined. 
©. NOW TRY EXERCISES 7, 11, AND 13 |_| 


V Solving for Angles in Right Triangles 


In Section 6.2 we solved triangles by using the trigonometric functions to find the unknown 
sides. We now use the inverse trigonometric functions to solve for angles in a right triangle. 


EXAMPLE 3 | Finding an Angle in a Right Triangle 
Find the angle 6 in the triangle shown in Figure 2. 


SOLUTION Since @ is the angle opposite the side of length 10 and the hypotenuse has 
length 50, we have 
10 1 opp 


sind = =2 ine =_— 
50 5 = hyp 


Now we can use sin“? to find 0: 
6=sin-1} Definition of sin“? 
6 = 11.5° Calculator (in degree mode) 
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EXAMPLE 4 | Solving for an Angle in a Right Triangle 


A 40-ft ladder leans against a building. If the base of the ladder is 6 ft from the base of 
the building, what is the angle formed by the ladder and the building? 


SOLUTION First we sketch a diagram as in Figure 3. If @ is the angle between the 
ladder and the building, then 


a, We _ Opp 
sin@ = 45 = 0.15 la 


Now weuse sin! to find 6: 
6 =sin-+(0.15) _ Definition of sin“? 


0 = 8.6° Calculator (in degree mode) 


FIGURE 3 
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FIGURE 4 


YA 


shoreline 


156.4° 
ee | . 


FIGURE 5 


0 


x 
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EXAMPLE 5 | The Angle of a Beam of Light 


A lighthouse is located on an island that is 2 mi off a straight shoreline (see Figure 4). Ex- 
press the angle formed by the beam of light and the shoreline in terms of the distance d 
in the figure. 


SOLUTION From the figure we see that 


2 opp 
Be aaa 


Taking the inverse tangent of both sides, we get 


2 
tan-*(tan 0) = tan"( 3) Take tan~? of both sides 


2 
6= tan-i( 2) Property of inverse functions: tan~+(tan @) = 0 


©. NOW TRY EXERCISE 39 | 


In Section 6.5 we learn how to solve any triangle (not necessarily a right triangle). The 
angles in a triangle are always in the interval [0, a] (or between 0° and 180°). We'll see 
that to solve such triangles we need to find all angles in the interval [0, zr] that have a 
specified sine or cosine. We do this in the next example. 


EXAMPLE 6 | Solving a Basic Trigonometric Equation 
on an Interval 


Find all angles 6 between 0° and 180° satisfying the given equation. 


(a) sing = 0.4 (b) cos @ = 0.4 
SOLUTION 
(a) We use sin’ to find one solution in the interval [—7/2, 7/2]. 
sing = 0.4 Equation 
6 =sin-(0.4) — Takesin~? of each side 
0 = 23.6° Calculator (in degree mode) 


Another solution with @ between 0° and 180° is obtained by taking the supplement 
of the angle: 180° — 23.6° = 156.4° (see Figure 5). So the solutions of the equa- 
tion with 6 between 0° and 180° are 


6~23.6° and 6@=~156.4° 
(b) The cosine function is one-to-one on the interval [0, 2], so there is only one solu- 


tion of the equation with @ between 0° and 180°. We find that solution by taking 
cos ! of each side. 


cos 6 = 0.4 
6 = cos +(0.4) Take cos~* of each side 
0 = 66.4° Calculator (in degree mode) 
The solution is 6 ~ 66.4° 
®. NOW TRY EXERCISES 23 AND 25 a 


V Evaluating Expressions Involving Inverse 
Trigonometric Functions 


Expressions like cos(sin-?x) arise in calculus. We find exact values of such expressions 
using trigonometric identities or right triangles. 
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Z\ O 
4 


FIGURE 6 cos = = 


V1l- x 


FIGURE 7 cos 0 = =X 


EXAMPLE 7 | Composing Trigonometric Functions 
and Their Inverses 
Find cos(sin ?2). 


SOLUTION 1 


Let 9 = sin-12. Then @ is the number in the interval [ —z/2, 7/2] whose sine is 2. Let's 
interpret 6 as an angle and draw aright triangle with @ as one of its acute angles, with op- 
posite side 3 and hypotenuse 5 (see Figure 6). The remaining leg of the triangle is found 
by the Pythagorean Theorem to be 4. From the figure we get 


cos(sin-+2) =cos@ @=sin?2 


adj 
cos 8 = —— 
hyp 


us 


So cos(sin +2) = 


SOLUTION 2 
3 


It's easy to find sin(sin-!2). In fact, by the cancellation properties of inverse functions, 
this value is exactly 2. To find cos(sin-!2), we first write the cosine function in terms of 
the sine function. Letu = sin-!2. Since —a/2 <u < w/2, cos u is positive, and we can 


write the following: 


cosu=+V1 -—sin*u cos?u + sintu=1 
= V1 - sin*(sin-?2) u=sin-i 
= V1- (2) Property of inverse functions: sin(sin~+ 3) = 2 


=V1-2Z=V#=t Calculate 
So cos(sin“?2) = §. 


©. NOW TRY EXERCISE 27 a 


EXAMPLE 8 | Composing Trigonometric Functions 
and Their Inverses 


Write sin(cos-?x) and tan(cos”?x) as algebraic expressions in x for -1 =x <1. 


SOLUTION 1 


Let @ = cos! x; then cos @ = x. In Figure 7 we sketch a right triangle with an acute an- 
gle @, adjacent side x, and hypotenuse 1. By the Pythagorean Theorem the remaining leg 
is V1 — x’. From the figure we have 


sin(cos’*x) = sin@= V1l—x? = and ___ tan(cos-?x) = tana = 


SOLUTION 2 


Let u = cos! x. We need to find sin u and tan u in terms of x. As in Example 5 the idea 
here is to write sine and tangent in terms of cosine. Note that 0 <u = 7 because 
u = cos ‘x. We have 


sinu +V1— cos2u 
sinu = +V1 — cos? u and tanu = = 


cos U Cos U 


= 


~ 3. (a) sin? J 


To choose the proper signs, note that u lies in the interval [0, 7] because u = cos” 
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ly, 


Since sin u is positive on this interval, the + sign is the correct choice. Substituting 
u = cos ?x in the displayed equations and using the cancellation property 


cos(cos +x) = x, we get 
sin(cos''x) = V1—x? — and 


©. NOW TRY EXERCISES 33 AND 35 


V1 — x? 


-1 — 
tan(cos * x) ; 


Note: In Solution 1 of Example 8 it might seem that because we are sketching a trian- 
gle, the angle @ = cos! x must be acute. But it turns out that the triangle method works 
for any x. The domains and ranges of all six inverse trigonometric functions have been 
chosen in such a way that we can always use a triangle to find S(T ~1(x)), where S and T 


are any trigonometric functions. 


6.4 EXERCISES 


CONCEPTS 


1, The inverse sine, inverse cosine, and inverse tangent functions 


have the followings domains and ranges. 


(a) The function sin~? has domain and range 
(b) The function cos”? has domain and range 
(c) The function tan~? has domain and range 


2. In the triangle shown, we can find the angle 6 as follows: 


1 


(a) 6 = sin™ 
(b) 6 = cos + — 


(c) 6 = tant — 


SKILLS 


3-6 m Find the exact value of each expression, if it is defined. 


1 
-17 
(b) cos 5 


6. (a) sin-4(-1 (b) cos? 1 (c) tan? 0 


(c) rn(“3) 


1 
21. sing = = 


7-14 m Use acalculator to find an approximate value of each ex- 
pression rounded to five decimal places, if it is defined. 


©. 7. sin-(0.45) 


8. cos 1(—0.75) 


9. cos (—7) 10. sin+5 
®.11, tan-13 12. tan-+(—4) 
13, cos 13 14, sin-4(—2) 


15-20 m Find the angle 6 in degrees, rounded to one decimal. 


16. 
if 


21-26 m Find all angles 6 between 0° and 180° satisfying the 
given equation. 


5 22. al aan 
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©. 23. sind = 0.7 24. sing = 


©.25. cos 6 = 0.7 26. cos 6 = 


wolPFAlr 


27-32 = Find the exact value of the expression. 
©. 27. sin(cos”!2) 28. tan(sin-* 4) 29. sec(sin~' 73) 


13 
30. csc(cos-+ #) 3L tan(sin-! 73) 32. cot(sin-* 3) 


33-36 m Rewrite the expression as an algebraic expression in x 
©. 33. cos(sin™! x) 3A, sin(tan=? x) 
©. 35, tan(sin-? x) 36. cos(tan~! x) 


APPLICATIONS 


©. 37. Leaning Ladder A 20-ft ladder is leaning against a build- 
ing. If the base of the ladder is 6 ft from the base of the build- 
ing, what is the angle of elevation of the ladder? How high 
does the ladder reach on the building? 


38. Angle of the Sun A 96-ft tree casts a shadow that is 
120 ft long. W hat is the angle of elevation of the sun? 


©. 39. Height of the Space Shuttle An observer views the 
space shuttle from a distance of 2 mi from the launch pad. 
(a) Express the height of the space shuttle as a function of the 
angle of elevation @. 
(b) Express the angle of elevation @ as a function of the 
height h of the space shuttle. 


a 
= 
2 
2 
2 
2 
2 
2 


|: 2 mi -| 


40. Height of a Pole A 50-ft pole casts a shadow as shown in 
the figure. 
(a) Express the angle of elevation 6 of the sun as a function 
of the length s of the shadow. 
(b) Find the angle 6 of elevation of the sun when the shadow 
is 20 ft long. 


41. Height of a Balloon A 680-ft rope anchors a hot-air bal- 
loon as shown in the figure. 
(a) Express the angle 6 as a function of the height h of the 
balloon. 


(b) Find the angle @ if the balloon is 500 ft high. 


680 ft 


42. View from a Satellite The figures indicate that the 
higher the orbit of a satellite, the more of the earth the satellite 
can “see.” Let 6, s and hbeas in the figure, and assume the 
earth is a sphere of radius 3960 mi. 

(a) Express the angle 6 as a function of h. 

(b) Express the distance sas a function of 0. 

(c) Express the distance sas a function of h. [Hint Find the 
composition of the functions in parts (a) and (b).] 

(d) If the satellite is 100 mi above the earth, what is the dis- 
tance s that it can see? 

(@& How high does the satellite have to be to see both Los An- 
geles and New York, 2450 mi apart? 


as 


43. Surfing the Perfect Wave For a wave to be surfable, it 
can't break all at once. Robert Guza and Tony Bowen have 
shown that a wave has a surfable shoulder if it hits the shore- 
line at an angle @ given by 


0= sin( u ) 
(2n + 1)tan B 


where @ is the angle at which the beach slopes down and 

wheren = 0,1, 2,.... 

(a) For 6 = 10°, find 6 when n = 3. 

(b) For 6 = 15°, find 6 when n = 2, 3, and 4. Explain why 
the formula does not give a value for @ when n= Oor 1. 
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1 
DISCOVERY = DISCUSSION = WRITING sectx=cos( 5), x21 
44, Inverse Trigonometric Functions on a Calculator 
Most calculators do not have keys for sec}, csc}, or cot 7. csc bX = sin(2), x=1 


Prove the following identities, and then use these identities 


and a calculator to find sec? 2, csc-+ 3, and cot? 4, 4 agi 
cot’* x = tan a) x>0 


6.5 THE LAW OF SINES 
| The Law of Sines B The Ambiguous Case 


Cc In Section 6.2 we used the trigonometric ratios to solve right triangles. The trigonometric 
functions can also be used to solve oblique triangles, that is, triangles with no right an- 
gles. To do this, we first study the L aw of Sines here and then the Law of Cosines in the 

b a next section. To state these laws (or formulas) more easily, we follow the convention of 
labeling the angles of a triangle as A, B, C and the lengths of the corresponding opposite 
sides as a, b, c, as in Figure 1. 


x . To solvea triangle, we need to know certain information about its sides and angles. To 


c decide whether we have enough information, it’s often helpful to make a sketch. For in- 
stance, if we are given two angles and the included side, then it’s clear that one and only 
one triangle can be formed (see Figure 2(a)). Similarly, if two sides and the included an- 
gle are known, then a unique triangle is determined (Figure 2(c)). Butif we know all three 
angles and no sides, we cannot uniquely determine the triangle because many triangles 
can have the same three angles. (All these triangles would be similar, of course.) So we 
won't consider this last case. 


FIGURE 1 


(a) ASA or SAA (b) SSA (c) SAS (d) SSS 


FIGURE 2 
In general, a triangle is determined by three of its six parts (angles and sides) as long as at 
least one of these three parts is a side. So the possibilities, illustrated in Figure 2, are as follows. 


Casel Oneside and two angles (ASA or SAA) 

Case2 Two sides and the angle opposite one of those sides (SSA) 
Case3 Two sides and the included angle (SAS) 

Case4 Three sides (SSS) 


Cases 1 and 2 are solved by using the Law of Sines; Cases 3 and 4 require the L aw of Cosines. 


V The Law of Sines 


The L aw of Sines says that in any triangle the lengths of the sides are proportional to the 
sines of the corresponding opposite angles. 


THE LAW OF SINES 


In triangle ABC we have 


sinA  sinB _ sinC 
a b C 
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FIGURE 4 


FIGURE 5 


c= 340 mi 


Phoenix 
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PROOF To see why the L aw of Sines is true, refer to Figure 3. By the formula in 
Section 6.3 the area of triangle ABC is 4ab sin C. By the same formula the area of this 
triangle is also $ac sin B and bc sin A. Thus, 


Ihc sinA =4acsinB = 4absinC 
2 2 2 


Multiplying by 2/(abc) gives the Law of Sines. a 


EXAMPLE 1 | Tracking a Satellite (ASA) 


A satellite orbiting the earth passes directly overhead at observation stations in Phoenix 
and Los Angeles, 340 mi apart. At an instant when the satellite is between these two sta- 
tions, its angle of elevation is simultaneously observed to be 60° at Phoenix and 75° at 
Los Angeles. H ow far is the satellite from Los Angeles? 


SOLUTION Weneed to find the distance b in Figure 4. Since the sum of the angles in 
any triangle is 180°, we see that 7C = 180° — (75° + 60°) = 45° (see Figure 4), so we 
have 


sinB — sinC 


— Law of Sines 
b C 
sin60° sin 45° ere 
b 340 
b= a = 416 = Solveforb 
sin 45 
The distance of the satellite from Los Angeles is approximately 416 mi. 
©. NOW TRY EXERCISES 5 AND 33 | 


EXAMPLE 2 | Solving a Triangle (SAA) 
Solve the triangle in Figure 5. 


SOLUTION First, 2B = 180° — (20° + 25°) = 135°. Since side c is known, to find 
side a we use the relation 


a = me Law of Sines 
a C 
csinA 80.4 sin 20° 
a= ac (anee 65.1 Solve for a 
Similarly, to find b, we use 
ace ne Law of Sines 
b C 
b= : a u = ae ants? ~ 1345 Solve for b 
sin C sin 25° 
©. NOW TRY EXERCISE 13 |_| 
V The Ambiguous Case 


In Examples 1 and 2 a unique triangle was determined by the information given. This is 
always true of Case 1 (ASA or SAA). But in Case 2 (SSA) there may be two triangles, 
one triangle, or no triangle with the given properties. For this reason, Case 2 is sometimes 


FIGURE 6 The ambiguous case 


A ooo B 


FIGURE 7 


We consider only angles smaller than 
180°, since no triangle can contain 
an angle of 180° or larger. 


The supplement of an angle @ (where 
0 <= @ = 180°) is the angle 180° — @. 
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called the ambiguous case. To see why this is so, we show in Figure 6 the possibilities 
when angle A and sides a and b are given. In part (a) no solution is possible, since side a 
is too short to complete the triangle. In part (b) the solution is a right triangle. In part (c) 
two solutions are possible, and in part (d) there is a unique triangle with the given prop- 
erties. We illustrate the possibilities of Case 2 in the following examples. 


Cc ¢ 


A A 


(a) (b) 


EXAMPLE 3 | SSA, the One-Solution Case 
Solve triangle ABC, where ZA = 45°,a = 7V2, andb = 7. 


SOLUTION We first sketch the triangle with the information we have (see Figure 7). 
Our sketch is necessarily tentative, since we don’t yet know the other angles. N everthe- 
less, we can now see the possibilities. 

We first find ZB. 


sinA  sinB ; 

So es Law of Sines 
a b 

; inA 7, 1 2 1 

sinB = pin a tVpi sin 45° = (SE) => Solve for sin B 


Which angles B have sin B = 3? From the preceding section we know that there are 
two such angles smaller than 180° (they are 30° and 150°). Which of these angles is 
compatible with what we know about triangle ABC? Since ZA = 45°, we cannot 
have ZB = 150°, because 45° + 150° > 180°. So ZB = 30°, and the remaining angle 
is ZC = 180° — (30° + 45°) = 105°. 

Now we can find side c. 


sinB = sinC ; 
ees Law of Sines 
b Cc 
bsinC 7sin105° 7sin105° 
= =——,, = ; ~ 13.5 Solve forc 
sin B sin 30 5 
& NOW TRY EXERCISE 19 |_| 


In Example 3 there were two possibilities for angle B, and one of these was not com- 
patible with the rest of the information. In general, if sinA < 1, we must check the angle 
and its supplement as possibilities, because any angle smaller than 180° can be in the tri- 
angle. To decide whether either possibility works, we check to see whether the resulting 
sum of the angles exceeds 180°. It can happen, as in Figure 6(c), that both possibilities are 
compatible with the given information. In that case, two different triangles are solutions 
to the problem. 


EXAMPLE 4 | SSA, the Two-Solution Case 
Solve triangle ABC if ZA = 43.1°, a = 186.2, and b = 248.6. 
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SOLUTION From thegiven information we sketch the triangle shown in Figure 8. Note 
that side a may be drawn in two possible positions to complete the triangle. From the Law 
of Sines 


_ bsinA — 248.6 sin 43.1° 


sin B = 0.91225 


a 186.2 


Copyright © ALAN ODDIE /Photo Edit 


Surveying is a method of land measure- 
ment used for mapmaking. Surveyors 
use a process called triangulation in 
which a network of thousands of inter- 
locking triangles is created on the area 
to be mapped. The process is started by 
measuring the length of a baseline be- 
tween two surveying stations. Then, with 
the use of an instrument called a 
theodolite, the angles between these FIGURE 8 
two stations and a third station are mea- 
sured. The Law of Sines is then used to 
calculate the two other sides of the tri- 
angle formed by the three stations. The 


There are two possible angles B between 0° and 180° such that sinB = 0.91225. Using 


ealculated sides are used as baselines, a calculator, we find that one of the angles is sin 1(0.91225) ~ 65.8°. The other angle is 
and the process is repeated over and approximately 180° — 65.8° = 114.2°. We denote these two angles by B, and B, so that 
over to create a network of triangles. In A 5 

this method the only distance measured ZB, ~ 65.8 and ZB, ~ 114.2 


is the initial baseline; all other distances 
are calculated from the Law of Sines. This 
method is practical because it is much 
easier to measure angles than distances. Solve triangle A,B,C: 


Check base ZC, ~ 180° — (43.1° + 65.8°) = 71.1° Find ZC, 


_ a,sinC; 186.2 sin 71.1° 
sin A, sin 43.1° 


Thus two triangles satisfy the given conditions: triangle A,B,C, and triangle A,B.C,. 


Thus Cy = 257.8 Law of Sines 


Solve triangle A,B.C,: 
ZC, =~ 180° — (43.1° + 114.2°) = 22.7° Find ZC, 


Baseline 


One of the most ambitious mapmak- . ; ‘ 
ing efforts of all time was the Great Thus i a, sinC, = 186.2 sin 22.7 
Trigonometric Survey of India (see Prob- 2 sin A 5 sin 43.1° 
lem 8, page 466) which required several 
expeditions and took over a century to Triangles A,B,C, and A,B,C, are shown in Figure 9. 
complete. The famous expedition of 
1823, led by Sir George Everest, lasted 
20 years. Ranging over treacherous ter- 
rain and encountering the dreaded 
malaria-carrying mosquitoes, this expe- 
dition reached the foothills of the Him- 
alayas.A later expedition, using triangu- 
lation, calculated the height of the 
highest peak of the Himalayas to be 
29,002 ft. The peak was named in honor 
of Sir George Everest. 

Today, with the use of satellites, the 
height of Mt. Everest is estimated to be 
29,028 ft. The very close agreement of 
these two estimates shows the great ac- 
curacy of the trigonometric method. FIGURE 9 


=~ 105.2 Law of Sines 
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The next example presents a situation for which no triangle is compatible with the 
given data. 


EXAMPLE 5 | SSA, the No-Solution Case 
Solve triangle ABC, where ZA = 42°, a = 70, andb = 122. 


C SOLUTION To organize the given information, we sketch the diagram in Figure 10. 
Let's try to find 2B. We have 


122 sinA — sinB 


Law of Sines 
70 a b 
bsinA 122 sin 42° 
a sinB = = = 1.17 Solve for sin B 
A B a 70 
FIGURE 10 Since the sine of an angle is never greater than 1, we conclude that no triangle satisfies 
the conditions given in this problem. 
©. NOW TRY EXERCISE 21 = 
CONCEPTS 9-12 m Solve the triangle using the L aw of Sines. 
1. In triangle ABC with sides a, b, and c the Law of Sines states 9. C 10. A 
that / 
46° 3 ° 
a ff A / \ 20° [~~ B 30 
65 2 
é : : B 100° 
2. In which of the following cases can we use the L aw of Sines es, 
to solve a triangle? C 
ASA SSS SAS SSA 11. C 2 8 #¢ 
12 
68° 6.5 
3.4 
SKILLS 2 80° 
3-8 m Use the Law of Sines to find the indicated side x or angle 6. 2 A LS 
B 
aC 376 a a 
13-18 m Sketch each triangle, and then solve the triangle 
° ° B 
using the Law of Sines. 
xX 
A 13, ZA = 50. £8 = 68%. c= 230 
14. ZA = 23°, ZB =110°, c =50 
15. ZA = 30°, ZC = 65°, b=10 
2 S 16. ZA = 22°, 2B =95°, a= 420 
17. 2B =29°, 2C =51°, b=44 
18. 2B = 10°, 2C =100°, c=115 
502 19-28 m Use the Law of Sines to solve for all possible 
A . triangles that satisfy the given conditions. 
7. 


19. 4=28 b=15, ZA — 110° 
20. a= 30, c=40, ZA =37° 

21, 4a=20, c=45, ZA = 125° 
2 b= 45, c= 02, 20 = 38 
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23, b= 25, CH= 30" £8 = 25° 
24.a = 75, b=100, ZA = 30° 
25.a=50, b=100, ZA =50° 
26.a = 100, b=80, ZA = 135° 
27.a = 26, c=15, ZC = 29° 
28. b = 73, c= 82, ZB =58° 
29. For the triangle shown, find 
(a) ZBCD and C 
(b) ZDCA. 
28 
20 
D 
30. For the triangle C 
shown, find the | 
length AD. : 
23° 
— | 
B 12 D A 
31. In triangle ABC, ZA = 40°, a = 15, and b = 20. 
(a) Show that there are two triangles, ABC and A’B’C’, that 
satisfy these conditions. 
(b) Show that the areas of the triangles in part (a) are 
proportional to the sines of the angles C and C’, that is, 
area of AABC sin C 
areaof AA'B'C’ sinC’ 
32. Show that, given the three angles A, B, C of a triangle 
and one side, say a, the area of the triangle is 
sees a*sinB sinC 
2sinA 
APPLICATIONS 
©. 33. Tracking a Satellite |The path of a satellite orbiting the 


earth causes it to pass directly over two tracking stations A and 
B, which are 50 mi apart. When the satellite is on one side of 
the two stations, the angles of elevation at A and B are mea- 
sured to be 87.0° and 84.2°, respectively. 

(a) How far is the satellite from station A? 

(b) How high is the satellite above the ground? 


34, 


35. 


36. 


37. 


38. 


39. 


Flight of a Plane _ A pilot is flying over a straight high- 
way. He determines the angles of depression to two mileposts, 
5 mi apart, to be 32° and 48°, as shown in the figure. 
(a) Find the distance of the plane from point A. 
(b) Find the elevation of the plane. 

a 
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Distance Across a River To find the distance across a 
river, a surveyor chooses points A and B, which are 200 ft 
apart on one side of the river (see the figure). She then chooses 
a reference point C on the opposite side of the river and finds 
that ZBAC ~ 82° and ZABC ~ 52°. Approximate the distance 
from A to C. 


Distance Across a Lake Points A and B are separated 
by alake. To find the distance between them, a surveyor 
locates a point C on land such that 2CAB = 48.6°. He also 
measures CA as 312 ft and CB as 527 ft. Find the distance be- 
tween A andB. 


The Leaning Tower of Pisa The bell tower of the cathe- 
dral in Pisa, Italy, leans 5.6° from the vertical. A tourist stands 
105 m from its base, with the tower leaning directly toward 
her. She measures the angle of elevation to the top of the tower 
to be 29.2°. Find the length of the tower to the nearest meter. 


Radio Antenna _ A short-wave radio antenna is supported 
by two guy wires, 165 ft and 180 ft long. Each wire is at- 
tached to the top of the antenna and anchored to the ground, at 
two anchor points on opposite sides of the antenna. The 
shorter wire makes an angle of 67° with the ground. How far 
apart are the anchor points? 


Height of aTree A tree on a hillside casts a shadow 
215 ft down the hill. If the angle of inclination of the 
hillside is 22° to the horizontal and the angle of elevation 
of the sun is 52°, find the height of the tree. 


40. Length of a Guy Wire A communications tower is lo- 
cated at the top of a steep hill, as shown. The angle of inclina- 
tion of the hill is 58°. A guy wire is to be attached to the top of 
the tower and to the ground, 100 m downhill from the base of 
the tower. The angle a in the figure is determined to be 12°. 
Find the length of cable required for the guy wire. 


41, Calculating a Distance Observers at P and Q are lo- 
cated on the side of a hill that is inclined 32° to the horizontal, 
as shown. The observer at P determines the angle of elevation 
to a hot-air balloon to be 62°. At the same instant the observer 
at Q measures the angle of elevation to the balloon to be 71°. 
If P is 60 m down the hill from Q, find the distance from Q to 
the balloon. 


42. Calculating an Angle A water tower 30 m tall is located 
at the top of a hill. From a distance of 120 m down the hill, itis 
observed that the angle formed between the top and base of the 
tower is 8°. Find the angle of inclination of the hill. 


43. Distances to Venus The elongation a of a planet is the 
angle formed by the planet, earth, and sun (see the figure). It is 
known that the distance from the sun to Venus is 0.723 AU (see 
Exercise 65 in Section 6.2). At a certain time the elongation of 
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Venus is found to be 39.4°. Find the possible distances from the 
earth to Venus at that time in astronomical units (AU). 


44. Soap Bubbles When two bubbles cling together in 
midair, their common surface is part of a sphere whose 
center D lies on the line passing throught the centers of the 
bubbles (see the figure). Also, angles ACB and ACD each have 
measure 60°. 
(a) Show that the radius r of the common face is given by 


ab 
a-—b 

[Hint: Use the Law of Sines together with the fact that an 

angle @ and its supplement 180° — 6 have the same sine.] 
(b) Find the radius of the common face if the radii of the bub- 

bles are 4 cm and 3 cm. 
(c) What shape does the common face take if the two 

bubbles have equal radii? 


r= 


DISCOVERY = DISCUSSION = WRITING 


45. Number of Solutions in the Ambiguous Case We 
have seen that when the Law of Sines is used to solve a 
triangle in the SSA case, there may be two, one, or no solu- 
tion(s). Sketch triangles like those in Figure 6 to verify the cri- 
teria in the table for the number of solutions if you are given 
ZA and sides a and b. 


Criterion Number of solutions 
a=b 1 
b>a>bsinA 2 
a=bsinA 1 
a<bsinA 0 


If ZA = 30° and b = 100, use these criteria to find the 
range of values of a for which the triangle ABC has two 
solutions, one solution, or no solution. 
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6.6 THE LAW oF COSINES 


A 


FIGURE 1 


YA 


C(bcos A, b sin A) 
| 
| 
| 
| 
| 


A(0, 0) 


FIGURE 2 


Bic, 0) 


FIGURE 3 


| The Law of Cosines B Navigation: Heading and Bearing ® The Area of a Triangle 


V The Law of Cosines 


The Law of Sines cannot be used directly to solve triangles if we know two sides and the 
angle between them or if we know all three sides (these are Cases 3 and 4 of the preced- 
ing section). In these two cases the L aw of C osines applies. 


THE LAW OF COSINES 


In any triangle ABC (see Figure 1), we have 


a? = b? + c? — 2bc cosA 
b? = a2 + c* — 2accosB 


c? = a2 + b? — 2ab cosC 


PROOF To prove the Law of Cosines, place triangle ABC so that ZA is at the origin, as 
shown in Figure 2. The coordinates of vertices B and C are(c, 0) and (b cos A, b sin A), 
respectively. (You should check that the coordinates of these points will be the same if we 
draw angle A as an acute angle.) Using the Distance Formula, we get 


a* = (bcosA — c)? + (bsinA — 0) 
= b?cos’A — 2bc cosA +c? + b?sin’A 
= b?(cos*A + sin’A) — 2bc cosA + c? 
=b?+c?—2bccosA — Becausesin2A + cos?A = 1 


This proves the first formula. The other two formulas are obtained in the same way by 
placing each of the other vertices of the triangle at the origin and repeating the preceding 
argument. | 


In words, the Law of Cosines says that the square of any side of a triangle is equal to 
the sum of the squares of the other two sides, minus twice the product of those two sides 
times the cosine of the included angle. 

If one of the angles of atriangle, say 7C, is aright angle, then cos C = 0, and the Law 
of Cosines reduces to the Pythagorean Theorem, c* = a? + b*. Thus the Pythagorean 
Theorem is a special case of the L aw of Cosines. 


EXAMPLE 1 | Length of a Tunnel 


A tunnel is to be built through a mountain. To estimate the length of the tunnel, a surveyor 
makes the measurements shown in Figure 3. Use the surveyor’s data to approximate the 
length of the tunnel. 


SOLUTION To approximate the length c of the tunnel, we use the L aw of Cosines: 


c? = a* + b? — 2abcosC Law of Cosines 
= 3882 + 212? — 2(388)(212) cos 82.4° Substitute 
=~ 173730.2367 Use a calculator 
¢ ~ V173730.2367 ~ 416.8 Take square roots 


Thus the tunnel will be approximately 417 ft long. 
©. NOW TRY EXERCISES 3 AND 39 a 


FIGURE 5 


c = 18.0 


FIGURE 4 
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EXAMPLE 2 | SSS, the Law of Cosines 


The sides of a triangle area = 5, b = 8, andc = 12 (see Figure 4). Find the angles of the 
triangle. 


b=8 a=5 


A B 
c=12 


SOLUTION We first find ZA. From the Law of Cosines, a2 = b* + c? — 2bc cos A. 
Solving for cos A, we get 


b>+c?-a? 874+127-5? 183 
2bc 2(8)(12) 192 Gene 
Using a calculator, we find that ZA = cos +(0.953125) ~ 18°. In the same way we get 


ait+c*—b? 52+ 122 — 8? 


cosA = 


cosB = pat 2(5)(12) = 0.875 
att+b?—c? 52+ 87-122 
cosC = Fab = 2(5)(8) = —0.6875 


Using a calculator, we find that 
ZB = cos +(0.875) ~ 29° — and ZC = cos ~}(—0.6875) ~ 133° 


Of course, once two angles have been calculated, the third can more easily be found from 
the fact that the sum of the angles of a triangle is 180°. However, it’s a good idea to cal- 
culate all three angles using the Law of Cosines and add the three angles as a check on 
your computations. 


©. NOW TRY EXERCISE 7 B 


EXAMPLE 3 | SAS, the Law of Cosines 
Solve triangle ABC, where ZA = 46.5°, b = 10.5, and c = 18.0. 
SOLUTION Wecan find a using the Law of Cosines. 
a? = b? + c? — 2bccosA 
= (10.5)? + (18.0)? — 2(10.5)(18.0)(cos 46.5°) ~ 174.05 


Thus, a ~ V174.05 ~ 13.2. We also use the Law of Cosines to find 7B and ZC, asin 
Example 2. 


a2 +c? — b? _ 13.2? + 18.0? — 10.52 


cosB = Jac 2(13.2)(18.0) = 0.816477 
az+b%—c? 13.2? + 10.5% — 18.0? 
st ="— oh wigaws, “oo 


Using a calculator, we find that 
ZB = cos 1(0.816477) ~ 35.3° and ZC =cos *(—0.142532) ~ 98.2° 
To summarize: 2B ~ 35.3°, ZC ~ 98.2°, anda ~ 13.2. (See Figure 5.) 
®. NOW TRY EXERCISE 13 | 


We could have used the Law of Sines to find 7B and ZC in Example 3, since we knew 
all three sides and an angle in the triangle. But knowing the sine of an angle does not 
uniquely specify the angle, since an angle 6 and its supplement 180° — 6 both have the 
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same sine. Thus, we would need to decide which of the two angles is the correct choice. 
This ambiguity does not arise when we use the Law of Cosines, because every angle be- 
tween 0° and 180° has a unique cosine. So using only the Law of Cosines is preferable in 
problems like Example 3. 


V Navigation: Heading and Bearing 


In navigation a direction is often given as a bearing, that is, as an acute angle measured 
from due north or due south. The bearing N 30° E, for example, indicates a direction that 
points 30° to the east of due north (see Figure 6). 


N N N N 
30° 60° 
w —E Ww —E Ww —E Ww E 
70° 50° 
S S S S 


N 30° E N 60° W S 70° W S 50° E 
FIGURE 6 


EXAMPLE 4 | Navigation 


A pilot sets out from an airport and heads in the direction N 20° E, flying at 200 mi/h. Af- 
ter one hour, he makes a course correction and heads in the direction N 40° E. Half an 
hour after that, engine trouble forces him to make an emergency landing. 


(a) Find the distance between the airport and his final landing point. 
(b) Find the bearing from the airport to his final landing point. 


SOLUTION 


(a) In one hour the plane travels 200 mi, and in half an hour it travels 100 mi, so 
we can plot the pilot’s course as in Figure 7. When he makes his course correc- 
tion, he turns 20° to the right, so the angle between the two legs of his trip is 
180° — 20° = 160°. So by the L aw of Cosines we have 


b* = 200? + 100° — 2- 200-100 cos 160° 
=~ 87,587.70 


Thus, b ~ 295.95. The pilot lands about 296 mi from his starting point. 
(b) We first use the Law of Sines to find ZA. 


sinA _ sin 160° 
100 295.95 
; sin 160° 
sinA = 100- 795.95 
= 0.11557 
Another angle with sine 0.11557 is Using the [stn-‘] key on a calculator, we find that 7A ~ 6.636°. From Figure 7 
180° — 6.636° = 173.364". But this is we see that the line from the airport to the final landing site points in the direction 
clearly too large to be ZA in ZABC. 20° + 6.636° = 26.636° east of due north. Thus, the bearing is about N 26.6° E. 


© NOW TRY EXERCISE 45 A 
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V The Area of a Triangle 


An interesting application of the Law of Cosines involves a formula for finding the area 
of a triangle from the lengths of its three sides (see Figure 8). 


B HERON’S FORMULA 
c a The area of of triangle ABC is given by 
A = VS(s — a)(S — b)(s — Cc) 
A Cc 
b wheres = 3(a + b + c) is the semiperimeter of the triangle; that is, s is half 
FIGURE 8 the perimeter. 
PROOF Westart with the formula of = ab sin C from Section 6.3. Thus 
A? = fab? sin’C 
= 4a°b’(1 — cos’C) Pythagorean identity 
= 4a°b*(1 —cosC)(1+cosC) — Factor 
Next, we write the expressions 1 — cosC and 1 + cosC in terms of a, b, and c. By the 
Law of Cosines we have 
a 
cosC = oo Law of Cosines 
2ab 
2 zs 2 _ -2 
iecsgeta* —s Add 1 
2ab 
2ab + a? + b? —c? 
= Common denominator 
2ab 
ee ees 7 
7 actor 
(a+b+c)(at+b-—c) 
= Difference of squares 
2ab 
Similarly 
c+a-—b)c-—at+b 
1 —cosC af i ) 
2ab 
Substituting these expressions in the formula we obtained for s4? gives 
To see that the factors in the last two 4 dyer Oa be) (Cra = be =a ab) 
products are equal, note for example A" = 4a°b ab ab 
that 
psiend. “eae _(atb+c) (@@tb—c) Ct+a—b) C-a+b) 
2 7 : 2 2 2 2 
=s-c = s9(s — c)(S — b)(S — a) 


Heron’s Formula now follows by taking the square root of each side. a 
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EXAMPLE 5 | Area of a Lot 


A businessman wishes to buy a triangular lot in a busy downtown location (see Figure 9). 
The lot frontages on the three adjacent streets are 125, 280, and 315 ft. Find the area of 
the lot. 


SOLUTION Thesemiperimeter of the lot is 


125 + 280 + 315 
= 7 = 


360 


By Heron’s Formula the area is 
A = V360(360 — 125)(360 — 280)(360 — 315) ~ 17,451.6 
Thus, the area is approximately 17,452 ft. 
©. NOW TRY EXERCISES 29 AND 53 | 


FIGURE 9 


6.6 EXERCISES 


CONCEPTS 


1. For triangle ABC with sides a, b, and c the Law of Cosines 
states 


C= 


20 12 


2. In which of the following cases must the Law of Cosines be 
used to solve a triangle? 


ASA SSS SAS SSA B 


11-20 m Solve triangle ABC. 
SKILLS 11. 


Cc 
3-10 m Use the L aw of Cosines to determine the indicated side x A = 
or angle 0. A B ie 


3. C 4, C 
21 a x 
x 
, as B15 
42 re 
s 18 


M1363 390, b= 40, 20 =5P 
14. b = 60, c = 30, ZA =70° 
15. a= 20, b=25, c=22 
16.a=10, b=12, c=16 


5. C 6. C 
25 ort 25 17. b =125, c=162, ZB = 40° 
gee Ms i e 18.a=65, c=50, ZC =52° 
x 


8 19. 6= 50, b= 65; 2A = 55° 
88° 
0% 20. a = 73.5, ZB =61°, ZC = 83° 
21-28 m Find the indicated side x or angle 6. (Use either the Law 
e 7, ‘i 8 OC of Sines or the Law of Cosines, as appropriate.) 
Yj LN 122.5 21, C 22. Cc 
60.1 
68.01 3 OS 1 
42.15 . 154.6 : oo 7 4 
Cc , , Awe > B AL . 


23. Cc wm 6C¢ 
50 7 4 10 
100° —N 
0 A B 
25. C 26. C 
BN 
A 110 10 
k Le 
ag et A A 
. 8 
B 
27. ¢ 28. 0 
| >~— 1000 
x 48 A Eos 5 
x 
A 


38 —~XY 


B 


29-32 m Find the area of the triangle whose sides have the given 
lengths. 


®&.29.a=9, b=12, c=15 30. a=1, b=2, c=2 
3l.a=7, b=8 c=9 
32.a=11, b=100, c=101 


33-36 m Find the area of the shaded figure, rounded to two decimals. 
34, 


5 


37. Three circles of radii 4, 5, and 6 cm are mutually tangent. Find 
the shaded area enclosed between the circles. 


Ww 


8 


SECTION 6.6 | The Law of Cosines 455 


Prove that in triangle ABC 
a=bcosC +ccosB 
b =ccosA + acosC 
c=acosB + bcosA 


These are called the Projection Laws. [Hint: To get the first 
equation, add the second and third equations in the Law of 
Cosines and solve for a.] 


APPLICATIONS 


©. 39, 


40. 


41, 


42. 


43. 


Surveying To find the distance across a small lake, a sur- 
veyor has taken the measurements shown. Find the distance 
across the lake using this information. 


3.56 mi 


Geometry A parallelogram has sides of lengths 3 and 5, 
and one angle is 50°. Find the lengths of the diagonals. 


Calculating Distance Two straight roads diverge at an 
angle of 65°. Two cars leave the intersection at 2:00 p.m., one 
traveling at 50 mi/h and the other at 30 mi/h. How far apart are 
the cars at 2:30 p.m.? 


Calculating Distance A car travels along a straight road, 
heading east for 1h, then traveling for 30 min on another road 
that leads northeast. If the car has maintained a constant speed 
of 40 mi/h, how far is it from its starting position? 


Dead Reckoning A pilot flies in a straight path for 

1h 30 min. She then makes a course correction, heading 

10° to the right of her original course, and flies 2 h in the 
new direction. If she maintains a constant speed of 625 mi/h, 
how far is she from her starting position? 


. Navigation Two boats leave the same port at the same 


time. One travels at a speed of 30 mi/h in the direction 
N 50° E and the other travels at a speed of 26 mi/hina 
direction S 70° E (see the figure). How far apart are the 
two boats after one hour? 


Noa N 50°E 
50° 
W E 
3 > 
70 S70°E 
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©. 45. 


46. 


47. 


48. 


Navigation A fisherman leaves his home port and heads 
in the direction N 70° W. He travels 30 mi and reaches Egg 
Island. The next day he sails N 10° E for 50 mi, reaching 
Forrest Island. 
(a) Find the distance between the fisherman’s home port and 
Forrest Island. 
(b) Find the bearing from Forrest Island back to his 
home port. 


Navigation Airport B is 300 mi from airportA at a bear- 
ing N 50° E (see the figure). A pilot wishing to fly fromA to B 
mistakenly flies due east at 200 mi/h for 30 minutes, when he 
notices his error. 


(a) How far is the pilot from his destination at the time he no- 


tices the error? 
(b) What bearing should he head his plane in order to arrive 
at airport B? 


A irport A 


Triangular Field A triangular field has sides of lengths 
22, 36, and 44 yd. Find the largest angle. 


Towing a Barge Two tugboats that are 120 ft apart pull a 
barge, as shown. If the length of one cable is 212 ft and the 
length of the other is 230 ft, find the angle formed by the two 
cables. 


49. 


50. 


51. 


Flying Kites A boy is flying two kites at the same time. 
He has 380 ft of line out to one kite and 420 ft to the other. He 
estimates the angle between the two lines to be 30°. 
Approximate the distance between the kites. 


Securing a Tower A 125-ft tower is located on the side 
of a mountain that is inclined 32° to the horizontal. A guy wire 
is to be attached to the top of the tower and anchored at a 
point 55 ft downhill from the base of the tower. Find the short- 
est length of wire needed. 


Cable Car A steep mountain is inclined 74° to the horizon- 
tal and rises 3400 ft above the surrounding plain. A cable car 
is to be installed from a point 800 ft from the base to the top 
of the mountain, as shown. Find the shortest length of cable 
needed. 


52. CN Tower TheCN Tower in Toronto, Canada, is the tallest 


free-standing structure in North America. A woman on the ob- 
servation deck, 1150 ft above the ground, wants to determine 
the distance between two landmarks on the ground below. She 
observes that the angle formed by the lines of sight to these 
two landmarks is 43°. She also observes that the angle be- 
tween the vertical and the line of sight to one of the landmarks 


is 62° and to the other landmark is 54°. Find the distance be- 
tween the two landmarks. 


REVIEW 


CHAPTER 6 | 
mM CONCEPT CHECK 
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© 53. Land Value Land in downtown Columbia is valued at $20 


a square foot. What is the value of a triangular lot with sides 
of lengths 112, 148, and 190 ft? 


DISCOVERY = DISCUSSION = WRITING 


54. Solving for the Angles in a Triangle The paragraph 
that follows the solution of Example 3 on page 451 explains 
an alternative method for finding 7B and ZC, using the Law 
of Sines. Use this method to solve the triangle in the example, 
finding ZB first and then 2C. Explain how you chose the ap- 
propriate value for the measure of 7B. Which method do you 
prefer for solving an SAS triangle problem, the one explained 
in Example 3 or the one you used in this exercise? 


1. (a) Explain the difference between a positive angle and a neg- 
ative angle. 
(b) How is an angle of measure 1 degree formed? 
(c) How is an angle of measure 1 radian formed? 
(d) How is the radian measure of an angle @ defined? 
(e) How do you convert from degrees to radians? 
(f) How do you convert from radians to degrees? 


2. (a) When is an angle in standard position? 
(b) When are two angles coterminal? 


3. (a) What is the length s of an arc of a circle with radius r that 
subtends a central angle of 6 radians? 
(b) What is the area A of a sector of a circle with radius r and 
central angle @ radians? 


4. If @ is an acute angle ina right triangle, define the six trigono- 
metric ratios in terms of the adjacent and opposite sides and 
the hypotenuse. 


5. What does it mean to solve a triangle? 


6. If @ is an angle in standard position, P(x, y) is a point on the 
terminal side, and r is the distance from the origin to P, write 
expressions for the six trigonometric functions of 0. 


M EXERCISES 


7. Which trigonometric functions are positive in Quadrants |, II, 
Il, and IV? 


8. If @ is an angle in standard position, what is its reference 
angle 6? 
9. (a) State the reciprocal identities. 
(b) State the Pythagorean identities. 
10. (a) What is the area of a triangle with sides of length a and b 
and with included angle 6? 


(b) W hat is the area of a triangle with sides of length a, b, 
and c? 


11. Define the inverse sine function sin-?. What are its domain 
and range? 


12. Define the inverse cosine function cos~?. What are its domain 
and range? 


13. Define the inverse tangent function tan~!, What are its domain 
and range? 


14. (a) State the Law of Sines. 
(b) State the Law of Cosines. 


15. Explain the ambiguous case in the L aw of Sines. 


1-2 m Find the radian measure that corresponds to the given 
degree measure. 


1. (a) 60° 
2. (a) 24° 


(b) 330° 
(b) —330° 


(c) —135° 
(c) 750° 


(d) —90° 
(d) 5° 


3-4 m Find the degree measure that corresponds to the given 
radian measure. 


5a 7 On 
3. (a) > (b) 6 (c) ae (d) 3.1 


11 3 
4. (a) 8 (b) —§ Clee (d) 
5. Find the length of an arc of a circle of radius 8 m if the arc 
subtends a central angle of 1 rad. 
6. Find the measure of a central angle @ in a circle of radius 
5 ft if the angle is subtended by an arc of length 7 ft. 
7. A circular arc of length 100 ft subtends a central angle of 70°. 
Find the radius of the circle. 
8. How many revolutions will a car wheel of diameter 28 in. make 
over a period of half an hour if the car is traveling at 60 mi/h? 
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9. New York and Los Angeles are 2450 mi apart. Find the angle 17-20 m Find the sides labeled x and y, rounded to two decimal 
that the arc between these two cities subtends at the center of places. 
the earth. (The radius of the earth is 3960 mi.) 


17. 
10. Find the area of a sector with central angle 2 rad in a circle of 
radius 5 m. 
5 
11. Find the area of a sector with central angle 52° in a circle of 
radius 200 ft. 
12. A sector ina circle of radius 25 ft has an area of 125 ft?. Find 


the central angle of the sector. 


y 
EB 
x 
13. A potter's wheel with radius 8 in. spins at 150 rpm. Find the 19, 
angular and linear speeds of a point on the rim of the wheel. S 
y 
a 1S 


1 


be 


\_ 7 


21-24 m Solve the triangle. 
21. C 
Oo 
A 
) \ 
B 
23. o c 
7 
A B 


wee 


14. |n an automobile transmission a gear ratio g is the ratio 


__ angular speed of engine 
angular speed of wheels 


g 


The angular speed of the engine is shown on the tachometer 
(in rpm). 

A certain sports car has wheels with radius 11 in. Its gear 
ratios are shown in the following table. Suppose the car is in 
fourth gear and the tachometer reads 3500 rpm. 

(a) Find the angular speed of the engine. 
(b) Find the angular speed of the wheels. 
(c) How fast (in mi/h) is the car traveling? 


IN 


Poll 


12 


25. Express the lengths a and b in the figure in terms of the 
trigonometric ratios of 0. 


22 
B 

24. C 

5 

A B 


Gear Ratio 
Ist 4.1 
2nd 3.0 
3rd 1.6 
4th 0.9 
5th 0.7 


15-16 m Find the values of the six trigonometric ratios of 0. 


15. 16. 
- 
26. The highest free-standing tower in North A merica is the CN 
—\ [| 10 Tower in Toronto, Canada. From a distance of 1 km from its 
7 base, the angle of elevation to the top of the tower is 28.81°. 
Find the height of the tower. 
a 27. Find the perimeter of a regular hexagon that is inscribed in a 


3 circle of radius 8 m. 


28. The pistons in a car engine move up and down repeatedly to 
turn the crankshaft, as shown. Find the height of the point P 
above the center O of the crankshaft in terms of the angle 0. 


ya 


&y 


29. As viewed from the earth, the angle subtended by the full 
moon is 0.518°. Use this information and the fact that the dis- 
tance AB from the earth to the moon is 236,900 mi to find the 
radius of the moon. 


30. A pilot measures the angles of depression to two ships to be 
40° and 52° (see the figure). If the pilot is flying at an eleva- 
tion of 35,000 ft, find the distance between the two ships. 


\ 
<a 52° 
~ 
\ 
~ 
Sas 
os mS 


a ) 


31-42 m Find the exact value. 
31. sin 315° 


33. tan(—135°) 
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35. cot(-2= ) 36. sin 405° 
37. cos 585° 38. sec a 

87 137 
39. csc 3 40. sec So 
41. cot(— 390°) 42. tan a. 


43. Find the values of the six trigonometric ratios of the 
angle @ in standard position if the point (—5, 12) is on 
the terminal side of 0. 


44, Find sin 6 if 6 is in standard position and its terminal side 
intersects the circle of radius 1 centered at the origin at the 
point (—V3/2, 3). 


45. Find the acute angle that is formed by the line 
y — V3x + 1 = 0 and the x-axis. 


46. Find the six trigonometric ratios of the angle @ in standard po- 
sition if its terminal side is in Quadrant III and is parallel to 
the line 4y — 2x -1=0. 


47-50 m Write the first expression in terms of the second, 
for @ in the given quadrant. 


47, tané@, cosé; @in Quadrant Il 

48. sec@, sin@; @in Quadrant III 

49. tan*@, sin@; @in any quadrant 

50. csc?@ cos’, sin@; @in any quadrant 


51-54 m Find the values of the six trigonometric functions of @ 
from the information given. 


51. tang = V7/3, seco=4 52. seco=%, cscO=—% 
53. sing =2, cosa<0 54. seco = —3, tana>0 
55. If tan @ = —3 for @ in Quadrant Il, find sin @ + cos 8. 

56. If sin@ = 3 for @ in Quadrant I, find tan 6 + sec 0. 

57. If tan @ = —1, find sin?@ + cos?@. 

58. If cos @ = —V3/2 and 7/2 < 6 < 7, find sin 20. 


59-62 m Find the exact value of the expression. 
59. sin (3/2) 60. tan (V3/3) 
61. tan(sin-? 2) 62. sin(cos”? 2) 


63-64 m Rewrite the expression as an algebraic expression in x. 
63. sin(tan-*x) 64. sec(sin~?x) 


65-66 m Express @ in terms of x. 


65. 66. 
o 
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67-76 m Find the side labeled x or the angle labeled 0. 78. From a point A on the ground, the angle of elevation to 
67. the top of a tall building is 24.1°. From a point B, which is 
600 ft closer to the building, the angle of elevation is mea- 
sured to be 30.2°. Find the height of the building. 


79. Find the distance between points A and B on opposite sides of 
a lake from the information shown. 


74. B poban 
/ \ A 
A aN 80" C 80. A boat is cruising the ocean off a straight shoreline. Points A 
76. 


and B are 120 mi apart on the shore, as shown. It is found that 
ZA = 42,3° and ZB = 68.9°. Find the shortest distance from 
the boat to the shore. 


75. A 120 


100 shoreline 


77. Two ships leave a port at the same time. One travels at 20 mi/h 
ina direction N 32° E, and the other travels at 28 mi/h in a di- 
rection S 42° E (see the figure). How far apart are the two 
ships after 2 h? 


N 
A 
32° N 32°E 81. Find the area of a triangle with sides of length 8 and 14 and 
included angle 35°. 
W < >E 82. Find the area of a triangle with sides of length 5, 6, and 8. 
42° 


y § 42°E 
S 
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. Find the radian measures that correspond to the degree measures 330° and —135°. 


N 


4 
. Find the degree measures that correspond to the radian measures = and —1.3. 


3. The rotor blades of a helicopter are 16 ft long and are rotating at 120 rpm. 
(a) Find the angular speed of the rotor. 
(b) Find the linear speed of a point on the tip of a blade. 

4. Find the exact value of each of the following. 


(a) sin 405° (b) tan(—150°) (c) sec 2m (d) csc 


5, Find tan @ + sin 6 for the angle @ shown. 


ZZ \ CJ 
3 


6. Express the lengths a and b shown in the figure in terms of 0. 


24 


77 \ O 
b 


7. If cos @ = —3 and 0 is in Quadrant III, find tan@ cot @ + csc 0. 
8. If sing = and tang = —3%, find sec 0. 
9. Express tan @ in terms of sec 6 for 6 in Quadrant II. 


10. The base of the ladder in the figure is 6 ft from the building, and the angle formed by the lad- 
der and the ground is 73°. How high up the building does the ladder touch? 


11. Express @ in each figure in terms of x. 
(a) 


x 0 
4 


12. Find the exact value of cos(tan~? zp). 
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13-18 m Find the side labeled x or the angle labeled 0. 
13. 14, 


10 Xx X 


J\48° [\52°_69'/\ 


15. } 16. 28 
xX 
“a ° 
| 


Ae ; 
17. . 18. 
; {\ / \ ; (\ 


19. Refer to the figure below. 
(a) Find the area of the shaded region. 
(b) Find the perimeter of the shaded region. 


20. Refer to the figure below. 
(a) Find the angle opposite the longest side. 
(b) Find the area of the triangle. 


9 13 


20 


21. Two wires tether a balloon to the ground, as shown. How high is the balloon above the 
ground? 


FOCUS ON MODELING 


Surveying 


How can we measure the height of a mountain or the distance across a lake? Obviously, 
it may be difficult, inconvenient, or impossible to measure these distances directly (that 
is, by using a tape measure or a yardstick). On the other hand, it is easy to measure an- 
gles involving distant objects. That’s where trigonometry comes in: the trigonometric ra- 
tios relate angles to distances, so they can be used to calculate distances from the mea- 
sured angles. In this Focus we examine how trigonometry is used to map a town. M odern 
mapmaking methods use satellites and the Global Positioning System, but mathematics 
remains at the core of the process. 


V Mapping a Town 


A student wants to draw a map of his hometown. To construct an accurate map (or scale 
model), he needs to find distances between various landmarks in the town. The student 
makes the measurements shown in Figure 1. Note that only one distance is measured, be- 
tween City Hall and the first bridge. All other measurements are angles. 


ROADS 
160° (\ ——— = LINES OF SIGHT 


WS ccoND 
BRIDGE 


ate tm 


FIGURE 1 


The distances between other landmarks can now be found by using the Law of 
Sines. For example, the distance x from the bank to the first bridge is calculated by 
applying the Law of Sines to the triangle with vertices at City Hall, the bank, and the first 
bridge: 


s use Law of Sines 
sin50° sin 30° 
X= Seseey Solve for x 
sin 30° 
=~ 1.32 mi Calculator 


So the distance between the bank and the first bridge is 1.32 mi. 
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The distance we just found can now be used to find other distances. For instance, we 
find the distance y between the bank and the cliff as follows: 


y= pee el Solve for y 
sin 50° 
~ 1.55 mi Calculator 


Continuing in this fashion, we can calculate all the distances between the landmarks 
shown in the rough sketch in Figure 1. We can use this information to draw the map shown 


in Figure 2. 

City Hall 

‘la 

Church 
Fire Hall a 
1 School 
a 
FIGURE 2 0 1/4 1/2 3/4 1mile 


To make a topographic map, we need to measure elevation. This concept is explored 
in Problems 4-6. 


PROBLEMS 
1. Completing the Map _ Find the distance between the church and City Hall. 


2. Completing the Map _ Find the distance between the fire hall and the school. (You will 
need to find other distances first.) 


3. Determining a Distance A surveyor on one side of a river wishes to find the 
distance between points A and B on the opposite side of the river. On her side, she chooses 
points C and D, which are 20 m apart, and measures the angles shown in the figure below. 
Find the distance between A and B. 
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4. Height of a Cliff To measure the height of an inaccessible cliff on the opposite side of a 
river, a Surveyor makes the measurements shown in the figure at the left. Find the height of 
the cliff. 


5. Height of a Mountain To calculate the height h of a mountain, angle a, 8, and 
distance d are measured, as shown in the figure below. 


(a) Show that 


d 
~ cota — cotB 


(b) Show that 
__, sinasinB 
~~ sin(B — a) 


(c) Use the formulas from parts (a) and (b) to find the height of a mountain if a = 25°, 
B = 29°, and d = 800 ft. Do you get the same answer from each formula? 


6. Determining a Distance A surveyor has determined that a mountain is 2430 ft high. 
2430 ft From the top of the mountain he measures the angles of depression to two landmarks at the 
base of the mountain and finds them to be 42° and 39°. (Observe that these are the same as 
the angles of elevation from the landmarks as shown in the figure at the left.) The angle be- 
tween the lines of sight to the landmarks is 68°. Calculate the distance between the two 
landmarks. 


7. Surveying Building Lots A surveyor surveys two adjacent lots and makes the follow- 
ing rough sketch showing his measurements. Calculate all the distances shown in the figure, 
and use your result to draw an accurate map of the two lots. 
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8. Great Survey of India The Great Trigonometric Survey of India was one of the most 
massive mapping projects ever undertaken (see the margin note on page 446). Do some re- 
search at your library or on the Internet to learn more about the Survey, and write a report on 
your findings. 


INDEX CHART 
GREAT THIGOMOMETRICAL SURVEY. 


© The British Library Board (Index Chart to the Great Trigonometric Survey of India/Maps.144.e.24). 


Image copyright © Kristian Peetz. 
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7.2 Trigonometric Functions 
of Real Numbers 


7.3  Trigonometric Graphs 
7.4 More Trigonometric Graphs 


7.5 Inverse Trigonometric Functions 
and Their Graphs 


7.6 Modeling Harmonic Motion 


FOCUS ON MODELING 
Fitting Sinusoidal Curves 
to Data 


If you've ever taken a ferris wheel ride, then you know about periodic motion— 
that is, motion that repeats over and over. Periodic motion is common in nature. 
Think about the daily rising and setting of the sun (day, night, day, night, .. .), 
the daily variation in tide levels (high, low, high, low, . . .), or the vibrations of a 
leaf in the wind (left, right, left, right, . . .). To model such motion, we need a 
function whose values increase, then decrease, then increase, and so on. To un- 
derstand how to define such a function, let's look at a person riding on a ferris 
wheel. The graph shows the height of the person above the center of the wheel at 
time t. Notice that the graph goes up and down repeatedly. 

The trigonometric function sine is defined in a similar way, using the unit cir- 
cle (in place of the ferris wheel). The trigonometric functions can be defined in 
two different but equivalent ways: as functions of angles (Chapter 6) or as func- 
tions of real numbers (Chapter 7). The two approaches are independent of each 
other, so . We study both ap- 
proaches because the different approaches are required for different applications. 


>Y 
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7.1 THE UNIT CIRCLE 


av 


e+y=1 


FIGURE 1. Theunit circle 


| The Unit Circle B> Terminal Points on the Unit Curcle B The Reference Number 


In this section we explore some properties of the circle of radius 1 centered at the origin. 
These properties are used in the next section to define the trigonometric functions. 


V The Unit Circle 


The set of points at a distance 1 from the origin is a circle of radius 1 (see Figure 1). In 
Section 2.2 we learned that the equation of this circleisx? + y? =1. 


THE UNIT CIRCLE 


The unit circle is the circle of radius 1 centered at the origin in the xy-plane. Its 


equation is 


EXAMPLE 1 | A Point on the Unit Circle 


Show that the point P (SG ) is on the unit circle. 


SOLUTION Weneed to show that this point satisfies the equation of the unit circle, 
that is, x? + y* = 1. Since 


Gea 
3 3/ 9 9 © 


P is on the unit circle. 
©. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Locating a Point on the Unit Circle 
The point P(V3/2, y) is on the unit circle in Quadrant IV. Find its y-coordinate. 
SOLUTION Since the point is on the unit circle, we have 


2 
(Aer 


7 1 
wel ana 
joel 
2 
Since the point is in Quadrant IV, its y-coordinate must be negative, so y = —3. 
©. NOW TRY EXERCISE 9 | 


V Terminal Points on the Unit Circle 


Suppose t is a real number. L et’s mark off a distance t along the unit circle, starting at the 
point (1,0) and moving in a counterclockwise direction if t is positive or in a clockwise 
direction if t is negative (Figure 2). In this way we arrive at a point P(x, y) on the unit cir- 


FIGURE 2 
YA 
P(0, 1) . 
aac 
0 1 


FIGURE 3 Terminal 
points determined by 
t = §, a, 3%, and 27 


FIGURE 4 
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cle. The point P(x, y) obtained in this way is called the terminal point determined by the 
real number t. 


YA Ya 
P(x, y) t>0 
> > 
1 Xx 0 1 x 
£0 
P(x, y) 
(a) Terminal point P (x, y) determined (b) Terminal point P (x, y) determined 
byt >0 byt <0 


The circumference of the unit circleis C = 2ar(1) = 27. So if a point starts at (1, 0) 
and moves counterclockwise all the way around the unit circle and returns to (1, 0), it 
travels a distance of 27. To move halfway around the circle, it travels a distance of 
5(2ar) = a. TO move a quarter of the distance around the circle, it travels a distance of 
4(27) = 7/2. Where does the point end up when it travels these distances along the cir- 
cle? From Figure 3 we see, for example, that when it travels a distance of a starting at 
(1, 0), its terminal point is (—1, 0). 


vA YA Ya 


P(-1, 0) 


P(O, 1) 


EXAMPLE 3 | Finding Terminal Points 
Find the terminal point on the unit circle determined by each real number t. 
(a) t= 30 (b) t= —7 () t= > 


SOLUTION From Figure 4 we get the following: 


(a) The terminal point determined by 32 is (—1, 0). 
(b) The terminal point determined by —7r is (—1, 0). 
(c) The terminal point determined by —77/2 is (0, —1). 


yA yA YA 


P(-1, 0) 


P(0, 1) 


Notice that different values of t can determine the same terminal point. 
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The terminal point P(x, y) determined by t = 7/4 is the same distance from (1, 0) as 
from (0, 1) along the unit circle (see Figure 5). 


YA 


bad 


roi 
aie 


ll 


& VA Ser ll 


any 


FIGURE 5 


Since the unit circle is symmetric with respect to the line y = x, it follows that P lies 
on the line y = x. So P is the point of intersection (in the first quadrant) of the circle 
x? + y? = Land the line y = x. Substituting x for y in the equation of the circle, we get 


x?4+ x2=1 
2x*=1 Combine like terms 
2_1 wi 
Xo = > Divide by 2 
2 
X= i Take square roots 
me) 7 


Since P isin the first quadrant, x = 1/\/2 and since y = x, wehavey = 1/2 also. Thus, 
the terminal point determined by 7/4 is 


; ( i 2 ) o(s V2 ) 
V2) V2 2' 2 
Similar methods can be used to find the terminal points determined by t = 7/6 and 


t = 77/3 (see Exercises 57 and 58). Table 1 and Figure 6 give the terminal points for some 
special values of t. 


TABLE 1 YA 
z.(5,%3) 

Terminal point 1.04 | 2 2 : 

t determined by t 2? (0,1) pee v2) 

TT, 3 1 

: os ey, 

: ce : 

ca v2 v2 0; (1,0) x 
4 (47, %4) 
5 (3, ) 
Z (0,1) 

FIGURE 6 


EXAMPLE 4 | Finding Terminal Points 
Find the terminal point determined by each given real number t. 


His Wee Z 


ae 4 6 


{3 


FIGURE 7 
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SOLUTION 


(a) Let P be the terminal point determined by —7/4, and let Q be the terminal point 
determined by 7/4. From Figure 7(a) we see that the point P has the same coordi- 
nates as Q except for sign. Since P isin quadrant IV, its x-coordinate is positive and 
its y-coordinate is negative. Thus, the terminal point is P(W/2/2, —V2/2). 


YA ya YA 
_ 37 
C= ae se 
OW. On V3 1 
(% 7) P (3 7) o(%3. 5) 
ue ae 7 
4 4 6 
i % { 0 —, 
a 
t Z P 
P 


(b) Let P be the terminal point determined by 32/4, and let Q be the terminal point 
determined by 7/4. From Figure 7(b) we see that the point P has the same coordi- 
nates as Q except for sign. Since P is in quadrant II, its x-coordinate is negative 
and its y-coordinate is positive. Thus, the terminal point is P(—V2/2, V2/2). 

(c) Let P be the terminal point determined by —5zr/6, and let Q be the terminal point 
determined by 7/6. From Figure 7(c) we see that the point P has the same coordi- 
nates as Q except for sign. Since P isin quadrant III, its coordinates are both nega- 
tive. Thus, the terminal point is P(—V3/2, —3). 
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V The Reference Number 


From Examples 3 and 4 we see that to find aterminal point in any quadrant we need only 
know the “corresponding” terminal point in the first quadrant. We use the idea of the ref- 
erence number to help us find terminal points. 


REFERENCE NUMBER 
Let t be a real number. The reference number t associated with t is the 


shortest distance along the unit circle between the terminal point determined by t 
and the x-axis. 


Figure 8 shows that to find the reference number f, it’s helpful to know the quadrant in 
which the terminal point determined by t lies. If the terminal point lies in quadrants | or IV, 
where x is positive, we find t by moving along the circle to the positive x-axis. If it lies in quad- 
rants II or Ill, where x is negative, we find by moving along the circle to the negative x-axis. 


YA YA YA 


y 
nf 


| 
bea 


FIGURE 8 Thereference number t fort 
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CHAPTER 7 
Ya 
5a 
t=" 6 
r=2 
1 x 
(a) 
FIGURE 9 


EXAMPLE 5 | Finding Reference Numbers 


Find the reference number for each value of t. 


(a) t= > (») t= 7 (9 t= -< (d) t = 5.80 
SOLUTION From Figure 9 we find the reference numbers as follows: 
(b) t= 20n- 7-7 


(d) t = 27 — 5.80 ~ 0.48 


(b) (c) (d) 


© NOW TRY EXERCISE 35 4 


USING REFERENCE NUMBERS TO FIND TERMINAL POINTS 


To find the terminal point P determined by any value of t, we use the following 
steps: 


1. Find the reference number f. 


2. Find the terminal point Q(a, b) determined by f. 


3. The terminal point determined by tis P(+a, +b), where the signs are chosen 
according to the quadrant in which this terminal point lies. 


EXAMPLE 6 | Using Reference Numbers to Find Terminal Points 


Find the terminal point determined by each given real number t. 


57 Tt 27 
fa) t= (p= (t= -> 
SOLUTION Thereference numbers associated with these values of t were found in 
Example 5. 


(a) The reference number ist = 7/6, which determines the terminal point (3/2, 3) 
from Table 1. Since the terminal point determined by tis in Quadrant I], its 
x-coordinate is negative and its y-coordinate is positive. Thus, the desired terminal 


pointis 
(-+ ;) 
22 
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(b) The reference number is t = 27/4, which determines the terminal point (2/2, V2/2) 
from Table 1. Since the terminal point is in Quadrant IV, its x-coordinate is positive 
and its y-coordinate is negative. Thus, the desired terminal point is 


(F-¥) 
a: 


(c) The reference number is t = 77/3, which determines the terminal point (3, V3/2) 
from Table 1. Since the terminal point determined by t is in Quadrant III, its coordi- 
nates are both negative. Thus, the desired terminal point is 


©. NOW TRY EXERCISE 39 | 


Since the circumference of the unit circle is 27, the terminal point determined by t is 
the same as that determined by t + 2a ort — 277. In general, we can add or subtract 27 
any number of times without changing the terminal point determined by t. We use this ob- 
servation in the next example to find terminal points for large t. 


ya EXAMPLE 7 | Finding the Terminal Point for Large t 


SOLUTION Since 


Find the terminal point determined by t = —— 


29a 

6 
29a 5a 
t= G =47+ G 


we see that the terminal point of t is the same as that of 57r/6 (that is, we subtract 477). 


FIGURE 10 So by Example 6(a) the terminal point is (—-V3/2, 3). (See Figure 10.) 
&. NOW TRY EXERCISE 45 El 
7.1 EXERCISES 
CONCEPTS SKILLS 


1. (a) The unit circle is the circle centered at with 


radius 


(b) The equation of the unitcircleis_.- 
(c) Suppose the point P (x, y) is on the unit circle. Find the 
missing coordinate: 


(i) P(L, IB) (ii) P(, 1) 
(iii) P(-1,.) ~~ (iv) P(, -2) 


2. (a) If we mark off a distance t along the unit circle, starting at 
(1, 0) and moving in a counterclockwise direction, we 


arrive at the point determined by t. 


(b) The terminal points determined by /2, 7, — 7/2, 27 


are ; : ,and i 


respectively. 


~z. 


4 3 5 12 
3. (3-3) 4 (-3§) 


3-8 m Show that the point is on the unit circle. 
7 24 
5. (2 35) 


5 2V6 V5 2 Vil 5 
6 (-5,-*3*) 2 (5) a (5) 


9-14 m Find the missing coordinate of P, using the fact that P lies 
on the unit circle in the given quadrant. 


Coordinates Quadrant 
9. P(—s, ) HI 
10. P( 1-35) IV 
11. P(E, 3) II 
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Coordinates Quadrant 
12. P(é, ) | 
13. P(, —3) IV 
14. P(—3, ) II 


15-20 = The point P is on the unit circle. Find P(x, y) from 


the given information. 


15. The x-coordinate of P is 4, and the y-coordinate is positive. 


16. The y-coordinate of P is —}, and the x-coordinate is positive. 


17. The y-coordinate of P is 3, and the x-coordinate is negative. 


18. The x-coordinate of P is positive, and the y-coordinate of 


P is —V/5/5. 


19. The x-coordinate of P is — 2/3, and P lies below the x-axis. 
20. The x-coordinate of P is —2, and P lies above the x-axis. 


21-22 m Find t and the terminal point determined by t for each 
point in the figure. In Exercise 21, t increases in increments of 
a/4; in Exercise 22, t increases in increments of 7/6. 


21, 


YA 


23-32 m Find the terminal point P(x, y) on the unit circle 
determined by the given value of t. 


35-38 m Find the reference number for each value of t. 


©. 35, (a) t= 27 


4 

() t= - 
36. (a) t= 72 
_ Sa 

37. (a) t= 
(c) t= -3 
lla 

38. (a) art 

(c) t=6 


Tt 
(b) t = 3 
(d) t= 6 
Tt 
(b) t = eS 
Tt 
(d) t= aera 
Tt 
(b) t = —9 
(d) t = 
On 
(b) t = > 
(d) t= -7 


39-52 m Find (a) the reference number for each value of t 
and (b) the terminal point determined by t. 


s331= 2 
a t= 2 
a3, t= 

45, t= 3% 
at-2 
49, t= -=7 
51 t= 2" 


aoa 
ral 
nro 
a6. = 
aa. 
so, = 2 
52, t= — 7 


53-56 m Use the figure to find the terminal point determined 
by the real number t, with coordinates rounded to one decimal 


%23.t= 5 28, t= 
*.25. t= 22 26. t= 
tas. 28, t= 22 
29, t= t=; 
aL t= -2 32, t= =" 
33. Suppose that the terminal point determined by t is the point 


34, 


G, 3) on the unit circle. Find the terminal point determined by 
each of the following. 

(a) 7 —t (b) —t 

(c) 7 +t (d) 27 +t 


Suppose that the terminal point determined by t is the point 
(7, V7/4) on the unit circle. Find the terminal point deter- 
mined by each of the following. 

(a) —t (b) 47 +t 

(c) 7 —-t (d) t-—7 


place. 

53. t=1 YA 
54. t= 2.5 

55. t= —1.1 

56. t = 4.2 
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58. Finding the Terminal Point for 77/3 Now that you 
DISCOVERY = DISCUSSION = WRITING know the terminal point determined by t = 77/6, use symmetry 
57. Finding the Terminal Point for 77/6 Suppose the ter- to find the terminal point determined by t = 7/3 (see the 
minal point determined by t = 77/6 is P(x, y) and the points Q figure). Explain your reasoning. 


and R are as shown in the figure. Why are the distances PQ 
and PR the same? Use this fact, together with the Distance 
Formula, to show that the coordinates of P satisfy the equation 
2y = Vx? + (y — 1). Simplify this equation using the fact 
that x* + y? = 1. Solve the simplified equation to find P(x, y). 


YA 
R(O, 1) 
P(x, y) 
1=t 
f-@ 
Q(x, —y) 


7.2 TRIGONOMETRIC FUNCTIONS OF REAL NUMBERS 


The Trigonometric Functions ® Values of the Trigonometric Functions > 
Fundamental Identities 


A function is a rule that assigns to each real number another real number. In this section 
we use properties of the unit circle from the preceding section to define the trigonometric 
functions. 


V The Trigonometric Functions 


yh Recall that to find the terminal point P(x, y) for a given real number t, we move a 
distance t along the unit circle, starting at the point (1, 0). We move in a counterclockwise 
direction if tis positive and in a clockwise direction if t is negative (see Figure 1). We now 
use the x- and y-coordinates of the point P(x, y) to define several functions. For instance, 
we define the function called sine by assigning to each real number t the y-coordinate of 

ic the terminal point P(x, y) determined by t. The functions cosine, tangent, cosecant, se- 
cant, and cotangent are also defined by using the coordinates of P(x, y). 


P(x, y) t 


bay 


DEFINITION OF THE TRIGONOMETRIC FUNCTIONS 


FIGURE 1 Let t be any real number and let P(x, y) be the terminal point on the unit circle 
determined by t. We define 


sint = y cost = x tant = * (x # 0) 


1 1 
ee (y #0) sect = (x # 0) cott = 7 (y #0) 


Because the trigonometric functions can be defined in terms of the unit circle, they are 
sometimes called the circular functions. 
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YA 
r(.$) 
> 
1 XK 
FIGURE 2 
YA 
P(O, 1) 
i=3 
— 
1 x 
FIGURE 3 


We can easily remember the sines and 
cosines of the basic angles by writing 
them in the form Vm@ /2: 


t gint cost 
0 V0/2 V4/2 
1/6 V1/2 V3/2 
a/4 V2/2 V2/2 
1/3 V3/2 V1/2 
a/2 V4/2 V0/2 


EXAMPLE 1 | Evaluating Trigonometric Functions 
Find the six trigonometric functions of each given real number t 


7 7 
(a) t=> (b) t= > 
SOLUTION 


(a) From Table 1 on page 470, we see that the terminal point determined by t = 7/3 is 
P(5, V3/2). (See Figure 2.) Since the coordinates are x = 3 and 
y = V3/2, we have 


ar V3 wr 1 7 V3/2 
re OP ad eS tan — = —— = V3 
sin 3 , cos 372 3 1/2 
sea23 sec ~ = 2 cot = V2 3 
3 3 3 3. V3/2 3 
(b) The terminal point determined by 7/2 is P(0, 1) (See Figure 3.) So 
_ 7 7 wT 1 ar 0 
sin > = 1 cos = 0 cc >= 751 cot> =, =0 


But tan 2/2 and sec 7/2 are undefined because x = 0 appears in the denominator in 
each of their definitions. 


©. NOW TRY EXERCISE 3 oO 


Some special values of the trigonometric functions are listed in Table 1. This table is 
easily obtained from Table 1 of Section 7.1, together with the definitions of the trigono- 
metric functions. 


TABLE 1 

Special values of the trigonometric functions 
t dnt cost tant cst sect cott 
0 0 1 0 _ 1 _ 
T 1 V3 V3 2Vv3 
€| 2 ez | & Z ca as 
m | v2 v2 1 v2 v2 1 
4 2 2 
T V3 1 2Vv3 V3 
Si) =e 2 ue <r : “a 
T 
> 1 0 _ 1 _ 0 


Example 1 shows that some of the trigonometric functions fail to be defined 
for certain real numbers. So we need to determine their domains. The functions sine and 
cosine are defined for all values of t Since the functions cotangent and cosecant have yin 
the denominator of their definitions, they are not defined whenever the y-coordinate of the 
terminal point P(x y) determined by tis 0. This happens when t = nz for any integer n, 
so their domains do not include these points. The functions tangent and secant have xin 
the denominator in their definitions, so they are not defined whenever x = 0. This happens 
when t = (2/2) + nm for any integer n. 
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Relationship to the Trigonometric 
Functions of Angles 


If you have previously studied trigonometry of ; opp PQ P'‘Q' 
right triangles (Chapter 6), you are probably won- sna hyp OP OP’ 
dering how the sine and cosine of an angle relate 

to those of this section. To see how, let's start with a 

right triangle, AOPQ. 


YO By the definition of the trigonometric functions 
of the real number t, we have 
Right triangle OPQ uaa d Se 

Now, if 8 is measured in radians, then 6 = t 
(see the figure). So the trigonometric functions of 
the angle with radian measure @ are exactly the 
same as the trigonometric functions defined in 
terms of the terminal point determined by the real 
number t. 


Place the triangle in the coordinate plane as 
shown, with angle @ in standard position. 


P(x, y) is the terminal 
point determined by t. 


: : . The radian measure 
The point P’(x, y) in the figure is the terminal of angle dis r. 


point determined by the arc t. Note that triangle 

OPQ is similar to the small triangle OP’Q’ whose Why then study trigonometry in two different 

legs have lengths x and y. ways? Because different applications require that we 
Now, by the definition of the trigonometric view the trigonometric functions differently. (Com- 

functions of the angle @ we have pare Section 7.6 with Sections 6.2,6.5,and 6.6.) 
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The following mnemonic device will 
help you remember which trigonometric 
functions are positive in each quadrant: 
All of them, Sine, Tangent, or C osine. 


YA 


Sine All 


sy 


Tangent Cosine 


You can remember this as “All Stu- 
dents Take Calculus.” 


DOMAINS OF THE TRIGONOMETRIC FUNCTIONS 


Function Domain 
sin, Cos All real numbers 


tan, sec All real numbers other than a + nar for any integer n 


cot, csc All real numbers other than nz for any integer, n 


V Values of the Trigonometric Functions 


To compute other values of the trigonometric functions, we first determine their signs. The 
signs of the trigonometric functions depend on the quadrant in which the terminal point 
of t lies. For example, if the terminal point P(x, y) determined by t lies in Quadrant III, 
then its coordinates are both negative. So sin t, cos t, csc t, and sec t are all negative, 
whereas tan t and cot t are positive. You can check the other entries in the following box. 


SIGNS OF THE TRIGONOMETRIC FUNCTIONS 


Quadrant Positive Functions Negative Functions 
all none 


sin, CSC cos, sec, tan, cot 


tan, cot sin, CSC, COS, SEC 


COS, SEC sin, csc, tan, cot 


For example cos(27/3) < 0 because the terminal point of t = 27/3 is in Quadrant 11, 
whereas tan 4 > 0 because the terminal point of t = 4 is in Quadrant III. 

In Section 7.1 we used the reference number to find the terminal point determined by 
a real number t. Since the trigonometric functions are defined in terms of the 
coordinates of terminal points, we can use the reference number to find values of the 
trigonometric functions. Suppose that f is the reference number for t. Then the terminal 
point of f has the same coordinates, except possibly for sign, as the terminal point of t. So 
the values of the trigonometric functions at t are the same, except possibly for sign, as 
their values at f. We illustrate this procedure in the next example. 


EXAMPLE 2 | Evaluating Trigonometric Functions 


Find each value. 


27 7 . 197 
(a) cos (b) tn(—2) (c) sin 
SOLUTION 


(a) The reference number for 27/3 is 7/3 (see Figure 4(a)). Since the terminal point of 
27/3 is in Quadrant ||, cos(27r/3) is negative. Thus, 
2a 7 1 


oa a 3 = =) 


Sign Reference From 
number  Tablel 


FIGURE 4 
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YA YA Ya 


“ 
LA 


(a) (b) (c) 


(b) The reference number for —7r/3 is 7/3 (see Figure 4(b)). Since the terminal point 
of —7/3 is in Quadrant IV, tan(—7/3) is negative. Thus, 


7 7 
tn x | tan 3 V3 


Sign Reference From 
number Table 1 


(c) Since (1977/4) — 4a = 32/4, the terminal points determined by 1972/4 and 32/4 
are the same. The reference number for 377/4 is 7/4 (see Figure 4(c)). Since the ter- 
minal point of 32/4 is in Quadrant II, sin(3zr/4) is positive. Thus, 

sin =n sin ae +sin = Me) 
ae ae 4 2 


Subtract 42 Sign Reference From 
number Table1 


©. NOW TRY EXERCISE 7 | 


So far, we have been able to compute the values of the trigonometric functions only for 
certain values of t. In fact, we can compute the values of the trigonometric functions 
whenever t is a multiple of 7/6, 7/4, 7/3, and z/2. How can we compute the trigono- 
metric functions for other values of t? For example, how can we find sin1.5? One way is 
to carefully sketch a diagram and read the value (see Exercises 39-46); however, this 
method is not very accurate. Fortunately, programmed directly into scientific calculators 
are mathematical procedures (see the margin note on page 498) that find the values of 
sine, cosine, and tangent correct to the number of digits in the display. The calculator must 
be put in radian mode to evaluate these functions. To find values of cosecant, secant, and 
cotangent using a calculator, we need to use the following reciprocal relations: 


il 1 1 
=== t = — tl =— 
5 sint oe cost tant 


These identities follow from the definitions of the trigonometric functions. For instance, 
since sint = y and csc t = 1/y, wehavecsc t = 1/y = 1/(sin t). The others follow similarly. 


EXAMPLE 3 | Using a Calculator to Evaluate 
Trigonometric Functions 


M aking sure our calculator is set to radian mode and rounding the results to six decimal 
places, we get 


(a) sin 2.2 ~ 0.808496 (b) cos 1.1 ~ 0.453596 
1 1 
(c) cot 28 = ere —3.553286 (d) csc 0.98 = anne 1.204098 


©. NOW TRY EXERCISES 41 AND 43 | 
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Ya 


FIGURE 5 


Even and odd functions are defined in 
Section 3.5. 


Let's consider the relationship between the trigonometric functions of t and those of 
—t. From Figure 5 we see that 


These equations show that sine and tangent are odd functions, whereas cosine is 
an even function. It’s easy to see that the reciprocal of an even function is even and the 
reciprocal of an odd function is odd. This fact, together with the reciprocal relations, com- 
pletes our knowledge of the even-odd properties for all the trigonometric functions. 


EVEN-ODD PROPERTIES 


Sine, cosecant, tangent, and cotangent are odd functions; cosine and secant are 
even functions. 


sin(—t) = —sint cos(—t) = cost tan(—t) = —tant 


csc(—t) = —csct sec(—t) = sect cot(—t) = —cott 


EXAMPLE 4 | Even and Odd Trigonometric Functions 


Use the even-odd properties of the trigonometric functions to determine each value. 


(a) sin(—Z ) (b) cos(-7 


SOLUTION By the even-odd properties and Table 1 we have 
(a) sin( = inet | Sialeead 
6 6 2 


7 ar V2 ae 
(b) cos( =) = COs ae Cosine is even 


©, NOW TRY EXERCISE 13 a 


Vv Fundamental Identities 


The trigonometric functions are related to each other through equations called trigono- 
metric identities. We give the most important ones in the following box.* 


FUNDAMENTAL IDENTITIES 


Reciprocal Identities 
sint 2 60Se 
sint 


1 iL 1 
csct = —=— sect = — cott=— tant = — cot 
sint cost tant cost 


Pythagorean Identities 
sin?t + cos*t = 1 tan?t + 1 = sec’t 1 + cot?t = csc’t 


*We follow the usual convention of writing sin?t for (sin t)’. In general, we write sin"t for (sin t)" for all inte- 
gers n exceptn = —1. The exponent n = —1 will be assigned another meaning in Section 7.5. Of course, the 
same convention applies to the other five trigonometric functions. 


The Value of 7 

The number 77 is the ratio of the circum- 
ference of a circle to its diameter. It has 
been known since ancient times that 
this ratio is the same for all circles. The 
first systematic effort to find a numerical 
approximation for 77 was made by 
Archimedes (ca. 240 B.c.), who proved 
that 4 < a < #3 by finding the 
perimeters of regular polygons in- 
scribed in and circumscribed about a 
circle. 


In about A.D. 480, the Chinese physi- 
cist Tsu Ch’'ung-chih gave the approxi- 
mation 


qm ~ 33 = 3.141592... 


which is correct to six decimals. This re- 
mained the most accurate estimation 
of z until the Dutch mathematician 
Adrianus Romanus (1593) used poly- 
gons with more than a billion sides to 
compute zr correct to 15 decimals. In 
the 17th century, mathematicians be- 
gan to use infinite series and trigono- 
metric identities in the quest for 7. 
The Englishman William Shanks spent 
15 years (1858-1873) using these meth- 
ods to compute 7 to 707 decimals, but 
in 1946 it was found that his figures 
were wrong beginning with the 528th 
decimal. Today, with the aid of comput- 
ers, mathematicians routinely deter- 
mine 7 correct to millions of decimals. 
The current record is that a has been 
computed to 2,576,980,370,000 (more 
than two trillion) decimal places by 

T. Daesuke and his team. 
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PROOF Thereciprocal identities follow immediately from the definitions on page 475. 
We now prove the Pythagorean identities. By definition, cos t = x and sin t = y, where x 
and y are the coordinates of a point P(x, y) on the unit circle. Since P(x, y) is on the unit 
circle, we have x? + y? = 1. Thus 


sin*t + cos’*t = 1 
Dividing both sides by cost (provided that cos t # 0), we get 


cos*t i 
cos*t cos’ 


sin’t 
cos*t 


(ety ( 1 i: 
aes + 1 — _ 
cos t cos t 


tan?t + 1 = sec*t 


We have used the reciprocal identities sin t/cos t = tant and 1/cost = sec t. 
Similarly, dividing both sides of the first Pythagorean identity by sin’t (provided that 
sin t # 0) gives us 1 + cot?t = csc’t. | 


As their name indicates, the fundamental identities play a central role in trigonometry 
because we can use them to relate any trigonometric function to any other. So, if we know 
the value of any one of the trigonometric functions at t, then we can find the values of all 
the others at t. 


EXAMPLE 5 | Finding All Trigonometric Functions 


from the Value of One 


If cos t = Zandt is in Quadrant IV, find the values of all the trigonometric functions at t. 
SOLUTION — From the Pythagorean identities we have 
sin’t + cos*t = 1 
sin’t + (2 = 1 Substitute cost =? 
Solve for sin’t 
Take square roots 


Since this point is in Quadrant IV, sin t is negative, so sin t = —%. Now that we know 
both sin t and cos t, we can find the values of the other trigonometric functions using 
the reciprocal identities: 


: 4 3 sin t -3 4 
sint = -—= cost = — tan t 
5 5 cost 2 3 
1 5 3 
csct = —— = -— sec t = —— = = cott = —— = -— 
sint 4 t- 3 tan t 4 
®. NOW TRY EXERCISE 65 i] 


EXAMPLE 6 | Writing One Trigonometric Function 


in Terms of Another 


Write tan tin terms of cos t, where t is in Quadrant III. 
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SOLUTION Since tant = sin t/cos t, we need to write sin t in terms of cos t. By the 
Pythagorean identities we have 


sin?t + cos*t = 1 
sin?t = 1 — cost Solve for sin2t 
sint=+V1-— cost — Take square roots 


Since sin t is negative in Quadrant II|, the negative sign applies here. T hus, 


_ sint = —V1—cos’t 


tant 
cos t cos t 
®. NOW TRY EXERCISE 55 
7.2 EXERCISES 
30 5a Tr 
CONCEPTS 9. (a) cos (b) cos (c) cos = 
1. Let P (x, y) be the terminal point on the unit circle determined 3 5 7 
by t. Then sint = ,cost = , and 10. (a) sin (b) sin (c) sin 
tant = ‘ 
_ It Tt Tt 
2. If P(x, y) is on the unit circle, then x? + y? = ; 11. (a) sin=- (b) csc ~ (c) cot - 
So for allt wehavesin*t + cos*t= 
12. (a) cos(-7 (b) sec(-7) (c) tn(-7) 
3 3 3 
SKILLS ©. 13. (a) sin(-™ ) (b) cos(-7 (c) cat(-) 
3-4 m Find sin t and cos t for the values of t whose terminal 
points are shown on the unit circle in the figure. In Exercise 3, ; 30 3a 30 
t increases in increments of 2/4; in Exercise 4, t increases in 14. (a) sin as (b) cos oy (c) cot 3 
increments of 2/6. (See Exercises 21 and 22 in Section 7.1.) 
1 11 
& 3, ya 4, ya 15. (a) ae (b) ae (c) sec(-7 
== 16. (a) cos (b) sec Es (c) csc i 
4 in8 6 6 6 
5 7 11 
= ———— i 17. (a) tan (b) tan (c) tan “= 
18. (a) cot(-™) (b) cot 2™ (c) goee™ 
—l —l , 3 3 3 
19. (a) cos(-T (b) cse(-7) (c) cot(-) 
5-24 m Find the exact value of the trigonometric function at the 4 4 4 
given real number. 
20. (a) ere (b) sec 2 (c) tan 2 
_ 20 2a 2a 4 4 4 
5. (a) sin (b) cos — (c) tan — 
3 3 3 T 7 30 
21. (a) cse(-2) (b) csc — (c) csc — 
_. Sar 57 5a 2 2 2 
6. (a) sin — (b) cos — (c) tan — 
6 6 6 22. (a) sec(—7) (b) sec 7 (c) sec 47 
= 7. (a) sin (b) sin(-Z) (c) sin 23. (a) sin 137 (b) cos 1477 (c) tan 157 
Sar Oa In 24, (a) sin 27 (b) foe (c) gee 
8. (a) cos (b) cos(-= ) (c) cos 2 2 2 


© .41, sin 1.2 


25-28 m Find the value of each of the six trigonometric functions 
(if itis defined) at the given real number t. Use your answers to 
complete the table. 


25. t=0 26. t=— 2.t=7 28, t - 27 
2 2 

t | sint | cost | tant csc t sec t cot t 
0 0 1 undefined 
z 
7 0 undefined 
3a 
2 


29-38 m= The terminal point P(x, y) determined by a real number t 
is given. Find sin t, cos t, and tan t. 


3 4 3 4 
a (3 =) am: ( 5’ :) 


a(S) (3-2) 
: @ *) 3 Gr a 

35, (-3, -3) 6, (2°) 
7, (-2 =) a (4-7) 


39-46 m Find an approximate value of the given trigonometric 
function by using (a) the figure and (b) a calculator. Compare the 
two values. 


39, sin 1 vA 
40. cos 0.8 


42. cos5 

~ 43, tan 0.8 
44, tan(—1.3) 
45. cos 4.1 
46. sin(—5.2) 


“Y 


47-50 m Find the sign of the expression if the terminal point de- 
termined by t is in the given quadrant. 


47. sintcost, Quadrant II 48. tantsect, QuadrantlV 


tant sint 
49. a Quadrant II| 


50. costsect, any quadrant 
cot t paveore 


51-54 m From the information given, find the quadrant in which 
the terminal point determined by t lies. 


51. sint > 0 andcost <0 52. tant > 0 andsint <0 
53. csct > 0 and sect <0 54, cost <0 and cott <0 
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55-64 m Write the first expression in terms of the second if the 
terminal point determined by t is in the given quadrant. 


~55. sint, cost; Quadrant!] 56. cost,sint; QuadrantIV 
57. tant, sint; QuadrantIV 58. tant, cost; Quadrant III 
59. sect, tant; Quadrant!l 60. csct, cott; Quadrant III 
61. tant,sect; Quadrantlll 62. sint, sect; Quadrant IV 


63. tant, sint; 
64. sec*t sin’t, cos t; 


any quadrant 
any quadrant 


65-72 m Find the values of the trigonometric functions of t from 
the given information. 


. 65. sint = 2, terminal point of t is in Quadrant II 


66. cost = —2, terminal point of tis in Quadrant III 
67. sect = 3, terminal point of t is in Quadrant IV 
68. tant = 4, terminal point of t is in Quadrant III 
69. tant = —3, cost>0 

70. sect = 2, sint<0 

71. sint = —j, sect<0 

72. tant = —4, csct>0 


73-80 = Determine whether the function is even, odd, or neither. 
73. f(x) = x*sinx 74. f(x) = x? cos 2x 


75. f(x) = SiN x COs x 76. f(x) = sinx + cosx 
77, f(x) = |X| cos x 78. aa x sin?x 

79. f(x) = x? + cosx f(x) = cos(sin x) 
APPLICATIONS 


81. Harmonic Motion The displacement from equilibrium 
of an oscillating mass attached to a spring is given by 
y(t) = 4 cos 3at where y is measured in inches and tin 
seconds. Find the displacement at the times indicated in 
the table. 


t | yb “recLTls 
0 esses 
= 2 =a y>0 
| | We 3 5 
|| ll. ee i-<--@----. Equilibrium, y = 0 
0.75 4 
1.00 || y<0 
1.25 


82. Circadian Rhythms —Everybody’s blood pressure 
varies over the course of the day. In a certain individual 
the resting diastolic blood pressure at time t is given by 
B(t) = 80 + 7 sin(at/12), where t is measured in hours since 
midnight and B(t) in mmHg (millimeters of mercury). Find 
this person's diastolic blood pressure at 
(a) 6:00 a.m. (b) 10:30a.m. (c) Noon (d) 8:00 Pm. 
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83. Electric Circuit After the switch is closed in the circuit 
shown, the current t seconds later is I(t) = 0.8e-*sin 10t. 
Find the current at the times 
(a) t = 0.1 sand (b) t= 0.55. 


L 
=107h 
R=6x10?°0 
R Cc C =9.17 pf 
E=48 x 103V 


| ol 


84. Bungee Jumping A bungee jumper plummets from 
a high bridge to the river below and then bounces back 
over and over again. At time t seconds after her jump, 
her height H (in meters) above the river is given by 
H(t) = 100 + 75e~*°cos(¥ t). Find her height at the times 
indicated in the table. 


et 


HO 


NODANF © 


i 


DISCOVERY = DISCUSSION = WRITING 


85. Reduction Formulas A reduction formula is one that 


can be used to “reduce” the number of terms in the input for a 


7.3 TRIGONOMETRIC GRAPHS 


trigonometric function. Explain how the figure shows that the 
following reduction formulas are valid: 


sin(t + a) = —sint cos(t + 7) = —cost 


tan(t + 7) = tant 


86. More Reduction Formulas By the “Angle-Side-Angle” 
theorem from elementary geometry, triangles CDO and AOB 
in the figure are congruent. Explain how this proves that if B 
has coordinates (x, y), then D has coordinates (—y, x). Then 
explain how the figure shows that the following reduction for- 


mulas are valid: 
7 WT 
sint t + — ] = cost 
( 5) 


T - 
cost + =) = —sint 
T 
tan{ t + — } = —cott 
an( =) co 


YA 


a | 1+ 
D(-y, x) B(x, y) 
| 
lx 


Graphs of Sine and Cosine ® Graphs of Transformations of Sine and Cosine 
& Using Graphing Devices to Graph Trigonometric Functions 


The graph of a function gives us a better idea of its behavior. So, in this section we graph 
the sine and cosine functions and certain transformations of these functions. The other 
trigonometric functions are graphed in the next section. 


V Graphs of Sine and Cosine 


To help us graph the sine and cosine functions, we first observe that these functions repeat 
their values in a regular fashion. To see exactly how this happens, recall that the circumfer- 
ence of the unit circle is 27r. It follows that the terminal point P (x, y) determined by the real 
number tis the same as that determined by t + 27r. Since the sine and cosine functions are 
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defined in terms of the coordinates of P (x, y), it follows that their values are unchanged by 
the addition of any integer multiple of 27. In other words, 


sin(t + 2nzr) = sint for any integer n 
cos(t + 2nar) = cost for any integer n 


Thus, the sine and cosine functions are periodic according to the following definition: A 
function f is periodic if there is a positive number p such that f(t + p) = f(t) for every t. 
The least such positive number (if it exists) is the period of f. If f has period p, then the 
graph of f on any interval of length p is called one complete period of f. 


PERIODIC PROPERTIES OF SINE AND COSINE 


The functions sine and cosine have period 277: 


sin(t + 27r) = sint cos(t + 2a) = cost 
TABLE 1 

: So the sine and cosine functions repeat their values in any interval of length 2zr. To sketch 
: =I pose their graphs, we first graph one period. To sketch the graphs on the interval 0 <t S 27, we 
7 could try to makea table of values and use those points to draw the graph. Since no such table 

aaa 3 0-1 10 can be complete, let’s look more closely at the definitions of these functions. 
7 Recall that sin t is the y-coordinate of the terminal point P(x, y) on the unit circle de- 
Pad ised 0-1 | termined by the real number t. How does the y-coordinate of this point vary as t increases? 
3a It's easy to see that the y-coordinate of P(x, y) increases to 1, then decreases to —1 re- 
eee 0>-1|/-1>0 peatedly as the point P(x, y) travels around the unit circle. (See Figure 1.) In fact, as t in- 
3a creases from 0 to 7/2, y = sin t increases from 0 to 1. Ast increases from 7/2 to zr, the 
> 2eémj-1>0 | 0-1 value of y = sin t decreases from 1 to 0. Table 1 shows the variation of the sine and co- 

sine functions for t between 0 and 277. 
yA yA 


(COs fo, SiN fp) 


to 


> 


ENGURE.! To draw the graphs more accurately, we find a few other values of sint and cos t in 
Table 2. We could find still other values with the aid of a calculator. 
TABLE 2 
t 0 7 7 7 27 5a Tr 4a 37 5a lla 3 
6 3 2 3 6 = 6 3 2 3 6 i 
: 1 V3 V3 1 1 V3 V3 1 
|" A ee ee) : 2 2 . 2 5 || * 
V3 1 1 V3 V3 1 V3 
Beene 2 Be ee ee | 2 
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Now we use this information to graph the functions sin t and cos t for t between 
0 and 277 in Figures 2 and 3. These are the graphs of one period. Using the fact that these 
functions are periodic with period 277, we get their complete graphs by continuing the same 
pattern to the left and to the right in every successive interval of length 277. 

The graph of the sine function is symmetric with respect to the origin. This is as ex- 
pected, since sine is an odd function. Since the cosine function is an even function, its 
graph is symmetric with respect to the y-axis. 


YA YA 
An 5a 
3: 3 a 
ly Tn | 3m | Ua 1+ y= sint 
6¥2¥ 6 
p++++444++1+44 > > 
0) « ea 27 ~=«t —1 0 7 217 37 47 it 
feels 6 “i+ 
a 29 
ae . kk Period 2a 
One period of y = sin 
0Osts=27 


FIGURE 2 Graph of sint 


Ya ya 
Qn 4 
] ) 1 y =cost 
1 Sa Tn | 30 
6 6¥2 
Ht t$t+$++$ fA > | ; ; . 
0 ole 7 old t —1T T 20 30 47 itt 
—1+ 6 2 3 al 
z Ua 
3 6 
; —9 
One period of y = cos ¢ Period 2a 
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FIGURE 3 Graph of cost 


V Graphs of Transformations of Sine and Cosine 


We now consider graphs of functions that are transformations of the sine and cosine func- 
tions. Thus, the graphing techniques of Section 3.5 are very useful here. The graphs we 
obtain are important for understanding applications to physical situations such as har- 
monic motion (see Section 7.6), but some of them are beautiful graphs that are interest- 
ing in their own right. 

It’s traditional to use the letter x to denote the variable in the domain of a function. So 
from here on we use the letter x and write y = sin x, y = cos x, y = tan x, and so on to 
denote these functions. 


EXAMPLE 1 | Cosine Curves 
Sketch the graph of each function. 


(a) f(x) = 2 + cosx (b) g(x) = —Ccos x 
SOLUTION 


(a) The graph of y = 2 + cos x is the same as the graph of y = cos x, but shifted up 2 
units (see Figure 4(a)). 
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(b) The graph of y = —cos x in Figure 4(b) is the reflection of the graph of y = cos x 
in the x-axis. 


a | g(x) = —cos x 


y =cosx —1 y=cosx 
FIGURE 4 (a) (b) 
©. NOW TRY EXERCISES 3 AND 5 | 


Let's graph y = 2sinx. We start with the graph of y = sinx and multiply the 

y-coordinate of each point by 2. This has the effect of stretching the graph vertically by a 

factor of 2. To graph y = 5 sin x, we start with the graph of y = sin x and multiply the 

Vertical stretching and shrinking of y-coordinate of each point by 3. This has the effect of shrinking the graph vertically by a 
graphs is discussed in Section 3.5. factor of 5 (see Figure 5). 


y=2sinx 


FIGURE 5 


In general, for the functions 
y =asinx and y = acosx 


the number |a| is called the amplitude and is the largest value these functions attain. 
Graphs of y = a sin x for several values of a are shown in Figure 6. 


y =3sinx 


FIGURE 6 
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Horizontal stretching and shrinking of 
graphs is discussed in Section 3.5. 


FIGURE 8 


EXAMPLE 2 | Stretching a Cosine Curve 
Find the amplitude of y = —3 cos x, and sketch its graph. 


SOLUTION Theamplitude is | —3| = 3, so the largest value the graph attains is 3 and 
the smallest value is —3. To sketch the graph, we begin with the graph of y = cos x, 
stretch the graph vertically by a factor of 3, and reflect in the x-axis, arriving at the graph 
in Figure 7. 


y =—3 cos x 


FIGURE 7 


©, NOW TRY EXERCISE 9 a 


Since the sine and cosine functions have period 277, the functions 
y =asin kx and y = a cos kx (k > 0) 


complete one period as kx varies from 0 to 27, that is, for 0 = kx S 2m or for 
0 = x = 2z|k. So these functions complete one period as x varies between 0 and 2zr/k 
and thus have period 27:/k. The graphs of these functions are called sine curves and co- 
sine curves, respectively. (Collectively, sine and cosine curves are often referred to as si- 
nusoidal curves.) 


SINE AND COSINE CURVES 
The sine and cosine curves 
y=asinkx and y=acoskx (k>0) 
have amplitude | a | and period 27/k. 
An appropriate interval on which to graph one complete period is [0, 277/k]. 


To see how the value of k affects the graph of y = sin kx, let’s graph the sine curve 
y = sin 2x. Since the period is 27/2 = a, the graph completes one period in the 
interval 0 < x < a (see Figure 8(a)). For the sine curve y = sin3x, the period is 
2a + 3 = 4m, So the graph completes one period in the interval 0 < x = 47 (see Figure 
8(b)). We see that the effect is to shrink the graph horizontally if k > 1 or to stretch the 
graph horizontally if k <1. 
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For comparison, in Figure 9 we show the graphs of one period of the sine curve 
y =a sin kx for several values of k. 


YA 
y=asinx 
a 
0 4 Sar —_ 
oak F 1 1 
y =asin2x y= a sin; x ySasingx 
FIGURE 9 S 
YA EXAMPLE 3 | Amplitude and Period 
y = 4cos 3x 
An Find the amplitude and period of each function, and sketch its graph. 
(a) y = 4 cos 3x (b) y = —2 sin 3x 
SOLUTION 


(a) We get the amplitude and period from the form of the function as follows: 


amplitude = |a| = 4 


y = 4cos 3x 
eed 
ee tein 


The amplitude is 4 and the period is 27/3. The graph is shown in Figure 10. 
FIGURE 10 (b) For y = —2 sin 3x, 


amplitude = |a| = |-2| =2 


period = ea = 4a 
2 


The graph is shown in Figure 11. 
®&. NOW TRY EXERCISES 19 AND 21 | 


The graphs of functions of the form y = a sink(x — b) and y = acosk(x — b) are 
simply sine and cosine curves shifted horizontally by an amount | b |. They are shifted to 
the right if b > 0 or to the left if b < 0. The number b is the phase shift. We summarize 
the properties of these functions in the following box. 


FIGURE 11 


SHIFTED SINE AND COSINE CURVES 
The sine and cosine curves 


y =asink(x — b) and y = acosk(x — b) (k > 0) 


have amplitude | a |, period 277/k, and phase shift b. 


An appropriate interval on which to graph one complete period is 
[b, b + (27/k)]. 
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FIGURE 12 


Here is another way to find an appro- 
priate interval on which to graph one 
complete period. Since the period 

of y = sin x is 27, the function 

y = 3 sin 2(x — §) will go through one 
complete period as 2(x — 7) varies 
from 0 to 27. 


Start of period: End of period: 


Ax —%) = (x — 3) = 2a 
x-7=0 X-fF= 
x= em of 


So we graph one period on the interval 
[7,7]. 


Trigonometric Functions: Unit Circle Approach 


The graphs of y = sin( - =) and y = sin( + =) are shown in Figure 12. 


yA Ya 


EXAMPLE 4 | A Shifted Sine Curve 


Find the amplitude, period, and phase shift of y = 3 sin 2( - =), and graph one com- 
plete period. 


SOLUTION Weget the amplitude, period, and phase shift from the form of the function 
as follows: 


amplitude = |a| = 3 period = @ = 27 = 
. T 
= 3sin2| x — — 
<= ( a 
phase shift = 7 (2 the right) 


Since the phase shift is z/4 and the period is z, one complete period occurs on the 


interval 
[= Ts. | [= 7] 
rae aad ele a 


Asan aid in sketching the graph, we divide this interval into four equal parts, then graph 
a sine curve with amplitude 3 as in Figure 13. 


Ya 
<«——— Period 7 ———> 
3+ 
Phase 
shift 
4 Sam 
<—___> 
C4 « y 
y 2 
Amplitude 3 
—3 + : 2 
FIGURE 13 y =3sin 2(x— 7) 
©. NOW TRY EXERCISE 33 |_| 


EXAMPLE 5 | A Shifted Cosine Curve 
Find the amplitude, period, and phase shift of 


= j cos( 2% + m) 
yy 3 


and graph one complete period. 


We can also find one complete period 
as follows: 


Start of period: End of period: 


2x +22 =0 2x + 22 = Qe 
= y= 
=-F y= 


So we graph one period on the interval 
[-3, F]. 


See Section 2.3 for guidelines on 
choosing an appropriate viewing 
rectangle. 


The appearance of the graphs in 
Figure 15 depends on the machine 
used. The graphs you get with your 
own graphing device might not look 
like these figures, but they will also be 
quite inaccurate. 


—~ " 
a _ 
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SOLUTION We first write this function in the form y = a cos k(x — b). To do this, we 


factor 2 from the expression 2x + = to get 
3 7 
y= + osx - (-)| 


amplitude = |a| =— 


er eee a 
P => 2 


phase shift = b = =5 Shift to the left 
From this information it follows that one period of this cosine curve begins at — 7/3 and ends 
(—a/3) + m = 27/3. To sketch the graph over the interval [—7/3, 27/3], we divide this 
interval into four equal parts and graph a cosine curve with amplitude? as shown in Figure 14. 


Thus we have 


y= 3 cos(2.x ote 22) 


Period a 


FIGURE 14 
©. NOW TRY EXERCISE 35 | 


V Using Graphing Devices to Graph Trigonometric Functions 


When using a graphing calculator or a computer to graph a function, it is important to 
choose the viewing rectangle carefully in order to produce a reasonable graph of the func- 
tion. This is especially true for trigonometric functions; the next example shows that, if 
care is not taken, it’s easy to produce a very misleading graph of a trigonometric function. 


EXAMPLE 6 | Choosing the Viewing Rectangle 


Graph the function f(x) = sin 50x in an appropriate viewing rectangle. 


SOLUTION Figure 15(a) shows the graph of f produced by a graphing calculator using 
the viewing rectangle[—12, 12] by [—1.5, 1.5}. At first glance the graph appears to be rea- 
sonable. But if we change the viewing rectangle to the ones shown in Figure 15, the 
graphs look very different. Something strange is happening. 


lili iw > A 
7 : 7 ; 


is : 


FIGURE 15 Graphs of f(x) = sin 50x in different viewing rectangles 
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1.5 


=1.5 
FIGURE 16 f(x) = sin 50x 


0.25 


The function h in Example 7 is periodic 
with period 277. In general, functions 
that are sums of functions from the fol- 
lowing list are periodic: 


1, cos kx, cos 2kx, cos 3kx,... 
sin kx, sin 2kx, sin 3kx,... 


Although these functions appear to be 
special, they are actually fundamental to 
describing all periodic functions that 
arise in practice. The French mathemati- 
cian J.B. J. Fourier (see page 539) discov- 
ered that nearly every periodic function 
can be written as a sum (usually an 
infinite sum) of these functions. This is 
remarkable because it means that any 
situation in which periodic variation oc- 
curs can be described mathematically 
using the functions sine and cosine. A 
modern application of Fourier’s discov- 
ery is the digital encoding of sound on 
compact discs. 


FIGURE 18 y = x*cos6zx 


Trigonometric Functions: Unit Circle Approach 


To explain the big differences in appearance of these graphs and to find an appropri- 
ate viewing rectangle, we need to find the period of the function y = sin 50x: 
2a 
— =~ = 0.12 
50 25 cee 
This suggests that we should deal only with small values of x in order to show just a few 
oscillations of the graph. If we choose the viewing rectangle [—0.25, 0.25] by [—1.5, 1.5], 
we get the graph shown in Figure 16. 

Now wesee what went wrong in Figure 15. The oscillations of y = sin 50x are so rapid 
that when the calculator plots points and joins them, it misses most of the maximum and 
minimum points and therefore gives a very misleading impression of the graph. 


©. NOW TRY EXERCISE 51 


period = 


EXAMPLE 7 | A Sum of Sine and Cosine Curves 


Graph f(x) = 2 cos x, g(x) = sin 2x, and h(x) = 2 cos x + sin 2x on acommon screen to 
illustrate the method of graphical addition. 


SOLUTION Noticethath = f +g, so its graph is obtained by adding the corresponding 
y-coordinates of the graphs of f and g. The graphs of f, g, and h are shown in Figure 17. 


— y=2cosx 
— y=sin2x 


— y=2cosx+ sin2x 


FIGURE 17 
©. NOW TRY EXERCISE 59 


EXAMPLE 8 | A Cosine Curve with Variable Amplitude 


Graph the functions y = x”, y = —x?, and y = x? cos 6ax on a common screen. Com- 
ment on and explain the relationship among the graphs. 


SOLUTION Figure 18 shows all three graphs in the viewing rectangle [—1.5, 1.5] 
by [—2, 2]. ltappears that the graph of y = x? cos 677x lies between the graphs of the func- 
tions y = x* and y = —x?. 

To understand this, recall that the values of cos 67rx lie between —1 and 1, thatis, 


—l1=cos67x = 1 
for all values of x. Multiplying the inequalities by x* and noting that x? = 0, we get 
—x? = x?c0s 6x < x? 


This explains why the functions y = x? and y = —x? form a boundary for the graph of 
y = xX? cos 67x. (Note that the graphs touch when cos 67x = +1.) 
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Example 8 shows that the function y = x* controls the amplitude of the graph of 
y = x? cos 67x. In general, if f(x) = a(x) sin kx or f(x) = a(x) cos kx, the function a de- 
termines how the amplitude of f varies, and the graph of f lies between the graphs of 
y = —a(x) and y = a(x). Here is another example. 


AM and FM Radio 

Radio transmissions consist of sound 
waves superimposed on a harmonic 
electromagnetic wave form called the 
carrier signal. 


ONS KI 


Sound wave 


WWW 


Carrier signal 


There are two types of radio transmis- 
sion, called amplitude modulation 
(AM) and frequency modulation 
(FM). In AM broadcasting, the sound 
wave changes, or modulates, the am- 
plitude of the carrier, but the frequency 
remains unchanged. 


i 


~ 


a 
AM signal 
In FM broadcasting, the sound wave 


modulates the frequency, but the am- 
plitude remains the same. 


FM signal 
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EXAMPLE 9 | A Cosine Curve with Variable Amplitude 
Graph the function f(x) = cos 27x cos 167x. 


SOLUTION The graph is shown in Figure 19. Although it was drawn by a computer, 
we could have drawn it by hand, by first sketching the boundary curves y = cos 27x and 
y = —Cos 27x. The graph of f is a cosine curve that lies between the graphs of these two 
functions. 


FIGURE 19 f(x) = cos 27x cos 167x 
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EXAMPLE 10 | A Sine Curve with Decaying Amplitude 


SINX. , 
The function f(x) =  /S important in calculus. Graph this function and comment on 
its behavior when x is close to 0. 


SOLUTION Theviewing rectangle{—15, 15] by [—0.5, 1.5] shown in Figure 20(a) gives 
a good global view of the graph of f. The viewing rectangle|—1, 1] by [—0.5, 1.5]in Fig- 
ure 20(b) focuses on the behavior of f when x ~ 0. Notice that although f(x) is not 
defined when x = 0 (in other words, 0 is not in the domain of f), the values of f seem to 
approach 1 when x gets close to 0. This fact is crucial in calculus. 


15 15 
15 15 1 1 
=0.5 =0.5 
(a) (b) 
FIGURE 20. f(x) -—— 
©. NOW TRY EXERCISE 75 = 


The function in Example 10 can be written as 
1. 
f(x) = x nx 


and may thus be viewed as a sine function whose amplitude is controlled by the function 
a(x) = 1/x. 


a. 
= 


& 


©.19, y = —3 sin 3x 
®.21, y = 10 sin 4x 


©. 33. y = ~4sin2(x +2) 34, y= sin (x a =) 


35, y =5 cos( 3 - =) 


“a 


‘a 
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7.3 EXERCISES 


CONCEPTS 
1. The trigonometric functions y = sin x and y = cos x have 


amplitude and period 
each function on the interval |0, 277|. 


2. The trigonometric function y = 3 sin 2x has amplitude 


. Sketch a graph of 


and period 
SKILLS 
3-16 m Graph the function. 
3. f(x) = 1+ cosx 4. f(x) =3 + sinx 
5. f(x) = —sinx 6. f(x) = 2 — cosx 
7. f(x) = —2 + sinx 8. f(x) = —1 + cosx 
9. g(x) = 3. cos x 10. g(x) = 2 sinx 
11. g(x) = —3 sinx 12. g(x) = —} cosx 
13. g(x) = 3 + 3.cosx 14, g(x) = 4 — 2sinx 
15. h(x) = |cosx| 16. h(x) = |sinx| 
17-28 m Find the amplitude and period of the function, and 


sketch its graph. 
17. y = cos 2x 18. y = —sin 2x 
20. y = 3cos 4x 
22. y = 5 cos 4x 
24, y = 4sin(—2x) 
26. y = —3 sin 7x 


23. y = 
25. y = —2 sin 27x 


1 Lt 
—} COS 3X 


27. y=1+3 cos 7x 28. y = —2 + cos 4arx 


29-42 m Find the amplitude, period, and phase shift of the func- 


tion, and graph one complete period. 


T ‘ T 
29. y = cos( x = =) 30. y=2 sin( - =) 


: T = ot 
31 y = -2 sin( - =) 32. y = 3c0s( =) 


[2 7 
36. y=2 sin( 3 - z) 


1 1 7 et 


51-58 = Determine an appropriate viewing rectangle for each 


“ function, and use it to draw the graph. 
©.51 f(x) = cos 100x 


39. y = 3cos a(x + 3) 40. y = 3 + 2sin3(x + 1) 


42. y= cos( = x) 


43-50 = The graph of one complete period of a sine or cosine 
curve is given. 


(a) Find the amplitude, period, and phase shift. 
(b) Write an equation that represents the curve in the form 


41, y = sin(a + 3x) 


y =asink(x — b) or y=acosk(x — b) 


43. yy 44. yh 
4+ 


52. f(x) = 3 sin 120x 


53. f(x) = sin(x/40) 54. f(x) = cos(x/80) 
55. y = tan 25x 56. y = csc 40x 
57. y = sin? 20x 58. y = Vtan 107x 


f= 59-60 m Graph f, g, and f + g on acommon screen to illustrate 
graphical addition. 


© 259, f(x) =x, g(x) =sinx 
60. f(x) =sinx, g(x) = sin 2x 


61-66 = Graph the three functions on a common screen. How are 


~ the graphs related? 


2 


61. y=x’, y xe, 


y = x?sin x 


62. y=x, y X, Y=XCOSX 
©.63. y= Vx, y=-Vx, y = VXxsin Sax 


1 _ COS 27x 
Le Le 


= eee 
©.65. y = CoS 3X, y = —COS 3X, y = COS 37x COs 21 7x 


66. y=sin2mx, y= —sin27x, y = sin 27x sin 107x 


67-70 m Find the maximum and minimum values of the 
~~ function. 


67. y = sinx + sin 2x 
68. y =x —2sinx,0<x<27 
69. y = 2sinx + sin*x 


COS X 


2: YF 4 sinx 


== 71-74 m Find all solutions of the equation that lie in the 
interval [0, 7]. State each answer correct to two decimal places. 


71. cos x = 0.4 


72. tanx = 2 
73. CSC X = 3 
74. coSX =X 


s#| 75-76 m A function f is given. 

~ (a) Is f even, odd, or neither? 

(b) Find the x-intercepts of the graph of f. 

(c) Graph f in an appropriate viewing rectangle. 

(d) Describe the behavior of the function as x — +o. 


(e) Notice that f(x) is not defined when x = 0. What happens as x 
approaches 0? 


© 75, fox) = 1 = 5 
sin 4x 
76. f(x) = 2x 
APPLICATIONS 


77. Height of aWave Asa wave passes by an offshore 
piling, the height of the water is modeled by the function 


h(t) = 3 cos( Zt) 


where h(t) is the height in feet above mean sea level at time 
t seconds. 
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(a) Find the period of the wave. 
(b) Find the wave height, that is, the vertical distance 
between the trough and the crest of the wave. 


crest 


1 
=a 
Sa 


=" 


78. Sound Vibrations A tuning fork is struck, producing a 
pure tone as its tines vibrate. The vibrations are modeled by 
the function 


v(t) = 0.7 sin(880zt) 


where v(t) is the displacement of the tines in millimeters at 

time t seconds. 

(a) Find the period of the vibration. 

(b) Find the frequency of the vibration, that is, the number of 
times the fork vibrates per second. 

(c) Graph the function v. 


79. Blood Pressure Each time your heart beats, your blood 
pressure first increases and then decreases as the heart rests 
between beats. The maximum and minimum blood pressures 
are called the systolic and diastolic pressures, respectively. 
Your blood pressure reading is written as systolic/diastolic. A 
reading of 120/80 is considered normal. 

A certain person's blood pressure is modeled by the 
function 


p(t) = 115 + 25 sin(160zt) 


where p(t) is the pressure in mmHg (millimeters of mercury), 
at time t measured in minutes. 
(a) Find the period of p. 
(b) Find the number of heartbeats per minute. 
(c) Graph the function p. 
(d) Find the blood pressure reading. How does this 
compare to normal blood pressure? 


80. Variable Stars Variable stars are ones whose brightness 
varies periodically. One of the most visible is R Leonis; its 
brightness is modeled by the function 


T 


b(t) = 7.9 — 2.1 cos( st) 


where t is measured in days. 

(a) Find the period of R Leonis. 

(b) Find the maximum and minimum brightness. 
(c) Graph the function b. 
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DISCOVERY = DISCUSSION = WRITING 


81. Compositions Involving Trigonometric Functions 


82. 


N 


This exercise explores the effect of the inner function g 

on a composite function y = f(g(Xx)). 

(a) Graph the function y = sin\Vx using the viewing 
rectangle [0, 400] by [—1.5, 1.5]. In what ways does 
this graph differ from the graph of the sine function? 

(b) Graph the function y = sin(x’) using the viewing 
rectangle [—5, 5] by [—1.5, 1.5]. In what ways does this 
graph differ from the graph of the sine function? 


Periodic Functions! Recall that a function f is periodic 


if there is a positive number p such that f(t + p) = f(t) 

for every t, and the least such p (if it exists) is the period of f. 
The graph of a function of period p looks the same on each in- 
terval of length p, so we can easily determine the period from 
the graph. Determine whether the function whose graph is 
shown is periodic; if itis periodic, find the period. 


= 83. 


84, 


Periodic Functions Il Use a graphing device to graph 
the following functions. From the graph, determine whether 
the function is periodic; if itis periodic, find the period. (See 
page 198 for the definition of |x|.) 


(a) y = |sinx| 
(b) y = sin|x| 
(c) y = 205% 

(d) y =x — [x] 


(e) y = cos(sin x) 
(f) y = cos(x’) 


Sinusoidal Curves The graph of y = sin x is the same as 
the graph of y = cos x shifted to the right 27/2 units. So the 

sine curve y = sin x is also at the same time a cosine curve: 

y = cos(x — 7/2). In fact, any sine curve is also a cosine curve 
with a different phase shift, and any cosine curve is also a sine 
curve. Sine and cosine curves are collectively referred to as sinu- 
soidal. For the curve whose graph is shown, find all possible 
ways of expressing it as a sine curve y = a sin(x — b) orasa 
cosine curve y = a cos(x — b). Explain why you think you 
have found all possible choices for a and b in each case. 


Ya 


DISCOVERY 


PROJECT Predator/Prey Models 


In this project we explore the use of sine functions in 
modeling the population of a predator and its prey. You 
can find the project at the book companion website: 
www.stewartmath.com 
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7.4 More TRIGONOMETRIC GRAPHS 


x tan x 

0 0 

7/6 0.58 
n/4 1.00 
7/3 1.73 
1.4 5.80 
15 14.10 
1.55 48.08 
1.57 1,255.77 
1.5707 | 10,381.33 


Arrow notation is discussed in 
Section 4.6. 


Asymptotes are discussed in 
Section 4.6. 


Graphs of Tangent, Cotangent, Secant, and Cosecant ® Graphs of Transforma- 
tions of Tangent and Cotangent > Graphs of Transformations of Cosecant 
and Secant 


In this section we graph the tangent, cotangent, secant, and cosecant functions and trans- 
formations of these functions. 


V Graphs of Tangent, Cotangent, Secant, and Cosecant 


We begin by stating the periodic properties of these functions. Recall that sine and cosine 
have period 27r. Since cosecant and secant are the reciprocals of sine and cosine, respec- 
tively, they also have period 2 (see Exercise 55). Tangent and cotangent, however, have 
period a (see Exercise 85 of Section 7.2). 


PERIODIC PROPERTIES 
The functions tangent and cotangent have period 7: 
tan(x + a) = tan x cot(x + a) = cotx 


The functions cosecant and secant have period 27: 


CSC(X + 2ar) = CSC X sec(x + 2a) = SeC x 


We first sketch the graph of tangent. Since it has period 7, we need only sketch the 
graph on any interval of length a and then repeat the pattern to the left and to the right. 
We sketch the graph on the interval (—z/2, 7/2). Since tan(a/2) and tan(—7/2) aren't 
defined, we need to be careful in sketching the graph at points near a/2 and —7/2. 
As x gets near 7/2 through values less than 77/2, the value of tan x becomes large. To see 
this, notice that as x gets close to 7/2, cos x approaches 0 and sin x approaches 1 and so 
tan x = sin x/cos x is large. A table of values of tan x for x close to 7/2 (~1.570796) is 
shown in the margin. 

Thus, by choosing x close enough to 7/2 through values less than 77/2, we can make 
the value of tan x larger than any given positive number. We express this by writing 


T 
tan X > oo as Xx> > 
This is read “tan x approaches infinity as x approaches z/2 from the left.” 
In asimilar way, by choosing x close to —7/2 through values greater than —7/2, we 
can make tan x smaller than any given negative number. We write this as 


wt 
tan x — —oo as RD 


This is read “tan x approaches negative infinity as x approaches —7/2 from the right.” 
Thus, the graph of y = tan x approaches the vertical lines x = /2 and x = —77/2. So these 
lines are vertical asymptotes. With the information we have so far, we sketch the graph of 
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MATHEMATICS IN 
THE MODERN WORLD 


Evaluating Functions 

on a Calculator 

How does your calculator evaluate sin t, 
cos t,e’, In t, Vt,and other such func- 
tions? One method is to approximate 
these functions by polynomials, be- 
cause polynomials are easy to evaluate. 
For example, 


; es t? t? 

sint =t a eon oe 
i ete te 

cost il t + 
2! 4! 6! 


where n! = 1*2+3+---+n. These remark- 
able formulas were found by the British 
mathematician Brook Taylor (1685- 
1731). For instance, if we use the first 
three terms of Taylor's series to find 
cos(0.4), we get 


(0.4)? (0.4)* 
cos 0.4 = 1 — rT al 
= 0.92106667 


(Compare this with the value you get 
from your calculator.) The graph shows 
that the more terms of the series we 
use, the more closely the polynomials 
approximate the function cos t. 


t2 4 
it a 


y=1- 


Trigonometric Functions: Unit Circle Approach 


y = tan x for —a/2 <x < 7/2 in Figure 1. The complete graph of tangent (see Figure 5(a) 
on the next page) is now obtained using the fact that tangent is periodic with period zr. 


Vertical 
asymptote 
> > 
ei x x 
Vertical 
asymptote 
FIGURE 1 FIGURE 2 


One period of y = tan x One period of y = cot x 


The function y = cot x is graphed on the interval (0, 7) by asimilar analysis (See Fig- 
ure 2). Since cot x is undefined for x = na with n an integer, its complete graph (in Fig- 
ure 5(b) on the next page) has vertical asymptotes at these values. 

To graph the cosecant and secant functions, we use the reciprocal identities 


1 1 
csc X = —— and sec X = —— 
sin x COS X 


So to graph y = csc x, we take the reciprocals of the y-coordinates of the points of the 
graph of y = sin x. (See Figure 3.) Similarly, to graph y = sec x, we take the reciprocals 
of the y-coordinates of the points of the graph of y = cos x. (See Figure 4.) 


FIGURE 3 
One period of y = csc x 


FIGURE 4 
One period of y = sec x 


Let’s consider more closely the graph of the function y = csc x on the interval 
0 < x < 7. We need to examine the values of the function near 0 and 7, since at these 
values sin x = 0, and csc x is thus undefined. We see that 


CSC X > 00 as x—>0* 


CSC X > co as Xx-> TT 


Thus, the lines x = 0 and x = z are vertical asymptotes. In the interval 7 < x < 27 the 
graph is sketched in the same way. The values of csc x in that interval are the same as 
those in the interval 0 < x < w except for sign (see Figure 3). The complete graph in Fig- 
ure 5(c) is now obtained from the fact that the function cosecant is periodic with period 


y =tanx 


FIGURE 6 


(b) y = —tan x 


— 
3a aT 307 X 
2 2 
(a) y = 2tan x 
y= tan x 
Ya 
t +> 
3a T 7 ‘7 37 xX 
2 2 2 2 
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27r. Note that the graph has vertical asymptotes at the points where sin x = 0, that is, at 
X = Nr, for n an integer. 


YA Ya 


> > 
3, 7 7 37 X 30\ —T T 0 T 7 3m xX 
2 2 2 2 7 2 2 
| 
| 
| 
| 
I 
(a) y=tanx (b) y = cot x 
YA YA | 
| 
| 
| 
| 
w 37 | 
2 Ds: | 
t t t +> t <> 
_30 a Oj « x 3m -g _t  |0 tr gq 3a x 
2 2: 2 2-17 2 2 
| 
| 
| 
| 
I 
(c) y=cscx (d) y =sec x 


FIGURE 5 


The graph of y = sec x is sketched in a similar manner. Observe that the domain of 
sec x is the set of all real numbers other than x = (a/2) + nz, for n an integer, so the 
graph has vertical asymptotes at those points. The complete graph is shown in Figure 5(d). 

Itis apparent that the graphs of y = tan x, y = cot x, and y = csc x are symmetric about 
the origin, whereas that of y = sec x is symmetric about the y-axis. This is because tan- 
gent, cotangent, and cosecant are odd functions, whereas secant is an even function. 


V Graphs of Transformations of Tangent and Cotangent 
We now consider graphs of transformations of the tangent and cotangent functions. 


EXAMPLE 1 | Graphing Tangent Curves 

Graph each function. 

(a) y = 2 tan x (b) y = —tan x 

SOLUTION We first graph y = tan x and then transform it as required. 


(a) To graph y = 2 tan x, we multiply the y-coordinate of each point on the graph 
of y = tan x by 2. The resulting graph is shown in Figure 6(a). 


(b) The graph of y = —tan x in Figure 6(b) is obtained from that of y = tan x by 
reflecting in the x-axis. 


©. NOW TRY EXERCISES 9 AND 11 4 
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Since y = tan x completes one period 
between x = —5 and x = §, the func- 
tion y = tan 2(x — 7) completes one 
period as 2(x — $) varies from — to 5. 


Start of period: End of period: 
{x-F)=-F Ax-=F 
i= «805 
x=0 X=F 


So we graph one period on the 
interval (0, 5). 


Since the tangent and cotangent functions have period zr, the functions 
y=atankx and y=acotkx (k>0) 


complete one period as kx varies from 0 to zr, that is, for 0 = kx = zw. Solving this in- 
equality, we get 0 = x = 7/k. So they each have period z[k. 


TANGENT AND COTANGENT CURVES 
The functions 
y=atankx and y=acotkx (k>0) 


have period 2r/k. 


Thus, one complete period of the graphs of these functions occurs on any interval of 
length a/k. To sketch a complete period of these graphs, it’s convenient to select an in- 
terval between vertical asymptotes: 


To graph one period of y = a tan kx, an appropriate interval is (-= =). 


To graph one period of y = a cot kx, an appropriate interval is (0 =), 


EXAMPLE 2 | Graphing Tangent Curves 


Graph each function. 


(a) y = tan 2x (b) y = tan 2(x- 7) 


SOLUTION 


(a) The period is z7/2 and an appropriate interval is (—7/4, 27/4). The endpoints 
xX = —7/4 and x = 77/4 are vertical asymptotes. Thus, we graph one complete 
period of the function on (—7/4, 77/4). The graph has the same shape as that of 
the tangent function, but is shrunk horizontally by a factor of 3. We then repeat that 
portion of the graph to the left and to the right. See Figure 7(a). 


(b) The graph is the same as that in part (a), but it is shifted to the right 7/4, as shown 
in Figure 7(b). 


Ww 
Aly 
“Y 


(a) y= tan 2x (b) y = tan 2(x — F) 


FIGURE 7 


®. NOW TRY EXERCISES 27 AND 39 fe) 


Since y = cot x completes one period 
between x = 0 and x = 7, the function 
y = 2 cot(3x — 5) completes one 
period as 3x — § varies from 0 to z. 


Start of period: End of period: 


3x —5=0 3x -—f=a7 
3x =F => 
X=% X= 5 


So we graph one period on the 
interval (%, 5). 
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EXAMPLE 3 | A Shifted Cotangent Curve 


Graph y = 2 cat( 3 - =) 


SOLUTION Wefirst put thisin the form y = a cot k(x — b) by factoring 3 from the ex- 


pression 3x — = 
T 7 
y=2 cot( - =) =2 cot a(x - =) 


2 
Thus the graph is the same as that of y = 2 cot 3x but is shifted to the right 77/6. The pe- 
riod of y = 2 cot 3x is 2/3, and an appropriate interval is (0, 7/3). To get the corre- 
sponding interval for the desired graph, we shift this interval to the right zr/6. This gives 


(0+2 747) (z z) 
6'3 6/ \6'2 


Finally, we graph one period in the shape of cotangent on the interval (7/6, 7/2) and re- 
peat that portion of the graph to the left and to the right. (See Figure 8.) 


Ya 
t = 
7 a O T TT aw 2a\ 5a x 
2 3 6 6 3 2% 3 6 
FIGURE 8 
y=2 cat 3x = =) 
®. NOW TRY EXERCISE 43 | 


V Graphs of Transformations of Cosecant and Secant 


We have already observed that the cosecant and secant functions are the reciprocals of the 
sine and cosine functions. Thus, the following result is the counterpart of the result for 
sine and cosine curves in Section 7.3. 


COSECANT AND SECANT CURVES 
The functions 
y=acsckx and 


y = asec kx (k > 0) 


have period 2zr/k. 


An appropriate interval on which to graph one complete period is [0, 27r/k]. 


EXAMPLE 4 | Graphing Cosecant Curves 


Graph each function. 


(a) y= 1 ise 2x 


2 


1 T 
(b) y = 5 ese( 2% + =) 
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Since y = csc x completes one period 
between x = 0 and x = 277, the func- 
tion y = }csc(2x + 5) completes one 
period as 2x + 5 varies from 0 to 27. 


Start of period: End of period: 


Trigonometric Functions: Unit Circle Approach 


SOLUTION 


(a) The period is 27/2 = 7. An appropriate interval is [0, a], and the asymptotes occur 
in this interval whenever sin 2x = 0. So the asymptotes in this interval are x = 0, 
x = 77/2, and x = zr. With this information we sketch on the interval [0, z] a graph 
with the same general shape as that of one period of the cosecant function. The 
complete graph in Figure 9(a) is obtained by repeating this portion of the graph to 
the left and to the right. 


(b) We first write 
= > ese( 2 + =) ane csc 2( + =) 
a9 7. a 4 


From this we see that the graph is the same as that in part (a) but shifted to the left 


2xx+7=0 Xx+5=20 a/4. The graph is shown in Figure 9(b). 
2x = —-3 es 
X=-F i= 2 y , Ya 
So we graph one period on the | 
interval (—%, 37). , : 
1 _7 3m Im 
271 > : : : > 
—T _™PN\NT ENT 3a 2a Xx _ 3m 7 z als x 
2 2 | 2 4 4 4 
| | 
I | 
| | 
I | 
| 
(a) y= ; esc 2x (b) y= 5 ese(2.x + z) 
FIGURE 9 
©. NOW TRY EXERCISES 33 AND 45 8 


EXAMPLE 5 | Graphing a Secant Curve 
Graph y = 3 sec 3x. 


SOLUTION The period is 2a ~ 5 = 47. An appropriate interval is [0, 42r], and the as- 
ymptotes occur in this interval wherever cos $x = 0. Thus, the asymptotes in this inter- 
val are X = a, X = 3zr. With this information we sketch on the interval [0, 477] a graph 
with the same general shape as that of one period of the secant function. The complete 
graph in Figure 10 is obtained by repeating this portion of the graph to the left and to the 
right. 


YA 
3 
+— -—| . > 
27 0 wT 27 Aa x 


FIGURE 10 
y = 3 sec 5x 
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7.4 EXERCISES 


SECTION 7.4 


More Trigonometric Graphs 
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»y=3 sec x 
T 
y=tan(x+2) 
T 
Ly = se(x- 2) 
y= cot(x +) 
4 
= 5 sec(x - 7) 
“ao 6 
. y = tan 4x 
y= tan x 
» Y = sec 2x 
» y = csc 4x 
» y = 2 tan 37x 
y= Ses x 
T 
y=tan2(x +2) 
. y = tan2(x — z) 


T 
y= cat( 2x - =) 
y= 2exe(ax - 5) 

7 
y= 5 sec( 3 a =) 
= tn( Zx- 7) 
ees 
1 
y= 3sen(x +5) 


T 
»y=-2 tan( 2% - =) 


18. y = —3 sec x 
T 
20. y = tan(x - =) 
T 
22. y = sec( x + =) 
24. y=2 ese( x = =) 
3 
26. y = 3cse( + =) 
28. y = tan5x 
30. y = cot x 
32. y = 5 csc 3x 
34, y = csc 3x 
36. y = 2 tan 7 
2 
38. y = 5 sec 27x 
40. y = csc 2(x + =) 
42. y = sec 2(x = =) 
2 
44, y = } tan(ax — 7) 
1 7 
46. y=2 sec( 3x - =) 
48. y = }sec(2mXx — 77) 
1 T 
50. y = tan a(x + =) 
52. y = sec( 3 + =) 


54, y = 2 csc(3x + 3) 


CONCEPTS 17 
1, The trigonometric function y = tan x has period 19 
and asymptotes x = _______. Sketch a graph of this func- 
tion on the interval (—7/2, 7/2). 21 
2. The trigonometric function y = csc x has period 
and asymptotes x = _____—_. Sketch a graph of this func- 23 
tion on the interval (—z, zr). 
25 
SKILLS hess 
3-8 m Match the trigonometric function with one of the 
graphs I-VI. 29 
3. f(x) = tan(x + =) 4. f(x) = sec 2x S31 
e 
5. f(x) = cot 2x 6. f(x) = —tan x ~33 
7. f(x) = 2 sec x 8 f(x) = 1+ cscx 35. 
| | | 
i | 37 
| | 
! 38 
= 4 
C 3a 5a C 
= ~~. ar a 41 
| | 
| | 243 
| | 
lI a eck se, | © 245 
| fi IVT fi 
| | | T | | 
\ i 47 
ecsall i tl 
; | es | poy, 
ar | x a Ol a aw [30 x 49 
4 | 2! 2. b2 
= 27 1 | 
i \ ot [\ ! 51 
| | | 4 | | 
| | | | | 
| | I | | 
53 
vos VI - 
J 
a i | | | 
2+ i) | 
| | | 
{ | is 
t > 
_a \{0 = a (30 x ca 
2 \| 2 if 2 1 vt 
| | | 
rt | 
r a. 
| | | 


9-54 @ Find the period and graph the function. 


©. 9 y = 4 tan x 

211. y = —itanx 
13. y = —cot x 
15. y = 2 csc x 


10. y = —4 tan x 
12. y = 5 tanx 
14, y = 2 cot x 
16. y = 5 csc x 


55. (a) Prove that if f is periodic with period p, then 1/f is also 
periodic with period p. 
(b) Prove that cosecant and secant each have period 27. 


56. Prove that if f and g are periodic with period p, then f/g is 
also periodic, but its period could be smaller than p. 


APPLICATIONS 


57. Lighthouse The beam from a lighthouse completes one 
rotation every two minutes. At time t, the distance d shown in 
the figure on the next page is 


d(t) = 3 tan wt 


where t is measured in minutes and d in miles. 
(a) Find d(0.15), d(0.25), and d(0.45). 
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(b) Sketch a graph of the function d for 0 =t <3. 
(c) What happens to the distance d as t approaches 3? 


(d) Explain what happens to the shadow as the time 
approaches 6 p.m. (thatis, ast > 127). 


58. Length of aShadow Ona day when the sun passes 
directly overhead at noon, a six-foot-tall man casts a shadow 


of length 


7 
S(t) = 6 cot Z| 


where S is measured in feet and t is the number of hours 


since 6 A.M. 


(a) Find the length of the shadow at 8:00 A.m., noon, 


2:00 p.m., and 5:45 pm. 


(b) Sketch a graph of the function S for0 <t < 12. 


(c) From the graph determine the values of t at which the 
length of the shadow equals the man’s height. To what 


time of day does each of these values correspond? 


DISCOVERY =DISCUSSION = WRITING 


59. Reduction Formulas Use the graphs in Figure 5 to 
explain why the following formulas are true. 


T 
ta(x a =) = —cotx 


7.5 INVERSE TRIGONOMETRIC FUNCTIONS AND THEIR GRAPHS 


We study applications of inverse 
trigonometric functions to triangles 
in Sections 6.4-6.6. 


FIGURE 1. Graphs of the sine func- 
tion and the restricted sine function 


The Inverse Sine Function ® The Inverse Cosine Function ® The Inverse 
Tangent Function ® The Inverse Secant, Cosecant, and Cotangent Functions 


Recall from Section 3.7 that the inverse of a function f is a function f~? that reverses the rule 
of f. For a function to have an inverse, it must be one-to-one. Since the trigonometric func- 
tions are not one-to-one, they do not have inverses. It is possible, however, to restrict the do- 
mains of the trigonometric functions in such a way that the resulting functions are one-to-one. 


V The Inverse Sine Function 


Let's first consider the sine function. T here are many ways to restrict the domain of sine so that 
the new function is one-to-one. A natural way to do this is to restrict the domain to the inter- 
val [—7/2, m/2]. The reason for this choice is that sine is one-to-one on this interval and 
moreover attains each of the values in its range on this interval. From Figure 1 we see that sine 
is one-to-one on this restricted domain (by the Horizontal Line Test) and so has an inverse. 


cw 
SS] 
i>) 
SS] 
ay 
| 
TNIA 
fan 
t = t 
iy + 
x<V 


FIGURE 2 Graphof y = sin !x 
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We can now define an inverse sine function on this restricted domain. The graph of 
y = sin-x is shown in Figure 2; it is obtained by reflecting the graph of y = sinx, 
—7/2 <x <= 7/2, in the liney = x. 


DEFINITION OF THE INVERSE SINE FUNCTION 


The inverse sine function is the function sin~* with domain [—1, 1] and range 
[—2/2, 2/2] defined by 


Si oS es EY SS 


The inverse sine function is also called arcsine, denoted by arcsin. 


Thus, y = sin-?x is the number in the interval [—7/2, 2/2] whose sine is x. In other 
words, sin(sin”*x) = x. In fact, from the general properties of inverse functions studied 
in Section 3.7, we have the following cancellation properties. 


sin(sin’'x) =x for 1 


sin’ (sinx) =x for — 


EXAMPLE 1 | Evaluating the Inverse Sine Function 


Find each value. 
1 1 3 
recy a | ine 
(a) sin 5 (b) sin ( >) (c) sin 5 


SOLUTION 

(a) The number in the interval [—7/2, 2/2] whose sine is 3 is 2/6. Thus, sin-?3 = 7/6. 

(b) The number in the interval {—7/2, z/2] whose sine is —} is —zr/6. Thus, 
sin-(—3) = —7/6. 

(c) Since 3 > 1, itis not in the domain of sin-?x, so sin”? 3 is not defined. 


©. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Using a Calculator to Evaluate Inverse Sine 


Find approximate values for (a) sin” 1(0.82) and (b) sin” +3. 


SOLUTION 


We use a calculator to approximate these values. Using the [s1Nn~‘], or [INv][SIN], Or 
ARC]|/SIN] key(s) on the calculator (with the calculator in radian mode), we get 


(a) sin-(0.82) ~ 0.96141 (b) sin-+} ~ 0.33984 


©. NOW TRY EXERCISES 11 AND 21 | 


When evaluating expressions involving sin? 


sin”* is the interval [—z/2, 2/2]. 


, we need to remember that the range of 


EXAMPLE 3 | Evaluating Expressions with Inverse Sine 
Find each value. 


.4f... 7 .41f... 204 
(a) sin (sin) (b) sin ‘(sin =) 
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@ Note: sin-(sin x) = x only if 


T 7 
=3 == x 


FIGURE 3 Graphs of the cosine 
function and the restricted cosine 
function 


FIGURE 4 Graph of y = cos-*x 


SOLUTION 


(a) Since 7/3 is in the interval [—7/2, 7/2], we can use the above cancellation prop- 
erties of inverse functions: 


iq So) Se sl ag oe 
sin (sin =) 3 Cancellation property: 5 = 3 < 5 


(b) We first evaluate the expression in the parentheses: 


sin-(sin 2r | = sin-(¥3) Evaluate 
3 2 


i T 
Because sin 3 = 


w/a 
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V The Inverse Cosine Function 


If the domain of the cosine function is restricted to the interval [0, 7], the resulting func- 
tion is one-to-one and so has an inverse. We choose this interval because on it, cosine at- 
tains each of its values exactly once (see Figure 3). 


yA yA 
! 1 
t t t t > t > 
27 —T 0 7 War «x 0 T x 
—|[+ -1+ 
y=cosx y=cosx,0Sxs7 


DEFINITION OF THE INVERSE COSINE FUNCTION 


The inverse cosine function is the function cos-* with domain [—1, 1] and range 
[0, a] defined by 


Cosa — ee COS — x 


The inverse cosine function is also called arccosine, denoted by arccos. 


Thus, y = cos” ?x is the number in the interval [0, a] whose cosine is x. The follow- 
ing cancellation properties follow from the inverse function properties. 


COS(GOS: &) = x. for == Xe 1 


Coon (cos) — 10h = = a, 


The graph of y = cos-?x is shown in Figure 4; it is obtained by reflecting the graph of 
y = cosx,0 =X S77, intheliney = x. 
EXAMPLE 4 | Evaluating the Inverse Cosine Function 


Find each value. 


(a) cos V3 (b) cos 10 (c) cost? 
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SOLUTION 
(a) The number in the interval [0, a] whose cosine is V3/2 is a/6. Thus, 


cos (3/2) = 7/6. 
(b) The number in the interval [0, a] whose cosine is 0 is /2. Thus, cos-'0 = 77/2. 


(c) Since no rational multiple of z has cosine 3, we use a calculator (in radian mode) 
to find this value approximately: 


wos? = 0.77519 


©. NOW TRY EXERCISES 5 AND 13 Bs 


EXAMPLE 5 | Evaluating Expressions with Inverse Cosine 
Find each value. 


“(as) (cos) 
(a) cos (cos 3 (b) cos *{ cos 3): 


SOLUTION 


(a) Since 27/3 is in the interval [0, a] we can use the above cancellation properties: 
= 2a 27 : 2a 
cos “| cos—— |] = = Cancellation property: 0 = —<7 
3 3 3 
(b) We first evaluate the expression in the parentheses: 
5 
cos*( cos ) =cos (5) —_ Evaluate 


@ Note: cos-(cos x) = x only if ae 


7 al 
Because cos — = = 
Oe Xs ae. 


a 
©. NOW TRY EXERCISES 29 AND 35 | 


w| 


V The Inverse Tangent Function 


We restrict the domain of the tangent function to the interval (— 77/2, 2/2) in order to ob- 
tain a one-to-one function. 


DEFINITION OF THE INVERSE TANGENT FUNCTION 


The inverse tangent function is the function tan~* with domain R and range 
(—2/2, 7/2) defined by 


cone oye tony — ox 


The inverse tangent function is also called arctangent, denoted by arctan. 


Thus, y = tan-?x is the number in the interval (—7/2, w/2) whose tangent is x. The 
following cancellation properties follow from the inverse function properties. 


tan(tan-'x) =x for xER 


tan~ (tan x) = x for or = 
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FIGURE 5 Graphs of the restricted 
tangent function and the inverse tan- 


gent function 


Trigonometric Functions: Unit Circle Approach 


Figure 5 shows the graph of y = tanx on the interval (—/2, a/2) and the graph of 
its inverse function, y = tan-?x. 


ya 


av 
av 


SEY 


via 


Jeti, -) <7 =F y =tan 'x 


EXAMPLE 6 | Evaluating the Inverse Tangent Function 

Find each value. 

(a) tan-?1 (b) tan-? V3 (c) tan-1(20) 

SOLUTION 

(a) The number in the interval (—2/2, a/2) with tangent 1 is 7/4. Thus, tan-?1 = 7/4. 


(b) The number in the interval (— 7/2, 7/2) with tangent V3 is 2/3. Thus, 
tan?\/73 = 7/3. 


(c) We use a calculator (in radian mode) to find that tan~1(20) ~ —1.52084. 


©. NOW TRY EXERCISES 7 AND 17 a 


V The Inverse Secant, Cosecant, and Cotangent Functions 


See Exercise 44 in Section 6.4 (page To define the inverse functions of the secant, cosecant, and cotangent functions, we re- 
443) for a way of finding the values of trict the domain of each function to a set on which it is one-to-one and on which it at- 
these Inverse trigonometric functions tains all its values. Although any interval satisfying these criteria is appropriate, we 


on a calculator. 


FIGURE 6 Theinverse secant 


function 


choose to restrict the domains in a way that simplifies the choice of sign in computations 
involving inverse trigonometric functions. The choices we make are also appropriate for 
calculus. This explains the seemingly strange restriction for the domains of the secant and 
cosecant functions. We end this section by displaying the graphs of the secant, cosecant, 
and cotangent functions with their restricted domains and the graphs of their inverse func- 
tions (Figures 6-8). 
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y=secx,0Sx<3,75x<% y =sec !x 
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FIGURE 8 The inverse cotangent 
function y=cotx,0<x<a7 y=cot 'x 
7.5 EXERCISES 
CONCEPTS 5} 
4, (a) sin”(—1) (b) sin 2 (c) sin-(—2) 
1. (a) To define the inverse sine function, we restrict the domain 2 
of sine to the interval -Onthis interval the e a af V3 
sine function is one-to-one, and its inverse function sin~? - 5. (a) cos “(—1) (b) cos * 3 (c) cos (2) 
is defined by sin-?x = y = sin =___. For 
: : af 2 + af We 
example, sin-?3 = because sin = 6. (a) cos "| —5~ ]  (b) cos *1 (c) cos*{ ——>— 
(b) To define the inverse cosine function we restrict the is 
domain of cosine to the interval -Onthis “= 7 (a) tan-(—-1) (b) tan-*V3 (c) tan —- 
interval the cosine function is one-to-one and its inverse 
function cos‘ is defined by cos-*x = y <> 8. (a) tan-20 (b) tan-’—V3)—(c) tn -X3) 


cos = 


because cos 


___. For example, cos 


a jx 
5 = 


2. The cancellation property sin~1(sin x) = x is valid for x in the 


interval 


af an 7 
(a) sin (sin 3 


(b) sin-+(sin 22 ) [ 


. Which of the following is not true? 


Te 


SKILLS 


3-10 m Find the exact value of each expression, if it is defined. 


©. 3. (a) sing? 1 


(by sin? 3 


2 


(c) sin-+2 


9. (a) cos” 1(—3) 


10. (a) cos 10 


(b) sin-?( 2) (c) tan? 1 


(b) sin-?0 


2 
(c) sin (—3) 


11-22 m= Use a calculator to find an approximate value of each ex- 
pression correct to five decimal places, if it is defined. 


© .11, sin-!2 
“2B. 
15. cos +(—0.92761) 


19. tan~1(1.23456) 
. sin-'(—0.25713) 


12. si 
14. c 
16. si 


ta 
20. cos! 
ta 


m-$ 


os-“(5) 


n-1(0.13844) 

n-(—26) 
-1(1,23456) 

n-1(—0.25713) 
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23-44 m Find the exact value of the expression, if it is defined. 
24. 
26. 


23. sin(sin~? j) 
25. tan(tan~1 5) 


ns(s0-() 


39. tan(sin-? 5) 
41. cos{ sin! v3) 


43. sin(tan~+(—1)) 


28. 


30. 


32. 


34, 


36. 


38. 


40. 


42. 


tan( sin 


DISCOVERY DISCUSSION = WRITING 


cos(cos + § 
fa cate 45. Two Different Compositions Let f and g be the 
sin(sin™” 5) functions 
tan( tan-"( 3) ) f(x) = sin(sin7?x) 
and g(x) = sin-*(sin x) 


By the cancellation properties, f(x) = x and g(x) = x for 
suitable values of x. But these functions are not the same for 
all x. Graph both f and g to show how the functions differ. 
(Think carefully about the domain and range of sin”), 


(a) Graph the function and make a conjecture, and (b) prove that 
your conjecture is true. 


1 1 


(cos( -7)) 46-47 = Graphing Inverse Trigonometric Functions 


cos(sin~? 0) 


46. y =sin “x + cos “x 
_ (lla 1 
——— =1 =] 
sin 4 )) 47. y = tan ~x + tan . 
v2) 
2 


. sin(tan~(—V3)) 


7.6 MOobeELING HARMONIC MOTION 


| Simple Harmonic Motion > Damped Harmonic Motion 


Periodic behavior— behavior that repeats over and over again— is common in nature. 
Perhaps the most familiar example is the daily rising and setting of the sun, which re- 


sults in the repetitive pattern of day, night, day, night, . .. . Another example is the 
daily variation of tide levels at the beach, which results in the repetitive pattern of high 
tide, low tide, high tide, low tide, .... Certain animal populations increase and de- 


crease in a predictable periodic pattern: A large population exhausts the food supply, 
which causes the population to dwindle; this in turn results in a more plentiful food 
supply, which makes it possible for the population to increase; and the pattern then re- 
peats over and over (see the Discovery Project Predator/Prey Models referenced on 
page 496). 

Other common examples of periodic behavior involve motion that is caused by vibra- 
tion or oscillation. A mass suspended from a spring that has been compressed and then al- 
lowed to vibrate vertically is a simple example. This “back and forth” motion also occurs 
in such diverse phenomena as sound waves, light waves, alternating electrical current, and 
pulsating stars, to name a few. In this section we consider the problem of modeling peri- 
odic behavior. 


V Simple Harmonic Motion 


The trigonometric functions are ideally suited for modeling periodic behavior. A glance 
at the graphs of the sine and cosine functions, for instance, tells us that these functions 
themselves exhibit periodic behavior. Figure 1 shows the graph of y = sint. If we think of 
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t as time, we see that as time goes on, y = sin t increases and decreases over and over 
again. Figure 2 shows that the motion of a vibrating mass on a spring is modeled very ac- 
curately by y = sint. 


y = sint 


—— 
VVVVVVIITY ~ 


FIGURE 1 y=sint 


The main difference between the two 
equations describing simple harmonic 
motion is the starting point. Att = 0 
we get 
y=asinw-0=0 
y=acosw-0=a 


In the first case the motion “starts” 
with zero displacement, whereas in the 
second case the motion “starts” with 
the displacement at maximum (at the 
amplitude a). 


The symbol w is the lowercase Greek 
letter “omega,” and v is the letter “nu.” 


_ >) -_ 
=> = 2 
— 4 > 4 
=p a) = + 
ad 2 = 
& Le — 
= s | 
ri > 
<0 
Rest a! 
position 
FIGURE 3 


~yY 


FIGURE 2 Motion of a vibrating spring is 
modeled by y = sint. 


Notice that the mass returns to its original position over and over again. A cycleis one 
complete vibration of an object, so the mass in Figure 2 completes one cycle of its mo- 
tion between O and P. Our observations about how the sine and cosine functions model 
periodic behavior are summarized in the following box. 


SIMPLE HARMONIC MOTION 

If the equation describing the displacement y of an object at time t is 
y=asinat or y=acosat 

then the object is in simple harmonic motion. In this case, 


amplitude = |a| = Maximum displacement of the object 


Time required to complete one cycle 


ey te oe 
period = = 


Ww 
frequency = — 


Number of cycles per unit of time 
2a 


Notice that the functions 


y =asin2avt and y = a cos 2avt 


have frequency v, because 2zrv/(27r) = v. Since we can immediately read the frequency 
from these equations, we often write equations of simple harmonic motion in this form. 


EXAMPLE 1 | A Vibrating Spring 
The displacement of a mass suspended by a spring is modeled by the function 
y = 10sin 4zt 


where y is measured in inches and t in seconds (see Figure 3). 
(a) Find the amplitude, period, and frequency of the motion of the mass. 
(b) Sketch a graph of the displacement of the mass. 
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y = 10 sin 4z1 


—10 + 


FIGURE 4 


») 


YA 
y = 0.2 sin 80at 


FIGURE 5 


SOLUTION 
(a) From the formulas for amplitude, period, and frequency we get 
amplitude = |a| = 10in. 
2a le 1 


period a ee 


4 
frequency = ae = ae = 2 cycles per second (Hz) 
7 T 


(b) The graph of the displacement of the mass at time t is shown in Figure 4. 
®. NOW TRY EXERCISE 3 Ba 


Animportant situation in which simple harmonic motion occurs is in the production of 
sound. Sound is produced by a regular variation in air pressure from the normal pressure. 
If the pressure varies in simple harmonic motion, then a pure sound is produced. The tone 
of the sound depends on the frequency, and the loudness depends on the amplitude. 


EXAMPLE 2 | Vibrations of a Musical Note 


A tuba player plays the note E and sustains the sound for some time. For apureE the vari- 
ation in pressure from normal air pressure is given by 


V(t) = 0.2 sin 80zt 

where V is measured in pounds per square inch and t is measured in seconds. 

(a) Find the amplitude, period, and frequency of V. 

(b) Sketch a graph of V. 

(c) If the tuba player increases the loudness of the note, how does the equation for V 
change? 

(d) If the player is playing the note incorrectly and it is a little flat, how does the equa- 
tion for V change? 

SOLUTION 

(a) From the formulas for amplitude, period, and frequency we get 


amplitude = |0.2| = 0.2 


eriod = BOE a 
F 807 40 


frequency = oa = 40 


(b) The graph of V is shown in Figure 5. 


(c) If the player increases the loudness the amplitude increases. So the number 0.2 is 
replaced by a larger number. 


(d) If the note is flat, then the frequency is decreased. Thus, the coefficient of t is less 
than 807. 
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EXAMPLE 3 | Modeling a Vibrating Spring 

A mass is suspended from a spring. The spring is compressed a distance of 4 cm and 
then released. It is observed that the mass returns to the compressed position after 3 s. 
(a) Find a function that models the displacement of the mass. 

(b) Sketch the graph of the displacement of the mass. 


Sh 
—) 


2 
€ 


AAAAADARAS 
sUUUY 


SUUEY 


= p4cm 


Rest 
position 


y = 4cos 671 


0 t 
—4+ 
FIGURE 6 
FIGURE 7 


SOLUTION 


SECTION 7.6 | Modeling Harmonic Motion 513 


(a) The motion of the mass is given by one of the equations for simple harmonic mo- 
tion. The amplitude of the motion is 4 cm. Since this amplitude is reached at time 
t = 0, an appropriate function that models the displacement is of the form 


y =acosat 


Since the period is p = 3, we can find w from the following equation: 


. 20 
period = oi 
1 
= Period = 3 
3 eriod = 3 
wo = 67 Solve for w 


So the motion of the mass is modeled by the function 


y = 4cos 6zt 


where y is the displacement from the rest position at time t. Notice that when 
t = 0, the displacement is y = 4, as we expect. 


(b) The graph of the displacement of the mass at time t is shown in Figure 6. 
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In general, the sine or cosine functions representing harmonic motion may be shifted 
horizontally or vertically. In this case, the equations take the form 


y =asin(a@(t —c)) +b 


or y=acos(w(t —c)) +b 


The vertical shift b indicates that the variation occurs around an average value b. The hor- 
izontal shift c indicates the position of the object at t = 0. (See Figure 7.) 


yh y =asin(a@(t—c)) +b 
bt+ay 
b 
b-ary 
. . c+ 2 
(a) 


yh y =acos(a(t—c)) +b 
bt+ay 
b 
b-ay 
0 t > 
c gate t 


(b) 


EXAMPLE 4 | Modeling the Brightness of a Variable Star 


A variable star is one whose brightness alternately increases and decreases. For the vari- 
able star Delta Cephei, the time between periods of maximum brightness is 5.4 days. The 
average brightness (or magnitude) of the star is 4.0, and its brightness varies by +0.35 


magnitude. 


(a) Find a function that models the brightness of Delta Cephei as a function of time. 
(b) Sketch a graph of the brightness of Delta Cephei as a function of time. 
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4 ¢ 
: (days) 


FIGURE 8 


FIGURE 9 Graph of the length of 
daylight from M arch 21 through 
December 21 at various latitudes 


SOLUTION 
(a) Let's find a function in the form 
y =acos(w(t —c)) +b 
The amplitude is the maximum variation from average brightness, so the amplitude 
isa = 0.35 magnitude. We are given that the period is 5.4 days, so 
2a 


ea he 1.164 


Since the brightness varies from an average value of 4.0 magnitudes, the graph is 
shifted upward by b = 4.0. If we take t = 0 to be a time when the star is at maxi- 
mum brightness, there is no horizontal shift, so c = 0 (because a cosine curve 
achieves its maximum at t = 0). Thus, the function we want is 


y = 0.35 cos(1.16t) + 4.0 


where t is the number of days from a time when the star is at maximum brightness. 
(b) The graph is sketched in Figure 8. 
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The number of hours of daylight varies throughout the course of a year. In the North- 
ern Hemisphere, the longest day is] une 21, and the shortest is December 21. The average 
length of daylight is 12 h, and the variation from this average depends on the latitude. (For 
example, Fairbanks, Alaska, experiences more than 20 h of daylight on the longest day and 
less than 4 h on the shortest day!) The graph in Figure 9 shows the number of hours of 
daylight at different times of the year for various latitudes. It’s apparent from the graph 
that the variation in hours of daylight is simple harmonic. 


20 
18 
16 
14 


12 


Hours 10 


Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 


Source: Lucia C. Harrison, Daylight, Twilight, Darkness and Time 
(New York: Silver, Burdett, 1935), page 40. 


EXAMPLE 5 | Modeling the Number of Hours of Daylight 

In Philadelphia (40°N latitude) the longest day of the year has 14 h 50 min of daylight, 

and the shortest day has 9 h 10 min of daylight. 

(a) Find a function L that models the length of daylight as a function of t, the number 
of days from J anuary 1. 

(b) An astronomer needs at least 11 hours of darkness for a long exposure astronomical 
photograph. On what days of the year are such long exposures possible? 


1s t= 101 t=241 
0 365 
FIGURE 10 


Why do we say that household current 
is 110 V when the maximum voltage 
produced is 155 V? From the symmetry 
of the cosine function we see that the 
average voltage produced is zero. This 
average value would be the same for 
all ac generators and so gives no infor- 
mation about the voltage generated. 
To obtain a more informative measure 
of voltage, engineers use the root- 
mean-square (rms) method. It can be 
shown that the rms voltage is 1/2 
times the maximum voltage. So for 
household current the rms voltage is 


1 
155 X —= = 110V 
V2 
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SOLUTION 
(a) We need to find a function in the form 


y =asin(a(t —c)) +b 


whose graph is the 40°N latitude curve in Figure 9. From the information given, we 
see that the amplitude is 


a = 3(142 — 9%) ~ 2.83h 
Since there are 365 days in a year, the period is 365, so 


2a 
Since the average length of daylight is 12 h, the graph is shifted upward by 12, so 
b = 12. Since the curve attains the average value (12) on March 21, the 80th day of 
the year, the curve is shifted 80 units to the right. Thus, c = 80. So a function that 
models the number of hours of daylight is 


y = 2.83 sin(0.0172(t — 80)) + 12 


where t is the number of days from J anuary 1. 

(b) A day has 24 h, so 11 h of night correspond to 13 h of daylight. So we need 
to solve the inequality y < 13. To solve this inequality graphically, we graph 
y = 2.83 sin 0.0172(t — 80) + 12 and y = 13 on the same graph. From the 
graph in Figure 10 we see that there are fewer than 13 h of daylight between 
day 1 (January 1) and day 101 (April 11) and from day 241 (August 29) to 
day 365 (December 31). 
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Another situation in which simple harmonic motion occurs is in alternating current 
(AC) generators. Alternating current is produced when an armature rotates about its axis 
in a magnetic field. 

Figure 11 represents a simple version of such a generator. As the wire passes through 
the magnetic field, a voltage E is generated in the wire. It can be shown that the voltage 
generated is given by 


E(t) = Eg cos wt 


where E, is the maximum voltage produced (which depends on the strength of the mag- 
netic field) and w/(27) is the number of revolutions per second of the armature (the 
frequency). 


yer Magnets Se 


a 


- € i 


Wire 


FIGURE 11 


EXAMPLE 6 | Modeling Alternating Current 


Ordinary 110-V household alternating current varies from +155 V to —155V witha fre 
quency of 60 Hz (cycles per second). Find an equation that describes this variation in 
voltage. 
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FIGURE 12 


Hz is the abbreviation for hertz. One 
hertz is one cycle per second. 


SOLUTION The variation in voltage is simple harmonic. Since the frequency is 60 cy- 


cles per second, we have 
@ 


ao 
Let's take t = 0 to be a time when the voltage is +155 V. Then 

E(t) = acos wt = 155 cos 120zt 
©. NOW TRY EXERCISE 43 Aa 


60 or wo = 1207 


Vv Damped Harmonic Motion 


The spring in Figure 2 on page 511 is assumed to oscillate in a frictionless environment. In 
this hypothetical case the amplitude of the oscillation will not change. In the presence of 
friction, however, the motion of the spring eventually “dies down”; that is, the amplitude of 
the motion decreases with time. M otion of this type is called damped harmonic motion. 


DAMPED HARMONIC MOTION 
If the equation describing the displacement y of an object at time t is 


y=ke“sinat or y=ke“‘cosat (c>0) 


then the object is in damped harmonic motion. The constant c is the damping 
constant, k is the initial amplitude, and 27/w is the period.* 


Damped harmonic motion is simply harmonic motion for which the amplitude is gov- 
erned by the function a(t) = ke“. Figure 12 shows the difference between harmonic mo- 
tion and damped harmonic motion. 


YA YA 


1 


oY 


(a) Harmonic motion: y = sin 8a (b) Damped harmonic motion: 
y=e' sin 87t 


EXAMPLE 7 | Modeling Damped Harmonic Motion 


Two mass-spring systems are experiencing damped harmonic motion, both at 0.5 cycles 
per second and both with an initial maximum displacement of 10 cm. The first has a 
damping constant of 0.5, and the second has a damping constant of 0.1. 


(a) Find functions of the form g(t) = ke “cos wt to model the motion in each case. 
(b) Graph the two functions you found in part (a). How do they differ? 


SOLUTION 


(a) At timet = 0 the displacement is 10 cm. Thus, g(0) = ke °° cos(w+0) = k, so 
k = 10. Also, the frequency is f = 0.5 Hz, and since w = 27f (see page 511), we 
get w = 27(0.5) = zw. Using the given damping constants, we find that the mo- 
tions of the two springs are given by the functions 


git) = 10e°*cosamt and  g)(t) = 10e °"cos at 


*/n the case of damped harmonic motion the term quasi-period is often used instead of period because the motion is 
not actually periodic— it diminishes with time. However, we will continue to use the term period to avoid confusion. 


FIGURE 13 
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(b) The functions g; and g2 are graphed in Figure 13. From the graphs we see that in 
the first case (where the damping constant is larger) the motion dies down quickly, 
whereas in the second case, perceptible motion continues much longer. 


12 12 
“1 15 1 615 
—12 —12 
g(t) = 10 e€° cos mt g(t) = 10 e°" cos wt 
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As the preceding example indicates, the larger the damping constant c, the quicker the 
oscillation dies down. When a guitar string is plucked and then allowed to vibrate freely, a 
point on that string undergoes damped harmonic motion. We hear the damping of the mo- 
tion as the sound produced by the vibration of the string fades. How fast the damping of 
the string occurs (as measured by the size of the constant c) is a property of the size of the 
string and the material it is made of. Another example of damped harmonic motion is the 
motion that a shock absorber on a car undergoes when the car hits a bump in the road. In 
this case the shock absorber is engineered to damp the motion as quickly as possible (large 
c) and to have the frequency as small as possible (small w). On the other hand, the sound 
produced by a tuba player playing a note is undamped as long as the player can maintain 
the loudness of the note. The electromagnetic waves that produce light move in simple har- 
monic motion that is not damped. 


EXAMPLE 8 | A Vibrating Violin String 


The G-string on a violin is pulled a distance of 0.5 cm above its rest position, then re- 
leased and allowed to vibrate. The damping constant c for this string is determined to be 
1.4. Suppose that the note produced is a pure G (frequency = 200 Hz). Find an equation 
that describes the motion of the point at which the string was plucked. 


SOLUTION LetP be the point at which the string was plucked. We will find a function 
f(t) that gives the distance at time t of the point P from its original rest position. Since the 
maximum displacement occurs at t = 0, we find an equation in the form 


y = ke“ cos wt 


From this equation we see that f(0) = k. But we know that the original displacement of 
the string is 0.5 cm. Thus, k = 0.5. Since the frequency of the vibration is 200, we have 
w = 2af = 27(200) = 4007. Finally, since we know that the damping constant is 1.4, 
we get 


f(t) = 0.5 cos 400zt 
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EXAMPLE 9 | Ripples on a Pond 


A stone is dropped in acalm lake, causing waves to form. The up-and-down motion of a 
point on the surface of the water is modeled by damped harmonic motion. At some time 
the amplitude of the wave is measured, and 20 s later it is found that the amplitude has 
dropped to 35 of this value. Find the damping constant c. 
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SOLUTION The amplitude is governed by the coefficient ke * in the equations for 
damped harmonic motion. Thus, the amplitude at time tis ke“, and 20 s later, it is 
ke “'+20) So, because the later value is ;b the earlier value, we have 


= =, ta 
ker at+20) — Let 


We now solve this equation for c Canceling kand using the Laws of Exponents, we get 


ec =F Cancel et 


e = 10 Take reciprocals 


Taking the natural logarithm of each side gives 


20c = In(10) 
C= gp IN(10) ~ 75(2.30) ~ 0.12 


Thus, the damping constant is c ~ 0.12. 
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7.6 EXERCISES 


CONCEPTS 


L For an object in simple harmonic motion with amplitude a and 
period 27r/w, find an equation that models the displacement y 
at time tif 


(a) y = Oattimet = 0: y= 
(b) y = aattimet = 0: y= 


2. For an object in damped harmonic motion with initial ampli- 
tude k, period 277/w, and damping constant c, find an equation 
that models the displacement y at time tif 


(a) y = Oattimet = 0: y= 
(b) y = aattimet = 0: y= 


SKILLS 


3-10 = The given function models the displacement of an object 

moving in simple harmonic motion. 

(a) Find the amplitude, period, and frequency of the motion. 

(b) Sketch a graph of the displacement of the object over one 
complete period. 


~ 3 y=2sin 3t 
5. y= —cos 0.3t 


4. y= 3cosst 
6 y= 2.4 sin 3.6t 


7 y= —0.25 cos(1.5t — =) & y= —3 sin(0.2t+ 1.4) 


9. y = 5cos(3t + 3) 10. y = 1.6 sin(t — 1.8) 


11-14 m Find a function that models the simple harmonic motion 
having the given properties. Assume that the displacement is zero 
at time t = 0. 


11 amplitude 10cm, period 3s 


12. amplitude 24 ft, period 2 min 
13. amplitude 6 in., frequency 5/a Hz 
14. amplitude 1.2 m, frequency 0.5 Hz 


15-18 m Find a function that models the simple harmonic 
motion having the given properties. A ssume that the displacement 
is at its maximum at time t = 0. 


©. 15. amplitude 60 ft, period 0.5 min 


16. amplitude 35 cm, period 8s 
17. amplitude 2.4 m, frequency 750 Hz 
18. amplitude 6.25 in., frequency 60 Hz 


19-26 m An initial amplitude k, damping constant c, and 
frequency f or period pare given. (Recall that frequency and 
period are related by the equation f = 1/p) 

(a) Find a function that models the damped harmonic motion. 
Use a function of the form y = ke “cos wtin Exercises 
19-22, and of the form y = ke “sin wtin Exercises 23-26. 

(b) Graph the function. 


®.19 k=2, c=15, f=3 


20.k=15, c=0.25, f=0.6 
2L k= 100, c=0.05, p=4 
2 k=0.75, c=3, p=37 
23.k=7, c=10, p=7z/6 
24k=1, c=1, p=1 

2. k=0.3, c=0.2, f= 20 
26.k=12, c=0.01, f=8 


APPLICATIONS 


27. 


28. 


29. 


30. 


31, 


32. 


A Bobbing Cork A cork floating in a lake is bobbing in 
simple harmonic motion. Its displacement above the bottom of 
the lake is modeled by 


y = 0.2 cos 20mt + 8 


where y is measured in meters and t is measured in minutes. 

(a) Find the frequency of the motion of the cork. 

(b) Sketch a graph of y. 

(c) Find the maximum displacement of the cork above the 
lake bottom. 


FM Radio Signals The carrier wave for an FM radio 
signal is modeled by the function 


y =a sin(27(9.15 x 10’)t) 


where t is measured in seconds. Find the period and frequency 
of the carrier wave. 


Blood Pressure Each time your heart beats, your blood 
pressure increases, then decreases as the heart rests between 
beats. A certain person’s blood pressure is modeled by the 
function 


p(t) = 115 + 25 sin(160zt) 


where p(t) is the pressure in mmHg at time t, measured in 

minutes. 

(a) Find the amplitude, period, and frequency of p. 

(b) Sketch a graph of p. 

(c) If a person is exercising, his or her heart beats faster. How 
does this affect the period and frequency of p? 


Predator Population Model Ina predator/prey model 
the predator population is modeled by the function 


y = 900 cos 2t + 8000 


where t is measured in years. 

(a) What is the maximum population? 

(b) Find the length of time between successive periods of 
maximum population. 


Spring-Mass System A mass attached to a spring is 
moving up and down in simple harmonic motion. The graph 
gives its displacement d(t) from equilibrium at time t. Express 
the function d in the form d(t) = a sin at. 


—54 


Tides The graph shows the variation of the water level rela- 
tive to mean sea level in Commencement B ay at Tacoma, Wash- 
ington, for a particular 24-hour period. Assuming that this varia- 


33. 


34, 


© 035, 


36. 
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tion is modeled by simple harmonic motion, find an equation of 
the form y = a sin at that describes the variation in water level 
as a function of the number of hours after midnight. 


M ean 
sealevel a 
| 2 t 
| ; (time) 
| | 
| | 
—6+ | | 
MIDNIGHT A.M, | PM. MIDNIGHT 


Tides The Bay of Fundy in Nova Scotia has the highest tides 
in the world. In one 12-hour period the water starts at mean sea 
level, rises to 21 ft above, drops to 21 ft below, then returns to 
mean sea level. Assuming that the motion of the tides is simple 
harmonic, find an equation that describes the height of the tide 
in the Bay of Fundy above mean sea level. Sketch a graph that 
shows the level of the tides over a 12-hour period. 


Spring-Mass System A mass suspended from a spring 
is pulled down a distance of 2 ft from its rest position, as 
shown in the figure. The mass is released at time t = 0 and al- 
lowed to oscillate. If the mass returns to this position after 1 s, 
find an equation that describes its motion. 
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Spring-Mass System A mass is suspended on a spring. 
The spring is compressed so that the mass is located 5 cm 
above its rest position. The mass is released at time t = 0 and 
allowed to oscillate. It is observed that the mass reaches its 
lowest point 5 s after it is released. Find an equation that de- 
scribes the motion of the mass. 


Spring-Mass System The frequency of oscillation of an 
object suspended on a spring depends on the stiffness k of the 
spring (called the spring constant) and the mass m of the ob- 
ject. If the spring is compressed a distance a and then allowed 
to oscillate, its displacement is given by 


f(t) = a cos Vk/mt 


(a) A 10-g mass is suspended from a spring with stiffness 
k = 3. If the spring is compressed a distance 5 cm and 
then released, find the equation that describes the 
oscillation of the spring. 

(b) Find a general formula for the frequency (in terms of 
k and m). 
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37. 


38. 


40. 


© .41, 


(c) How is the frequency affected if the mass is increased? Is 
the oscillation faster or slower? 

(d) How is the frequency affected if a stiffer spring is used 
(larger k)? Is the oscillation faster or slower? 


Ferris Wheel A ferris wheel has a radius of 10 m, and the 
bottom of the wheel passes 1 m above the ground. If the ferris 
wheel makes one complete revolution every 20 s, find an equa- 
tion that gives the height above the ground of a person on the 
ferris wheel as a function of time. 


Clock Pendulum The pendulum in a grandfather clock 
makes one complete swing every 2 s. The maximum angle that the 
pendulum makes with respect to its rest position is 10°. We know 
from physical principles that the angle @ between the pendulum 
and its rest position changes in simple harmonic fashion. Find an 
equation that describes the size of the angle 6 as a function of 
time. (Take t = 0 to be a time when the pendulum is vertical.) 


| 
0 


. Variable Stars The variable star Zeta Gemini has a 


period of 10 days. The average brightness of the star is 3.8 
magnitudes, and the maximum variation from the average is 
0.2 magnitude. Assuming that the variation in brightness is 
simple harmonic, find an equation that gives the brightness of 
the star as a function of time. 


Variable Stars Astronomers believe that the radius of a 
variable star increases and decreases with the brightness of the 
star. The variable star Delta Cephei (Example 4) has an aver- 
age radius of 20 million miles and changes by a maximum of 
1.5 million miles from this average during a single pulsation. 
Find an equation that describes the radius of this star as a 
function of time. 


Biological Clocks Circadian rhythms are biological 
processes that oscillate with a period of approximately 24 hours. 
That is, a circadian rhythm is an internal daily biological clock. 
Blood pressure appears to follow such a rhythm. For a certain 


Blood pressure (mmHg) 


- 43. 


. Doppler Effect 


individual the average resting blood pressure varies from a max- 
imum of 100 mmHg at 2:00 p.m. to a minimum of 80 mmHg at 
2:00 a.m. Find a sine function of the form 

f(t) =asin(a(t —c)) +b 


that models the blood pressure at time t, measured in hours 
from midnight. 


12am. 6am. 12pm. 6pm. 124M. 6AM. 


42. Electric Generator The armature in an electric generator 


is rotating at the rate of 100 revolutions per second (rps). If the 
maximum voltage produced is 310 V, find an equation that de- 

scribes this variation in voltage. W hat is the rms voltage? (See 

Example 6 and the margin note adjacent to it.) 


Electric Generator The graph shows an oscilloscope 

reading of the variation in voltage of an ac current produced 

by asimple generator. 

(a) Find the maximum voltage produced. 

(b) Find the frequency (cycles per second) of the generator. 

(c) How many revolutions per second does the armature in 
the generator make? 

(d) Find a formula that describes the variation in voltage as a 
function of time. 


W hen a car with its horn blowing drives 
by an observer, the pitch of the horn seems higher as it ap- 
proaches and lower as it recedes (see the figure on the next 
page). This phenomenon is called the Doppler effect. If the 
sound source is moving at speed v relative to the observer and 
if the speed of sound is vp, then the perceived frequency f is 
related to the actual frequency fp as follows: 


§= fl “ ) 
Up = VU 


We choose the minus sign if the source is moving toward the 
observer and the plus sign if it is moving away. 


Suppose that a car drives at 110 ft/s past a woman 

standing on the shoulder of a highway, blowing its horn, 

which has a frequency of 500 Hz. Assume that the speed 

of sound is 1130 ft/s. (This is the speed in dry air at 70°F.) 

(a) What are the frequencies of the sounds that the woman 
hears as the car approaches her and as it moves away 
from her? 

(b) LetA be the amplitude of the sound. Find functions of the 
form 


y =Asinat 


that model the perceived sound as the car approaches the 
woman and as it recedes. 
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cycles per second. The damping constant for this particular 

shock absorber is 2.8. 

(a) Find an equation that describes the displacement of 
the shock absorber from its rest position as a function 
of time. Take t = 0 to be the instant that the shock 
absorber is released. 

(b) How long does it take for the amplitude of the vibration 
to decrease to 0.5 in? 


©. 47, Tuning Fork A tuning fork is struck and oscillates in 


damped harmonic motion. The amplitude of the motion is 
measured, and 3 s later it is found that the amplitude has 
dropped to ; of this value. Find the damping constant c for this 


©. 45. Motion of a Building A strong gust of wind strikes a tuning fork. 
tall building, causing it to sway back and forth in damped har- ‘i ‘ ; Buk ; : 
monic motion. The frequency of the oscillation is 0.5 cycle per . oS aailes e ae ie 5 ee ae i : a : 
second, and the damping constant is c = 0.9. Find an equation ee) ie ain ne ante ior. a: = i age es mr: 
that describes the motion of the building. (Assume that k = 1, ed i par aaa Aare a hae es : litud 
and take t = 0 to be the instant when the gust of wind strikes Se PS arene ee. eee eee 
the building.) of the vibration at point P is 0.6 cm. 
(a) Find the damping constant c. 
46. Shock Absorber When acar hits a certain bump on the (b) Find an equation that describes the position of point P 
road, a shock absorber on the car is compressed a distance of above its rest position as a function of time. Take t = 0 to 
6 in., then released (see the figure). The shock absorber vi- be the instant that the string is released. 
brates in damped harmonic motion with a frequency of 2 
CHAPTER 7 | REVIEW 
mCONCEPT CHECK 
1. (a) What is the unit circle? . (a) What is a periodic function? 
(b) Use a diagram to explain what is meant by the terminal (b) What are the periods of the six trigonometric functions? 
point determined by a real number t. é : F : 
(c) What is the reference number f associated with t? : see oe : elveeaiey POMS HeSiepne 
(d) If tis a real number and P(x, y) is the terminal point grap i 
determined by t, write equations that define sin t, cos t, . Write expressions for the amplitude, period, and phase shift of 
tan t, cot t, sec t, and csc t. the sine curve y = a sin k(x — b) and the cosine curve 
(e) What are the domains of the six functions that you y = acosk(x — b). 
defined in part (d)? (a) Gra , 
; i . . ae : ph the tangent and cotangent functions. 
(f) Which ore functions are positive in Quadrants (b) State the periods of the tangent curve y = a tan kx and the 
IU, HT, and IV 2 cotangent curve y = a cot kx. 
2. (a) What is an even function? - (a) Graph the secant and cosecant functions. 
(b) Which trigonometric functions are even? (b) State the periods of the secant curve y = a sec kx and the 
(c) What is an odd function? cosecant curve y = a csc kx. 
(d) Which trigonometric functions are odd? . (a) Define the inverse sine function sin~+. What are its do- 
main and range? 
3. (a) State the reciprocal identities. (b) For what values of x is the equation sin(sin-+ x) = x true? 


(b) State the Pythagorean identities. 


(c) For what values of x is the equation sin“ (sin x) = x true? 
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10. (a) Define the inverse cosine function cos~?, What are its do- 
main and range? 

For what values of x is the equation cos(cos-? x) = x 
true? 


(b 


— 


(c) For what values of x is the equation cos” ‘(cos x) = x true? 
11. (a) Define the inverse tangent function tan~*. What are its do- 


main and range? 


M EXERCISES 


(b) For what values of x is the equation tan(tan~’ x) = x 
true? 
(c) For what values of x is the equation tan~1(tan x) = x true? 


12. (a) Whatis simple harmonic motion? 
(b) What is damped harmonic motion? 
(c) Give three real-life examples of simple harmonic 
motion and of damped harmonic motion. 


1-2 mw A point P(x, y) is given. 

(a) Show that P is on the unit circle. 

(b) Suppose that P is the terminal point determined by t. Find 
sin t, cos t, and tan t. 


V3 ) (2 +) 
1 P( 2° eG 
3-6 m A real number t is given. 


(a) Find the reference number for t. 
(b) Find the terminal point P(x, y) on the unit circle determined 


by t. 
(c) Find the six trigonometric functions of t. 
2a 57 
c= ~t=— 
: 3 7 3 
lla V0 
5.t= ae 6. t= a 


7-16 m Find the value of the trigonometric function. If possible, 


give the exact value; otherwise, use a calculator to find an approxi- 


mate value correct to five decimal places. 


7. (a) sino (b) cos 

8. (a) tan > (b) tan(—Z) 
9. (a) sin 1.1 (b) cos 1.1 
10. (a) cos = (b) cos(-Z 
11, (a) cos (b) sec 
12. (a) int (b) csc o 

13. (a) tan = (b) cot = 
14, (a) sin 27 (b) csc 27 
15. (a) tan == (b) cot = 
16. (a) cos 5 (b) sine 


17-20 m Use the fundamental identities to write the first 
expression in terms of the second. 


18, tan*tsect, cost 


19. tant, sint; tin Quadrant IV 

20. sect, sint; tin Quadrant II 

21-24 m Find the values of the remaining trigonometric 
functions at t from the given information. 

21. sint=%, cost=-% 
22. sint = —3, cost>0 
23. cott = —3, csct = V5/2 
24. cost = —2, tant<0 
1 


25. If tant = z and the terminal point for tis in Quadrant III, find 
sec t + cott. 


26. If sint = -£ and the terminal point for tis in Quadrant IV, 
find csc t + sec t. 


27. If cost = 2 and the terminal point for t is in Quadrant |, find 
tan t + sec t. 


28. If sec t = —5 and the terminal point for t is in Quadrant II, 
find sin*t + cost. 


29-36 m A trigonometric function is given. 

(a) Find the amplitude, period, and phase shift of the 
function. 

(b) Sketch the graph. 


29. y = 10 cos 3x 30. y = 4 sin 27x 


‘ T 
32. y=2 sin( 7 =) 


34. y = cos 2( a =) 


36. y = 10 sin( 24 = =) 


31, y = —sin 5x 
33. y = 3 sin(2x — 2) 

T 7 
35. y = -c0s( Za + =) 


37-40 m The graph of one period of a function of the form 
y = asin k(x — b) or y = acosk(x — b) is shown. Determine the 
function. 


37. YA 38. Y* (1,2) 
5+ 
> > 
O| az ia x 0 x 
4 2 
—5+ 


39. 


41-48 m Find the period, and sketch the graph. 
41. y = 3 tanx 


43. y=2 cat( x - =) 


45. y = 4csc(2x + 7) 


42. y = tan 7x 

1 7 
44, y= sec( 3x = =) 
46. y = tan( x + =) 


i 
47. y= tan( 3x = =) 48. y = —4 sec 47x 


49-52 m Find the exact value of each expression, if it is defined. 


49, sin-+1 


51, sin(sin ur) 


1 
-1 emico 
50. cos ( >) 


52. tan(cos 1(3)) 


=| 53-58 m A function is given. 


(a) Use a graphing device to graph the function. 

(b) Determine from the graph whether the function is periodic 
and, if so, determine the period. 

(c) Determine from the graph whether the function is odd, even, 
or neither. 


53. y = | cos x | 54, y = sin(cos x) 


55. y = cos(2°)*) 56. y = 1 + 20% 


57. y = |x| cos 3x 58 y = Vxsin3x (x >0) 


s 59-62 m Graph the three functions on a common screen. How are 


* the graphs related? 


59. y=x, y x; 
60. y=2, 
61. y=x, y=sin4x, y=x+sin 4x 


y =x sinx 


y=-2™%, y=2-* cos 4ax 


62. y =sin?x, y =cos?x, y =sin?x + cos?x 


es) 63-64 m Find the maximum and minimum values of the 


function. 


63. y = cos x + sin 2x 64. y = cosx + sin?x 


sx) 65. Find the solutions of sin x = 0.3 in the interval [0, 277}. 


Y 66. Find the solutions of cos 3x = x in the interval [0, 7]. 


69. 


70. 


7 


72. 


» Let f(x) = 


Pe 
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_ sin’ x 


(a) Is the function f even, odd, or neither? 

(b) Find the x-intercepts of the graph of f. 

(c) Graph f in an appropriate viewing rectangle. 

(d) Describe the behavior of the function as x becomes large. 

(e) Notice that f(x) is not defined when x = 0. What happens 
as X approaches 0? 


. Let y; = cos(sin x) and y, = sin(cos x), 


(a) Graph y, and y, in the same viewing rectangle. 

(b) Determine the period of each of these functions from its 
graph. 

(c) Find an inequality between sin(cos x) and cos(sin x) that 
is valid for all x. 


A point P moving in simple harmonic motion completes 

8 cycles every second. If the amplitude of the motion is 

50 cm, find an equation that describes the motion of P asa 
function of time. Assume that the point P is at its maximum 
displacement when t = 0. 


A mass suspended from a spring oscillates in simple harmonic 
motion at a frequency of 4 cycles per second. The distance 
from the highest to the lowest point of the oscillation is 

100 cm. Find an equation that describes the distance of the 
mass from its rest position as a function of time. Assume that 
the mass is at its lowest point when t = 0. 


The graph shows the variation of the water level relative to 
mean sea level in the Long Beach harbor for a particular 
24-hour period. Assuming that this variation is simple 
harmonic, find an equation of the form y = a cos at that 
describes the variation in water level as a function of the num- 
ber of hours after midnight. 


Ya 
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The top floor of a building undergoes damped harmonic 

motion after a sudden brief earthquake. At time t = 0 the dis- 

placement is at a maximum, 16 cm from the normal 

position. The damping constant is c = 0.72 and the building 

vibrates at 1.4 cycles per second. 

(a) Find a function of the form y = ke“ cos wt to model the 
motion. 


(b) Graph the function you found in part (a). 
~ (c) What is the displacement at time t = 10 s? 


CHAPTER 7 Baga 


YA 1. The point P(x, y) is on the unit circle in Quadrant IV. If x = V11/6, find y. 
P Z 2. The point P in the figure at the left has y-coordinate ¢. Find: 
(a) sint (b) cost 
(c) tant (d) sect 
i « 3. Find the exact value. 

Ia 137 

(a) sin = (b) cos 
57 30 

(c) tan(-=2) (d) csc =- 


4. Express tant in terms of sin t, if the terminal point determined by t is in Quadrant II. 
5. If cost = —@ and if the terminal point determined by t is in Quadrant III, find 
tant cott + csc t. 
6-7 = A trigonometric function is given. 
(a) Find the amplitude, period, and phase shift of the function. 
(b) Sketch the graph. 


6. y = —5 cos 4x 7. y= 2sin( 3x - 
2 6 
8-9 m Find the period, and graph the function. 
8. y = —csc 2x 9 y= tan( 2x — =) 
10. Find the exact value of each expression, if it is defined. 
(a) tan‘ 1 (b) cos 1(—V3) 
(c) tan~\(tan 327) (d) cos(tan~4(—V3)) 
> 
Xx 11. The graph shown at left is one period of a function of the form y = a sin k(x — b). 
Determine the function. 
COs X 
ae 12. Let f(x) = ioe 


(a) Use a graphing device to graph f in an appropriate viewing rectangle. 
(b) Determine from the graph if f is even, odd, or neither. 
(c) Find the minimum and maximum values of f. 
13. A mass suspended from a spring oscillates in simple harmonic motion. The mass completes 2 
cycles every second, and the distance between the highest point and the lowest point of the 


oscillation is 10 cm. Find an equation of the form y = a sin wt that gives the distance of the 
mass from its rest position as a function of time. 


14, An object is moving up and down in damped harmonic motion. Its displacement at time 
t = 0 is 16 in; this is its maximum displacement. The damping constant is c = 0.1, and the 
frequency is 12 Hz. 
(a) Find a function that models this motion. 


(b) Graph the function. 
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FOCUS ON MODELING 


Fitting Sinusoidal Curves to Data 


In previous Focus on Modeling sections, we learned how to fit linear, polynomial, expo- 
nential, and power models to data. Figure 1 shows some scatter plots of data. The scatter 
plots can help guide us in choosing an appropriate model. (Try to determine what type of 
function would best model the data in each graph.) If the scatter plot indicates simple har- 
monic motion, then we might try to model the data with a sine or cosine function. The 
next example illustrates this process. 


FIGURE 1 
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EXAMPLE 1 | Modeling the Height of a Tide 

The water depth in a narrow channel varies with the tides. Table 1 shows the water depth 
over a 12-hour period. 

(a) Make a scatter plot of the water depth data. 

(b) Find a function that models the water depth with respect to time. 


(c) If a boat needs at least 11 ft of water to cross the channel, during which times can it 
safely do so? 


TABLE 1 
Time Depth (ft) 
12:00 a.m. 9.8 
1:00 a.m. 11.4 
2:00 A.M. 11.6 
3:00 a.m. 11.2 
4:00 a.m. 9.6 
5:00 a.m. 8.5 
6:00 a.m. 6.5 
7:00 A.M. 5.7 
8:00 a.m. 5.4 
9:00 a.m. 6.0 
10:00 a.m. 7.0 
11:00 a.m. 8.6 
12:00 p.m. 10.0 


SOLUTION 
(a) A scatter plot of the data is shown in Figure 2. 
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(b) The data appear to lie on a cosine (or sine) curve. But if we graph y = cost 
on the same graph as the scatter plot, the result in Figure 3 is not even close to 
the data. To fit the data, we need to adjust the vertical shift, amplitude, period, and 
phase shift of the cosine curve. In other words, we need to find a function of the 
form 


y =acos(w(t —c)) +b 


We use the following steps, which are illustrated by the graphs in the margin. 


> Adjust the Vertical Shift 
The vertical shift b is the average of the maximum and minimum values: 


b = vertical shift 


ee < 


-(maximum value + minimum value) 


N|r N| 


(11.6 + 5.4) =8.5 


> Adjust the Amplitude 
The amplitude a is half of the difference between the maximum and minimum values: 


a = amplitude 
= > (maximum value — minimum value) 
1 
= 7 (11.6 — 5.4) =3.1 


> Adjust the Period 


The time between consecutive maximum and minimum values is half of one period. 
Thus 


27 
at period 
= 2-(time of maximum value — time of minimum value) 
= 2(8 — 2) = 12 
Thus, w = 27/12 = 0.52. 


> Adjust the Horizontal Shift 


Since the maximum value of the data occurs at approximately t = 2.0, it represents 
a cosine curve shifted 2 h to the right. So 


c = phase shift 
= time of maximum value 
= 2.0 


> The Model 
We have shown that a function that models the tides over the given time period is 
given by 


y = 3.1 cos(0.52(t — 2.0)) + 8.5 


For the TI-83 and T|-86 the command 
SinReg (for sine regression) finds the 
sine curve that best fits the given data. 


SinReg 
y=a*sin(bx+c)+d 
a=3.097877596 
b=.5268322697 


c=.5493035195 
d=8.424021899 


Output of the SinReg function on the 
T1-83. 
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A graph of the function and the scatter plot are shown in Figure 4. It appears that 
the model we found is a good approximation to the data. 


(c) We need to solve the inequality y = 11. We solve this inequality graphically 
by graphing y = 3.1 cos 0.52(t — 2.0) + 8.5 and y = 11 on the same graph. From 
the graph in Figure 5 we see the water depth is higher than 11 ft between t ~ 0.8 
and t = 3.2. This corresponds to the times 12:48 a.m. to 3:12 a.m. 
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FIGURE 4 FIGURE 5 


In Example 1 we used the scatter plot to guide us in finding a cosine curve that gives 
an approximate model of the data. Some graphing calculators are capable of finding asine 
or cosine curve that best fits a given set of data points. The method these calculators use 
is similar to the method of finding a line of best fit, as explained on page 171. 
EXAMPLE 2 | Fitting a Sine Curve to Data 


(a) Use a graphing device to find the sine curve that best fits the depth of water data in 
Table 1 on page 525. 


(b) Compare your result to the model found in Example 1. 


SOLUTION 


(a) Using the data in Table 1 and the sinReg command on the TI-83 calculator, we get 
a function of the form 


y =asin(bt+c)+d 
where 
a= 3.1 b = 0.53 
c = 0.55 d = 8.42 
So the sine function that best fits the data is 
y = 3.1 sin(0.53t + 0.55) + 8.42 


(b) To compare this with the function in Example 1, we change the sine function to a 
cosine function by using the reduction formula sinu = cos(u — 7/2). 


y = 3.1 sin(0.53t + 0.55) + 8.42 
=3.1 cos( 0.53 + 0.55 — =) + 8.42 Reduction formula 


= 3.1 cos(0.53t — 1.02) + 8.42 


= 3.1cos(0.53(t — 1.92)) + 8.42 Factor 0.53 
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Comparing this with the function we obtained in Example 1, we see that there are 
small differences in the coefficients. In Figure 6 we graph a scatter plot of the data 
together with the sine function of best fit. 
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In Example 1 we estimated the values of the amplitude, period, and shifts from the 
data. In Example 2 the calculator computed the sine curve that best fits the data (that is, 
the curve that deviates least from the data as explained on page 171). The different ways 
of obtaining the model account for the differences in the functions. 


PROBLEMS 

1-4 = Modeling Periodic Data A set of data is given. 

(a) Make a scatter plot of the data. 

(b) Find a cosine function of the form y = a cos(w(t — c)) + b that models the data, 
as in Example 1. 

(c) Graph the function you found in part (b) together with the scatter plot. How well does the 

curve fit the data? 

Use a graphing calculator to find the sine function that best fits the data, as in 

Example 2. 

(e) Compare the functions you found in parts (b) and (d). [Use the reduction formula 
sinu = cos(u — z/2).] 


— 


1. 2. 3. 4. 
t y t y t y t y 
0 21 0 | 190 01 ) 211 0.0 0.56 
2 11 25 | 175 0.2 | 23.6 0.5 0.45 
4 | -08 50 | 155 03 | 245 1.0 0.29 
6 | -2.1 75 | 125 0.4 | 217 15 0.13 
g | 13 100 | 110 05 | 175 2.0 0.05 

10 0.6 125 95 0.6 | 12.0 2.5 | —0.10 

12 1.9 150 | 105 0.7 5.6 3.0 0.02 

14 15 175 | 120 0.8 2.2 35 0.12 
200 | 140 0.9 1.0 4.0 0.26 
225 | 165 1.0 35 45 0.43 
250 | 185 11 7.6 5.0 0.54 
275 | 200 12 | 132 5.5 0.63 
300 | 195 13 | 184 6.0 0.59 
325 | 185 14 | 23.0 
350 | 165 15 | 25.1 


~< 
8 
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5. Annual Temperature Change _ The table gives the average monthly temperature in 


Montgomery County, Maryland. 

(a) Make a scatter plot of the data. 

(b) Find a cosine curve that models the data (as in Example 1). 

(c) Graph the function you found in part (b) together with the scatter plot. 


s# (d) Use a graphing calculator to find the sine curve that best fits the data (as in 


Example 2). 
Average Average 

Month temperature (°F ) Month temperature (°F) 
J anuary 40.0 July 85.8 
February 43.1 August 83.9 
M arch 54.6 September 76.9 
April 64.2 October 66.8 
May 73.8 November 55.5 
June 81.8 December 445 

. Circadian Rhythms Circadian rhythm (from the Latin circa— about, and diem— day) is 


the daily biological pattern by which body temperature, blood pressure, and other physiologi- 
cal variables change. The data in the table below show typical changes in human body tem- 
perature over a 24-hour period (t = 0 corresponds to midnight). 


(a) Make a scatter plot of the data. 
(b) Find a cosine curve that models the data (as in Example 1). 
(c) Graph the function you found in part (b) together with the scatter plot. 


== (d) Use a graphing calculator to find the sine curve that best fits the data (as in 


Example 2). 
Body Body 
Time temperature (°C) Time temperature (°C) 

0 36.8 14 37.3 
2 36.7 16 37.4 
4 36.6 18 37.3 
6 36.7 20 37.2 
8 36.8 22 37.0 

10 37.0 24 36.8 

12 37.2 


. Predator Population When two species interact in a predator/prey relationship, the 


populations of both species tend to vary in a sinusoidal fashion. (See the Discovery Project 
Predator/Prey Models referenced on page 496). In a certain midwestern county, the main 
food source for barn owls consists of field mice and other small mammals. The table gives 
the population of barn owls in this county every July 1 over a 12-year period. 


(a) Make a scatter plot of the data. 
(b) Find a sine curve that models the data (as in Example 1). 
(c) Graph the function you found in part (b) together with the scatter plot. 


(d) Use agraphing calculator to find the sine curve that best fits the data (as in 


Example 2). Compare to your answer from part (b). 
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8. Salmon Survival For reasons not yet fully understood, the number of fingerling salmon 
that survive the trip from their riverbed spawning grounds to the open ocean varies approxi- 
mately sinusoidally from year to year. The table shows the number of salmon that hatch ina 
certain British Columbia creek and then make their way to the Strait of Georgia. The data is 
given in thousands of fingerlings, over a period of 16 years. 

(a) Make a scatter plot of the data. 
(b) Find a sine curve that models the data (as in Example 1). 
(c) Graph the function you found in part (b) together with the scatter plot. 


ax) (d) Use a graphing calculator to find the sine curve that best fits the data (as in 
~ Example 2). Compare to your answer from part (b). 


Year Salmon (x 1000) Year Salmon (x 1000) 
1985 43 1993 56 
1986 36 1994 63 
1987 27 1995 57 
1988 23 1996 50 
1989 26 1997 44 
1990 33 1998 38 
1991 43 1999 30 
1992 50 2000 22 


9. Sunspot Activity Sunspots are relatively “cool” regions on the sun that appear as dark 
spots when observed through special solar filters. The number of sunspots varies in an 11-year 
cycle. The table gives the average daily sunspot count for the years 1975-2004. 


(a) Make a scatter plot of the data. 
(b) Find a cosine curve that models the data (as in Example 1). 
(c) Graph the function you found in part (b) together with the scatter plot. 


(d) Use a graphing calculator to find the sine curve that best fits the data (as in Example 2). 
~ Compare to your answer in part (b). 


Year Sunspots Year Sunspots 
7 1975 16 1990 143 
a 1976 13 1991 146 
FE 1977 28 1992 94 
2 1978 93 1993 55 
1979 155 1994 30 
& 1980 155 1995 18 
2 1981 140 1996 9 
g 1982 116 1997 21 
g 1983 67 1998 64 
= 1984 46 1999 93 
5 1985 18 2000 119 
a 1986 13 2001 111 
1987 29 2002 104 
1988 100 2003 64 
1989 158 2004 40 
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8.1 Trigonometric Identities 


8.2 Addition and Subtraction 
Formulas 


8.3 Double-Angle, Half-Angle, and 
Product-Sum Formulas 


8.4 Basic Trigonometric Equations 
8.5 More Trigonometric Equations 


FOCUS ON MODELING 
Traveling and Standing Waves 


In Chapters 6 and 7 we studied graphical and geometric properties of the 
trigonometric functions. In this chapter we study algebraic properties of these 
functions, that is, simplifying and factoring expressions and solving equations 
that involve trigonometric functions. 

We have used the trigonometric functions to model different real-world 
phenomena, including periodic motion (such as the motion of an ocean wave). 
To obtain information from a model, we often need to solve equations. If the 
model involves trigonometric functions, we need to solve trigonometric 
equations. Solving trigonometric equations often involves using trigonometric 
identities. We've already encountered some basic trigonometric identities in 
the preceding chapters. We begin this chapter by finding many new identities. 
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8.1 TRIGONOMETRIC IDENTITIES 


| Simplifying Trigonometric Expressions > Proving Trigonometric Identities 
We begin by listing some of the basic trigonometric identities. We studied most of these 


in Chapters 6 and 7; you are asked to prove the cofunction identities in Exercise 102. 


FUNDAMENTAL TRIGONOMETRIC IDENTITIES 


Reciprocal Identities 


Pythagorean Identities 


sin?x + cos?x = 1 


Even-Odd Identities 


sin(—x) = —sinx cos(—X) = COS xX 


Cofunction Identities 


sin( 2 = u) = cosuU tan( Z = u) = cotu sec( 2 = u) = cSc U 

2 - 2 5 2 7 

cos( 5 -u) = sinu as cse( —u) = sec u 
2 - 2 


V Simplifying Trigonometric Expressions 


Identities enable us to write the same expression in different ways. It is often possible to 
rewrite a complicated-looking expression as a much simpler one. To simplify algebraic 
expressions, we used factoring, common denominators, and the Special Product Formu- 
las. To simplify trigonometric expressions, we use these same techniques together with 
the fundamental trigonometric identities. 


EXAMPLE 1 | Simplifying a Trigonometric Expression 

Simplify the expression cost + tan tsint. 

SOLUTION Westart by rewriting the expression in terms of sine and cosine: 
cost + tantsint = cost + (22t) sin t Reciprocal identity 


cos’t + sin*t 
= — Common denominator 


cost 
= ae Pythagorean identity 
cost Te 
= sec t Reciprocal identity 
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EXAMPLE 2 | Simplifying by Combining Fractions 


sin 6 cos@ 
cos@é 1+sing 


Simplify the expression 


SOLUTION Wecombine the fractions by using a common denominator: 


sin 0 cos 0 sing (1 + sing) + cos’@ 
cos@ 1+sin@  — cos@(1+sin@) 


Common denominator 


sin@ + sin2@ + cos?@ oe 
— - Distribute sin @ 
cos @(1 + sin@) 


_ sine+1 
cos @(1 + sin@) 


Pythagorean identity 


1 Cancel and use reciprocal 
=—— = sec d ees 
cos 0 identity 
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V Proving Trigonometric Identities 
Many identities follow from the fundamental identities. In the examples that follow, we 
learn how to prove that a given trigonometric equation is an identity, and in the process 
we will see how to discover new identities. 

First, it’s easy to decide when a given equation is not an identity. All we need to do is show 
that the equation does not hold for some value of the variable (or variables). Thus the equation 


sinx + cosx = 1 
is not an identity, because when x = 77/4, we have 


tN MPs 


sin uae cos 
4 4 2 


To verify that a trigonometric equation is an identity, we transform one side of the 
equation into the other side by a series of steps, each of which is itself an identity. 


GUIDELINES FOR PROVING TRIGONOMETRIC IDENTITIES 


1. Start with one side. Pick one side of the equation and write it down. Your 
goal is to transform it into the other side. It’s usually easier to start with the 
more complicated side. 


. Use known identities. Use algebra and the identities you know to change 
the side you started with. Bring fractional expressions to a common denomi- 
nator, factor, and use the fundamental identities to simplify expressions. 


. Convert to sines and cosines. |f you are stuck, you may find it helpful to 
rewrite all functions in terms of sines and cosines. 


Warning: To prove an identity, we do not just perform the same operations on both sides 
of the equation. For example, if we start with an equation that is not an identity, such as 


(1) sinx = —sinx 
and square both sides, we get the equation 
(2) sin?x = sin?x 


which is clearly an identity. Does this mean that the original equation is an identity? Of 
course not. The problem here is that the operation of squaring is not reversible in the sense 
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FIGURE 1 
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PF i0. 


that we cannot arrive back at (1) from (2) by taking square roots (reversing the procedure). 
Only operations that are reversible will necessarily transform an identity into an identity. 


EXAMPLE 3 | Proving an Identity by Rewriting in Terms 
of Sine and Cosine 


Consider the equation cos @ (sec @ — cos @) = sin’é. 
(a) Verify algebraically that the equation is an identity. 
(b) Confirm graphically that the equation is an identity. 


SOLUTION 


(a) The left-hand side looks more complicated, so we start with it and try to transform 
it into the right-hand side: 


LHS = cos é (sec 6 — cos 8) 
1 
= cos 0 (= — cos a) Reciprocal identity 
cos @ 


= 1- cos’@ Expand 
= sin?@ = RHS Pythagorean identity 


(b) We graph each side of the equation to see whether the graphs coincide. From Fig- 
ure 1 we see that the graphs of y = cos @ (sec 8 — cos @) and y = sin’@ are identi- 
cal. This confirms that the equation is an identity. 
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In Example 3 it isn’t easy to see how to change the right-hand side into the left-hand 
side, but it’s definitely possible. Simply notice that each step is reversible. In other words, 
if we start with the last expression in the proof and work backward through the steps, the 
right-hand side is transformed into the left-hand side. You will probably agree, however, 
that it’s more difficult to prove the identity this way. That’s why it’s often better to change 
the more complicated side of the identity into the simpler side. 


EXAMPLE 4 | Proving an Identity by Combining Fractions 


Verify the identity 
1 1 


l1—sinx 1+sinx 


2 tan x sec X = 


SOLUTION Finding acommon denominator and combining the fractions on the 
right-hand side of this equation, we get 
1 1 
l1—sinx 1+sinx 
(1 + sinx) — (1 — sinx) 


- inat 
(1 — sinx)(1 + sinx) Common denominator 


RHS = 


2 sin x 


= > Simplif 
1 — sin?x a 
mee. Pythagorean identity 
cos?x _— 
sin x ( 1 ) 
= 2——_ | —— Factor 
COS X \ COS X 
= 2 tan x sec x = LHS Reciprocal identities 
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See the Prologue: Principles of Prob- 
lem Solving, pages P1-P4. 


We multiply by 1 + sinu because we 


know by the difference of squares for- 


mula that (1 — sinu)(1 + sinu) = 
1 — sin*u, and this is just cos?u, a 
simpler expression. 
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In Example 5 we introduce “something extra” to the problem by multiplying the nu- 
merator and the denominator by a trigonometric expression, chosen so that we can sim- 
plify the result. 


EXAMPLE 5 | Proving an Identity by Introducing Something Extra 


cos u 
Verify the identity ————— = secu + tan u. 
y 5 1 — sinu 
SOLUTION Westart with the left-hand side and multiply the numerator and denomi- 
nator by 1 + sin u: 


cos U 
LHS = ——— 
1 —sinu 
— cosu 1+ sinu Multiply numerator and 
1—sinu 1+ sinu denominator by 1 + sinu 
cosu(1 + sinu) 
= 9 Expand denominator 
1 — sin*u 
cosu(l + sinu) suis —_ 
a agorean identi 
cos’u sii y 
1+ sinu 
= —— Cancel common factor 
cos U 
1 sin U 
=—— + Separate into two fractions 
cosue CoS U 
= secu + tanu Reciprocal identities 
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Here is another method for proving that an equation is an identity. If we can transform 
each side of the equation separately, by way of identities, to arrive at the same result, then 
the equation is an identity. Example 6 illustrates this procedure. 


EXAMPLE 6 | Proving an Identity by Working 
with Both Sides Separately 


+cos@ tan’ 
cos 6 secdé — 1 


Verify the identity : 


SOLUTION Weprove the identity by changing each side separately into the same ex- 
pression. Supply the reasons for each step: 


1+ cosé 1 cos 0 
LHS = = =secd+1 
cos 6 cos@ cosé 
tan? 29-1 (seca—1)(secd+1 
RHS = ant ee =A ut VS eugeh 
secd—1 secd-1 secd — 1 
It follows that LHS = RHS, so the equation is an identity. 
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We conclude this section by describing the technique of trigonometric substitution, 
which we use to convert algebraic expressions to trigonometric ones. This is often useful 
in calculus, for instance, in finding the area of a circle or an ellipse. 
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EXAMPLE 7 | Trigonometric Substitution 
Substitute sin 6 for x in the expression V1 — x? and simplify. Assume that 0 < 6 = 7/2. 
SOLUTION Setting x = sin 6, we have 


V1 —x2 = V1 — sinz@ 


Substitute x = sin @ 


= Vco0s’6 Pythagorean identity 
= cosé Take square root 


The last equality is true because cos 6 = 0 for the values of @ in question. 
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CONCEPTS 


1. An equation is called an identity if it is valid for 
values of the variable. The equation 2x = x + x is an alge- 


braic identity, and the equation sin?x + cos*x = is 
a trigonometric identity. 


2. For any x itis true that cos(—x) has the same value as COs x. 
We express this fact as the identity 


SKILLS 


3-12 m Write the trigonometric expression in terms of sine and 
cosine, and then simplify. 


~ 3. cost tant 4. costcsct 
5. sin @ sec 6 6. tan @ csc 0 
7. tan?x — sec?x ees 
CSC X 
9. sinu + cotucosu 10. cos’@ (1 + tan’@) 
sec 0 = cos 0 2D. cot 0 
sin 6 csc 0 — sing 


13-26 m= Simplify the trigonometric expression. 
sin X SeC X 


13, ————_ 14, cos?x + sin?x cos x 
tan x 
1+ cos tan x 
15. ae 16. a 
1+ secy sec(—X) 
*x -1 X — COS X 
17. Sec 18. Sec cos 
sec’ x tan x 
1 + csc x inx x 
, ee EER 99, 2% 4 SE 
cos xX + cotx cscX  Se@CX 
1+sinu uU 
.21, 2 + - 22. tan x COS x CSC X 
cos U 1+sinu 
2 + tan?x 1+ cotA 
ree 94,.- S 
SeC*X csc A 
25. tan @ + cos(—@) + tan(—@) 
COS X 


* sec x + tanx 


27-28 m Consider the given equation. (a) Verify algebraically that 
the equation is an identity. (b) Confirm graphically that the equa- 
tion is an identity. 

COs X tan y 


- , cscx — sinx 28. —— =secy — cosy 
Sec X sin X CSC y 


29-90 m Verify the identity. 


sin @ tan x ; 
29. —— = cos@ 30. —— =sinx 
tan 0 SEC X 
COS U SEC U cot x sec x 
31. ——— = cotu 32, ———— = 
tan u CSC X 


33. sinB + cosB cotB = cscB 
34, cos(—x) 
35. cot(—a) cos(—a) + sin(—a@) = —csca 


sin(—x) = cosx + sinx 


36. csc x [csc x + sin(—x)] = cot?x 
37. tan@ + cot@ = sec Ocsc 0 


38. (sinx + cosx)? = 1+ 2sinx cosx 


1 
39, (1 — cos onl + cos B) = scp 
i IS 
SeCX CSC X 
(sinx + cosx)? __ sin?x — cos?x 
” sin?x — cos’x — (sinx — cos x)? 


42. (sinx + cos x)* = (1 + 2 sin x cos x)* 
sect — cost _ 


43. sin?t 
sec t 
1 — sinx : 
44, —— = (sec X — tan x) 
1+ sinx 
1 ; 
45. ——.- = 1 + tan’y 46. csc x — sinx = cosx cot x 
1 — sin*y 


47. (cot x — csc x)(cosx + 1) = —sinx 
48. sinta — cos*@ = sin*@ — cos’@ 


49. (1 — cos’x)(1 + cot?x) =1 


50. 
51. 
52. 
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54. 
55. 
56. 


57. 


58. 


59. 
60. 


61. 


62. 


63. 


64, 
65. 
66. 
67. 
68. 


69. 
71, 
72. 


73. 
74, 


75. 
76. 
77. 
78. 


79, 


cos*x — sin?x = 2cos?x — 1 
2 cos*x — 1 =1 — 2sin’x 
(tany + coty) sinycosy = 1 


1— cosa sina 
sina 1+ cosa 
sin?a + cos*@ + tanta = sec?a 


tan?@ — sin*@ = tan26 sin?@ 
cot*@ cos?@ = cot?@ — cos*4 
sinx —1 —cos?x 

sinx +1. (sinx + 1)? 


sin w tan w 
sinw+cosw 1+ tanw 


(sint + cost)? 


: = 24 
sintcost 


sec tcsc t 


sec t csc t (tant + cott) = sect + csc’t 


1+ tan?u | 1 
1—tan?u cos*u — sin?u 
1 + sec?x 
—— =" = 1 + cos?x 
1 + tan2x 
SEC X 
———— = sec x (sec xX + tan x) 
sec X — tan x 
sec X + CSC X ; 
= sinx + cosx 
tan x + cotx 
1 
sec v — tanv = 
sec v + tanv 
sinA 
cotA = cscA 
1—cosA 
sin x + cos x . 
————— = sinx cos x 
sec X + CSC X 
1 — cos x sin x 
; t = 2 SCX 
sin x 1 — cosx 
csc X — cot x csc?x — cot?x 
——— = cotx 70, ——__,-—— 
secx —1 sec’ x 
tan2u — sin?u = tan?u sin2u 
tanvsinu _ tanv — sinv 
tanv + sinv tan v sin v 
sec’x — tan*x = sec2x + tan2x 
eon = sec dé + tang 
1—sin@ 
cos@ __-sin@ — csc @ 
1—sin@ cosé@-—coté 
1+tanx — cosx + sinx 
1—tanx cosx —sinx 
2 2 
cost + tan*t — 1 
5 = tan’t 
sin?t 
il 1 
; —— = 2 sec x tan x 
1—sinx 1+ sinx 
1 1 
! = 2 SeC X 
secx + tanx  secx — tanx 


= c0s?x 


= 
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1+sinx 1-sinx 
80. ; —— = 4 tan x sec x 
1—sinx 1+ sinx 
81. (tan x + cotx)? = sec?x + csc?x 
82. tan’?x — cot?x = sec?x — csc?x 
83 secu-1 1-—cosu cotx+1 1+ tanx 
“secut+1 14 cosu “cotx-—1 1 -tanx 
sin?x + cos?x 
8. — = = 1-—sinx cos x 
sin x + cos x 
tan v — cot ; 
86. ae = sinv cos v 
tan‘v — cot“v 
1 + sinx 
87. —— = (tanx + sec x)? 
1—sinx 
tan x + tan 
88. alr iL tan x tan y 
cot x + coty 
89. (tan x + cotx)* = csc*x sec*x 
90. (sina — tana)(cosa — cota) = (cosa — 1)(sina — 1) 
91-96 m M ake the indicated trigonometric substitution in 
the given algebraic expression and simplify (see Example 7). 
Assume that 0 = 6 < 7/2. 
X 
91, ———, x =sine 92. V1+x’, x =tang 
V1 — x? 
1 
93. Vx? -—1, x =seco 94, —_, x = 2tane 
x°V4 + x? 
Vx? — 25 
95. V9—x?, x=3sing 96. — OX = S seco 


97-100 = Graph f and g in the same viewing rectangle. Do the 
graphs suggest that the equation f(x) = g(x) is an identity? Prove 
your answer. 


97. 


98. 
99. 
100. 
101. 


f(x) = cos*x — sin’x, g(x) = 1 — 2sin?x 
a(x) = sin X COS X 
. 1+ sinx 
f(x) = (sinx + cosx)*, g(x) = 1 


f(x) = tanx (1 + sinx), 


f(x) = cos*x — sin*x, g(x) = 2cos?x — 1 

Show that the equation is not an identity. 

(a) sin 2x = 2 sin x (b) sin(x + y) = sinx + siny 
(c) sec?x + csc?x =1 


1 
(d) = = cscx 4 
sin X + COS x 


SEC X 


DISCOVERY = DISCUSSION = WRITING 


102. 


Cofunction Identities In the right triangle shown, 
explain why v = (2/2) — u. Explain how you can obtain all 
six cofunction identities from this triangle for 0 <u < 7/2. 


538 CHAPTER 8 | Analytic Trigonometry 


103. Graphs and Identities Suppose you graph two func- 


tions, f and g, on a graphing device and their graphs 
appear identical in the viewing rectangle. Does this prove 
that the equation f(x) = g(x) is an identity? Explain. 


then setting the original expression equal to the rewritten ex- 
pression yields a trigonometric identity. For instance, from 
Example 1 we get the identity 


cost + tantsint = sect 


104, Making Up Your Own Identity _|f you start witha 


; d ; pe cial sae Use this technique to make up your own identity, then give it 
trigonometric expression and rewrite it or simplify it, 


to a classmate to verify. 


8.2 ADDITION AND SUBTRACTION FORMULAS 


Addition and Subtraction Formulas ® Evaluating Expressions Involving 
Inverse Trigonometric Functions > Expressions of the form A sin x + B cos x 


V Addition and Subtraction Formulas 
We now derive identities for trigonometric functions of sums and differences. 


ADDITION AND SUBTRACTION FORMULAS 
Formulas for sine: + t) =sinscost + cosssint 

= sins cost — cosssint 
osscost — sins sint 


osscost+sinssint 


Formulas for cosine: = 


€ 
C 


tans + tant 
Se atanisatanet 
tans — tant 
1 + tans tant 


Formulas for tangent: tan(s + t) = 


tan(s — t) = 


ya PROOF OF ADDITION FORMULA FOR COSINE To prove the formula 

cos(s + t) = cosscost — sinssint, we use Figure 1. In the figure, the distances 

Sat t,s + t, and —s have been marked on the unit circle, starting at Po(1, 0) and terminating 
at Q,, P;, and Qo, respectively. The coordinates of these points are 


P,(1, 0) Q,(cos(—s), sin(—s)) 
> P,(cos(s + t), sin(s + t)) Q ,(cost, sin t) 


Since cos(—s) = coss and sin(—s) = —sins, it follows that the point Q, has the coor- 
dinates Q (cos s, —sins). Notice that the distances between P, and P, and between Q, 

and Q, measured along the arc of the circle are equal. Since equal arcs are subtended by 
equal chords, it follows that d(P», P;) = d(Qo, Q). Using the Distance Formula, we get 


FIGURE 1 Vicos(s + t) — 1} + [sin(s + t) — 02 = V(cost — coss)? + (sint + sins)? 
Squaring both sides and expanding, we have 
pe These add to meoemene| 
cos*(s + t) — 2cos(s + t) + 1 + sin*(s + t) 
= cos’t — 2cosscost + cos’s + sin?t + 2sinssint + sin’s 


ern These add to 1-4-------_- t | 
Lo aeesees= These add to 1---------- 


JEAN BAPTISTE JOSEPH FOURIER 
(1768-1830) is responsible for the most 
powerful application of the trigono- 
metric functions (see the margin note 
on page 492). He used sums of these 
functions to describe such physical 
phenomena as the transmission of 
sound and the flow of heat. 

Orphaned as a young boy, Fourier 
was educated in a military school, 
where he became a mathematics 
teacher at the age of 20. He was later 
appointed professor at the Ecole Poly- 
technique but resigned this position to 
accompany Napoleon on his expedi- 
tion to Egypt, where Fourier served as 
governor. After returning to France he 
began conducting experiments on 
heat. The French Academy refused to 
publish his early papers on this subject 
because of his lack of rigor. Fourier 
eventually became Secretary of the 
Academy and in this capacity had his 
papers published in their original form. 
Probably because of his study of heat 
and his years in the deserts of Egypt, 
Fourier became obsessed with keeping 
himself warm—he wore several layers 
of clothes, even in the summer, and 
kept his rooms at unbearably high 
temperatures. Evidently, these habits 
overburdened his heart and con- 
tributed to his death at the age of 62. 
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Using the Pythagorean identity sin?@ + cos*@ = 1 three times gives 
2 —2cos(s + t) = 2 — 2cosscost + 2sinssint 
Finally, subtracting 2 from each side and dividing both sides by —2, we get 
cos(s + t) = cosscost — sinssint 


which proves the A ddition Formula for Cosine. Oo 


PROOF OF SUBTRACTION FORMULA FOR COSINE Replacing t with —t in the 
Addition Formula for Cosine, we get 


cos(s — t) = cos(s + (—t)) 


= cos scos(—t) — sins sin(—t) Addition Formula for Cosine 


cosscost+sinssint Even-odd identities 


This proves the Subtraction Formula for Cosine. | 


See Exercises 70 and 71 for proofs of the other A ddition Formulas. 


EXAMPLE 1 | Using the Addition and Subtraction Formulas 
Find the exact value of each expression. 


° ue 
(a) cos 75 (b) cos D 


SOLUTION 


(a) Notice that 75° = 45° + 30°. Since we know the exact values of sine and cosine at 
45° and 30°, we use the A ddition Formula for Cosine to get 


cos(45° + 30°) 
cos 45° cos 30° — sin 45° sin 30° 


_V2V3_ V21_ V2V3- v2 _ Vé- v2 
2 2 2 2 4 4 


cos 75° 


T 


(b) Since a 


a — —, the Subtraction Formula for Cosine gives 


7 

6 
7 T 
cos 1D = cos( 2 =) 

7 7 Te ae 

A ca aL aL 


_NM2V3_, V21_ vé+v2 
2 2 Zz 2 4 
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EXAMPLE 2 | Using the Addition Formula for Sine 
Find the exact value of the expression sin 20° cos 40° + cos 20° sin 40°. 


SOLUTION We recognize the expression as the right-hand side of the Addition For- 
mula for Sine with s = 20° and t = 40°. So we have 


sin 20° cos 40° + cos 20° sin 40° = sin(20° + 40°) = sin 60° = “ 


©. NOW TRY EXERCISE 15 | 


540 


CHAPTER 8 


Analytic Trigonometry 


EXAMPLE 3 | Proving a Cofunction Identity 
Prove the cofunction identity cos( 3 — u) = sin u. 


SOLUTION By the Subtraction Formula for Cosine, we have 


cas( 3 ) cos cosu + sin 2 sin U 
2 2 2 


=0-cosu + 1-sinu =sinu 
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The cofunction identity in Example 3, as well as the other cofunction identities, can 
also be derived from the figure in the margin. 


EXAMPLE 4 | Proving an Identity 


1 + tan x 7 
Verify the identit =t +x}. 
erify e identity =— an( 2 x) 


SOLUTION Starting with the right-hand side and using the A ddition Formula for Tan- 
gent, we get 


7 
aa + tan x 
RHS = tan(Z + x) = 
1. = tan— tan x 
4 
1 + tan x 
= —— =LHS 
1 — tan x 
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The next example is a typical use of the Addition and Subtraction Formulas in calculus. 


EXAMPLE 5 | An Identity from Calculus 
If f(x) = sin x, show that 


OCF N= J) 5 (csh=1) « (St) 
h = siInx a ie cos h 


SOLUTION 
F(X +h) — f(x) _ sin(x +h) — sinx 


Definition of f 


h h 

sin x cosh + cosx sinh — sin x a 

= h Addition Formula for Sine 
sinx (cosh — 1) + cosxsinh 

— Factor 

h 

. cosh —1 sin h : 

= sin x h + COS X Ss Separate the fraction 
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V Evaluating Expressions Involving Inverse Trigonometric Functions 


Expressions involving trigonometric functions and their inverses arise in calculus. In the 
next examples we illustrate how to evaluate such expressions. 


tang=y 
FIGURE 2 
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EXAMPLE 6 | Simplifying an Expression Involving Inverse 
Trigonometric Functions 


Write sin(cos-*x + tan~*y) as an algebraic expression in x and y, where —1 = x = land 
y is any real number. 


SOLUTION Let 6 =cos-!x and ¢ = tan ‘y. Using the methods of Section 6.4, we 
sketch triangles with angles 6 and @ such that cos @ = x and tan # = y (see Figure 2). 
From the triangles we have 


: 1 . y 
sind=V1—x* cosd =——— | sind = ——— 
Vi1+y? Vi1+y? 
From the Addition Formula for Sine we have 
sin(cos-‘x + tan-"y) = sin(@ + ¢) 
= sin@cos@ + cosasing Addition Formula for Sine 
1 y 
= V1- x? +X From triangles 
Vi1e+y? Vi1+y? 
1 Vitae 1 
= 1— x? + xy Factor 
Vie Vi¢y? 
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EXAMPLE 7 | Evaluating an Expression Involving 
Trigonometric Functions 


Evaluate sin(@ + ), where sin @ = # with @ in Quadrant II and tan = 2 with in 
Quadrant III. 


SOLUTION Wefirst sketch the angles 6 and ¢ in standard position with terminal sides in 
the appropriate quadrants as in Figure 3. Since sin @ = y/r = 73 we can label a side and the 
hypotenuse in the triangle in Figure 3(a). To find the remaining side, we use the Pythagorean 
Theorem: 

r+yr=r Pythagorean Theorem 
aie = 13? ye 12, r= 18 

a7 Solve for x? 

X=-5 Because x < 0 


Similarly, since tan @ = y/x = 2, wecan label two sides of the triangle in Figure 3(b) and 
then use the Pythagorean Theorem to find the hypotenuse. 


P(x, y) 


oY 


FIGURE 3 (a) 
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FIGURE 4 
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Now, to find sin(@ + @), we use the Addition Formula for Sine and the triangles in 
Figure 3: 


sin(@ +) =sin@cosp+cosdsing Addition Formula 
(35)( 5) a a)( 2) From triangles 
= i Calculate 
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V Expressions of the Form Asin x + Bcos x 


We can write expressions of the form A sin x + B cos x in terms of a single trigonometric 
function using the A ddition Formula for Sine. For example, consider the expression 


Pans a cay 
2 2 


If we set @ = 77/3, then cos @ = 5 and sin @ = V3/2, and we can write 


sin x + > Cos x = cos @sinx + sin @ cos x 


N| rR 


= sin(x + d) = sin( x + =) 


We are able to do this because the coefficients 5 and /3/2 are precisely the cosine and 
sine of a particular number, in this case, 77/3. We can use this same idea in general to write 
A sinx + B cosx in the form k sin(x + ¢). We start by multiplying the numerator and de- 


nominator by VA? + B? to get 
A B 
Asinx + Bcosx = VA2 + 5:(—4 sin x + —4 — casx) 
VA2 +B? VA2 +B? 


We need a number ¢ with the property that 


A B 
cos 6 = —————_and sin 6 = —————— 
? VA? + B? VA2 + B? 


Figure 4 shows that the point (A, B) in the plane determines a number # with precisely 
this property. With this @ we have 


Asinx +B cosx = VA? + B?(cos @ sinx + sin d cos x) 
= VA? + B’sin(x + ) 


We have proved the following theorem. 


SUMS OF SINES AND COSINES 


If A and B are real numbers, then 


Asinx + B cosx = ksin(x + @) 


where k = VA2 + Band @ satisfies 


A B 
cos 6 = ——— and 


se = 
VSS Vhe EB: 
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EXAMPLE 8 | A Sum of Sine and Cosine Terms 
Express 3 sin x + 4cos x in the form k sin(x + @). 


SOLUTION By the preceding theorem, k = VA2 + B2 = V3? + 42 = 5. Theangle 
¢ has the property that sin @ = 4 and cos @ = 2. Using a calculator, we find # ~ 53.1°. 
Thus 


3sinx + 4cosx = 5sin(x + 53.1°) 
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EXAMPLE 9 | Graphing a Trigonometric Function 


Write the function f(x) = —sin 2x + V3 cos 2x in the form k sin(2x + @), and use the 
new form to graph the function. 


SOLUTION SinceA = —1andB = V3, wehavek = VA? + B2= V1 +3 =2. 

The angle @ satisfies cos @ = —} and sin @ = 3/2. From the signs of these quantities 
ya we conclude that # is in Quadrant II. Thus @ = 27/3. By the preceding theorem we can 
write 


f(x) = —sin 2x + V3 cos 2x = 2sin( 2% + 2r 


Using the form 


f(x) = 2sin 2( + =) 


we see that the graph is a sine curve with amplitude 2, period 27/2 = z, and phase shift 
FIGURE 5 —1/3. The graph is shown in Figure 5. 
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y =2sin2(x + 2) 


me 17 
CONCEPTS 9, sin 10. cos + 
1. If we know the values of the sine and cosine of x and y, we can . Sar 
find the value of sin(x + y) by using the_______—- Formula for at tan(-Z 12. sin(— 3 ) 
Sine. State the formula: sin(x + y) = ‘ iavene a 44. tan x 


2. If we know the values of the sine and cosine of x and y, we can 
15-20 = Use an Addition or Subtraction Formula to write the 


HG Tie value er casey) By using ie = Fomulartoe expression as a trigonometric function of one number, and then 
Cosine. State the formula: cos(xX —y) =____ CF". find its exact value. 
©.15. sin 18° cos 27° + cos 18° sin 27° 

SKILLS 16. cos 10° cos 80° — sin 10° sin 80° 

3-14 m Use an Addition or Subtraction Formula to find the exact 17. cos elu cos au + sin sil sin an 

value of the expression, as demonstrated in Example 1. 7 21 7 21 

®%. 3, sin 75° 4. sin 15° tan i + tan . 
5. cos 105° 6. cos 195° 18. 


1 — tan a tan i 
7. tan 15° 8. tan 165° 18 9 
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tan 73° — tan 13° 
"1+ tan 73°tan 13° 


20. cos a cos( =) sin at sin( =) 
, 15 5 15 5 


21-24 m Prove the cofunction identity using the A ddition and 
Subtraction Formulas. 


®.21, tan( 2 — u) = cotu 22. cot( = - u) = tanu 


19 


2 2 
23. sec( = - u) = csc u 24. cse( 3 - u) = sec u 


25-42 m Prove the identity. 
©.25, sin( - =) = —COS X 


26. cos( x = =) = sinx 
27. sin(x — a) = —sin x 28, cos(x — 7) = —COSX 
29. tan(x — w) = tan x 


30. sin( 3 x sin( 3 | x) 


31. cos 


_ tanx—1 
tanx + 1 
33. sin(x + y) — sin(x — y) = 2 cosxsiny 


32. tan 


34, cos(x + y) + cos(x — y) = 2. cos x cosy 
_ cotxcoty + 1 


onerous cot y — cotx 
_ cotxcoty — 1 
SE a ete S cot y 
sin(x — 
37. tanx — tany = XY) 
COS X COS y 
cos(x + 
38. 1 — tanxtany = ema 
COS X COS y 
sin(x + y) — sin(x — y) 
F =t 
a cos(x + y) + cos(x — y) ae 
40. cos(x + y) cos(x — y) = cos*x — sin’y 


41, sin(x + y + z) = sinx cosy cosz + cosxsiny cosz 
+ cosx cosy sinz — sinxsiny sinz 


42. tan(x — y) + tan(y — z) 


tan(z — x) 


43-46 m= Write the given expression in terms of x and y only. 


©. 43. cos(sin-x — tan-ly 44, tan(sin-?x + cos? 
y 


45. sin(tan-tx — tan~ty) 46. sin(sin-?x + cos~'y) 


47-50 m Find the exact value of the expression. 
©. 47, sin(cos"!3 + tan7? 1) 
49. tan(sin™* 4 — cos *3) 50. sin(cos"?3 — tan-?2) 


©.55, —V3sin x + cos x 


= tan(x — y) tan(y — z) tan(z — x) 


48. cos(sin-! ¥3 + cot? V3) 


51-54 m Evaluate each expression under the given conditions. 


®©.51, cos(@ — #); cos 6 = 2, 6 in Quadrant IV, tan 6 = —V3, din 


Quadrant II. 


52. sin(@ — #); tan @ = 4, 6 in Quadrant Ill, sind = —V/10/10, 
é in Quadrant IV 


53. sin(o + ); sin = 4, @ in Quadrant |, cos = -2V5/5, b 
in Quadrant II 


54, tan(@ + ); cos @ = —3, 0 in Quadrant III, sin @ = Z, din 
Quadrant II 


55-58 m Write the expression in terms of sine only. 
56. sinx + cos x 


57. 5(sin 2x — cos 2x) 58. 3 sin 7x + 3V3 cos 7x 


59-60 m (a) Express the function in terms of sine only. (b) Graph 
the function. 


©.59. g(x) =cos2x + V3sin2x 60. f(x) =sinx + cosx 
©. 61. Let g(x) = cos x. Show that 


g(x + h) — g&) 1— cosh (sinh 
——_ cos ( h ) sinx ( h ) 
62. Show that if 8 — a = 7/2, then 
sin(x + a) + cos(x + B) =0 
63. Refer to the figure. Show that a + 6 = y, and find tany. 


64. (a) If L isaline in the plane and @ is the angle formed by the 
line and the x-axis as shown in the figure, show that the 
slope m of the line is given by 


m = tan@ 


(b) LetL, and L, be two nonparallel lines in the plane with 
slopes m, and m,, respectively. Let ¢& be the acute angle 
formed by the two lines (see the following figure). Show that 


mz — My 


tan yy = ———_ 
an 1+m,m, 
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69. Interference Two identical tuning forks are struck, one a 
fraction of a second after the other. The sounds produced are 
modeled by f;(t) = C sin wt and f,(t) = C sin(wt + a). The 
two sound waves interfere to produce a single sound modeled 
by the sum of these functions 


f(t) =C sinat + C sin(wt + a) 


(a) Use the Addition Formula for Sine to show that f can be 
written in the form f(t) = A sin wt + B cos wt, where A 
and B are constants that depend on a. 

(b) Suppose that C = 10 and a = 7/3. Find constants k and 


(c) Find the acute angle formed by the two lines so that #(t) —k sin(ait “Fe. 


y=5x+1l and y=-}x-3 
(d) Show that if two lines are perpendicular, then the slope of 
one is the negative reciprocal of the slope of the other. 
[Hint: First find an expression for cot w.] 


65-66 m (a) Graph the function and make a conjecture, then 


= (b) prove that your conjecture is true. DISCOVERY *DISCUSSION = WRITING 
65. y = sin?( x ) sin?(x = 70. Addition Formula for Sine _ In the text we proved only 
i 4 4 the Addition and Subtraction Formulas for Cosine. Use these 
66. y = —3[Cos(x + wr) + cos(x — 7) ] formulas and the cofunction identities 
67. Find ZA + 2B + ZC inthe figure. [Hint: First use an addi- rr 
tion formula to find tan(A + B).] sINX = cos( = x) 
COS X = sin( 7 x) 
1 to prove the Addition Formula for Sine. [Hint: To get started, 
use the first cofunction identity to write 
A B C 
1 1 1 sin(s + t) = cos( 5 (s 4 b) 
_ f —t 
APPLICATIONS mi | yee 
* 68. Adding an Echo A digital delay device echoes an input and use the Subtraction Formula for Cosine.] 


signal by repeating it a fixed length of time after it is received. 

If such a device receives the pure note f,(t) = 5 sin t and 

echoes the pure note f,(t) = 5 cost, then the combined sound 

is f(t) = fi(t) + f(t). 

(a) Graph y = f(t) and observe that the graph has the form sin(s + t) 
of asine curve y = ksin(t + ). tan(s + t) = cos(s + t) 

(b) Find k and ¢. 


71. Addition Formula for Tangent Use the Addition 
Formulas for Cosine and Sine to prove the Addition Formula 
for Tangent. [Hint: Use 


and divide the numerator and denominator by cos s cos t.] 


8.3 DOouBLE-ANGLE, HALF-ANGLE, AND PRoDUCT-SUM FORMULAS 


Double-Angle Formulas ® Half-Angle Formulas ® Simplifying Expressions 
Involving Inverse Trigonometric Functions B Product-Sum Formulas 


The identities we consider in this section are consequences of the addition formulas. The 
Double-A ngle Formulas allow us to find the values of the trigonometric functions at 2x 
from their values at x. The Half-Angle Formulas relate the values of the trigonometric 
functions at 3x to their values at x. The Product-Sum Formulas relate products of sines 
and cosines to sums of sines and cosines. 
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V Double-Angle Formulas 


The formulas in the following box are immediate consequences of the addition formulas, 
which we proved in the preceding section. 


DOUBLE-ANGLE FORMULAS 


Formula for sine: sin 2x = 2 Sin x CoS Xx 

Formulas for cosine: | coS2x = cos*x — sin*x 
= 1 — 2:sin*x 
=2cos’x — 1 


2 tan x 
1 — tan?x 


Formula for tangent: tan 2x = 


The proofs for the formulas for cosine are given here. You are asked to prove the re- 
maining formulas in Exercises 35 and 36. 


PROOF OF DOUBLE-ANGLE FORMULAS FOR COSINE 


cos 2X = Cos(x + x) 
= COS X COS X — SIN X SINX 
= cos?x — sin?x 


The second and third formulas for cos 2x are obtained from the formula we just proved 
and the Pythagorean identity. Substituting cos?x = 1 — sin?x gives 


cos 2x = cos?x — sin*x 
= (1 — sin’x) — sin?x 
=1—-2sin*x 


The third formula is obtained in the same way, by substituting sin?x = 1 — cos*x. Bo 


EXAMPLE 1 | Using the Double-Angle Formulas 
If cosx = —§ and x isin Quadrant II, find cos 2x and sin 2x. 


SOLUTION Using one of the Double-A ngle Formulas for Cosine, we get 


cos 2x = 2.cos’x — 1 


2 8 1 
(5) -2=§-3=—5 


To use the formula sin 2x = 2 sin x cos x, we need to find sin x first. We have 


sinx = V1 — cos’x = V1 — (-3) -~ 
where we have used the positive square root because sinx is positive in Quadrant II. 
Thus 


sin 2x = 2 sin x cos xX 


CP )C5)-F 
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EXAMPLE 2 | A Triple-Angle Formula 


Write cos 3x in terms of cos x. 


SOLUTION 


cos 3x = cos(2x + x) 


= COS 2X COS 


X — sin 2x sinx 


= (2 cos’x — 1) cosx — (2 sin x cos x) sinx 


= 2 cos*x — 
= 2 cos*x — 
= 2co0s*x — 


= 4 cos?x — 


cos x — 2 sin*x cos x 
cos x — 2 cos x (1 — cos’x) 
cos x — 2cosx + 2.cos?x 


3 COS X 
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Addition formula 
Double-A ngle Formulas 
Expand 

Pythagorean identity 
Expand 

Simplify 


Example 2 shows that cos 3x can be written as a polynomial of degree 3 in cos x. The 
identity cos 2x = 2 cos*x — 1 shows that cos 2x is a polynomial of degree 2 in cos x. In 
fact, for any natural number n, we can write cos nx as a polynomial in cos x of degree n 
(see the note following Exercise 101). The analogous result for sin nx is not true in 


general. 


EXAMPLE 3 | Proving an Identity 


Prove the identity E = 


IN X COS X 


3x 
= 4c0s x — sec x. 


SOLUTION Westart with the left-hand side: 


sin 3x sin(x + 2x) 
sinxcOSX SiN xX COSX 
_ sin x cos 2x + cos x sin 2x 


sin xX COS X 


sin x (2 cos’x — 1) + cosx (2 sin x cos x) 


sin x (2 cos*x — 1) 


sin X COS X 
cos x (2 sin x COS X) 


sin xX COS X 


2s x= 1 


COS X 


sin X COS X 


+ 2 cos xX 


1 
= 2c0sSxX — —— + 2.c0Sx 
COS X 


= 4cosx — sec x 
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Addition Formula 


Double-A ngle Formulas 


Separate fraction 


Cancel 


Separate fraction 


Reciprocal identity 


V Half-Angle Formulas 


The following formulas allow us to write any trigonometric expression involving 
even powers of sine and cosine in terms of the first power of cosine only. This technique 
is important in calculus. The Half-Angle Formulas are immediate consequences of these 


formulas. 
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FORMULAS FOR LOWERING POWERS 


1 = 08:2 5 1 + cos 2x 
Sa Osx == 


. 2. = 
sin’ x 


1 — cos 2x 
1 + cos 2x 


tan?x = 


PROOF The first formula is obtained by solving for sin*x in the double-angle formula 
cos 2x = 1 — 2 sin*x. Similarly, the second formula is obtained by solving for cos*x in 
the Double-A ngle Formula cos 2x = 2 cos*x — 1. 

The last formula follows from the first two and the reciprocal identities: 


1 — cos 2x 
>. _ sin?’x 2 1 — cos 2x 
tan°x = ia = ——_—___ 
cos’ xX 1 + cos 2x 1 + cos 2x 
2 |_| 


EXAMPLE 4 | Lowering Powers in a Trigonometric Expression 
Express sin?x cos?x in terms of the first power of cosine. 


SOLUTION Weuse the formulas for lowering powers repeatedly: 


sa ccaly (7 - er) (2 + al 


2 2 
bcos 2K: 1k 
= F =4 g COS 2x 
il (steht) Wf 1 cos 4x 
4 4 2 4 8 8 
1 


1 1 
8 g cos 4x = a (1 cos 4x) 


Another way to obtain this identity is to use the Double-A ngle Formula for Sine in the 
form sin x cos x = 3 sin 2x. Thus 


1 1/1 — cos 4x 
2 Das ey) = 
sin’ x COS*X A sin’ 2x Al 5 ) 
= 26 — cos 4x) 
8 
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HALF-ANGLE FORMULAS 


ay ee /1 — cosu Ba /1 + cosu 
ee 2 a 2 


Ue = ces ue sini 
sin u 1 60s U 


tan 


The choice of the + or — sign depends on the quadrant in which u/2 lies. 
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PROOF Wesubstitute x = u/2 in the formulas for lowering powers and take the square 
root of each side. This gives the first two Half-Angle Formulas. In the case of the Half- 
Angle Formula for Tangent we get 


fay ae 11 = cos.u 
2 “Vi-+cosu 


on 1—cosu\/1-—cosu Multiply numerator and 
== 1+cosu/\1—cosu denominator by 1 — cos u 


(1 — cosu)? = ad 
“V1 — costu Simplify 
gelle= GO5E | VA? = |A| 
~~ (sinu| and 1 —cos’u = sin’u 


Now, 1 — cos u is nonnegative for all values of u. It is also true that sin u and tan(u/2) al- 
ways have the same sign. (Verify this.) It follows that 
u = 1—cosu 
tan = = —_—_— 
2 sin U 
The other Half-Angle Formula for Tangent is derived from this by multiplying the nu- 
merator and denominator by 1 + cos u. | 


EXAMPLE 5 | Using a Half-Angle Formula 
Find the exact value of sin 22.5°. 


SOLUTION Since 22.5° is half of 45°, we use the Half-Angle Formula for Sine with 
u = 45°. We choose the + sign because 22.5° is in the first quadrant: 


1 — cos 45° 
5 Half-Angle Formula 
1 - V2/2 
2 
242 
4 
V2- V2 


a | cos 45° = V/2/2 
4 | Common denominator 


5 Simplify 


sin = 
2 
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EXAMPLE 6 | Using a Half-Angle Formula 
Find tan(u/2) if sinu = 2 and u isin Quadrant II. 


SOLUTION To use the Half-Angle Formula for Tangent, we first need to find cos u. 
Since cosine is negative in Quadrant Il, we have 


cosu = —V1 — sin*u 


--vi- =} 
5 
Thus tan a i : ee 
2 sin u 
14+ V21/5 5+v21 
= : = ; 


5 
©. NOW TRY EXERCISE 37 Oo 
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V Evaluating Expressions Involving Inverse Trigonometric Functions 


Expressions involving trigonometric functions and their inverses arise in calculus. In the 
next examples we illustrate how to evaluate such expressions. 


EXAMPLE 7 | Simplifying an Expression Involving an Inverse 
Trigonometric Function 


Write sin(2 cos”?x) as an algebraic expression in x only, where -1 = x <1. 


SOLUTION Let@ = cosx, and sketch a triangle as in Figure 1. We need to find 
1 sin 20, but from the triangle we can find trigonometric functions of 6 only, not 26. So 
we use the Double-A ngle Formula for Sine. 


Z) 0 sin(2 cos-!x) = sin 20 cos*x = 6 


2 sin 6 cos 8 Double-A ngle Formula 


= 2xV1—- x? From the triangle 
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FIGURE 1 


EXAMPLE 8 | Evaluating an Expression Involving Inverse 
Trigonometric Functions 


Evaluate sin 20, where cos @ = —3 with 6 in Quadrant II. 


SOLUTION We first sketch the angle 6 in standard position with terminal side in 
Quadrant II as in Figure 2. Since cos @ = x/r = —2, we can label a side and the hy- 
potenuse of the triangle in Figure 2. To find the remaining side, we use the Pythagorean 
5 Theorem: 


P(x,y) + 


. Pythagorean Theorem 


0 y+y2=r 
rN y 
-2 (—2)? + y? = 5? t=-7, ¢=5 
y= +V21 Solve for y? 
y= yi Because y > 0 


We can now use the Double-A ngle Formula for Sine: 


FIGURE 2 


sin 20 = 2 sin @ cos @ Double-A ngle Formula 


= 2(%24)( 2) From the triangle 


_4v21 
25 
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Simplify 


V Product-Sum Formulas 


It is possible to write the product sin u cos v as a sum of trigonometric functions. To see 
this, consider the addition and subtraction formulas for the sine function: 


sin(u + v) = sinucosv + cosu sinv 
sin(u — v) = sinucosv — cosu sinv 
Adding the left- and right-hand sides of these formulas gives 


sin(u + v) + sin(u — v) = 2 sinucosv 
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Dividing by 2 gives the formula 
sinu cos v = 3[sin(u + v) + sin(u — v)] 


The other three Product-to-Sum Formulas follow from the addition formulas in a simi- 
lar way. 


PRODUCT-TO-SUM FORMULAS 
sin U COS v = 
cosusinv = 


COS U COS v = 


sinusinv = 


EXAMPLE 9 | Expressing a Trigonometric Product as a Sum 
Express sin 3x sin 5x as a sum of trigonometric functions. 


SOLUTION Using the fourth Product-to-Sum Formula with u = 3x and v = 5x and the 
fact that cosine is an even function, we get 


sin 3x sin 5x = 3[cos(3x — 5x) — cos(3x + 5x)] 
= }c0s(—2x) — } cos 8x 
= }c0s 2x — } cos 8x 
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The Product-to-Sum Formulas can also be used as Sum-to-Product Formulas. This is 
possible because the right-hand side of each Product-to-Sum Formula is a sum and the left 
side is a product. For example, if we let 


_xty key 
= 5 and tins 
in the first Product-to-Sum Formula, we get 
X+ X- 
sin ~~~ cos > = d(sinx + siny) 
2 2 
x+ X- 
sO sinx + siny = 2sin =~ cos — 


The remaining three of the following Sum-to-Product Formulas are obtained in a simi- 
lar manner. 


SUM-TO-PRODUCT FORMULAS 


a 
sinx + siny = 2sin 


; cae, 
sinx — siny = 2 cos 


x + 
cos x + cosy = 2 CoS 


cosx — cosy = —2Sin 


552 CHAPTER 8 | Analytic Trigonometry 


EXAMPLE 10 | Expressing a Trigonometric Sum as a Product 
Write sin 7x + sin 3x as a product. 
SOLUTION The first Sum-to-Product Formula gives 


7X + 3x éoe 7x — 3x 
2 2 


sin 7x + sin 3x = 2sin 


= 2 sin 5x cos 2x 
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EXAMPLE 11 | Proving an Identity 
Verify the identity a tan x. 
cos 3x + COSx 


SOLUTION Weapply the second Sum-to-Product Formula to the numerator and the 
third formula to the denominator: 


3x +X. 3x-—xX 


. ; co sin 
sin 3x — sin x 2 2 
LHS = = Sum-to-Product Formulas 
cos 3X + COS X 3x + X 3X — x 
2 cos cos 
2 2 
_ 20s 2x sin x simplli 
2 COS 2X COS X ee 
sin Xx 
tan x = RHS Cancel 
COS X 
®&. NOW TRY EXERCISE 89 |_| 
CONCEPTS 7. sinx = —2, xin Quadrant III 
1. |f we know the values of sin x and cos x, we can find the value 8. secx = 2, Xin Quadrant IV 
of sin 2x by using the ____—_—~“ Formula for Sine. State the 9. tanx = —}, cosx>0 
formula: sin2x=_ 10. cotx = 4, sinx>0 


2. If we know the value of cos x and the quadrant in which x/2 11-16 = Use the formulas for lowering powers to rewrite 


lies, we can find the value of sin(x/2) by using the the expression in terms of the first power of cosine, as in 
Formula for Sine. State the formula: Example 4. 
sin(x/2) = ®.11, sintx 12. cos*x 
13. cos*x sin’x 14. cos*x sin?x 
SKILLS 15. cos*x sin*x 16. cos®x 
3-10 m Find sin 2x, cos 2x, and tan 2x from the given 17-28 m Use an appropriate Half-A ngle Formula to find the 
information. exact value of the expression. 
©. 3. sinx =3, xin Quadrant! ®&.17, sin 15° 18, tan 15° 
4. tanx = —3, xin Quadrant II 19. tan 22.5° 20. sin 75° 


5. cosx=%, cscx<0 6. cscx=4, tanx <0 21. cos 165° 22. cos 112.5° 


7 37 

23. tan — 24. a 
an 8 cos 8 

7 5a 

25. cos 55 26. tan 55 
_. On . lla 
27. sin-- 28. sin > 


29-34 m Simplify the expression by using a Double-Angle 


Formula or a Half-A ngle Formula. 
29. (a) 2 sin 18° cos 18° (b) 2 sin 30 cos 30 
2 tan 7° (b) 2 tan 70 
1 — tan? 7° 1 — tan’ 70 
31. (a) cos? 34° — sin? 34° (b) cos?5@ — sin?50 


30. (a) 


32. (a) cos? # sin? Ms (b) 2sin # tos 


2 Z 2 Z 
sin 8° 1 — cos 46 
oa) 1 + cos 8° (b) sin 40 


34, (a) jaa oS (b) j= os 


35. Use the A ddition Formula for Sine to prove the Double-Angle 


Formula for Sine. 


36. Use the A ddition Formula for Tangent to prove the D ouble- 


Angle Formula for Tangent. 
* 
2 
&.37. sinx =2, 0°<x< 90° 
38. cosx = —#, 180° <x < 270° 
39. cscx = 3, 90° <x < 180° 
40. tanx=1, 0°<x< 90° 
41. secx = 3, 270°<x < 360° 
42. cotx=5, 180° <x < 270° 


37-42 = Find sin, cos 


43-46 m Write the given expression as an algebraic expression in x. 


©. 43, sin(2 tan-+x) 
45. sin(;cos *x) 


44, tan(2 cos~'x) 

46. cos(2 sin-?x) 
47-50 m Find the exact value of the given expression. 

®.47, sin(2 cos! #5) 48. cos(2 tan} %2) 
49. sec(2 sin 13) 50. tan(>cos * §) 


51-54 m Evaluate each expression under the given conditions. 


©. 51. cos 26; sin@ = —2, @ in Quadrant III 
52. sin(9/2); tan @ = —%, 6 in Quadrant IV 
53. sin 20; sin @ = 3, 6 in Quadrant || 
54. tan 26; cos @ = 3, 8 in Quadrant | 


55-60 m Write the product as a sum. 
© .55. sin 2x cos 3x 


57. cos Xx sin 4x 


56. sin x sin 5x 
58. cos 5x cos 3x 


59. 3 cos 4x cos 7X 60. 11 sin | cos 


«61, sin 5x + sin 3x 


X es 
, and tan 3 from the given information. 
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61-66 = Write the sum as a product. 

62. sin x — sin 4x 
64. cos 9x + cos 2x 
66. sin 3x + sin 4x 


63. cos 4x — cos 6x 
65. sin 2x — sin 7x 


67-72 m Find the value of the product or sum. 

67. 2 sin 52.5° sin 97.5° 68. 3 cos 37.5° cos 7.5° 
69. cos 37.5° sin 7.5° 70. sin 75° + sin 15° 
71, cos 255° — cos 195° 


7 5a 
: —+ —_ 
72. COs D cos D 


73-90 m Prove the identity. 

73. cos? 5x — sin*5x = cos 10x 

74, sin 8x = 2 sin 4x cos 4x 

75. (sinx + cosx)? = 1 + sin 2x 
2 tan x 


76, ————— = sin 2x 
1 + tan?x 
in 4x 
77. = = 40S x cos 2X 
sin X 
1 + sin 2x 
78, ————— = 1 + } sec x csc x 
sin 2x 
2(tan x — cot x) 
79. —.———.— = sin2x 
tan?x — cot?x 
1 — tan? 
80. cot 2x = os 
2 tan x 
= 3 
“81. tan3x = 3 tan x - Xx 
1 — 3 tan’x 


82. 4(sin°x + cos®x) = 4 — 3 sin? 2x 


83. cos*x — sin*x = cos 2x 


X 1+ sinx 
4, tan? = 
: an'(4 =) 1 — sinx 
inx + sin 
ge SS SIN OK aay 


cos xX + cos 5x 
sin 3x + sin 7x 

86, ————__ = cot 2x 
cos 3X — cos 7x 


sinl0x _ cos 5x 
"sin9x +sinx cos 4x 


sin x + sin 3x + sin 5x 
88. = tan 3x 
cos X + cos 3x + cos 5x 


sinx + sin + 
- 89. J = tn(* t) 
cos x + cosy 2 


sin(x + y) — sin(x — y) 

cos(x + y) + cos(x — y) 

91. Show that sin 130° — sin 110° = —sin 10°. 
92. Show that cos 100° — cos 200° = sin 50°. 
93. Show that sin 45° + sin 15° = sin 75°. 

94. Show that cos 87° + cos 33° = sin 63°. 


90. tany = 


553 


554 


95. 


96. 


100. 


©.101. 


102. 


103. 


104, 


. (a) Graph f(x) 
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Prove the identity 


sinx + sin2x + sin 3x + sin 4x + sin 5x 


= tan 3x 
cos x + cos 2x + cos 3x + cos 4x + cos 5x 


Use the identity 
sin 2x = 2 sin xX cos x 


n times to show that 
sin(2"x) = 2" sin x cos x cos 2x cos 4x +++ cos 2" }x 
_ sin3x cos 3x 


sin x COS X 
(b) Prove the conjecture you made in part (a). 


and make a conjecture. 


. (a) Graph f(x) = cos 2x + 2 sin?x and make a conjecture. 


(b) Prove the conjecture you made in part (a). 


» Let f(x) = sin 6x + sin 7x. 


(a) Graph y = f(x). 
(b) Verify that f(x) = 2 cos 3x sin 3x. 
(c) Graph y = 2 cos$x and y = —2 cos 3x, together with 
the graph in part (a), in the same viewing rectangle. H ow 
are these graphs related to the graph of f? 
Let 3x = 7/3 and let y = cos x. Use the result of Example 2 
to show that y satisfies the equation 
sy? — by -1=0 
NOTE This equation has roots of a certain kind that are used 
to show that the angle 2/3 cannot be trisected by using a 
ruler and compass only. 


(a) Show that there is a polynomial P(t) of degree 4 such 
that cos 4x = P(cos x) (see Example 2). 


(b) Show that there is a polynomial Q(t) of degree 5 such 
that cos 5x = Q(cosx). 


NOTE In general, there is a polynomial P,(t) of degree n 
such that cos nx = P,(cos x). These polynomials are called 
Tchebycheff polynomials, after the Russian mathematician 
P. L. Tchebycheff (1821-1894). 


In triangle ABC (see the figure) the line segment s bisects an- 
gle C. Show that the length of s is given by 

_ 2ab cos x 

~ ath 
[Hint: Use the Law of Sines.] 


Cc 


LV 


B A 


If A, B, and C are the angles in a triangle, show that 
sin 2A + sin2B + sin2C = 4sinA sinB sinC 


A rectangle is to be inscribed in a semicircle of radius 5 cm 

as shown in the following figure. 

(a) Show that the area of the rectangle is modeled by the 
function 


A(@) = 25 sin 20 


(b) Find the largest possible area for such an inscribed 
rectangle. 


(c) Find the dimensions of the inscribed rectangle with the 
largest possible area. 


k—5 cm—>| 


APPLICATIONS 


105. Sawing a Wooden Beam A rectangular beam is to be 


cut from a cylindrical log of diameter 20 in. 
(a) Show that the cross-sectional area of the beam is 
modeled by the function 


A(@) = 200 sin 20 


where @ is as shown in the figure. 

(b) Show that the maximum cross-sectional area of such a 
beam is 200 in?. [Hint: Use the fact that sinu achieves 
its maximum value at u = 77/2.] 


106. Length of a Fold = The lower right-hand corner of along 


piece of paper 6 in. wide is folded over to the left-hand edge 
as shown. The length L of the fold depends on the angle 0. 
Show that 

3 


~ sin 6 cos26 


—<— 6.1} 


. Sound Beats When two pure notes that are close in fre- 


quency are played together, their sounds interfere to produce 
beats; that is, the loudness (or amplitude) of the sound alter- 
nately increases and decreases. If the two notes are given by 


fi(t) =cosllt and f(t) = cos 13t 


the resulting sound is f(t) = f(t) + f(t). 
(a) Graph the function y = f(t). 
(b) Verify that f(t) = 2 cost cos 12t. 
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(c) Graph y = 2 cost and y = —2 cost, together with the 
graph in part (a), in the same viewing rectangle. How do DISCOVERY = DISCUSSION = WRITING 
these graphs describe the variation in the loudness 109. Geometric Proof of a Double-Angle Formula 
of the sound? Use the figure to prove that sin 20 = 2 sin @ cos 6. 


108. Touch-Tone Telephones When a key is pressed on a 
touch-tone telephone, the keypad generates two pure tones, 
which combine to produce a sound that uniquely identifies 
the key. The figure shows the low frequency f, and the high 
frequency f, associated with each key. Pressing a key pro- 
duces the sound wave y = sin(27f,t) + sin(2afyt). 

(a) Find the function that models the sound produced when 


the 4 key is pressed. [Hint: Find the area of triangle ABC in two different ways. 
(b) Use a Sum-to-Product Formula to express the sound gen- You will need the following facts from geometry: 
erated by the 4 key as a product of a sine and a cosine 


An angle inscribed in a semicircle is a right angle, so 


function. 
(c) Graph the sound wave generated by the 4 key, from ZACB is aright angle. 
t=0Otot=0.006s. The central angle subtended by the chord of a circle is 
twice the angle subtended by the chord on the circle, so 
High frequency f ZBOC is 26.] 


1209 1336 1477 Hz 


DISCOVERY 
697Hz (1) (2) (3) AXOIAGE Where to Sit at the Movies 


Low 770 Hz —~ In this project we use trigonometry to find the best 


frequency 


: location to observe such things as a painting or a movie. 
fy 852 Hz —> You can find the project at the book companion website: 


941 Hz —> [*] www.stewartmath.com 


8.4 Basic TRIGONOMETRIC EQUATIONS 


Basic Trigonometric Equations Solving Trigonometric Equations 
by Factoring 


An equation that contains trigonometric functions is called a trigonometric equation. 
For example, the following are trigonometric equations: 


sin?@ + cos*6 = 1 2singé-1=0 tan26-—1=0 


The first equation is an identity— that is, it is true for every value of the variable 6. The 
other two equations are true only for certain values of @. To solve a trigonometric equa- 
tion, we find all the values of the variable that make the equation true. 


V Basic Trigonometric Equations 


Solving any trigonometric equation always reduces to solving a basic trigonometric 
equation— an equation of the form T(@) = c, where T is a trigonometric function and c 
is a constant. In the next three examples we solve such basic equations. 


EXAMPLE 1 | Solving a Basic Trigonometric Equation 


; ; 1 
Solve the equation sin @ = 2 
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Yao. 
5a 1 2 


FIGURE 1 


FIGURE 2 


SOLUTION 


Find the solutions in one period. Because sine has period 277, we first find the solutions 
in any interval of length 2zr. To find these solutions, we look at the unit circle in Figure 1. We 
see that sin @ = 3 in Quadrants | and II, so the solutions in the interval [0, 27r) are 


m4 _ 5m 
6 6 


Find all solutions. Because the sine function repeats its values every 27r units, we get all 
solutions of the equation by adding integer multiples of 27 to these solutions: 
5 
0 = — + km 9 = + ke 


where k is any integer. Figure 2 gives a graphical representation of the solutions. 


y = sind 


®. NOW TRY EXERCISE 5 = 


EXAMPLE 2 | Solving a Basic Trigonometric Equation 


; 2 —— a 
Solve the equation cos 6 = — and list eight specific solutions. 


SOLUTION 


Find the solutions in one period. Because cosine has period 277, we first find the 
solutions in any interval of length 27. From the unit circle in Figure 3 we see that 


cos @ = —\/2/2 in Quadrants || and III, so the solutions in the interval [0, 27r) are 


37 5a 
0= d= 
4 4 
ya 
1 
_ 57 
ae 
v= e=92 
ae r\ . 
—| \ 1 x 
v2 
2 
—1 
FIGURE 3 


Find all solutions. Because the cosine function repeats its values every 277 units, we get 
all solutions of the equation by adding integer multiples of 27 to these solutions: 
30 57r 


=— =" 4 
0 n + 2ka 0 ri 2ka 
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where k is any integer. You can check that fork = —1, 0, 1, 2 we get the following spe- 
cific solutions: 

5a 30 30 5a lla 137 197 217 

4A’ 4’ 4' 4' 4' 4° 4!" 4 
eee aes SS 

k=-1 k=0 k=1 ke2 


Figure 4 gives a graphical representation of the solutions. 
va 


y = cos 0 


FIGURE 4 
©. NOW TRY EXERCISE 17 Oo 
EXAMPLE 3 | Solving a Basic Trigonometric Equation 
Solve the equation cos 6 = 0.65. 
SOLUTION 
Find the solutions in one period. We first find one solution by taking cos”! of each 
side of the equation. 
cos 6 = 0.65 Given equation 
6 = cos (0.65) — Take cos~? of each side 
0 = 0.86 Calculator (in radian mode) 
Because cosine has period 277, we next find the solutions in any interval of length 27. To 
find these solutions, we look at the unit circle in Figure 5. We see that cos @ = 0.85 in 
Quadrants | and IV, so the solutions are 
6~086 627 — 0.86 ~ 5.42 
ya 
FIGURE 5 


Find all solutions. To get all solutions of the equation, we add integer multiples of 27 
to these solutions: 


6 = 0.86 + 2k 6 =~ 5.42 + 2ka 
where k is any integer. 
©. NOW TRY EXERCISE 21 | 
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EXAMPLE 4 | Solving a Basic Trigonometric Equation 
Solve the equation tan 6 = 2. 
SOLUTION 


Find the solutions in one period. We first find one solution by taking tan~? of each 
side of the equation: 


tanéd = 2 Given equation 
@=tan-(2) — Take tan~! of each side 
6 = 1.12 Calculator (in radian mode) 


By the definition of tan~?, the solution that we obtained is the only solution in the inter- 
val (—2/2, /2) (which is an interval of length zr). 


Find all solutions. Since tangent has period 7, we get all solutions of the equation by 
adding integer multiples of zr: 


@6~1.12 + ka 


where k is any integer. A graphical representation of the solutions is shown in Figure 6. 
You can check that the solutions shown in the graph correspond to k = —1, 0, 1, 2, 3. 


ya y =tand 


—2.02 1.12 [ 
FIGURE 6 


©. NOW TRY EXERCISE 23 A 


In the next example we solve trigonometric equations that are algebraically equivalent 
to basic trigonometric equations. 
EXAMPLE 5 | Solving Trigonometric Equations 


Find all solutions of the equation. 
(a) 2sing-1=0 (b) tan?o — 3 =0 


SOLUTION 
(a) We start by isolating sin 6: 


2sind-—1=0 Given equation 
2sind=1 Add 1 


1 
sin@ = = Divide by 2 


2 
This last equation is the same as that in Example 1. The solutions are 
0 = + ake 9 = 2 + 2kn 


where k is any integer. 


Zero-Product Property 
lf AB = 0, thenA = 0orB = 0. 


Equation of Quadratic Type 
2c*-7C +3=0 
(2c —1)(C — 3) =0 
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(b) We start by isolating tan @: 
tanr?7a — 3 =0 Given equation 
tan’@ = 3 Add 3 
tang = +V3 Take the square root 


Because tangent has period 7, we first find the solutions in any interval of length zr. 
In the interval (—2/2, w/2) the solutions are @ = z/3 and @ = —7/3.To get all so- 
lutions, we add integer multiples of a to these solutions: 


T T 
O=3 + ka 9=—3 + ka 


where k is any integer. 
®. NOW TRY EXERCISES 27 AND 33 a 


V Solving Trigonometric Equations by Factoring 

Factoring is one of the most useful techniques for solving equations, including trigono- 
metric equations. The idea is to move all terms to one side of the equation, factor, and then 
use the Zero-Product Property (see Section 1.3). 

EXAMPLE 6 | A Trigonometric Equation of Quadratic Type 

Solve the equation 2 cos*@ — 7cos@ + 3 = 0. 

SOLUTION We factor the left-hand side of the equation. 


2cos*@ — 7cos8+3=0 _ Given equation 
(2 cos @ — 1)(cos@ — 3) =0 Factor 


2cosdé—-1=0 or cosdé-3=0 Set each factor equal to 0 
1 
cos @ = 5 or cos@ = 3 Solve for cos @ 


Because cosine has period 277, we first find the solutions in the interval [0, 27r). For the 
first equation the solutions are @ = 7/3 and @ = 52/3 (see Figure 7). The second equa- 
tion has no solution because cos @ is never greater than 1. Thus the solutions are 


Q= > + ke 9 = 72 + ake 


where k is any integer. 


FIGURE 7 


©. NOW TRY EXERCISE 41 oO 
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EXAMPLE 7 | Solving a Trigonometric Equation by Factoring 
Solve the equation 5 sin@cos@ + 4cos@ = 0. 
SOLUTION We factor the left-hand side of the equation: 


5sin@cosé + 2cosé = 0 Given equation 
cos A(5sin@ + 2) =0 Factor 
cos @ = 0 or 5singa+4=0 Set each factor equal to 0 
bi sind = —0.8 Solve for sin 6 
ban tor 1 Because sine and cosine have period 277, we first find the solutions of these equations in 


—0.93 an interval of length 27. For the first equation the solutions in the interval [0, 277) are 
@ = 2/2 and @ = 37/2. To solve the second equation, we take sin! of each side: 


sin @ = —0.80 Second equation 
6 = sin (—0.80) — Takesin~? of each side 


= —0,93 Calculator (in radian mode) 


So the solutions in an interval of length 27 are 6 = —0.93 and 6 = 7 + 0.93 = 4.07 
—1 (see Figure 8). We get all the solutions of the equation by adding integer multiples of 2a 
to these solutions. 


FIGURE 8 = o. 
0 = 5 + 2k 0 => + eka 6 =~ —0.93 + 2ka 0 = 4.07 + 2ka 
where k is any integer. 
©. NOW TRY EXERCISE 53 | 


8.4 EXERCISES 


CONCEPTS 4. We can find the solutions of sin x = 0.3 algebraically. 
(a) First we find the solutions in the interval [ —7r, a]. We get 


1. Because the trigonometric functions are periodic, if a basic 


Sen Se = 
trigonometric equation has one solution, it has nie eh solptiony DY Caeing sn t0-Ger 


(several/infinitely many) solutions. The other solution in this interval is x = 
2. The basic equation sinx = 2has____———__ (no/one/infinitely (b) We find all solutions by adding multiples of 
many) solutions, whereas the basic equation sin x = 0.3 has to the solutions in [—7, 7]. The solutions are 
(no/one/infinitely many) solutions. X= and xX = 
3. We can find some of the solutions of sin x = 0.3 graphically 
by graphing y = sinx andy = ____. Use the graph be- SKILLS 
low to estimate some of the solutions. 5-16 m Solve the given equation. 
V3 V2 
= ee in Oise 
yh ~ 5. sing 5 6. sin @ 3 
7. cos9 = —1 8. cos = V3 
9. cos@ =} 10. sing = —0.3 
11. sing = —0.45 12. cos 6 = 0.32 
13. tang = —V3 14. tang =1 
15. tang =5 16. tang = —} 


17-24 m Solve the given equation, and list six specific solutions. 
17, cosa = -¥3 18. cos = 5 
19. sing = ¥? 20. sin @ = = 
©.21. cos @ = 0.28 22. tang = 2.5 
©. 23, tan@ = —10 24. sind = —0.9 
25-38 m Find all solutions of the given equation. 
25. cos9+1=0 26. sing +1=0 
®.27, V2sing+1=0 28. V2cos@—1=0 
29. 5sing-—1=0 30. 4cos9 +1=0 
31. 3tan?9 —-1=0 32. cote +1=0 
©. 33. 2cos’9 — 1 =0 34. 4sin’a -3 =0 
35. tanr’o9 —-4=0 36. 9sin?g -1=0 
37. sec?9 —2 =0 38. csc’9 — 4 =0 
39-56 m Solve the given equation. 
39, (tan’a — 4)(2cos@ +1) =0 
40. (tan @ — 2)(16 sin?@ — 1) = 0 
©.41. 4c0s’@ — 4cos9 +1 =0 
42. 2sin’?a — sing -1=0 
43. 3sin?o — 7sing+2=0 
44, tan’9 — 13 tan?@ + 36 =0 
45. 2 cos*@ — 7cosd +3 =0 
46. sin’?@ — sing —-2=0 
47. cos*9—cosd-6=0 48. 2sin’?9 + 5sing — 12 =0 
49. sin?@ = 2sin@ + 3 50. 3 tan?@ = tan@ 
51. cos 6(2 sing + 1) =0 52. sec o(2 cos@ — V2) = 0 
©.53. cosasing—2cos@=0 54 tanasing+ sing =0 
55. 3tanésing — 2tangd=0 56. 4cos@sing + 3cosé = 0 
APPLICATIONS 
57. Refraction of Light _|t has been observed since ancient 


times that light refracts or “bends” as it travels from one 
medium to another (from air to water, for example). If v, is the 
speed of light in one medium and v, its speed in another 
medium, then according to Snell’s Law, 

sin 0, _ Vy 


sin 0, v2 


58. 


59. 
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where @, is the angle of incidence and 8, is the angle of re- 
fraction (see the figure). The number v,/v, is called the index 
of refraction. The index of refraction for several substances is 
given in the table. 

If a ray of light passes through the surface of a lake at an 
angle of incidence of 70°, what is the angle of refraction? 


Refraction 
6 Air from air 
! Substance to substance 
Water 1.33 
Alcohol 1.36 
Water 9 Glass 1.52 
Diamond 2.41 


Total Internal Reflection When light passes from a 
more-dense to a less-dense medium— from glass to air, for 
example— the angle of refraction predicted by Snell’s Law 
(see Exercise 57) can be 90° or larger. In this case the light 
beam is actually reflected back into the denser medium. This 
phenomenon, called total internal reflection, is the principle 
behind fiber optics. Set @. = 90° in Snell’s Law, and solve for 
0, to determine the critical angle of incidence at which total 
internal reflection begins to occur when light passes from 
glass to air. (Note that the index of refraction from glass to air 
is the reciprocal of the index from air to glass.) 


Phases of the Moon As the moon revolves around the 
earth, the side that faces the earth is usually just partially 
illuminated by the sun. The phases of the moon describe how 
much of the surface appears to be in sunlight. An astronomical 
measure of phase is given by the fraction F of the lunar disc 
that is lit. When the angle between the sun, earth, and moon is 
6 (0 < 6 S 360°), then 


1 
F = =(1 — cos@) 


2 
Determine the angles 6 that correspond to the following phases: 
(a) F =0 (new moon) 
(b) F = 0.25 (a crescent moon) 
(c) F =0.5 (first or last quarter) 
(d) F =1 (full moon) 


DISCOVERY = DISCUSSION = WRITING 


60. 


Equations and Identities Which of the following 
statements is true? 


A. Every identity is an equation. 
B. Every equation is an identity. 


Give examples to illustrate your answer. Write a short 
paragraph to explain the difference between an equation and 
an identity. 
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8.5 MOoRrE TRIGONOMETRIC EQUATIONS 


Solving Trigonometric Equations by Using Identities B Equations 
with Trigonometric Functions of Multiples of Angles 


In this section we solve trigonometric equations by first using identities to simplify the 
equation. We also solve trigonometric equations in which the terms contain multiples of 
angles. 


V Solving Trigonometric Equations by Using Identities 


In the next two examples we use trigonometric identities to express a trigonometric equa- 
tion in a form in which it can be factored. 


EXAMPLE 1 | Using a Trigonometric Identity 
Solve the equation 1 + sin@ = 2 cosa. 


SOLUTION We first need to rewrite this equation so that it contains only one trigono- 
metric function. To do this, we use a trigonometric identity: 


1+ sin@ = 2c0s°6 Given equation 
1+ sing = 2(1 — sin’@) Pythagorean identity 


2sin?@ + singé-1=0 Put all terms on one side 
(2sin@ — 1)(singé + 1) =0 Factor 
2sind-—1=0 or sind+1=0 Set each factor equal to 0 
. 1 . 
sind => or sing = —1 Solve for sin @ 
_a Sa a= 3a Solve for @ in the 
~ 6' 6 of ~ 9 interval [0, 277) 


Because sine has period 27r, we get all the solutions of the equation by adding integer 
multiples of 277 to these solutions. Thus the solutions are 


O= = + ke 0 = 72 + Oke 0 = + ke 
where k is any integer. 
®&. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Using a Trigonometric Identity 
Solve the equation sin 26 — cos @ = 0. 


SOLUTION The first term is a function of 20, and the second is a function of 6, So we 
begin by using a trigonometric identity to rewrite the first term as a function of @ only: 


sin 20 — cos@ = 0 Given equation 
2sin@cosé@ — cosé = 0 Double-A ngle Formula 
cos@(2sing — 1) =0 Factor 
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cosd = 0 or 2sing-1=0 Set each factor equal to 0 
1 
sind = 5 Solve for sin 6 
3 5 
0= a = or d= zi a Solve for @ in [0, 27r) 


Both sine and cosine have period 277, so we get all the solutions of the equation by adding 
integer multiples of 27 to these solutions. Thus the solutions are 


T 30 T 5a 
0 = 5 + aka 0 = + 2kar 0 = — + eka 6 = + aka 
where k is any integer. 
©. NOW TRY EXERCISES 7 AND 11 | 


EXAMPLE 3 | Squaring and Using an Identity 
Solve the equation cos 6 + 1 = sin@ in the interval [0, 27r). 


SOLUTION To get an equation that involves either sine only or cosine only, we 
square both sides and use a Pythagorean identity: 


cosé+1=sin6 Given equation 
cos*@ + 2cos@ + 1 =sin’0 Square both sides 
cos?@ + 2cos@é +1=1 — cos’@ Pythagorean identity 
2 cos*@ + 2cos@ = 0 Simplify 
2 cos 6(cos@ + 1) =0 Factor 
2cosé = 0 or cosdé+1=0 Set each factor equal to 0 
cosé = 0 or cos@ = —1 Solve for cos 6 
6 = = = or Q=7 Solve for 0 in [0, 27) 


Because we squared both sides, we need to check for extraneous solutions. From Check 
Your Answers we see that the solutions of the given equation are 7/2 and z. 


7 37 
ae = Q=7 
cos +1=sin— ee a asi cosa7 +1=sin 
7 ies 2 “Te ss 
04+1=1 VY 0412-1 x -14+1=0 Vv 
& NOW TRY EXERCISE 13 | 


EXAMPLE 4 | Finding Intersection Points 


Find the values of x for which the graphs of f(x) = sin x and g(x) = cos x intersect. 
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FIGURE 1 


SOLUTION 1: Graphical 

The graphs intersect where f(x) = g(x). In Figure 1 we graph y,; = sin x and y, = cos x 
on the same screen, for x between 0 and 27. Using [TRACE] or the intersect command 
on the graphing calculator, we see that the two points of intersection in this interval occur 
where x ~ 0.785 and x ~ 3.927. Since sine and cosine are periodic with period 27, the 
intersection points occur where 


X = 0.785 + 2k and X = 3.927 + 2ka 


where k is any integer. 


Intersection Intersection 
X=.78539816 Y=.70710678 X=3.9269908 Y=~-.7071068 


(a) 


SOLUTION 2: Algebraic 


To find the exact solution, we set f(x) = g(x) and solve the resulting equation alge- 
braically: 


sin X = COS X Equate functions 
Since the numbers x for which cos x = 0 are not solutions of the equation, we can divide 
both sides by cos x: 


sin X 
——=] Divide by cos x 
COS X 


tanx =1 Reciprocal identity 
The only solution of this equation in the interval (—7/2, 7/2) is x = 7/4. Since tangent 
has period zr, we get all solutions of the equation by adding integer multiples of a: 


xa tke 


where k is any integer. The graphs intersect for these values of x. You should use your cal- 
culator to check that, rounded to three decimals, these are the same values that we ob- 
tained in Solution 1. 
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V Equations with Trigonometric Functions of Multiples of Angles 


When solving trigonometric equations that involve functions of multiples of angles, we 
first solve for the multiple of the angle, then divide to solve for the angle. 


EXAMPLE 5 | A Trigonometric Equation Involving 
a Multiple of an Angle 

Consider the equation 2 sin 30 — 1 = 0. 

(a) Find all solutions of the equation. 

(b) Find the solutions in the interval [0, 27r). 
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SOLUTION 
(a) We first isolate sin 36 and then solve for the angle 30. 
2sin3@-1=0 Given equation 
2sin 36 =1 Add 1 
; 1 7 
sin 36 = 1 Divide by 2 
a OT : : ; 
30 = 6 6 Solve for 3@ in the interval [0, 27r) (see Figure 2) 


To get all solutions, we add integer multiples of 22 to these solutions. So the solu- 
tions are of the form 


30 = & + ake 30 = 27 + ake 
To solve for 6, we divide by 3 to get the solutions 
g — 7 4 2ka 9 2m 4 oka 
18 3 18 Z 


where k is any integer. 


(b) The solutions from part (a) that are in the interval [0, 277) correspond to k = 0, 1, 
and 2. For all other values of k the corresponding values of @ lie outside this inter- 
val. So the solutions in the interval [0, 277) are 

_ 9 Saw l3e lle 23a 29a 
18' 18’ 18' 18' 18’ 18 


FIGURE 2 


© NOW TRY EXERCISE 17 | 


EXAMPLE 6 | A Trigonometric Equation Involving 
a Half Angle 


Consider the equation V3 tan 5 —-1=0. 


(a) Find all solutions of the equation. 
(b) Find the solutions in the interval [0, 47r). 
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SOLUTION 
: : 0 
(a) We start by isolating tan 2 
0 ; . 
V3 tan - 1=0 Given equation 
0 
V3 tan = =1 Add 1 
0 1 
tan~=—— _ Divideby V3 
2 V3 
0 _7 OF; ; TW 
5 “5 Solve for = in the interval ( x2) 


Since tangent has period zr, to get all solutions we add integer multiples of 2 to this 
solution. So the solutions are of the form 


6 
22 ae 


2 6 
Multiplying by 2, we get the solutions 


0 =F + 2km 
where k is any integer. 
(b) The solutions from part (a) that are in the interval [0, 477) correspond to k = 0 and 
k = 1. For all other values of k the corresponding values of x lie outside this inter- 
val. Thus the solutions in the interval [0, 47r) are 


eee 
3° 3 
®. NOW TRY EXERCISE 23 a 
CONCEPTS ©. 7, 2sin 26 - 3sin@ =0 8 3sin20 — 2sin@ =0 
1-2 m We can use identities to help us solve trigonometric 9. cos 20 = 3sin@—1 10. cos 20 = cos’ — 3 
Sq UaTIOnS, © .11. 2 sin?@ — cos = 1 12. tang — 3 cot@ =0 
1, Using a Pythagorean identity we see that the equation &13. sing —1= cosa iA cosh = sin —1 
sin x + sin?x + cos?x = 1 is equivalent to the basic equation 
15. tang + 1 =sec@ 16. 2 tang + sec29 = 4 


whose solutions are x = 


2. Using a Double-A ngle Formula we see that the equation 
17-34 m An equation is given. (a) Find all solutions of the equa- 


Ae De ld Seatac tal eee eta tion. (b) Find the solutions in the interval [0, 277). 


Factoring we see that solving this equation is equivalent to 


; ®.17, 2.cos 36 = 1 18. 3 csc? = 4 
solving the two basic equations and 

19. 2cos20+1=0 20. 2sin30+1=0 
21. V3 tan 36 +1=0 22. sec 49-2 =0 

SKILLS . ‘ 

3-16 m Solve the given equation. <.23, a5 = 1=0 24, tan a0 3=0 

©. 3..2c0s?@ + sing =1 4, sin?@ = 4 — 2cos’6 
: : __ 60 0 6 

25. 2sin= + V3 = 26. sec = = cos — 

5. tan2@ — 2sec@ =2 6. csc*@ = cota + 3 ° sa V3=0 5 ca a 


27. sin 20 = 3 cos 20 28. csc 30 = 5 sin 30 
29. sec @ — tan @ = cos 6 30. tan 30 + 1 = sec 30 
31. 3 tan?@ — 3tan’?@ — tang +1=0 

32. 4sin@cos@ + 2sin@ —2cosa-—1=0 

33. 2sin@tang@ — tan@ = 1 — 2sin@ 

34, sec 9 tan@ — cos é@coté = sind 


35-38 m (a) Graph f and g in the given viewing rectangle and find 
the intersection points graphically, rounded to two decimal places. 
(b) Find the intersection points of f and g algebraically. Give exact 
answers. 


©.35. f(x) = 3cosx 4 1901) cosx — 1; 
[—2m, 2a] by [—2.5, 4.5] 

36. f(x) = sin2x + 1, g(x) = 2sin2x + 1; 
[—2a, 2a] by [-1.5, 3.5] 


37. f(x) = tanx, gx) = V3;|-2 >" =| by 10, 10] 


38. f(x) = sinx — 1, g(x) = cos x; [—2z, 27] by [—2.5, 1.5] 


39-42 m Use an Addition or Subtraction Formula to simplify the 
equation. Then find all solutions in the interval [0, 277). 


39. cos 6 cos 36 — sin @ sin 30 = 0 
40. cos 6 cos 20 + sin@ sin 26 = 3 
41. sin 20 cos @ — cos 20sin@ = V3/2 
42. sin 36 cos 6 — cos 34 sin@ = 0 


43-52 m= Usea Double or Half-Angle Formula to solve the equa- 
tion in the interval [0, 27r). 


43. sin20 + cos@ = 0 a4, tan 5 — sing = 0 

45. cos 20 + cosd = 2 46. tang + coté = 4sin 20 
47. cos 20 — cos*@ = 0 48, 2 sin?@ = 2 + cos20 
49. cos 20 — cos 40 = 0 50. sin 3@ — sin6@ = 0 


51. cos@ — sing 


Vi sins 52. sin@ — cos@ =3 


53-56 m Solve the equation by first using a Sum-to-Product 
Formula. 


53. sing + sin30 = 0 
55. cos 49 + cos 26 = cos @ 


54. cos5@ — cos 70 = 0 
56. sin5¢@ — sin 36 = cos 40 


57-62 m Use a graphing device to find the solutions of the equa- 
tion, correct to two decimal places. 


57. sin 2x = x 58. cosx = 5 
59, 250% = x 60. sinx = x? 
61, oe 62. cosx = 3(e* + e-*) 


1+? 
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APPLICATIONS 


63. Range of a Projectile _|f a projectile is fired with veloc- 
ity vo at an angle @, then its range, the horizontal distance it 
travels (in feet), is modeled by the function 


vs sin 20 
32 
(See page 614.) If uy = 2200 ft/s, what angle (in degrees) 


should be chosen for the projectile to hit a target on the 
ground 5000 ft away? 


64. Damped Vibrations The displacement of a spring vi- 
brating in damped harmonic motion is given by 


y = 4e-*sin 2at 


Find the times when the spring is at its equilibrium position 
(y = 0). 


65. Hours of Daylight [n Philadelphia the number of hours 
of daylight on day t (where t is the number of days after J anu- 
ary 1) is modeled by the function 


L(t) = 12 + 2.83 sin( 2 - 80) 


(a) Which days of the year have about 10 hours of daylight? 
(b) How many days of the year have more than 10 hours of 
daylight? 


66. Belts and Pulleys A thin belt of length L surrounds two 
pulleys of radii R andr, as shown in the figure. 
(a) Show that the angle @ (in radians) where the belt crosses 
itself satisfies the equation 
0 L 


0+ 2 cot. "ear 7 


[Hint: Express L in terms of R, r, and @ by adding up the 
lengths of the curved and straight parts of the belt.] 

(b) Suppose that R = 2.42 ft, r = 1.21 ft, and L = 27.78 ft. 
Find @ by solving the equation in part (a) graphically. Ex- 
press your answer both in radians and in degrees. 


DISCOVERY = DISCUSSION = WRITING 


67. A Special Trigonometric Equation W hat makes 
the equation sin(cos x) = 0 different from all the other 
equations we've looked at in this section? Find all solutions 
of this equation. 
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CHAPTER 8 | 


REVIEW 


Mm CONCEPT CHECK 


1 


(a) State the reciprocal identities. 
(b) State the Pythagorean identities. 
(c) State the even-odd identities. 
(d) State the cofunction identities. 


. Explain the difference between an equation and an identity. 
. How do you prove a trigonometric identity? 
. (a) State the A ddition Formulas for Sine, Cosine, and Tangent. 


(b) State the Subtraction Formulas for Sine, Cosine, and 
Tangent. 


M EXERCISES 


5. (a) State the Double-A ngle Formulas for Sine, Cosine, and 
Tangent. 
(b) State the formulas for lowering powers. 
(c) State the Half-A ngle Formulas. 


6. (a) State the Product-to-Sum Formulas. 
(b) State the Sum-to-Product Formulas. 


7. Explain how you solve a trigonometric equation by 
factoring. 


8. What identity would you use to solve the equation 
cos x — sin 2x = 0? 


1-24 m Verify the identity. 


1 
2. 
3. 


16. 


17. 


sin @ (cot@ + tané) = seco 
(sec 9 — 1)(sec @ + 1) = tan’ 


cos*x csc X — CSC X = —SINX 


1 
. ——- = 1 + tan’x 
1 — sin?x 
cos*x — tan?x . j 
a) = cot’x — sec*x 
sin2x 
1+secx  __sin’x 
SEC X 1 — cosx 
cos?x COS x 


“1—sinx  secx — tanx 
» (1 — tan x)(1 — cot x) = 2 — sec x csc x 
» sin’x cot?x + cos?x tan?x = 1 


. (tan x + cot x)? = csc?x sec?x 


sin2x at 
"1+ cos 2x 
cos(x + y) 
: : = coty — tanx 
cos x sin y 
X 
: tans = csc X — cotx 
sin(x + y) + sin(x — y) 
= tan x 
cos(x + y) + cOs(x — y) 


. sin(x + y) sin(x — y) = sin’x — sin’y 


X 
CSC X — tan> = cot x 


X 
1 + tan x tan 5 = sec x 


sin 3x + cos 3x 


i =1+42sin2x 
cos x — sinx 


X x\? 
19, i = i 
9 (cos sin) 1 —sinx 
— T 
gp, OPN OTE 2 andy 
sin 3x + sin 7x 
21. ou _ COS 2x — 
sin x COS X 
22. (cosx + cosy)? + (sinx — siny)? = 2 + 2 cos(x + y) 
7 1 + tan x 
2 +— ) = 2 
23 tan(x = | 1 — tanx 
-1 
24, 2" ~~ = tan* 
sin x Sec X 2 


w=) 25-28 m (a) Graph f and g. (b) Do the graphs suggest that the 
equation f(x) = g(x) is an identity? Prove your answer. 


Ma X V4 
25. f(x) =1 cos 3 sin a) g(x) = sin x 
26. f(x) =sinx + cosx, g(x) = Vsin?x + cos?x 
x 1 
27. f(x) = tan x tan 3! g(x) = Te 
28. f(x) = 1—-8sin?x + 8sin*x, g(x) = cos 4x 


==) 29-30 m (a) Graph the function(s) and make a conjecture, and 


(b) prove your conjecture. 
29. f(x) = 2 sin? 3x + cos 6x 


30. f(x) = sinx cot = g(X) = COS xX 


31-48 m Solve the equation in the interval [0, 27r). 
31. 4sing —-3 =0 

32. 5cos9+3=0 

33. cos x sinx — sinx = 0 

34, sin x — 2 sin’x = 0 


35. 2 sin?x —5sinx +2 =0 
36. sin x — cos x 
37. 2 cos*x — 7 cosx +3 =0 


tanx = -1 


38, 4 sin¢x + 2 cos?x = 3 
1—cosx _ 

"1+ cosx 

40. sin x = cos 2x 

41. tan?x + tan?x — 3 tanx —-3 =0 

42. cos 2x csc?x = 2 cos 2x 

43, tan3x + 2sin2x = csc x 

44. cos 3x + cos 2x + cosx = 0 

45. tanx + secx = V3 

46. 2 cosx — 3 tanx =0 

we) 47. cosx =x? —1 

Wy 48, "= x 

. 49. If a projectile is fired with velocity v, at an angle @, then the 
maximum height it reaches (in feet) is modeled by the function 

_ vp sino 
64 


M(@) 


Suppose vp = 400 ft/s. 

(a) At what angle 6 should the projectile be fired so that the 
maximum height it reaches is 2000 ft? 

(b) Is it possible for the projectile to reach a height of 
3000 ft? 

(c) Find the angle 6 for which the projectile will travel highest. 


- ei Mo 


50. The displacement of an automobile shock absorber is 
modeled by the function 


f(t) = 27-9 sin 4at 


Find the times when the shock absorber is at its equilibrium 
position (thatis, when f(t) = 0). [Hint: 2* > 0 forall real x.] 


51-60 m Find the exact value of the expression. 


™ «OFF 

51. cos 15 52. sin D 
T ‘ 7 T 
53. tan 8 54, 2 sin D cos D 


55. sin 5° cos 40° + cos 5° sin 40° 


tan 66° — tan 6° 


=. 1 + tan 66° tan 6° 


7. cose — sin? : 7 , 
57. Cos 8 sin 8 58 5 60s D 3 sin D 


59. cos 37.5° cos 7.5° 60. cos 67.5° + cos 22.5° 
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61-66 m Find the exact value of the expression given that 
sec x = 3, csc y = 3, and x andy are in Quadrant I. 


61. sin(x + y) 62. cos(x — y) 
63. tan(x + y) 64. sin 2x 

y y 
65. cos 66. tan 


67-68 m Find the exact value of the expression. 


67. tan(2 cos +3) 68. sin(tan-?? + cos"? 3) 
69-70 m Write the expression as an algebraic expression in the 
variable(s). 


69. tan(2 tan~?x) 


71, A 10-ft-wide highway sign is adjacent to a roadway, as shown 
in the figure. As a driver approaches the sign, the viewing an- 
gle @ changes. 

(a) Express viewing angle 6 as a function of the distance x 
between the driver and the sign. 

(b) The sign is legible when the viewing angle is 2° or 
greater. At what distance x does the sign first become 
legible? 


70. cos(sin-?x + cos~'y) 


72. A 380-ft-tall building supports a 40-ft communications tower 
(see the figure). As a driver approaches the building, the view- 
ing angle @ of the tower changes. 

(a) Express the viewing angle 6 as a function of the 
distance x between the driver and the building. 
(b) At what distance from the building is the viewing angle @ 
a as large as possible? 


CHAPTER 8 TEST 


1. Verify each identity. 
(a) tan 6 sin 6 + cos @ = sec 0 


tan x 
— = 1+ 
er CSC X ( SeC X) 
2 tan x 
c) ———— = sin 2x 
(c) 1 + tan?x 


2. Letx =2 sin 6, —7/2 < @ < a/2. Simplify the expression 


ao 
4— 
3. Find the exact value of each expression. 
(a) sin 8° cos 22° + cos 8° sin 22° (b) sin 75° (c) sin a 
4, For the angles a and in the figures, find cos(@ + B). 
; 2 


5. (a) Write sin3x cos 5x as a sum of trigonometric functions. 
(b) Write sin 2x — sin 5x as a product of trigonometric functions. 


6. If sin @ = —3 and is in Quadrant III, find tan(9/2). 


7. Solve each trigonometric equation in the interval [0, 27r), rounded to two decimal places. 
(a) 3sing-—1=0 
(b) (2 cos@ — 1)(sing — 1) =0 
(c) 2cos’@ + 5cos9+2=0 
(d) sin26 — cos@ = 0 


8. Find all solutions in the interval [0, 27r), rounded to five decimal places: 
5 cos 20 = 2 
9. Find the exact value of cos(2 tan? zp). 
10. Rewrite the expression as an algebraic function of x and y: 


sin(cos-*x — tan"1y) 


570 


FOCUS ON MODELING 


Traveling and Standing Waves 


We've learned that the position of a particle in simple harmonic motion is described by a 
function of the form y = A sin at (see Section 7.6). For example, if a string is moved up 
and down as in Figure 1, then the red dot on the string moves up and down in simple har- 
monic motion. Of course, the same holds true for each point on the string. 


FIGURE 1 


W hat function describes the shape of the whole string? If we fix an instant in time 
(t = 0) and snap a photograph of the string, we get the shape in Figure 2, which is mod- 
eled by 


y =A sin kx 
where y is the height of the string above the x-axis at the point x. 


YA 
al 
a 
-a] 7 - 


FIGURE 2: y =Asinkx 


V Traveling Waves 


If we snap photographs of the string at other instants, as in Figure 3, it appears that the 
waves in the string “travel” or shift to the right. 


FIGURE 3 


The velocity of the wave is the rate at which it moves to the right. If the wave has ve- 
locity v, then it moves to the right a distance vt in time t. So the graph of the shifted wave 
at time tis 


y(x, t) = A sin k(x — vt) 


This function models the position of any point x on the string at any time t. We use the 
notation y(x, t) to indicate that the function depends on the two variables x and t. Here is 
how this function models the motion of the string. 


= If we fix x, then y(x, t) is a function of t only, which gives the position of the fixed 
point x at time t. 


= If we fix t then y(x, t) is a function of x only, whose graph is the shape of the string 
at the fixed time t. 
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—3-- 


FIGURE 4 Traveling wave 


FIGURE 5 A standing wave 


#Y 


EXAMPLE 1 | A Traveling Wave 


A traveling wave is described by the function 
y(x, t) = asin( 2x - Zt), x=0 


(a) Find the function that models the position of the point x = a/6 at any time t. Ob- 
serve that the point moves in simple harmonic motion. 


(b) Sketch the shape of the wave when t = 0, 0.5, 1.0, 1.5, and 2.0. Does the wave ap- 
pear to be traveling to the right? 


(c) Find the velocity of the wave. 


SOLUTION 
(a) Substituting x = 7/6 we get 


7 : T T , T T 
(Zt) =3sin(2-2 =e) 3sin( 2 =e) 


The function y = 3 sin(¥ — $t) describes simple harmonic motion with amplitude 
3 and period 2a/(a/2) = 4. 
(b) The graphs are shown in Figure 4. As t increases, the wave moves to the right. 


(c) We express the given function in the standard form y(x, t) = A sin k(x — ot): 


y(x, t) = 3sin( 2% = 1) Given 
= 3sin 2(x - Zt) Factor 2 


Comparing this to the standard form, we see that the wave is moving with velocity 
v= 7/4. oO 


V Standing Waves 


If two waves are traveling along the same string, then the movement of the string is de- 
termined by the sum of the two waves. For example, if the string is attached to a wall, then 
the waves bounce back with the same amplitude and speed but in the opposite direction. 
In this case, one wave is described by y = A sin k(x — vt) and the reflected wave by 
y = Asin k(x + vt). The resulting wave is 


y(x, t) = A sin k(x — vt) + Asin k(x + ot) Add the two waves 
= 2A sin kx cos kut Sum-to-Product Formula 


The points where kx is a multiple of 27 are special, because at these points y = 0 
for any time t. In other words, these points never move. Such points are called nodes. F ig- 
ure 5 shows the graph of the wave for several values of t. We see that the wave does not 
travel, but simply vibrates up and down. Such a wave is called a standing wave. 
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EXAMPLE 2 | A Standing Wave 


Traveling waves are generated at each end of a wave tank 30 ft long, with equations 


y=15 sin( 2 — xt) 


and y=15 sin( 2 + xt) 


5 


(a) Find the equation of the combined wave, and find the nodes. 


(b) Sketch the graph for t = 0, 0.17, 0.34, 0.51, 0.68, 0.85, and 1.02. Is this a standing 
wave? 


SOLUTION 
(a) The combined wave is obtained by adding the two equations: 


y=15 sin( 2 - xt) +15 sin( 2 + xt) Add the two waves 


=3sin . cos 3t Sum-to-Product Formula 


The nodes occur at the values of x for which sin x = 0, that is, where $x = kar 
(k an integer). Solving for x, we get x = 5k. So the nodes occur at 


x = 0,5, 10, 15, 20, 25, 30 


(b) The graphs are shown in Figure 6. From the graphs we see that this is a 
standing wave. 


t=0 t= 0.17 


FIGURE 6 y/(x,t) = 3 sin x cos 3t 
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PROBLEMS 


1. Wave ona Canal A wave on the surface of along canal is described by the 


function 
dif] y(x.t) = 5sin( 2x - Zt), x=0 


(a) Find the function that models the position of the point x = 0 at any timet. 
(b) Sketch the shape of the wave when t = 0, 0.4, 0.8, 1.2, and 1.6. Is this a traveling wave? 
(c) Find the velocity of the wave. 


2. Wave ina Rope Traveling waves are generated at each end of a tightly stretched rope 
24 ft long, with equations 


y = 0.2 sin(1.047x — 0.524t) and y = 0.2 sin(1.047x + 0.524t) 


(a) Find the equation of the combined wave, and find the nodes. 
(b) Sketch the graph for t = 0, 1, 2, 3, 4, 5, and 6. Is this a standing wave? 


3. Traveling Wave A traveling wave is graphed at the instant t = 0. If itis moving to the 
right with velocity 6, find an equation of the form y(x, t) = A sin(kx — kut) for this wave. 


4. Traveling Wave A traveling wave has period 27/3, amplitude 5, and velocity 0.5. 
(a) Find the equation of the wave. 
(b) Sketch the graph for t = 0, 0.5, 1, 1.5, and 2. 

5. Standing Wave A standing wave with amplitude 0.6 is graphed at several times t as 


shown in the figure. If the vibration has a frequency of 20 Hz, find an equation of the form 
y(x, t) = A sin ax cos pt that models this wave. 


= 


t=O0s t= 0.010 s t= 0.025 s 
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6. Standing Wave A standing wave has maximum amplitude 7 and nodes at 0, 7/2, 7, 
32/2, 27, as shown in the figure. Each point that is not a node moves up and down with pe- 
riod 42. Find a function of the form y(x, t) = A sin ax cos ft that models this wave. 


YA 
q+ 
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7. Vibrating String When a violin string vibrates, the sound produced results from a com- 
bination of standing waves that have evenly placed nodes. The figure illustrates some of the 
possible standing waves. Let’s assume that the string has length zr. 

(a) For fixed t, the string has the shape of a sine curve y = Asinax. Find the appropriate 
value of @ for each of the illustrated standing waves. 

(b) Do you notice a pattern in the values of @ that you found in part (a)? What would the 
next two values of a be? Sketch rough graphs of the standing waves associated with 
these new values of a. 

(c) Suppose that for fixed t, each point on the string that is not a node vibrates 
with frequency 440 Hz. Find the value of 6 for which an equation of the form 
y =A cos Bt would model this motion. 

(d) Combine your answers for parts (a) and (c) to find functions of the form 
y(x, t) = A sin ax cos pt that model each of the standing waves in the figure. 

(Assume that A = 1.) 


SS OS KH HHH 


8. Waves inaTube Standing waves in a violin string must have nodes at the ends of the 
string because the string is fixed at its endpoints. But this need not be the case with sound 
waves in a tube (such as a flute or an organ pipe). The figure shows some possible standing 
waves in a tube. 

Suppose that a standing wave in a tube 37.7 ft long is modeled by the function 


y(x, t) = 0.3 cos $x cos 50zrt 


Here y(x, t) represents the variation from normal air pressure at the point x feet from the end 
of the tube, at time t seconds. 


(a) At what points x are the nodes located? Are the endpoints of the tube nodes? 
(b) At what frequency does the air vibrate at points that are not nodes? 
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1. The point P (x, y) shown in the figure has y-coordinate V5/3. Find: 
(a) sint (b) cost (c) tant (d) csc t 


YA 
P t 
> 
dx 
2. For the angle 6 shown in the figure, find: 
(a) sino (b) sec 6 (c) cota 
7 
is = 
3 


. Find the exact value: 


wW 


(a) cos 2 (b) tan 135° = (ce) csc 240° ~—S (d+) sin( -22) 


7 ; . 
4. Suppose that cos t = 5 and tan t < 0. Find the values of sint, tant, cott, sec t, and csc t. 


uo 


» Let f(x) = -2 sin( 2x 7 =), 


(a) Find the amplitude, period, and phase shift of f. 
(b) Sketch the graph of one complete period of f. 


fo>) 


.» One period of a function of the form y = a cos k(x — b) is shown in the figure. Determine 
the function. 
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7. The figure below shows a model ferris wheel that a child has constructed using a toy building 
kit. The wheel has a radius of 40 cm, and the center of the wheel is 45 cm above the floor. An 
electric motor turns the wheel at 4 rotations per minute. 

(a) Let h(t) be the vertical distance between the point P and the floor at the time t. Express 
the function h in the form h(t) = a + b cos kt. (Assume that at t = 0 the point P is at the 
lowest point of its travel.) 


(b) The support struts AB and AC are each 50 cm long. Find the distance between B and C. 


8. Find the side or angle labeled x: 


13.0 15.2 


5.6 20.5 
(a) (b) 


9. Verify each identity: 
(a) seco—1 ____ tané 
tan @ secé +1 


(b) 8 sin*@ cos? = 1 — cos 46 


10. Write cos 3x + cos 4x as a product of trigonometric functions. 


11. (a) What are the domain and range of the function f(x) = cos~!x? Sketch a graph of this 
function. 


(b) Find the exact value of cos~1(cos(77/6)). 
(c) Express tan(cos-?x) as an algebraic function of x. 


12. Find all solutions of the equation cos 2x — sin x = 0 in the interval [0, 277). 
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POLAR COORDINATES AND PARAMETRIC EQUATIONS 


9.1 Polar Coordinates 
9.2 Graphs of Polar Equations 


9.3 Polar Form of Complex 
Numbers; De Moivre’s Theorem 


9.4 Plane Curves and Parametric 
Equations 


FOCUS ON MODELING 
The Path of a Projectile 


In Section 2.1 we learned how to graph points in rectangular coordinates. In 
this chapter we study a different way of locating points in the plane, called po- 
lar coordinates. Using rectangular coordinates is like describing a location ina 
city by saying that it's at the corner of 2nd Street and 4th Avenue; these direc- 
tions would help a taxi driver find the location. But we may also describe this 
same location “as the crow flies”; we can say that it's 1.5 miles northeast of 
City Hall. So instead of specifying the location with respect to a grid of streets 
and avenues, we specify it by giving its distance and direction from a fixed 
reference point. That's what we do in the polar coordinate system. In polar 
coordinates the location of a point is given by an ordered pair of numbers: the 
distance of the point from the origin (or pole) and the angle from the positive 
X-axis. 


Why do we study different coordinate systems? It’s because certain curves 
are more naturally described in one coordinate system rather than another. For 
example, in rectangular coordinates lines and parabolas have simple equations, 
but equations of circles are rather complicated. We'll see that in polar coordi- 
nates circles have very simple equations. 
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9.1 POLAR COORDINATES 


P 
ip 
¢) v > 
Polar axis 
FIGURE 1 
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Definition of Polar Coordinates Relationship Between Polar 
and Rectangular Coordinates > Polar Equations 


In this section we define polar coordinates, and we learn how polar coordinates are related 
to rectangular coordinates. 


V Definition of Polar Coordinates 


The polar coordinate system uses distances and directions to specify the location of a 
point in the plane. To set up this system, we choose a fixed point O in the plane called the 
pole (or origin) and draw from O a ray (half-line) called the polar axis as in Figure 1. 
Then each point P can be assigned polar coordinates P(r, @) where 


ris the distance from O to P 
6 is the angle between the polar axis and the segment OP 


We use the convention that @ is positive if measured in a counterclockwise direction from 
the polar axis or negative if measured in a clockwise direction. If r is negative, then P(r, @) 
is defined to be the point that lies | r | units from the pole in the direction opposite to that 
given by @ (see Figure 2). 


EXAMPLE 1 | Plotting Points in Polar Coordinates 


Plot the points whose polar coordinates are given. 
(a) (1, 327/4) (b) (3, —77/6) (c) (3, 377) (d) (—4, 7/4) 


SOLUTION Thepoints are plotted in Figure 3. Note that the pointin part (d) lies 4 units 
from the origin along the angle 57/4, because the given value of r is negative. 


30r 
0 7 Of 2 
3. 6. P(3, 377) Xx 
P(3 -2) x 
x 
“8.9 
(b) (c) (d) 
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Note that the coordinates (r, 6) and (—r, 6 + zr) represent the same point, as shown in 
Figure 4. Moreover, because the angles @ + 2na (where n is any integer) all have the same 
terminal side as the angle @, each point in the plane has infinitely many representations in 
polar coordinates. In fact, any point P(r, @) can also be represented by 


P(r, @ + 2nzr) and P(—r,@ + (2n + 1)zr) 


for any integer n. 


FIGURE 4 -— 
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EXAMPLE 2 | Different Polar Coordinates for the Same Point 


(a) Graph the point with polar coordinates P(2, 7/3). 


(b) Find two other polar coordinate representations of P with r > 0 and two with 
r<0. 


SOLUTION 


(a) The graph is shown in Figure 5(a). 
(b) Other representations with r > 0 are 


(2,2 +20) = (2,72) Add 2m to 0 
(2.3 2 )=( =) Add —27 to 0 
'3 T i A 7 tO 


Other representations with r < 0 are 


4 
(2 A + r) = (-2, =) Replace r by —r and add = to 6 


2 
( 2, 2 r) = ( 2, =) Replace r by —r and add —7 to 6 


The graphs in Figure 5 explain why these coordinates represent the same point. 


(a) 
FIGURE 5 
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V Relationship Between Polar and Rectangular Coordinates 


Situations often arise in which we need to consider polar and rectangular coordinates si- 
multaneously. The connection between the two systems is illustrated in Figure 6, where 
the polar axis coincides with the positive x-axis. The formulas in the following box are 
obtained from the figure using the definitions of the trigonometric functions and the 
Pythagorean Theorem. (Although we have pictured the case where rr > 0 and @ is acute, 
the formulas hold for any angle @ and for any value of r.) 


FIGURE 6 RELATIONSHIP BETWEEN POLAR AND RECTANGULAR COORDINATES 
1. To change from polar to rectangular coordinates, use the formulas 


X =rcos@ and y=rsing 


2. To change from rectangular to polar coordinates, use the formulas 


rea yr+y? and tang =~ (x # 0) 
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FIGURE 7 


Polar Coordinates and Parametric Equations 


EXAMPLE 3 | Converting Polar Coordinates 
to Rectangular Coordinates 


Find rectangular coordinates for the point that has polar coordinates (4, 27/3). 
SOLUTION Sincer = 4 and 6 = 27/3, we have 


27 1 
X =rcosé 40085 a-( *) 2 
y=rsing = 4sin2 = 4. V3 = 23 


Thus the point has rectangular coordinates (—2, 2 V3). 
®. NOW TRY EXERCISE 27 


EXAMPLE 4 | Converting Rectangular Coordinates 
to Polar Coordinates 


Find polar coordinates for the point that has rectangular coordinates (2, —2). 

SOLUTION Using x = 2, y = —2, we get 
re=x?+y%= 2? 4+ (-2)? =8 

sor = 2V2 or —2V2. Also 


-2 
tng =+=— = 


X 2 =4 


S50 6 = 32/4 or —7/4. Since the point (2, —2) liesin Quadrant IV (see Figure 7), we can 


represent it in polar coordinates as (2 V2, —7/4) or (—2 V2, 37/4). 
©. NOW TRY EXERCISE 35 


Note that the equations relating polar and rectangular coordinates do not uniquely de- 
termine r or 6. When we use these equations to find the polar coordinates of a point, we 
must be careful that the values we choose for r and @ give us a point in the correct quad- 


rant, as we did in Example 4. 


V Polar Equations 


In Examples 3 and 4 we converted points from one coordinate system to the other. Now 


we consider the same problem for equations. 

EXAMPLE 5 | Converting an Equation from Rectangular 
to Polar Coordinates 

Express the equation x* = 4y in polar coordinates. 


SOLUTION Weuse the formulas x = r cos @ andy =r sin @: 


pra ay Rectangular equation 
(r cos @)? = 4(r sin 8) Substitute x = r cosé, y =r sind 
r?cos’@ = 4r sing Expand 
sin @ 
= ; Divide by r cos’@ 
cos‘é 


r = 4sec 6 tané Simplify 
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As Example 5 shows, converting from rectangular to polar coordinates is straightfor- 
ward: J ust replace x by r cos 6 and y by r sin 6, and then simplify. But converting polar 
equations to rectangular form often requires more thought. 


EXAMPLE 6 | Converting Equations from Polar 
to Rectangular Coordinates 


Express the polar equation in rectangular coordinates. If possible, determine the graph of 
the equation from its rectangular form. 


(a) r = 5 sec (b) r =2sin06 (c) r =2+2c0Ss0 


SOLUTION 
(a) Since sec 6 = 1/cos 6, we multiply both sides by cos @: 


r =5sec@ Polar equation 
rcos@=5 Multiply by cos @ 
x=5 Substitute x = r cos @ 


The graph of x = 5 is the vertical line in Figure 8. 


(b) We multiply both sides of the equation by r, because then we can use the 
formulas r? = x? + y? andr sing =y: 


r =2sin0 Polar equation 
r?=2rsin@ Multiply byr 


x? + y? = 2y r?=x?+yandrsing=y 
x? + y?—2y =0 Subtract 2y 
Yr+(y-1?=1 Complete the square in y 


This is the equation of a circle of radius 1 centered at the point (0, 1). It is graphed 
in Figure 9. 


yA c=5 ya 
“Of z 
0 ns 
FIGURE 8 FIGURE 9 


(c) We first multiply both sides of the equation by r: 
r? = 2r + 2rcos@ 


Using r? = x? + y? and x =r cos 6, we can convert two terms in the equation into 
rectangular coordinates, but eliminating the remaining r requires more work: 


x? + y? = 2r + 2x r2= x24 y2andr cos @ =x 
x? + y*? — 2x = 2r Subtract 2x 
(x? + y? — 2x)? = 4r? Square both sides 


(x? + y? — 2x)? = 4(x? + y?) r2= x24 y? 


In this case the rectangular equation looks more complicated than the polar equation. 
Although we cannot easily determine the graph of the equation from its rectangular 
form, we will see in the next section how to graph it using the polar equation. 
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CONCEPTS 


1. We can describe the location of a point in the plane using 


different__.==~=———s Systems. The point P shown in 
the figure has rectangular coordinates( , — )and polar 
coordinates( ,  ). 
ya 
1+ °P 
{+—> 
0 1x 


2. Let P be a point in the plane. 
(a) If P has polar coordinates (r, @) then it has rectangular 


coordinates (x, y) wherex = _______ and 
y= 
(b) If P has rectangular coordinates (x, y) then it has 
polar coordinates (r, @) where r? = and 
tan @ = 
SKILLS 
3-8 m Plot the point that has the given polar coordinates. 
©. 3. (4, 7/4) 4. (1,0) ©.5. (6, -77/6) 
6. (3, —27/3) 7. (—2, 47/3) 8. (—5, -177/6) 


9-14 m Plot the point that has the given polar coordinates. Then 
give two other polar coordinate representations of the point, one 
with r < 0 and the other with r > 0. 


©. 9, (3, 7/2) 10. (2, 37/4) 11. (—1, 77/6) 
12. (—2,—-7/3) 13. (—5,0) 14. (3,1) 


15-22 m Determine which point in the figure, P, Q, R, or S, has 
the given polar coordinates. 


15. (4, 37/4) 16. (4, —377/4) 
17. (—4, —1/4) 18. (—4, 1377/4) 


19. (4, —237/4) 20. (—4, 2377/4) 
21. (—4, 1017/4) 22. (4, 1037/4) 


23-24 @ A point is graphed in rectangular form. Find polar 
coordinates for the point, withr > 0 and0 <@< 27. 


23. Ya 24, YA 
eP + T 
1+ I> 
— oe — = t—}—}— > 
t t t o| H t t a O| 1 x 
1 +0 


25-26 m A point is graphed in polar form. Find its rectangular 
coordinates. 


27-34 m@ Find the rectangular coordinates for the point whose 
polar coordinates are given. 


©.27. (4, 7/6) 28. (6, 27/3) 
29. (V2, —7/4) 30. (—1, 57/2) 
31. (5, 57r) 32. (0, 1377) 
33. (6 V2, 1177/6) 34, (V3, —57/3) 


35-42 m Convert the rectangular coordinates to polar 
coordinates with r > 0 and0 <@ < 27. 


®.35, (-1,1) 36. (3-V3, -3) 
37. (V8, V8) 38. (— V6, — V2) 
39. (3,4) 40. (1, —2) 

41, (—6, 0) 42. (0, - V3) 


43-48 m Convert the equation to polar form. 


43. x =y 44, x? +y?=9 
©.45, y =x? 46. y=5 
47.x=4 48. x? -y?=1 


49-68 m Convert the polar equation to rectangular 
coordinates. 


49.r=7 50. r = -3 
BL. 6 = —> 52. 0= 7 
©.53, rcos@ = 6 54. r = 2csco 


.55. r = 4sin6 

56. r = 6 cos 0 
57. r= 1+ 086 
58. r = 3(1 — sing) 
59.r=1+2sin0 
60. r = 2 —cos@ 
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DISCOVERY = DISCUSSION = WRITING 


69. The Distance Formula in Polar Coordinates 


(a) Use the Law of Cosines to prove that the distance 
between the polar points (1, 6,) and (rz, 62) is 


d = Vr? + 3 — 2ryr, cos(@) — 61) 


(b) Find the distance between the points whose polar coordi- 


1 1 nates are (3, 37/4) and (1, 77/6), using the formula from 

61. r = ——__- 62. r = ; rt ( ) 

sin @ — cos 0 1+ sing part (a). eo 

(c) Now convert the points in part (b) to rectangular coordi- 

63. r= ee 64. r = _ 2 nates. Find the distance between them using the usual 

1+2sin6 1—cos@ Distance Formula. Do you get the same answer? 
65. r? = tang 66. r? = sin 20 
67. sec 0 =2 68. cos 20 = 1 


9.2 GRAPHS OF POLAR EQUATIONS 


FIGURE 1 


Graphing Polar Equations B Symmetry ® Graphing Polar Equations 
with Graphing Devices 


The graph of a polar equation r = f(@) consists of all points P that have at least one po- 
lar representation (r, 6) whose coordinates satisfy the equation. M any curves that arise in 
mathematics and its applications are more easily and naturally represented by polar equa- 
tions than by rectangular equations. 


V Graphing Polar Equations 


A rectangular grid is helpful for plotting points in rectangular coordinates (see Figure 
1(a)). To plot points in polar coordinates, it is convenient to use a grid consisting of cir- 
cles centered at the pole and rays emanating from the pole, as in Figure 1(b). We will use 
such grids to help us sketch polar graphs. 


30 
2 


(a) Grid for rectangular coordinates (b) Grid for polar coordinates 
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FIGURE 2 


FIGURE 3 


In Examples 1 and 2 we see that circles centered at the origin and lines that pass 
through the origin have particularly simple equations in polar coordinates. 
EXAMPLE 1 | Sketching the Graph of a Polar Equation 
Sketch a graph of the equation r = 3, and express the equation in rectangular coordinates. 


SOLUTION Thegraph consists of all points whose r-coordinate is 3, that is, all points 
that are 3 units away from the origin. So the graph is a circle of radius 3 centered at the 
origin, as shown in Figure 2. 

Squaring both sides of the equation, we get 


ee Square both sides 
x2 + y2=9 Substitute r? = x? + y? 
So the equivalent equation in rectangular coordinates is x? + y? = 9. 
©. NOW TRY EXERCISE 17 | 


In general, the graph of the equation r = a is acircle of radius | a| centered at the ori- 
gin. Squaring both sides of this equation, we see that the equivalent equation in rectangu- 
lar coordinates is x? + y? = a2, 


EXAMPLE 2 | Sketching the Graph of a Polar Equation 


Sketch a graph of the equation @ = 7/3, and express the equation in rectangular coordinates. 


SOLUTION The graph consists of all points whose 6-coordinate is 7/3. This is the 
straight line that passes through the origin and makes an angle of 2/3 with the polar axis 
(see Figure 3). Note that the points (r, 7/3) on the line with r > 0 lie in Quadrant |, 
whereas those with r < 0 liein Quadrant III. If the point (x, y) lies on this line, then 


tan @ = tan ; V3 


Thus, the rectangular equation of this lineis y = V3x. 
©. NOW TRY EXERCISE 19 | 


To sketch a polar curve whose graph isn’t as obvious as the ones in the preceding ex- 
amples, we plot points calculated for sufficiently many values of @ and then join them in 
a continuous curve. (This is what we did when we first learned to graph functions in rec- 
tangular coordinates.) 


EXAMPLE 3 | Sketching the Graph of a Polar Equation 
Sketch a graph of the polar equation r = 2 sin @. 


SOLUTION We first use the equation to determine the polar coordinates of several 
points on the curve. The results are shown in the following table. 


0 0 | r/6 | w/4 | w/3 | w/2 | 2n/3 | 30/4 | Sr /6 | a 
r=2sno |0| 1 | v2 | v3 | 2 V3. | V2 1 0 


We plot these points in Figure 4 and then join them to sketch the curve. The graph ap- 
pears to be a circle. We have used values of @ only between 0 and 7, since the same points 
(this time expressed with negative r-coordinates) would be obtained if we allowed 6 to 
range from zr to 27. 


The polar equation r = 2 sin@in 
rectangular coordinates is 


xr+(y-1Pf=1 
(see Section 9.1, Example 6(b)). From 


the rectangular form of the equation we 


see that the graph is a circle of radius 1 
centered at (0, 1). 


FIGURE 4 r =2sin0 


t > 
0 a a 30 2? 
2 


FIGURE 5 r=2+2cos0 
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In general, the graphs of equations of the form 
r = 2asiné and r = 2a cos@ 


are circles with radius | a | centered at the points with polar coordinates (a, 27/2) and (a, 0), 
respectively. 


EXAMPLE 4 | Sketching the Graph of a Cardioid 
Sketch a graph of r = 2 + 2 cos @. 


SOLUTION Instead of plotting points as in Example 3, we first sketch the graph of 
r = 2 + 2.cos@ inrectangular coordinates in Figure 5. We can think of this graph as a 
table of values that enables us to read at a glance the values of r that correspond to in- 
creasing values of @. For instance, we see that as @ increases from 0 to 7/2, r (the distance 
from 0) decreases from 4 to 2, so we sketch the corresponding part of the polar graph in 
Figure 6(a). As @ increases from 7/2 to a, Figure 5 shows that r decreases from 2 to 0, 
so we sketch the next part of the graph as in Figure 6(b). As @ increases from a to 37/2, 
r increases from 0 to 2, as shown in part (c). Finally, as @ increases from 32/2 to 27, r 
increases from 2 to 4, as shown in part (d). If we let @ increase beyond 27 or decrease 
beyond 0, we would simply retrace our path. Combining the portions of the graph from 
parts (a) through (d) of Figure 6, we sketch the complete graph in part (e). 


(a) 
FIGURE 6 Steps in sketching r = 2 + 2 cos@ 


The polar equationr = 2 + 2 cos@in 
rectangular coordinates is 

(x? + y? — 2x)? = A(x? + y?) 
(see Section 9.1, Example 6(c)). The 
simpler form of the polar equation 
shows that it is more natural to describe 
cardioids using polar coordinates. 


(b) (c) (d) (e) 


©. NOW TRY EXERCISE 25 B 


The curve in Figure 6 is called a cardioid because it is heart-shaped. In general, the 
graph of any equation of the form 


r = a(1 + cos@) or r=a(1 + sing) 


is a cardioid. 
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EXAMPLE 5 | Sketching the Graph of a Four-Leaved Rose 
Sketch the curver = cos 20. 


SOLUTION Asin Example 4, we first sketch the graph of r = cos 26 in rectangular 
coordinates, as shown in Figure 7. As increases from 0 to 7/4, Figure 7 shows that r de- 
creases from 1 to 0, so we draw the corresponding portion of the polar curve in Figure 8 
(indicated by (). As @ increases from 7/4 to 7/2, the value of r goes from 0 to —1. This 
means that the distance from the origin increases from 0 to 1, but instead of being in Quad- 
rant |, this portion of the polar curve (indicated by ()) lies on the opposite side of the ori- 
gin in Quadrant III. The remainder of the curve is drawn in a similar fashion, with the ar- 
rows and numbers indicating the order in which the portions are traced out. The resulting 
curve has four petals and is called a four-leaved rose. 


FIGURE 7 Graph of r = cos 2@ sketched in rectangular coordinates FIGURE 8 Four-leaved roser = cos 20 
sketched in polar coordinates 
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In general, the graph of an equation of the form 
r =acosnd or r=asinné 
is an nm-leaved rose if n is odd or a 2n-leaved rose if n is even (as in Example 5). 


Vv Symmetry 


In graphing a polar equation, it’s often helpful to take advantage of symmetry. We list 
three tests for symmetry; Figure 9 shows why these tests work. 


TESTS FOR SYMMETRY 


1. If a polar equation is unchanged when we replace 6 by —8, then the graph is 
symmetric about the polar axis (Figure 9(a)). 

2. If the equation is unchanged when we replace r by —r, then the graph is sym- 
metric about the pole (Figure 9(b)). 

3. If the equation is unchanged when we replace 6 by z — @, the graph is sym- 
metric about the vertical line @ = 7/2 (the y-axis) (Figure 9(c)). 


(r, 7 — 0) (r, 0) 


FIGURE 9 (a) Symmetry about the polar axis (b) Symmetry about the pole (c) Symmetry about the line @ = 5 


FIGURE 10 


FIGURE 11 r=1+2cos0 


SOE, 


FIGURE 12 r =sing + sin(56/2) 


FIGURE 13 rf = cos(26/3) 
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The graphs in Figures 2, 6(e), and 8 are symmetric about the polar axis. The graph in Fig- 
ure 8 is also symmetric about the pole. Figures 4 and 8 show graphs that are symmetric about 
6 = 77/2. Note that the four-leaved rose in Figure 8 meets all three tests for symmetry. 

In rectangular coordinates, the zeros of the function y = f(x) correspond to the 
x-intercepts of the graph. In polar coordinates, the zeros of the function r = f(@) are the 
angles @ at which the curve crosses the pole. The zeros help us sketch the graph, as is 
illustrated in the next example. 


EXAMPLE 6 | Using Symmetry to Sketch a Limacon 
Sketch a graph of the equationr = 1 + 2 cos 0. 
SOLUTION Weuse the following as aids in sketching the graph: 


Symmetry: Since the equation is unchanged when @ is replaced by —6, the graph is 
symmetric about the polar axis. 


Zeros: To find the zeros, we solve 


0=1+2c0Ss0 

ol 
cosd = —5 

_ da An 

-_ : 


Table of values: Asin Example 4, we sketch the graph of r = 1 + 2 cos @ in rec- 
tangular coordinates to serve as a table of values (Figure 10). 


Now we sketch the polar graph of r = 1 + 2 cos @ from 6 = 0 to 6 = zr, and then use 
symmetry to complete the graph in Figure 11. 
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The curve in Figure 11 is called a limacon, after the Middle French word for snail. In 
general, the graph of an equation of the form 


r=axtbcose or r=axtbsine 


is a limacon. The shape of the limacgon depends on the relative size of a and b (see the 
table on the next page). 


V Graphing Polar Equations with Graphing Devices 


Although it’s useful to be able to sketch simple polar graphs by hand, we need a aati 
ing calculator or computer when the graph is as complicated as the one in Figure 12. For- 
tunately, most graphing calculators are capable of graphing polar equations directly. 


EXAMPLE 7 | Drawing the Graph of a Polar Equation 
Graph the equation r = cos(26/3). 


SOLUTION Weneed to determine the domain for 6. So we ask ourselves: How many 
times must 6 go through a complete rotation (27 radians) before the graph starts to repeat 
itself? The graph repeats itself when the same value of r is obtained at 6 and 6 + 2nz. 
Thus we need to find an integer n, so that 


2(6 + 2nz) 20 
os 


3 cos 3 


For this equality to hold, 4nzr/3 must be a multiple of 27, and this first happens when 
n = 3. Therefore, we obtain the entire graph if we choose values of 6 between 6 = 0 and 
6 = 0 + 2(3)a = 6m. The graph is shown in Figure 13. 
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EXAMPLE 8 | A Family of Polar Equations 


Graph the family of polar equations r = 1 + c sin @ for c = 3, 2.5, 2, 1.5, 1. How does 
the shape of the graph change as c changes? 


SOLUTION Figure 14 shows computer-drawn graphs for the given values of c. When 
c > 1, the graph has an inner loop; the loop decreases in size as c decreases. When 
c = 1, the loop disappears, and the graph becomes a cardioid (see Example 4). 


c= 3.0 c=2.5 


c= 2.0 c=1.5 


FIGURE 14 A family of limacons r = 1 + c sin @ in the viewing rectangle [—2.5, 2.5] by [—0.5, 4.5] 
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The box below gives a summary of some of the basic polar graphs used in calculus. 


SOME COMMON POLAR CURVES 


Circles and Spiral 


le ah 
circle 


r=asin@g r=acos@ 
circle circle 


r=ao 
spiral 


Limacons 
r=axbsine 
r=a+bcose 


(a >0,b > 0) 


Orientation depends on eos 
the trigonometric function limacon with 


(sine or cosine) and the sign of b. inner loop 


an 


=b a>b 
cardioid dimpled limacgon 


a= 2) 
convex limacon 


Roses 
r=asinne 

r =acosné 
n-leaved if n is odd 


2n-leaved if n is even r =acos 20 
4-leaved rose 


% 


r =acos 30 r=acos 40 
3-leaved rose 8-leaved rose 


r=acos 50 
5-leaved rose 


L emniscates 
Figure-eight-shaped 
curves 


Fe Se Sin 
lemniscate 


Fo = OF COS 20) 
lemniscate 
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CONCEPTS 
1. To plot points in polar coordinates, we use a grid consisting of 


centered at the pole and emanating from 


the pole. 
2. (a) To graph a polar equation r = f(@), we plot all the points 


(r, 8) that the equation. 


(b) The simplest polar equations are obtained by setting 
r or @ equal to a constant. The graph of the polar equation 


r=3isa with radius centered at 
the . The graph of the polar equation 6 = 7/4 
isa passing through the with slope 


. Graph these polar equations below. 


SKILLS 


3-8 m Match the polar equation with the graphs labeled |-V1. Use 
the table on page 590 to help you. 


3. f =3c0s0 4,1 =3 
5.r =2+4+2sin0 6.r =1+2cos¢0 
7. r =sin 36 8 r = sin 46 
I 
+> 
as 
> 
1 
III IV 


9-16 m Test the polar equation for symmetry with respect to the 
polar axis, the pole, and the line @ = 27/2. 


9.r =2-sin@ 10. r=4+8cosé@ 

11. r = 3 seco 12. r =5 cos @ csc 0 
4 5 

3. = ——__ 14, r = ——_—_ 

af 3—2sin0 ' 1+ 3cos@ 

15. r* = 40s 20 16. r?=9sin6 


17-22 m Sketch a graph of the polar equation, and express the 
equation in rectangular coordinates. 


®.17, 7 =2 18. r = —1 
©.19, 6 = —7/2 20. 6 = 57/6 
©.21. 1 =6sine 22. r =cosé 


23-42 @ Sketch a graph of the polar equation. 


23. r = —2 0s 0 24. r =2sin0+2cos@ 
@.25. r=2-2c0s 6 26. r=1+sin6 

27. r = —3(1 + sin @) 28. r = cosd—1 
©.29, r = sin 26 30. r = 2 cos 30 

31. r = —cos 50 32. r = sin 40 

33. r = V3 —2sino 34. r=2+sin0 
35. r= V3 4 cose 36. r =1-—2cos@ 

37. r* = cos 20 38, r* = 4sin 20 

39.r=0, 920 (spiral) 

40.r¢=1, @>0 (reciprocal spiral) 

41. r=2+sec@ (conchoid) 

42. r=sin@tan@ (cissoid) 


43-46 m= Use agraphing device to graph the polar equation. 
~ Choose the domain of @ to make sure you produce the entire 
graph. 
©. 43. 1 = cos(6/2) 44. + = sin(80/5) 
45. r =1+2sin(@/2) (nephroid) 
.6 = V1—0.8sin2@ (hippopede) 


. Graph the family of polar equations r = 1 + sin né for 
n = 1,2, 3,4, and 5. How is the number of loops related to n? 


. Graph the family of polar equations r = 1 + c sin 26 for 
c = 0.3, 0.6, 1, 1.5, and 2. How does the graph change as 
C increases? 
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49-52 m= Match the polar equation with the graphs labeled I-IV. (b) For what angle @ is the satellite closest to the earth? Find 
Give reasons for your answers. the height of the satellite above the earth’s surface for this 
49. + = sin(6/2) 50. = 1/V0 VANE OOH: 

51. r =6sing 52. r = 1 + 3c0s(30) 


\) 


te 


60. An Unstable Orbit The orbit described in Exercise 59 is 


III IV 
. stable because the satellite traverses the same path over and 
over as @ increases. Suppose that a meteor strikes the 
satellite and changes its orbit to 
t > > 
0 
22 ton 
_wsm(- 9) 


4 — cos @ 


(a) On the same viewing screen, graph the circler = 3960 
and the new orbit equation, with @ increasing from 0 to 
3a. Describe the new motion of the satellite. 


53-56 m Sketch a graph of the rectangular equation. [Hint: First 
convert the equation to polar coordinates. ] 


53. (x? + y?)? = Ax’y? (b) Use the [TRACE | feature on your graphing calculator to 
54. (x? + y2)? = (x? — y?)? find the value of @ at the moment the satellite crashes into 
55, (x2 + y2)? = x2 — y? the earth. 


56. x? + y? = (x2 + y? — x)? 


DISCOVERY = DISCUSSION = WRITING 


57. Show that the graph of r = a cos@ + b sin @ is acircle, and 
61. A Transformation of Polar Graphs How are the 


find its center and radius. 


s 58. (a) Graph the polar equation r = tan 6 sec @ in the viewing graphs of 
- rectangle [—3, 3] by [—1, 9}. : T 
(b) Note that your graph in part (a) looks like a parabola (see pone sin( 0 ~ =) 
Section 3.5). Confirm this by converting the equation to 
rectangular coordinates. and r=14 sin( 0 = =) 
related to the graph of r = 1 + sin 6? In general, how is the 
APPLICATIONS graph of r = f(@ — a) related to the graph of r = f(@)? 
59. Orbit of a Satellite Scientists and engineers often use 62. Choosing a Convenient Coordinate System Com- 
polar equations to model the motion of satellites in earth orbit. pare the polar equation of the circle r = 2 with its equation in 
Let's consider a satellite whose orbit is modeled by the equa- rectangular coordinates. In which coordinate system is the 
tion r = 22500/(4 — cos @), where r is the distance in miles equation simpler? Do the same for the equation of the four- 
between the satellite and the center of the earth and @ is the leaved rose r = sin 20. Which coordinate system would you 
angle shown in the following figure. choose to study these curves? 
(a) On the same viewing screen, graph the circle r = 3960 
(to represent the earth, which we will assume to bea 63. Choosing a Convenient Coordinate System Com- 
sphere of radius 3960 mi) and the polar equation of the pare the rectangular equation of the line y = 2 with its polar 
satellite’s orbit. Describe the motion of the satellite as 6 equation. In which coordinate system is the equation simpler? 


increases from 0 to 277. Which coordinate system would you choose to study lines? 
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9.3 PoLAR Form oF CompLex NumBers; DE Motvre’s THEOREM 


Imaginary 4 
axis 
bi SS SS = pat bi 
| 
| 
t > 
0 a_ Real 
axis 
FIGURE 1 
Ima 
| 2=2+3i 
3i +--+ 
i I 
2i + | g+2=5+i 
paneer ee ’ 
oe > 
= 2 | 4 Re 
| 
a ee i 
Z2= 3-2 
FIGURE 2 
FIGURE 3 


Graphing Complex Numbers ® Polar Form of Complex Numbers D> 
De Moivre’s Theorem > nth Roots of Complex Numbers 


In this section we represent complex numbers in polar (or trigonometric) form. This en- 
ables us to find the nth roots of complex numbers. To describe the polar form of complex 
numbers, we must first learn to work with complex numbers graphically. 


V Graphing Complex Numbers 


To graph real numbers or sets of real numbers, we have been using the number line, which 
has just one dimension. Complex numbers, however, have two components: a real part 
and an imaginary part. This suggests that we need two axes to graph complex numbers: 
one for the real part and one for the imaginary part. We call these the real axis and the 
imaginary axis, respectively. The plane determined by these two axes is called the com- 
plex plane. To graph the complex number a + bi, we plot the ordered pair of numbers 
(a, b) in this plane, as indicated in Figure 1. 


EXAMPLE 1 | Graphing Complex Numbers 
Graph the complex numbers z, = 2 + 3i, z, = 3 — 2i, and z, + z. 


SOLUTION Wehavez, + z, = (2 + 31) + (3 — 2i) =5 + i. The graph is shown in 
Figure 2. 


©. NOW TRY EXERCISE 19 oO 


EXAMPLE 2 | Graphing Sets of Complex Numbers 


Graph each set of complex numbers. 
(a) S = {a + bi] a = 0} 
(b) T = {a + bija<1,b=0} 


SOLUTION 

(a) S is the set of complex numbers whose real part is nonnegative. The graph is shown 
in Figure 3(a). 

(b) T is the set of complex numbers for which the real part is less than 1 and the imagi- 
nary part is nonnegative. The graph is shown in Figure 3(b). 


Im Ima 
| 
| 
| 
| 
| 
> ———— aa 
0 Re 0 il Re 
| 
| 
| 
| 
(a) (b) 
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Ima 


Polar Coordinates and Parametric Equations 


> 
Re 
FIGURE 4 
The plural of modulus is moduli. 
IMA 
at bi 
— 
Re 


FIGURE 7 


Recall that the absolute value of a real number can be thought of as its distance from 
the origin on the real number line (see Section P.2). We define absolute value for complex 
numbers in a similar fashion. U sing the Pythagorean Theorem, we can see from Figure 4 
that the distance between a + bi and the origin in the complex plane is \/a2 + b2. This 
leads to the following definition. 


MODULUS OF A COMPLEX NUMBER 


The modulus (or absolute value) of the complex number z = a + bi is 


| = Va? +b? 


EXAMPLE 3 | Calculating the Modulus 


Find the moduli of the complex numbers 3 + 4i and 8 — 5i. 


SOLUTION 
\3+ 41) = V3°+4= V25=5 
|8 — 5i| = V8? + (-5)2 = V89 
©. NOW TRY EXERCISE 9 = 


EXAMPLE 4 | Absolute Value of Complex Numbers 

Graph each set of complex numbers. 

(a) C = {z||z| =} (b) D = {z||z| = 1} 

SOLUTION 

(a) C is the set of complex numbers whose distance from the origin is 1. Thus, C isa 
circle of radius 1 with center at the origin, as shown in Figure 5. 


(b) D is the set of complex numbers whose distance from the origin is less than or 
equal to 1. Thus, D is the disk that consists of all complex numbers on and inside 
the circle C of part (a), as shown in Figure 6. 


Ima Ima 


C ; D 
: |z|=1 : [z| <1 
> > 
-] 1 Re —-1 1 Re 
=} _j 
FIGURE 5 FIGURE 6 
& NOW TRY EXERCISES 23 AND 25 | 


V Polar Form of Complex Numbers 


Let z =a + bi bea complex number, and in the complex plane let’s draw the line seg- 
ment joining the origin to the point a + bi (see Figure 7). The length of this line seg- 
mentisr = |z| = \/a’ + b*. If @is an angle in standard position whose terminal side 


Ima 
1+i 
it 
VA 
t al 
0 1 Re 
(a) 
FIGURE 8 
tig=F=—1 
G=% 
tan@ = — = -v3 
g=2% 
a 
-4V3 V3 
f= % 
tand =3 
6 = tan ?4 
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coincides with this line segment, then by the definitions of sine and cosine (see Sec- 
tion 6.2) 


a=rcosé and b=rsing 


soz =rcosé + ir sin@ =r(cos@ +i sin @). We have shown the following. 


POLAR FORM OF COMPLEX NUMBERS 


A complex number z = a + bi has the polar form (or trigonometric form) 


z=r(cosé + ising) 


wherer = |z| = Va? + band tan @ = b/a. The number r is the modulus of 
z, and @ is an argument of z. 


The argument of z is not unique, but any two arguments of z differ by a multiple of 277. 
W hen determining the argument, we must consider the quadrant in which z lies, as we see 
in the next example. 
EXAMPLE 5 | Writing Complex Numbers in Polar Form 


Write each complex number in polar form. 


(a) 1 +i (b) -1 + V3i (c) —4V3 - 4i (d) 3 + 4i 
SOLUTION Thesecomplex numbers are graphed in Figure 8, which helps us find their 
arguments. 
Ima Ima Ima . 
a ee lie ral 3 + 4i 
r) 0 
t a > t a > e t > 
-_j O Re -4\3 07 Re 0 3 Re 
Aap 
(b) (c) (d) 


(a) An argument is 6 = 7/4 andr = V1 + 1 = V2. Thus 
1+i= va( cos +i sin ) 


(b) An argument is 6 = 27/3 andr = V1 + 3 = 2. Thus 


-1+V3i= 2( cos + isin =) 


(c) An argument is 6 = 77/6 (or we could use 6 = —5z7/6), andr = V48 + 16 = 8. 


Thus 
iis + isin in) 
6 6 


(d) An argument is @ = tan-?$ andr = V3? + 42 = 5.So0 
3 + 4i = 5[cos(tan-? 3) + i sin(tan~? $)] 
&. NOW TRY EXERCISES 29, 31, AND 33 | 


-4V3- 4) = a( cos 
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The Addition Formulas for Sine and Cosine that we discussed in Section 8.2 greatly 
simplify the multiplication and division of complex numbers in polar form. The follow- 
ing theorem shows how. 


MULTIPLICATION AND DIVISION OF COMPLEX NUMBERS 
If the two complex numbers z, and z, have the polar forms 

Zz, = 1(COS 0; + i Sin @;) and Z) = 1,(COS B82 + 1 SIN A) 
then 


Ea) rr[ COs(, AF 02) + j sin(@; aP 62) | M ultiplication 


= “fcos(@y — 02) + isin(@, —4)] (2 #0) Division 
2 


This theorem says: 


To multiply two complex numbers, multiply the moduli and add the arguments. 
To divide two complex numbers, divide the moduli and subtract the arguments. 


PROOF To prove the Multiplication Formula, we simply multiply the two complex 
numbers: 
2427 = Pyf,(cos 6, + i SiN A,)(COS 6, + i sin 65) 
= 1yL,[COS 0, COS 6, — SiN, SIN A, + I(SiN A; COS A, + COS 4; SiN 2) | 
= 1yr,[C0S(@, + 62) + i SiN(@; + 42) 


In the last step we used the A ddition Formulas for Sine and Cosine. 
The proof of the Division Formula is left as an exercise. a 


EXAMPLE 6 | Multiplying and Dividing Complex Numbers 


Let 
7 ca, TT 7 ge, TE 
a= 2( cos +isin™) and z= 5( cos + isin) 
Find (a) Z1Z2 and (b) z,/Z 
SOLUTION 


(a) By the Multiplication Formula 


2 = (2)5)| cos( 7 + =) +I sin( 4 + =) 


lw... Ia 
= 10{ cos 42 + isin 22) 


To approximate the answer, we use a calculator in radian mode and get 
212) ~ 10(—0.2588 + 0.9659) 
—2.588 + 9.659i 
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(b) By the Division Formula 


Using a calculator in radian mode, we get the approximate answer: 


= ~ 3(0.9659 — 0.25881) = 0.3864 — 0.1035i 


2 
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V De Moivre’s Theorem 


Repeated use of the M ultiplication Formula gives the following useful formula for raising 
a complex number to a power n for any positive integer n. 


DE MOIVRE’S THEOREM 


If z =r(cos@ + i sin @), then for any integer n 


z" =r"(cosn@ + i sin né) 


This theorem says: To take the nth power of a complex number, we take the nth power of 
the modulus and multiply the argument by n. 


PROOF By the Multiplication Formula 
z? = 22 = r7[cos(6 + 6) + i sin(@ + @)] 
= r7(cos 26 + i sin 20) 
Now we multiply z? by z to get 
z3 = 2*z = r3[cos(26 + 6) + i sin(26 + 6)] 
= r3(cos 30 + i sin 30) 
Repeating this argument, we see that for any positive integer n 
z" =r"(cosné + i sinng) 


A similar argument using the Division Formula shows that this also holds for negative 
integers. | 


EXAMPLE 7 | Finding a Power Using De Moivre’s Theorem 
Find (3 + 3) 


SOLUTION Since} + >i = 3(1 + i), it follows from Example 5(a) that 


L .. dL. w2( Te  as8 = 
+r=l= cos +1sIn — 


4 4 
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So by DeM oivre’s Theorem 
€ + si) (2) "(cos 9 +i sin 0) 
2 %2 2 4 4 
= 5, ( cos + I sin = ) = = 
2” 2 2 
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V nth Roots of Complex Numbers 


An nth root of acomplex number z is any complex number w such that w" = z. De M oivre’s 
Theorem gives us a method for calculating the nth roots of any complex number. 


nth ROOTS OF COMPLEX NUMBERS 


If z =r(cos@ + i sin @) and nis a positive integer, then z has then distinct nth 
roots 


Yn 6 + 2ka .. (0+ 2ka 
Bh ee |) 2 | 


fork =O, 1, 2a as pit = dl, 


PROOF To find the nth roots of z, we need to find a complex number w such that 


w'=z 


Let's write z in polar form: 
z=r(cosé +ising) 
One nth root of z is 


n= rih( cos? + ij sin) 
n n 


since by De Moivre’s Theorem, w" = z. But the argument 6 of z can be replaced by 
6 + 2kz for any integer k. Since this expression gives a different value of w for k = 0, 1, 
2,..., — 1, we have proved the formula in the theorem. | 


The following observations help us use the preceding formula. 


FINDING THE nth ROOTS OF z = r(cos 6 + isin 6) 
1. The modulus of each nth root is r2/". 


2. The argument of the first root is @/n. 


3. We repeatedly add 277/n to get the argument of each successive root. 


These observations show that, when graphed, the nth roots of z are spaced equally on 
the circle of radius r¥/”, 


EXAMPLE 8 | Finding Roots of a Complex Number 


Find the six sixth roots of z = —64, and graph these roots in the complex plane. 


We add 27/6 = 7/3 to each argument 


to get the argument of the next root. 


Ima 
2i| w 
W, Wo 
> 
=—2 2 Re 
Ww; Ws 
—2i | W4 


FIGURE 9 Thesix sixth roots of 


z= —64 


We add 360°/3 = 120° to each 
argument to get the argument of the 


next root. 
Ima 


gay 


Wo 


Wy 


FIGURE 10 The three cube roots of 


z=2+4+2i 


=a 2d 


2 Re 
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SOLUTION Inpolar form, z = 64(cos a + i sin 7). Applying the formula for nth 
roots with n = 6, we get 


UW, = 6446| cos( ==) + j sin( =) | 


fork = 0, 1, 2, 3, 4, 5. Using 64/6 = 2, we find that the six sixth roots of —64 are 
7 T 
Wy = 2( cos + j sin) = V3 +i 
7 
+ 
w= 2( cos 3 isin T) a9 
... OT 
w= 2( cos 22 +isinSZ) = V3 + i 
ws = 2( cos 72 + isin in) =-vV3-i 
w= 2( cos + isin 27) = -2i 
2 
ws = 2( cos + isin ur) = va-1 
All these points lie on a circle of radius 2, as shown in Figure 9. 
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When finding roots of complex numbers, we sometimes write the argument 6 of the 
complex number in degrees. In this case the nth roots are obtained from the formula 


nt (8 + 360°k\ , , _. (6 + 360°k 
wy, = 1") Cos| + isin a aa 


fork =0,1,2,...,n-—1. 


EXAMPLE 9 | Finding Cube Roots of a Complex Number 
Find the three cube roots of z = 2 + 2i, and graph these roots in the complex plane. 


SOLUTION First we write z in polar form using degrees. We have 


r= V2? + 2? = 2V2 and 6 = 45°. Thus 
z = 2V2(cos 45° + i sin 45°) 


Applying the formula for nth roots (in degrees) with n = 3, we find that the cube roots of 
z are of the form 


_ (2v7}'*|cos(* + 360 ‘) “4 sin( + 360 ‘)] 
3 3 
where k = 0, 1, 2. Thus the three cube roots are 


Wy = V2(cos 15° + isin 15°) ~ 1.366 + 0.366i ayqye = (7 jy" =" =s7 
w, = V2 (cos 135° + i sin 135°) = -1 +i 
w, = V2(cos 255° + i sin 255°) ~ —0.366 — 1.366i 


The three cube roots of z are graphed in Figure 10. These roots are spaced equally on a 
circle of radius V2. 
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EXAMPLE 10 | Solving an Equation Using the nth Roots Formula 


Solve the equation z° + 64 = 0. 


SOLUTION This equation can be written as 2° = —64. Thus the solutions are the sixth 
roots of —64, which we found in Example 8. 


©. NOW TRY EXERCISE 91 | 
CONCEPTS SKILLS 
1. A complex number z = a + bi has two parts: a is the 5-14 » Graph the complex number and find its modulus. 
part, and b is the part. To grapha + bi, 5. 4i 6. —3i 
we graph the ordered pair( , —)in the complex plane. 7. -2 8. 6 
Be Eee ©. 9.5421 10. 7 — 3 
(a) The modulus of z isr = , and an argument of V3 
zis an angle @ satisfying tan 6 = 1. V3 +i 12, -1— 3 
(b) We can express z in polar formasz = _____ ww 2t4 wu, 2¥2 tive 
where r is the modulus of z and @ is the argument of z. 5 2 
aie) TRE anne a ol EER at TAOS 15-16 = Sketch the complex number z, and also sketch 2z, —z, 
z= . The complex number and 3z on the same complex plane. 
z 2( cos isin ) in ectangue formis aoe 16. z= —1 +iV3 
= 17-18 m Sketch the complex number z and its complex conjugate 
. z on the same complex plane. 
(b) The complex number graphed below can be expressed in ia 
rectangular form as or in polar form as am a TBS 8 cel 
IMA 19-20 m Sketch z,, 2, 2; + z, and z,z, on the same complex 
it ez plane. 
®.19, 2,=2-i, 2=2+4+i 
20. 2; 1+i, 2=2-3) 
21-28 m Sketch the set in the complex plane. 
0 1 Re 21 {2 =a + bija=0,b=0} 


4. How many different nth roots does a nonzero complex number 


have? . The number 16 has fourth roots. 


These roots are j i ,and 


. In the complex plane these roots all lie on a circle 


of radius ______. Graph the roots on the following graph. 
Ima 
if 
t—+$++ +--+ + + 
OL 4 Re 


~ 


22. {z=at+bija>1,b>1} 
23. {z||z| = 3} 

25. {z||z| <2} 

27. {2 =a + bila+b <2} 
28. {z =a + bila = b} 


24, {2||2| = 1} 
26. {2| 2 <|z| <5} 


29-52 = Write the complex number in polar form with 
argument 6 between 0 and 27. 


.29,1 +i 3..14+V3i &.3L V2 - V2i 
32. 1 -i ©. 33, 2V3 - 2i 34. -1+ i 
35. —3i 36. —3 — 3V3i 37.5 + 5i 

38. 4 39. 4V3 — 4i 40. 8i 

41. —20 42. V3 +i 43. 34+ 4i 

44, i(2 — 2i) 45. 3i(1 + i) 46. 2(1 — i) 
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47. 4(V3 + i) 48. —3 — 3) 49,2+i 83. The fourth roots of —81i 
50. 3+ V3i 51. V2 + V2i 52. —7i 84. The fifth roots of 32 


& . 
53-60 m Find the product z,z, and the quotient z,/z.. Express your 8S. Thesannmo of 2 


answer in polar form. 86. The cube roots of 1 + i 
53. 2, =cosat+isina, z= cos 5 a4 sing 87. The cube roots of i 
eo So. Se 88. The fifth roots of i 
i a ce day Ca a 89. The fourth roots of —1 
& 55. 2 = 3( cos isin), z= 5( cos + isin =) 90. The fifth roots of -16 — 16V3i 
56. 2; = 1( cos ” + isin =), 2) = 2( cos 7 + i sin =) 91-96 m Solve the equation. 
57. z, = 4(cos 120° + isin 120°), ®. 91, 24+1=0 92. 22 -i =0 
Zz) = 2(cos 30° + i sin 30°) 93. 27 - 4V3 - 4i = 0 94, 2°-1=0 
58. 2; = V2(cos 75° + isin 75°), 95. 27 +1=-i 96. 27-1=0 


z. = 3V2(cos 60° + i sin 60°) 
59. z, = 4(cos 200° + i sin 200°), 


2 Nb : a 
97. (a) Let w = cos 7 + i sin * where n is a positive 


_ integer. Show that 1, w, w?, w?,...,w" 1 are then 
zy = 25(cos 150° + i sin 150°) distinct nth roots of 1. 
60. z, = s(cos 25° + i sin 25°), (b) If z # 0 is any complex number and s" = z, show that 


a the n distinct nth roots of z 
zy = cos 155° + isin 155°) ere iSunebnMl (Ook aha ate 


$, Sw, Sin", Sibi. Se 
61-68 m Write z, and z, in polar form, and then find the product 


eae es Guatieals tered 2 DISCOVERY = DISCUSSION = WRITING 


Sh VS ety aah Va 98. Sums of Roots of Unity Find the exact values of all 
62. 2,= V2- V2i, 2=1-i1 three cube roots of 1 (see Exercise 97) and then add them. Do 
63. 2, =2V3-2), 2» =-l+t+i the same for the fourth, fifth, sixth, and eighth roots of 1. 

W hat do you think is the sum of the nth roots of 1 for any n? 
64. 2, = -V2i, z= -3 - 3V3i 


99. Products of Roots of Unity Find the product of the 


65.72=5+5i, 2=4 66. 2, =4V3-4i, 2 =8i three cube roots of 1 (see Exercise 97). Do the same for the 
67.2, = -20, r= V3+i 682,=34+4i, 2=2-2i fourth, fifth, sixth, and eighth roots of 1. What do you think 
is the product of the nth roots of 1 for any n? 
69-80 m Find the indicated power using De M oivre’s Theorem. 100. Complex Coefficients and the Quadratic Formula 
‘<< er é The quadratic formula works whether the coefficients of the 
~ 69, (1 + i) 70. (1 — V3i) equation are real or complex. Solve these equations using the 
7. (2038-2 2P 72, (1 — i)8 quadratic formula and, if necessary, De M oivre’s Theorem. 
: ; 
V2 Vv2.\" (a) 2° +(1+i)z+i1=0 
73. (+i) 74, (V3 — i) (b) 22 -iz +1 =0 
7 c) 22-(2-i)z-ti=0 
75. (2 — 2i)° 76, (->-3) ei ee 
AA 78, (3 + V3i)! 
79. (2V3 + 2i)3 80. (1 — i)® 
DISCOVERY 
81-90 m Find the indicated roots, and graph the roots in the com- iG Fractals 
plex plane. 


In this project we use graphs of complex numbers to create 
©. 81, The square roots of 4V/3 + 4i fractal images. You can find the project at the book companion 


website: www.stewartmath.com 


82. The cube roots of 4/3 + 4i 
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9.4 PLANE CURVES AND PARAMETRIC EQUATIONS 


Plane Curves and Parametric Equations ® Eliminating the Parameter > 
Finding Parametric Equations for a Curve B Using Graphing Devices to Graph 
Parametric Curves 


So far, we have described a curve by giving an equation (in rectangular or polar coordi- 
nates) that the coordinates of all the points on the curve must satisfy. But not all curves in 
the plane can be described in this way. In this section we study parametric equations, 
which are a general method for describing any curve. 


V Plane Curves and Parametric Equations 


We can think of a curve as the path of a point moving in the plane; the x- and 
y-coordinates of the point are then functions of time. This idea leads to the following 
definition. 


PLANE CURVES AND PARAMETRIC EQUATIONS 


If f and g are functions defined on an interval |, then the set of points (f(t), g(t)) 
is a plane curve. The equations 


x = f(t) y = g(t) 
where t € |, are parametric equations for the curve, with parameter t. 


EXAMPLE 1 | Sketching a Plane Curve 
Sketch the curve defined by the parametric equations 
x= =a y=t-1 


SOLUTION For every value of t, we get a point on the curve. For example, if t = 0, 
then x = 0 and y = —1, so the corresponding point is (0, —1). In Figure 1 we plot the 
points (x, y) determined by the values of t shown in the following table. 


t x y 
—2 10 =—3 
=i 4 —2 
0 0 -1 
1 -2 0 
2 —2 1 
3 0 2 
4 4 3 
5 10 4 


FIGURE 1 


Ast increases, a particle whose position is given by the parametric equations moves 
along the curve in the direction of the arrows. 


©. NOW TRY EXERCISE 3 a 


© Bettmann /CORBIS 


MARIA GAETANA AGNESI (1718- 
1799) is famous for having written Insti- 
tuzioni Analitiche, one of the first calcu- 
lus textbooks. 

Maria was born into a wealthy family 
in Milan, Italy, the oldest of 21 children. 
She was a child prodigy, mastering many 
languages at an early age, including 
Latin, Greek, and Hebrew. At the age of 
20 she published a series of essays on 
philosophy and natural science. After 
Maria’s mother died, she took on the task 
of educating her brothers. In 1748 Ag- 
nesi published her famous textbook, 
which she originally wrote as a text for 
tutoring her brothers. The book com- 
piled and explained the mathematical 
knowledge of the day. It contains many 
carefully chosen examples, one of which 
is the curve now known as the “witch of 
Agnesi” (see Exercise 64, page 609).One 
review calls her book an“exposition by 
examples rather than by theory.” The 
book gained Agnesi immediate recogni- 
tion. Pope Benedict XIV appointed her to 
a position at the University of Bologna, 
writing, “we have had the idea that you 
should be awarded the well-known chair 
of mathematics, by which it comes of it- 
self that you should not thank us but we 
you.” This appointment was an ex- 
tremely high honor for a woman, since 
very few women then were even al- 
lowed to attend university. Just two 
years later, Agnesi’s father died, and she 
left mathematics completely. She be- 
came a nun and devoted the rest of her 
life and her wealth to caring for sick and 
dying women, herself dying in poverty at 
a poorhouse of which she had once 
been director. 
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If we replace t by —tin Example 1, we obtain the parametric equations 


x =t? + 3t y=-t-1 


The graph of these parametric equations (See Figure 2) is the same as the curve in Figure 1, 
but traced out in the opposite direction. On the other hand, if we replace t by 2t in Example 
1, we obtain the parametric equations 


x = 4t? — 6t y=2t-1 


The graph of these parametric equations (see Figure 3) is again the same, but is traced out 
“twice as fast.” Thus, a parametrization contains more information than just the shape of 
the curve; it also indicates how the curve is being traced out. 


FIGURE 2 x 


t? + 3t,y t-1 


FIGURE 3 x = 4t? — 6t,y = 2t-—1 


V Eliminating the Parameter 

Often a curve given by parametric equations can also be represented by a single rectan- 
gular equation in x and y. The process of finding this equation is called eliminating the pa- 
rameter. One way to do this is to solve for t in one equation, then substitute into the other. 
EXAMPLE 2 | Eliminating the Parameter 

Eliminate the parameter in the parametric equations of Example 1. 


SOLUTION First we solve for t in the simpler equation, then we substitute into the 
other equation. From the equation y = t — 1, we gett = y + 1. Substituting into the equa- 
tion for x, we get 


x=t?-3t=(y+1P?-3yt+1=y?-y-2 


Thus the curve in Example 1 has the rectangular equation x = y* — y — 2, soitisa 
parabola. 


© NOW TRY EXERCISE 5 | 


Eliminating the parameter often helps us identify the shape of a curve, as we see in the 
next two examples. 
EXAMPLE 3 | Modeling Circular Motion 


The following parametric equations model the position of a moving object at time t (in 
seconds): 


X = cost y =sint t=0 


Describe and graph the path of the object. 
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FIGURE 4 


FIGURE 5 


FIGURE 6 


SOLUTION To identify the curve, we eliminate the parameter. Since cost + sin?t = 1 
and since x = cost and y = sint for every point (x, y) on the curve, we have 


x? + y? = (cost)? + (sint)? =1 


This means that all points on the curve satisfy the equation x? + y? = 1, so the graphisa 
circle of radius 1 centered at the origin. Ast increases from 0 to 277, the point given by the 
parametric equations starts at (1, 0) and moves counterclockwise once around the circle, as 
shown in Figure 4. So the object completes one revolution around the circle in 
2zr seconds. Notice that the parameter t can be interpreted as the angle shown in the figure. 


©. NOW TRY EXERCISE 25 A 


EXAMPLE 4 | Sketching a Parametric Curve 
Eliminate the parameter, and sketch the graph of the parametric equations 
x = sint y =2 — cos*t 


SOLUTION To eliminate the parameter, we first use the trigonometric identity 
cos*t = 1 — sin’t to change the second equation: 


y = 2 —cos*t = 2 — (1 — sin’t) = 1 + sin’t 


Now we can substitute sin t = x from the first equation to get 
y=1+x? 


so the point (x, y) moves along the parabola y = 1 + x”. However, since —1 <sint <1, 
we have —1 = x <1, so the parametric equations represent only the part of the parabola 
between x = —1 and x = 1. Since sin t is periodic, the point (x, y) = (sin t, 2 — cos’t) 
moves back and forth infinitely often along the parabola between the points (—1, 2) and 
(1, 2), as shown in Figure 5. 


©. NOW TRY EXERCISE 17 a 


V Finding Parametric Equations for a Curve 


Itis often possible to find parametric equations for a curve by using some geometric prop- 
erties that define the curve, as in the next two examples. 


EXAMPLE 5 | Finding Parametric Equations for a Graph 


Find parametric equations for the line of slope 3 that passes through the point (2, 6). 


SOLUTION Let's start at the point (2, 6) and move up and to the right along this line. 

Because the line has slope 3, for every 1 unit we move to the right, we must move up 

3 units. In other words, if we increase the x-coordinate by t units, we must correspond- 

ingly increase the y-coordinate by 3t units. This leads to the parametric equations 
x=2+4+t y=6+3t 


To confirm that these equations give the desired line, we eliminate the parameter. We 
solve for t in the first equation and substitute into the second to get 


y = 6 + 3(x — 2) = 3x 


Thus the slope-intercept form of the equation of this line is y = 3x, whichis a line of slope 
3 that does pass through (2, 6) as required. The graph is shown in Figure 6. 


©. NOW TRY EXERCISE 29 a 


FIGURE 7 


<—— a9 ——>| 


FIGURE 8 


FIGURE 11 x =t+2sin2t, 
y =t+2cos5t 
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EXAMPLE 6 | Parametric Equations for the Cycloid 


As acircle rolls along a straight line, the curve traced out by a fixed point P on the cir- 
cumference of the circle is called a cycloid (see Figure 7). If the circle has radius a and 
rolls along the x-axis, with one position of the point P being at the origin, find paramet- 
ric equations for the cycloid. 


P 
VO WOO NON 
> 


P 


SOLUTION Figure 8 shows the circle and the point P after the circle has rolled through 
an angle 6 (in radians). The distance d(O, T) that the circle has rolled must be the same 
as the length of the arc PT, which, by the arc length formula, is a@ (See Section 6.1). This 
means that the center of the circle is C(ad, a). 

Let the coordinates of P be (x, y). Then from Figure 8 (which illustrates the case 
0 <6 < 7/2), we see that 


x = d(0,T) — d(P,Q) = a@ — asin@ = a(6 — sing) 
y =d(T,C) — d(Q,C) =a — acos@ = a(1 — cos 6) 
SO parametric equations for the cycloid are 
xX = a(0 — sin@) y = a(1 — cos @) 
®. NOW TRY EXERCISE 57 a 


The cycloid has a number of interesting physical properties. It is the “curve of quickest 
descent” in the following sense. L et’s choose two points P and Q that are not directly above 
each other, and join them with a wire. Suppose we allow a bead to slide down the wire un- 
der the influence of gravity (ignoring friction). Of all possible shapes into which the wire 
can be bent, the bead will slide from P to Q the fastest when the shape is half of an arch of 
an inverted cycloid (see Figure 9). The cycloid is also the “curve of equal descent” in the 
sense that no matter where we place a bead B on a cycloid-shaped wire, it takes the same 
time to slide to the bottom (see Figure 10). These rather surprising properties of the cycloid 
were proved (using calculus) in the 17th century by several mathematicians and physicists, 
including J ohann Bernoulli, Blaise Pascal, and Christiaan Huygens. 


P 


Cycloid B 


FIGURE 9 FIGURE 10 


V Using Graphing Devices to Graph Parametric Curves 


Most graphing calculators and computer graphing programs can be used to graph para- 
metric equations. Such devices are particularly useful in sketching complicated curves 
like the one shown in Figure 11. 


EXAMPLE 7 | Graphing Parametric Curves 
Use a graphing device to draw the following parametric curves. Discuss their similarities 
and differences. 
(a) x = sin 2t (b) x = sin 3t 
y =2cost y =2cost 
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, § 
= 


= 25 
(a) x =sin 24, y =2cost 


2.5 


1.5 15 


—2.5 
(b) x = sin 34, y =2cost 


FIGURE 12 


32 


32 32 


=32, 


FIGURE 13 x=tcost,y=tsint 


Polar Coordinates and Parametric Equations 


SOLUTION In both parts (a) and (b) the graph will lie inside the rectangle given by 
—1 <x <1, —-2 sy S2, since both the sine and the cosine of any number will be be- 
tween —1 and 1. Thus, we may use the viewing rectangle [| —1.5, 1.5] by [—2.5, 2.5]. 


(a) Since 2 cos tis periodic with period 27 (see Section 7.3) and since sin 2t has pe- 
riod zr, letting t vary over the interval 0 = t S 27 gives us the complete graph, 
which is shown in Figure 12(a). 


(b) Again, letting t take on values between 0 and 2zr gives the complete graph shown 
in Figure 12(b). 


Both graphs are closed curves, which means they form loops with the same starting 
and ending point; also, both graphs cross over themselves. However, the graph in Figure 
12(a) has two loops, like a figure eight, whereas the graph in Figure 12(b) has three loops. 


©. NOW TRY EXERCISE 43 a 


The curves graphed in Example 7 are called Lissajous figures. A Lissajous figure is 
the graph of a pair of parametric equations of the form 


xX =Asinayt y = B cos at 


where A, B, a, and w, are real constants. Since sin w,t and cos wt are both between 
—1 and 1, a Lissajous figure will lie inside the rectangle determined by -A = x SA, 
—B <y SB. This fact can be used to choose a viewing rectangle when graphing a Lis- 
Sajous figure, as in Example 7. 

Recall from Section 9.1 that rectangular coordinates (x, y) and polar coordinates (r, @) 
are related by the equations x = r cos 6, y = r sin 6. Thus we can graph the polar equa- 
tion r = f(@) by changing it to parametric form as follows: 


X =! cos 6 = f(@) cos@ 
y =rsin@ = f(6) sing 
Replacing 6 by the standard parametric variable t, we have the following result. 


Sincer = f(@) 


POLAR EQUATIONS IN PARAMETRIC FORM 
The graph of the polar equation r = (@) is the same as the graph of the 


parametric equations 


X = f(t) cost y = f(t) sint 


EXAMPLE 8 | Parametric Form of a Polar Equation 


Consider the polar equation r = 6,1 = @ = 107. 
(a) Express the equation in parametric form. 
(b) Draw a graph of the parametric equations from part (a). 


SOLUTION 


(a) The given polar equation is equivalent to the parametric equations 
X =tcost y =tsint 
(b) Since 107 ~ 31.42, we use the viewing rectangle | —32, 32] by [—32, 32], and we 
let t vary from 1 to 107. The resulting graph shown in Figure 13 is a spiral. 


®. NOW TRY EXERCISE 51 a 


& 


“A 


9.4 EXERCISES 
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CONCEPTS 
1, (a) The parametric equations x = f(t) and y = g(t) give the 
coordinates of a point (x, y) = (f(t), g(t)) for appropriate 
values of t. The variable t is called a 


(b) Suppose that the parametric equations x = t, y = t’, 
t = 0, model the position of a moving object at time t. 
Whent = 0, the objectisat( ,  ), andwhent = 1, 


the objectisat( ,  ). 
(c) If we eliminate the parameter in part (b), we get the equa- 


tiony = . We see from this equation that the 


path of the moving object is a 
2. (a) True or false? The same curve can be described by para- 
metric equations in many different ways. 


(b) The parametric equations x = 2t, y = (2t)? model the po- 
sition of a moving object at time t. When t = 0, the object 
isat( ,  ),andwhent=1,theobjectisat( ,  ). 


If we eliminate the parameter, we get the equation 


— 


(c 
y = ______, which is the same equation as in Exercise 
1(b). So the objects in Exercises 1(b) and 2(b) move along 


the same but traverse the path differently. Indi- 
cate the position of each object when t = 0 and when 
t = 1 on the following graph. 


©.25. x = 3 cost, 


SKILLS 


3-24 m A pair of parametric equations is given. (a) Sketch the curve 
represented by the parametric equations. (b) Find a rectangular- 
coordinate equation for the curve by eliminating the parameter. 


®. 3.x =2t, y=t+6 
4.x=6t-4, y=3t t=0 
5.x=t?, y=t-2, 2<ts=4 
6.x=2t+1, y=(t+3)" 
7.x=Vt, y=1-t 
8 x=t?, y=t*+1 
i= 5, y=t+l1 10.x=t+1, y= : 
t t+1 
11. x = 4t?, y = 8t? 12.x=|t|, y= |1-—|tl| 


13.x=2sint, y=2cost, 0OStsz7 

14.x=2cost, y=3sint 0<ts27 

15. x =sin’t, y =sin‘t 16. x =sin’t, y =cost 
~17. x =cost, y =cos 2t 18. x = cos2t, y =sin2t 
19, x=sect, y=tant, 0<t<7a/2 

20. x=cott, y=csct, 0<t<a 

21. x=tant, y=cott, 0<t<~7/2 

22. x=sect, y=tan’t, 0<t<a/2 

23. x = cos*t, y = sin’t 

24. x =cos*t, y=sin*t, O<t=2r 


25-28 = The position of an object in circular motion is modeled 
by the given parametric equations. Describe the path of the object 
by stating the radius of the circle, the position at time t = 0, the 
orientation of the motion (clockwise or counterclockwise), and the 
time t that it takes to complete one revolution around the circle. 


26. x = 2sint, 
28. x = 4 cos 3t, 


y = 3sint y = 2cost 


27. x = sin2t, y= cos2t y = 4sin 3t 


29-34 m Find parametric equations for the line with the given 
properties. 


. 29. Slope 3, passing through (4, —1) 


30. Slope —2, passing through (—10, —20) 
31. Passing through (6, 7) and (7, 8) 
32. Passing through (12, 7) and the origin 
33. Find parametric equations for the circle x? + y* = a2 
34, Find parametric equations for the ellipse 
x2? 
az + b2 = 1 
35. Show by eliminating the parameter @ that the following para- 
metric equations represent a hyperbola: 
xX =atanag y =bsecé 


36. Show that the following parametric equations represent a part 

of the hyperbola of Exercise 35: 

x =avt y=bVvt+1 
37-40 @ Sketch the curve given by the parametric equations. 
37.x=tcost, y=tsint, t=0 
38. x =sint, y =sin2t 
t 3t? 

em ee ee aT 


40. x=cott, y =2sin’t, 


41. If a projectile is fired with an initial speed of v ft/s at an angle 
a above the horizontal, then its position after t seconds is 
given by the parametric equations 

y = (usin a)t — 16t? 


(where x and y are measured in feet). Show that the path of the 
projectile is a parabola by eliminating the parameter t. 


0<t<qa7 


X = (uy) CoS a)t 
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42. Referring to Exercise 41, suppose a gun fires a bullet into the 58. 


air with an initial speed of 2048 ft/s at an angle of 30° to the 
horizontal. 

(a) After how many seconds will the bullet hit the ground? 
(b) How far from the gun will the bullet hit the ground? 

(c) What is the maximum height attained by the bullet? 


(a) In Exercise 57 if the point P lies outside the circle at a dis- 
tance b from the center (with b > a), then the curve traced 
out by P is called a prolate cycloid. Show that parametric 
equations for the prolate cycloid are the same as the equa- 
tions for the curtate cycloid. 


(b) Sketch the graph for the case in which a = 1 and b = 2. 


43-48 m Use a graphing device to draw the curve represented by 59. A circle C of radius b rolls on the inside of a larger circle of ra- 


=" the parametric equations. 
©.43. x =sint, y =2 cos 3t 
44.x=2sint, y=cos4t 
45. x =3sin5t, y =5 cos 3t 
46. x =sin4t, y =cos3t 
47. x =sin(cost), y =cos(t?”), O<t<27 
48. x =2cost+cos2t, y =2sint —sin2t 


49-52 m A polar equation is given. (a) Express the polar equation 


in parametric form. (b) Use a graphing device to graph the para- 
metric equations you found in part (a). 


49.1 =292 Q0<9<4r 50. r=sin@+2cos@ 


4 ; 
2 _ — 9sin@ 
~51. . = ——_ 2.r=2 

atl 2 —cosé@ aaa 


53-56 m Match the parametric equations with the graphs 
labeled I-IV. Give reasons for your answers. 
53.x=t?-2t, y=t?-t 

54. x = sin 3t, y =sin 4t 

55. x =t+sin2t, y=t+sin 3t 


56. x = sin(t+sint), y = cos(t + cost) 


| ya Il ya 
= 0 : 
60 
loys IV ya 61 
x 
Soa 
0 x 


©. 57. (a) In Example 6 suppose the point P that traces out the curve 
lies not on the edge of the circle, but rather at a fixed point 
inside the rim, at a distance b from the center (with b < a). 
The curve traced out by P is called a curtate cycloid (or 
trochoid). Show that parametric equations for the curtate 
cycloid are 


X = ad —bsine y=a-—bcosdé 
(b) Sketch the graph using a = 3 and b = 2. 


dius a centered at the origin. Let P bea fixed point on the 
smaller circle, with initial position at the point (a, 0) as shown 
in the figure. The curve traced out by P is called a hypocycloid. 


YA 


ay 


(a) Show that parametric equations for the hypocycloid are 


x= (@ —b) cos + boos 2") 


y=(@—b) sing ~bsin( 2" 9) 


(b) If a = 4b, the hypocycloid is called an astroid. Show that 
in this case the parametric equations can be 
reduced to 
xX =a cos? y =asin?a 


Sketch the curve. Eliminate the parameter to obtain an 
equation for the astroid in rectangular coordinates. 


. If the circle C of Exercise 59 rolls on the outside of the larger 


circle, the curve traced out by P is called an epicycloid. Find 
parametric equations for the epicycloid. 


. In the figure, the circle of radius a is stationary, and for every 
6, the point P is the midpoint of the segment QR. The curve 
traced out by P for 0 < @ < ris called the longbow curve. 
Find parametric equations for this curve. 


62. Two circles of radius a and b are centered at the origin, as 
shown in the figure. As the angle @ increases, the point P 
traces out a curve that lies between the circles. 

(a) Find parametric equations for the curve, using 6 as the 
parameter. 

(b) Graph the curve using a graphing device, with a = 3 and 

~ b=2., 

(c) Eliminate the parameter, and identify the curve. 


63. Two circles of radius a and b are centered at the origin, as 
shown in the figure. 

(a) Find parametric equations for the curve traced out by the 
point P, using the angle 6 as the parameter. (Note that the 
line segment AB is always tangent to the larger circle.) 

(b) Graph the curve using a graphing device, with a = 3 and 
ae b=2. 


64. A curve, called a witch of Agnesi, consists of all points P de- 
termined as shown in the figure. 
(a) Show that parametric equations for this curve can be writ- 


ten as 
x = 2a cota y = 2a sin’@ 


(b) Graph the curve using a graphing device, with a = 3. 


ay 
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65. Eliminate the parameter @ in the parametric equations for the 
cycloid (Example 6) to obtain a rectangular coordinate equa- 
tion for the section of the curve given by0 =@<7. 


APPLICATIONS 


66. The Rotary Engine The Mazda RX-8 uses an unconven- 
tional engine (invented by Felix Wankel in 1954) in which the 
pistons are replaced by a triangular rotor that turns in a special 
housing as shown in the figure. The vertices of the rotor main- 
tain contact with the housing at all times, while the center of 
the triangle traces out a circle of radius r, turning the drive 
shaft. The shape of the housing is given by the parametric 
equations below (where R is the distance between the vertices 
and center of the rotor): 


X =rcos3@ + Rcosdé y=rsin30+R sing 


t=) (a) Suppose that the drive shaft has radius r = 1. Graph 

a the curve given by the parametric equations for the 
following values of R: 0.5, 1, 3, 5. 

(b) Which of the four values of R given in part (a) seems to 
best model the engine housing illustrated in the figure? 


67. Spiral Path of aDog A dog is tied to a circular tree 
trunk of radius 1 ft by along leash. He has managed to wrap 
the entire leash around the tree while playing in the yard, and 
he finds himself at the point (1, 0) in the figure. Seeing a 
squirrel, he runs around the tree counterclockwise, keeping the 
leash taut while chasing the intruder. 

(a) Show that parametric equations for the dog’s path (called 
an involute of a circle) are 


X=cosé+ 6sing y =sin@ — 6cosé 


[Hint: Note that the leash is always tangent to the tree, so 
OT is perpendicular to TD.] 
(b) Graph the path of the dog for 0 < 6 <4r. 
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DISCOVERY = DISCUSSION = WRITING 


68. More Information in Parametric Equations In this 


section we stated that parametric equations contain more 
information than just the shape of a curve. Write a short 
paragraph explaining this statement. Use the following 
example and your answers to parts (a) and (b) below in your 
explanation. 


The position of a particle is given by the parametric equations 


xX = sint y = cost 


where t represents time. We know that the shape of the path of 


the particle is a circle. 


(a) How long does it take the particle to go once around the 


circle? Find parametric equations if the particle moves 
twice as fast around the circle. 

(b) Does the particle travel clockwise or counterclockwise 
around the circle? Find parametric equations if the 


particle moves in the opposite direction around the circle. 


CHAPTER 9 | REVIEW 
mM CONCEPT CHECK 


69. Different Ways of Tracing Out a Curve The curves 
C,D,E, and F are defined parametrically as follows, where 
the parameter t takes on all real values unless otherwise stated: 


Ch. x=. yet? 
D: x=vt, y=t, t=0 
E: x=sint, y =sin’t 
F: x=34 y= 3% 
(a) Show that the points on all four of these curves satisfy the 
same rectangular coordinate equation. 


(b) Draw the graph of each curve and explain how the curves 
differ from one another. 


1. Describe how polar coordinates represent the position of a 
point in the plane. 


2. (a) What equations do you use to change from polar to rec- 
tangular coordinates? 


(b) What equations do you use to change from rectangular to 


polar coordinates? 
3. How do you sketch the graph of a polar equation r = f(@)? 


4. What type of curve has a polar equation of the given form? 
(a) r=acosd or r=asing 
(b) r =a(1 cos@) or r=a(1 + sin @) 
(c) r=a+bcose or r=axbsing 
(d) r=acosn@ or r=asinne 


M EXERCISES 


5. How do you graph a complex number z? What is the polar 
form of a complex number z? What is the modulus of z? What 
is the argument of z? 


6. (a) How do you multiply two complex numbers if they are 
given in polar form? 
(b) How do you divide two such numbers? 


7. (a) State De M oivre’s Theorem. 
(b) How do you find the nth roots of a complex 
number? 


8. A curve is given by the parametric equations 
x = fit), y = g(t). 
(a) How do you sketch the curve? 
(b) How do you eliminate the parameter? 


1-6 m A point P(r, @) is given in polar coordinates. 
(a) Plot the point P. (b) Find rectangular coordinates for P. 


1, (12,2) 2. (8, —) 
3. (-3, 77) 4. (—V3, 77) 
5. (4V3, —*F) 6. (—6V2, —7) 


7-12 @ A point P(x, y) is given in rectangular coordinates. 
(a) Plot the point P. (b) Find polar coordinates for P with r = 0. 
(c) Find polar coordinates for P with r = 0. 


7. (8,8) 8. (—V2, V6) 
9. (-6V2, -6V2) 10. (33, 3) 
11, (-3, V3) 12. (4,=4) 


13-16 m (a) Convert the equation to polar coordinates and 
simplify. (b) Graph the equation. [Hint: Use the form of the 
equation that you find easier to graph. ] 


13.x+y=4 14. xy =1 
15. x? + y? = 4x + 4y 16. (x? + y*)? = 2xy 


17-24 m (a) Sketch the graph of the polar equation. 
(b) Express the equation in rectangular coordinates. 


17. r=3+3c0s0 18. r = 3sin@ 
19. r = 2 sin 20 20. r = 4 cos 30 
21. r? = sec 20 22. r* = 4sin 20 
23. f =sing + cos@ Y 
2+ cosé@ 


s) 25-28 m Use a graphing device to graph the polar equation. 


Choose the domain of 6 to make sure you produce the entire 
graph. 

25. r = cos(6/3) 

26. r = sin(90/4) 

27. r = 1+ 4c0s(6/3) 

28. r = Osin8@, 


-—67 <0<67 


29-34 m= A complex number is given. (a) Graph the complex 


number in the complex plane. (b) Find the modulus and argument. 


(c) Write the number in polar form. 


29. 4+ 4i 30. —10i 

31.5 + 3i 32.14 V3i 

33. -1 +1 34, —20 

35-38 m Use De M oivre’s Theorem to find the indicated power. 
35. (1 — V3i)* 36. (1 + i)® 

a7.(V3 21)" 38. € + i)" 


39-42 m Find the indicated roots. 
39. The square roots of —16i 

40. The cube roots of 4 + 4V3i 
41. The sixth roots of 1 

42. The eighth roots of i 


43-46 m A pair of parametric equations is given. (a) Sketch 
the curve represented by the parametric equations. (b) Find a 
rectangular-coordinate equation for the curve by eliminating the 
parameter. 


43, x=1-t?, 


y=l1+t 
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44.x=t?-1, y=t?+1 

45.x=l+cost, y=1l-—sint, 0<t<7/2 
1 2 

46.x= 7 +2, Y= i 0<ts2 


47-48 m Use a graphing device to draw the parametric curve. 
47. x = cos 2t, 
48. x = sin(t + cos 2t), 


49. In the figure, the point P is the midpoint of the segment QR 
and 0 = 6 < 7/2. Using @ as the parameter, find a parametric 
representation for the curve traced out by P. 


y = sin 3t 
y = cos(t + sin 3t) 


CHAPTER 9 Hgay 


1. (a) Convert the point whose polar coordinates are (8, 57/4) to rectangular coordinates. 
(b) Find two polar coordinate representations for the rectangular coordinate point 
(—6,2V3), one with r > 0 and one with r < 0 and both with 0 <= @ < 27. 
2. (a) Graph the polar equation r = 8 cos @. What type of curve is this? 
(b) Convert the equation to rectangular coordinates. 
3. Graph the polar equation r = 3 + 6 sin 6. What type of curve is this? 
4, Letz =1+ V3i. 
(a) Graph z in the complex plane. 
(b) Write z in polar form. 
(c) Find the complex number z°. 


It... It 5r  ., Sa 
5. Let z, a( cos D + isin 7) and 2, 2( cos + i sin ) 


Find z,z, and a 
22 
6. Find the cube roots of 27i, and sketch these roots in the complex plane. 
7. (a) Sketch the graph of the parametric curve 
X = 3sint+3 y =2cost (0<t<7) 


(b) Eliminate the parameter t in part (a) to obtain an equation for this curve in 
rectangular coordinates. 


8. Find parametric equations for the line of slope 2 that passes through the point (3, 5). 
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FOCUS ON MODELING 


The Path of a Projectile 


FIGURE 1 


Upt Cos 0 


Ut sin 8 


FIGURE 2 Path of a cannonball 


M odeling motion is one of the most important ideas in both classical and modern physics. 
M uch of Isaac Newton’s work dealt with creating a mathematical model for how objects 
move and interact— this was the main reason for his invention of calculus. Albert Einstein 
developed his Special Theory of Relativity in the early 1900s to refine Newton's laws of 
motion. 

In this section we use coordinate geometry to model the motion of a projectile, such as 
a ball thrown upward into the air, a bullet fired from a gun, or any other sort of missile. A 
similar model was created by Galileo, but we have the advantage of using our modern 
mathematical notation to make describing the model much easier than it was for Galileo! 


V Parametric Equations for the Path of a Projectile 


Suppose that we fire a projectile into the air from ground level, with an initial speed vo 
and at an angle 6 upward from the ground. If there were no gravity (and no air resis- 
tance), the projectile would just keep moving indefinitely at the same speed and in the 
same direction. Since distance = speed x time, the projectile would travel a distance 
Vet, So its position at time t would therefore be given by the following parametric equa- 
tions (assuming that the origin of our coordinate system is placed at the initial location 
of the projectile; see Figure 1): 


X = (v9 Cos 6)t y =(usin@)t No gravity 


But, of course, we know that gravity will pull the projectile back to ground level. By 
using calculus, it can be shown that the effect of gravity can be accounted for by 
subtracting Sgt? from the vertical position of the projectile. In this expression, g is 
the gravitational acceleration: g ~ 32 ft/s? ~ 9.8 m/s’. Thus we have the following para- 
metric equations for the path of the projectile: 


X = (vy cos @)t y =(v)sing)t — dgt? —_— With gravity 


EXAMPLE | The Path of a Cannonball 


Find parametric equations that model the path of a cannonball fired into the air with an 
initial speed of 150.0 m/s at a 30° angle of elevation. Sketch the path of the cannonball. 


SOLUTION Substituting the given initial speed and angle into the general parametric 
equations of the path of a projectile, we get 


= (150. ay: ~ (150.0 sin 30°)t — 4(9,8)t2 Substitute 
x = (150.0 cos 30°) y =( sin 30°)t — 5(9.8) eee 


x = 129.9t y = 75.0t — 4.9t? Simplify 
This path is graphed in Figure 2. 


> 
x 


(meters) 
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FIGURE 3 Paths of projectiles 


V Range of a Projectile 


How can we tell where and when the cannonball of the above example hits the ground? 
Since ground level corresponds to y = 0, we substitute this value for y and solve for t: 


0 = 75.0t — 4.9t? Sety =0 
0 = t(75.0 — 4.9t) Factor 


75.0 
t=0 or t= a5 =~ 15.3 Solve for t 
The first solution, t = 0, is the time when the cannon was fired; the second solution means 
that the cannonball hits the ground after 15.3 s of flight. To see where this happens, we 
substitute this value into the equation for x, the horizontal location of the cannonball. 


X = 129,9(15.3) ~ 1987.5 m 


The cannonball travels almost 2 km before hitting the ground. 

Figure 3 shows the paths of several projectiles, all fired with the same initial speed but 
at different angles. From the graphs we see that if the firing angle is too high or too low, 
the projectile doesn’t travel very far. 


yA 
— 9 = 85° 
—p=75° 
—p=60° 
—9=45° 
— p= 30° 
—9=15° 
—9=5° 

0 x 


Let's try to find the optimal firing angle— the angle that shoots the projectile as far as 
possible. We'll go through the same steps as we did in the preceding example, but we'll 
use the general parametric equations instead. First, we solve for the time when the pro- 
jectile hits the ground by substituting y = 0: 

0 =(wsin@)t — zgt? — Substitute y = 0 


0 = t(vysin@ — jgt) Factor 


0 =v) sind — sgt Set second factor equal to 0 
2u) sind 
(a Solve for t 
g 
GALILEO GALILEI (1564-1642) was tance an object falls is proportional to the square of the time it has 
born in Pisa, Italy. He studied medicine been falling, and from this he was able to prove that the path of a pro- 
but later abandoned this in favor of sci- jectile is a parabola. 
s ence and mathematics. At the age of 25, Galileo constructed the first telescope and, using it, discovered the 
& by dropping cannonballs of various moons of Jupiter. His advocacy of the Copernican view that the earth 
s sizes from the Leaning Tower of Pisa, he revolves around the sun (rather than being stationary) led to his being 
8 demonstrated that light objects fall at called before the Inquisition. By then an old man, he was forced to re- 
8 the same rate as heavier ones. This con- cant his views, but he is said to have muttered under his breath, “Never- 
2 tradicted the then-accepted view of theless, it does move.” Galileo revolutionized science by expressing sci- 
e Aristotle that heavier objects fall more entific principles in the language of mathematics. He said,“The great 
= 


quickly. He also showed that the dis- book of nature is written in mathematical symbols.” 
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Now we substitute this into the equation for x to see how far the projectile has traveled 
horizontally when it hits the ground: 


X = (vp COs 8)t Parametric equation for x 
2v9 SiN 0 
= (vp COS 0) a Substitute t = (2v) sin @)/g 


_ 2v5sin 6 cos 6 
7 g 

_ vs sin 20 
sg 


Simplify 


Use identity sin 26 = 2 sin @ cos @ 


We want to choose @ so that x is as large as possible. The largest value that the sine of any 
angle can have is 1, the sine of 90°. Thus we want 26 = 90°, or 6 = 45°. So to send the 
projectile as far as possible, it should be shot up at an angle of 45°. From the last equa- 
tion in the preceding display, we can see that it will then travel a distance x = v3/g. 


PROBLEMS 


1. Trajectories Are Parabolas From the graphs in Figure 3 the paths of projectiles 
appear to be parabolas that open downward. Eliminate the parameter t from the general para- 
metric equations to verify that these are indeed parabolas. 


2. Path of a Baseball Suppose a baseball is thrown at 30 ft/s at a 60° angle to the 
horizontal from a height of 4 ft above the ground. 
(a) Find parametric equations for the path of the baseball, and sketch its graph. 
(b) How far does the baseball travel, and when does it hit the ground? 
3. Path of a Rocket Suppose that a rocket is fired at an angle of 5° from the vertical with 
an initial speed of 1000 ft/s. 
(a) Find the length of time the rocket is in the air. 
(b) Find the greatest height it reaches. 
(c) Find the horizontal distance it has traveled when it hits the ground. 
(d) Graph the rocket’s path. 


4. Firing a Missile The initial speed of a missile is 330 m/s. 


(a) At what angle should the missile be fired so that it hits a target 10 km away? (You should 
find that there are two possible angles.) Graph the missile paths for both angles. 


(b) For which angle is the target hit sooner? 


5. Maximum Height Show that the maximum height reached by a projectile as a function 
of its initial speed vp and its firing angle @ is 


_ v9 sin’é 
an 


6. Shooting Into the Wind Suppose that a projectile is fired into a headwind that pushes 
it back so as to reduce its horizontal speed by a constant amount w. Find parametric equa- 
tions for the path of the projectile. 


= 7. Shooting Into the Wind Using the parametric equations you derived in Problem 6, 

° draw graphs of the path of a projectile with initial speed v) = 32 ft/s, fired into a headwind 

of w = 24 ft/s, for the angles 6 = 5°, 15°, 30°, 40°, 45°, 55°, 60°, and 75°. Is it still true that 
the greatest range is attained when firing at 45°? Draw some more graphs for different angles, 
and use these graphs to estimate the optimal firing angle. 


616 Focus on Modeling 


= 8. Simulating the Path of a Projectile The path of a projectile can be simulated ona 

: graphing calculator. On the TI-83, use the “Path” graph style to graph the general parametric 

equations for the path of a projectile, and watch as the circular cursor moves, simulating the 

motion of the projectile. Selecting the size of the Ts t ep determines the speed of the 

“projectile.” 

(a) Simulate the path of a projectile. Experiment with various values of 6. Use vy = 10 ft/s 
and Tstep = 0.02. Part (a) of the figure below shows one such path. 


(b) Simulate the path of two projectiles, fired simultaneously, one at @ = 30° and the other at 
6 = 60°. This can be done on the TI-83 using Simul mode (“simultaneous” mode). Use 
Vy = 10 ft/s and Tstep = 0.02. See part (b) of the figure. W here do the projectiles 
land? W hich lands first? 


Simulate the path of a ball thrown straight up (@ = 90°). Experiment with values 
of vp between 5 and 20 ft/s. Use the “Animate” graph style and Tstep = 0.02. 
Simulate the path of two balls thrown simultaneously at different speeds. To bet- 
ter distinguish the two balls, place them at different x-coordinates (for example, 
x = Land x = 2). See part (c) of the figure. How does doubling v, change the 
maximum height the ball reaches? 


— 


(c 


2 
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FOCUS ON MODELING 
Vector Fields 


Vectors in Three Dimensions 


The Cross Product 


M any real-world quantities are described mathematically by just one number: 
their “size” or magnitude. For example, quantities such as mass, volume, 
distance, and temperature are described by their magnitude. But many other 
real-world quantities involve both magnitude and direction. Such quantities are 
described mathematically by vectors. For example, if you push a car witha 
certain force, the direction in which you push on the car is important; you get 
different results if you push the car forward, backward, or perhaps sideways. 
So force is a vector. The result of several forces acting on an object can be 
evaluated by using vectors. For example, we'll see how we can combine the 
vector forces of wind and water on the sails and hull of a sailboat to find the 
direction in which the boat will sail. Analyzing these vector forces helps 
sailors to sail against the wind by tacking. (See the Discovery Project Sailing 
Against the Wind referenced on page 635.) 


Vector forces 


Tacking against the wind 
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10.1 Vectors IN Two DIMENSIONS 


FIGURE 3 


FIGURE 4 Addition of vectors 


Geometric Description of Vectors B Vectors in the Coordinate Plane 
> Using Vectors to Model Velocity and Force 


In applications of mathematics, certain quantities are determined completely by their 
magnitude— for example, length, mass, area, temperature, and energy. We speak of a 
length of 5 m or a mass of 3 kg; only one number is needed to describe each of these quan- 
tities. Such a quantity is called a scalar. 

On the other hand, to describe the displacement of an object, two numbers are re- 
quired: the magnitude and the direction of the displacement. To describe the velocity of a 
moving object, we must specify both the speed and the direction of travel. Quantities such 
as displacement, velocity, acceleration, and force that involve magnitude as well as direc- 
tion are called directed quantities. One way to represent such quantities mathematically 
is through the use of vectors. 


V Geometric Description of Vectors 


A vector in the plane is a line segment with an assigned direction. We sketch a vector as 
shown in Figure 1 with an arrow to specify the direction. We denote this vector by AB. 
Point A is the initial point, and B is the terminal point of the vector AB. The length of 
the line segment AB is called the magnitude or length of the vector and is denoted by 
|AB |. We use boldface letters to denote vectors. Thus we write u = AB. 

Two vectors are considered equal if they have equal magnitude and the same direction. 
Thus all the vectors in Figure 2 are equal. This definition of equality makes sense if we 
think of a vector as representing a displacement. Two such displacements are the same if 
they have equal magnitudes and the same direction. So the vectors in Figure 2 can be 
thought of as the same displacement applied to objects in different locations in the plane. 

If the displacement u = AB is followed by the displacement v = BC, then the result- 
ing displacement is AC as shown in Figure 3. In other words, the single displacement rep- 
resented by the vector AC has the same effect as the other two displacements together. We 
call the vector AC the sum of the vectors AB and BC, and we write AC = AB + BC. 
(The zero vector, denoted by 0, represents no displacement.) Thus to find the sum of any 
two vectors u and v, we sketch vectors equal to u and v with the initial point of one at the 
terminal point of the other (see Figure 4(a)). If we draw u and v starting at the same point, 
then u + vis the vector that is the diagonal of the parallelogram formed by u and v shown 
in Figure 4(b). 


If ais a real number and v is a vector, we define a new vector av as follows: The vec- 
tor av has magnitude | a||v| and has the same direction as vif a > 0 and the opposite 
direction if a < 0. If a = 0, then av = 0, the zero vector. This process is called multipli- 
cation of a vector by a scalar. M ultiplying a vector by a scalar has the effect of stretch- 
ing or shrinking the vector. Figure 5 shows graphs of the vector av for different values of 
a. We write the vector (—1)v as —v. Thus —vis the vector with the same length as v but 
with the opposite direction. 
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The difference of two vectors u and vis defined by u— v = u + (—v). Figure 6 shows 
that the vector u — vis the other diagonal of the parallelogram formed by u and v. 


ee Nel —2v 


FIGURE 5 Multiplication of a vector by a scalar FIGURE 6 Subtraction of 


Note the distinction between the vector 
(a, b) and the point (a, b). 


YA 
Q 
yo 
Vv 
Dee 
P 
J 
: a= Ki 
| > 
0 x, X5 Xx 
FIGURE 8 


vectors 


V Vectors in the Coordinate Plane 


So far, we've discussed vectors geometrically. By placing a vector in a coordinate plane, 
we can describe it analytically (that is, by using components). In Figure 7(a), to go from 
the initial point of the vector v to the terminal point, we move a units to the right and b 
units upward. We represent v as an ordered pair of real numbers. 


v = (a, b) 


where a is the horizontal component of v and b is the vertical component of v. Re- 
member that a vector represents a magnitude and a direction, not a particular arrow in the 
plane. Thus the vector (a, b) has many different representations, depending on its initial 
point (see Figure 7(b)). 


YA 


ay 


(a) 
FIGURE 7 


Using Figure 8, we can state the relationship between a geometric representation of a 
vector and the analytic one as follows. 


COMPONENT FORM OF A VECTOR 


If a vector v is represented in the plane with initial point P(x,, y,;) and terminal 


point Q(x,, y2), then 


V =4X5 = Xu Yo — Ya) 


EXAMPLE 1 | Describing Vectors in Component Form 


(a) Find the component form of the vector u with initial point (—2, 5) and terminal 
point (3, 7). 
(b) If the vector v = (3, 7) is sketched with initial point (2, 4), what is its terminal point? 
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FIGURE 9 
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FIGURE 11 


Vectors in Two and Three Dimensions 


(c) Sketch representations of the vector w = (2, 3) with initial points at (0, 0), (2, 2), 
(—2, —1), and (1, 4). 


SOLUTION 


(a) The desired vector is 


u = (3 — (-2),7 
(b) Let the terminal point of v be (x, y). Then 
(x -—2,y — 4) = (3,7) 
Sox —2=3andy —4=7, orx =5 andy = 11. The terminal point is (5, 11). 
(c) Representations of the vector w are sketched in Figure 9. 
©. NOW TRY EXERCISES 11, 19, AND 23 | 


5) = (5, 2) 


We now give analytic definitions of the various operations on vectors that we have de- 
scribed geometrically. Let's start with equality of vectors. We've said that two vectors are 
equal if they have equal magnitude and the same direction. For the vectors u = (a, b) 
and v = (a, b2), this means that a, = a2 and b, = b,. In other words, two vectors are equal 
if and only if their corresponding components are equal. Thus all the arrows in Figure 7(b) 
represent the same vector, as do all the arrows in Figure 9. 

Applying the Pythagorean Theorem to the triangle in Figure 10, we obtain the follow- 
ing formula for the magnitude of a vector. 


MAGNITUDE OF A VECTOR 


The magnitude or length of a vector v = (a, b) is 


|v] = Va? +b? 


EXAMPLE 2 | Magnitudes of Vectors 
Find the magnitude of each vector. 

(a) u = (2, —3) (b) v = (5, 0) 
SOLUTION 

(a) |u| = V2? + (-3)? = VB 

(b) |v| = V5? + 02 = V25 =5 

(c) Jw = VG" + = e+ 8 =1 
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(c) w = (3,5) 


The following definitions of addition, subtraction, and scalar multiplication of vectors 
correspond to the geometric descriptions given earlier. Figure 11 shows how the analytic 
definition of addition corresponds to the geometric one. 


ALGEBRAIC OPERATIONS ON VECTORS 
If u = (ay, b,) and v = (a,, b,), then 


u + v = (a, + ap, b; + by) 


u — V = (a — a, b; — by) 


cu = (Cay, Cb), cER 


FIGURE 13 
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EXAMPLE 3 | Operations with Vectors 
If u = (2, —3) and v = (—1, 2), findu + v, u — v, 2u, —3v, and 2u + 3v. 
SOLUTION By the definitions of the vector operations we have 


u +v = (2, -3) - (-1,2) = (1, -1) 
u — v = (2, —3) — (-1,2) = (3, -5) 
2u = 2(2, -3) = (4, -6) 
3v = —3(—1, 2) = (3, -6) 
2u + 3v = 22, —3) + 3(—-1, 2) = (4, -6) + (—3, 6) = (1,0) 
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The following properties for vector operations can be easily proved from the defini- 
tions. The zero vector is the vector 0 = (0, 0). It plays the same role for addition of vec- 
tors as the number 0 does for addition of real numbers. 


PROPERTIES OF VECTORS 


Vector addition Multiplication by a scalar 
u+v=vtu clu+v)=cu+cCv 


u+(v+w)=(u+v)+w (c+d)u=cu+du 


u+0O=u (cd)u = c(du) = d(cu) 
u+(—u)=0 lu=u 
Length of a vector Ou=0 


|cu| = |c||u| cO=0 


A vector of length 1 is called a unit vector. For instance, in Example 2(c) the vector 
— /3 4\; : . . . 
w= G, 4) is a unit vector. Two useful unit vectors are i and j, defined by 


i = (1,0) j = (0,1) 


(See Figure 12.) These vectors are special because any vector can be expressed in terms 
of them. (See Figure 13.) 


VECTORS IN TERMS OF i AND j 
The vector v = (a, b) can be expressed in terms of i and j by 


v = (a,b) = ai + bj 


EXAMPLE 4 | Vectors in Terms of i and j 


(a) Write the vector u = (5, —8) in terms of i and j. 
(b) If u = 3i + 2j andv = —i + 6j, write 2u + 5vin terms of i and j. 


SOLUTION 
(a) u= 5i + (—8)j = 5i —- 8j 
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(b) The properties of addition and scalar multiplication of vectors show that we can 
manipulate vectors in the same way as algebraic expressions. T hus 


2u + 5v = 2(3i + 2j) + 5(-i + 6j) 
= (61 + 4j) + (-5i + 30j) 
=i + 34j 
® NOW TRY EXERCISES 27 AND 35 a 


Let v be a vector in the plane with its initial point at the origin. The direction of v is 

6, the smallest positive angle in standard position formed by the positive x-axis and v (see 

lv|sing Figure 14). lf we know the magnitude and direction of a vector, then Figure 14 shows that 
we can find the horizontal and vertical components of the vector. 


's 
|v| cos @ : 
FIGURE 14 HORIZONTAL AND VERTICAL COMPONENTS OF A VECTOR 


Let v be a vector with magnitude | v| and direction 6. 
Then v = (a,b) = ai + bj, where 


a = |v| cosé and b = |v| sin@ 


Thus we can express v as 


v= |v| coséi + |v| sin éj 


EXAMPLE 5 | Components and Direction of a Vector 


(a) A vector v has length 8 and direction 7/3. Find the horizontal and vertical 
components, and write v in terms of i and j. 


(b) Find the direction of the vector u = —V3i + j. 
SOLUTION 


(a) We have v = (a, b), where the components are given by 


a=8cos—=4 and b = 8sin = 43 
Ya 3 3 


Thus v = (4,4V3) = 4i + 4V3j. 


1+ 
~S, (b) From Figure 15 we see that the direction 6 has the property that 
LN tan 0 : ue 


0 
=f 0 a =e 
Thus the reference angle for 6 is 7/6. Since the terminal point of the vector u is in 
FIGURE 15 Quadrant II, it follows that @ = 57/6. 
©. NOW TRY EXERCISES 41 AND 51 4 


V Using Vectors to Model Velocity and Force 


The velocity of a moving object is modeled by a vector whose direction is the direction 
of motion and whose magnitude is the speed. Figure 16 on the next page shows some vec- 
The use of bearings (such as N 30°£) _ tors u, representing the velocity of wind flowing in the direction N 30° E, and a vector v, 
to describe directions is explained on representing the velocity of an airplane flying through this wind at the point P. It’s obvi- 
page 452 in Section 6.6. ous from our experience that wind affects both the speed and the direction of an airplane. 
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Figure 17 indicates that the true velocity of the plane (relative to the ground) is given by 
the vector w= u+ Vv. 


<= 
> 
= 

<= 
— 


Pia AWauty 
- 


FIGURE 16 FIGURE 17 


EXAMPLE 6 | The True Speed and Direction of an Airplane 


An airplane heads due north at 300 mi/h. It experiences a 40 mi/h crosswind flowing in 
the direction N 30° E, as shown in Figure 16. 


(a) Express the velocity v of the airplane relative to the air, and the velocity u of the 
wind, in component form. 


(b) Find the true velocity of the airplane as a vector. 
(c) Find the true speed and direction of the airplane. 


SOLUTION 


(a) The velocity of the airplane relative to the air is v = Oi + 300j = 300j. By the for- 
mulas for the components of a vector, we find that the velocity of the wind is 


u = (40 cos 60°)i + (40 sin 60°)j 
= 201 + 20V3j 
= 201 + 34.64j 
(b) The true velocity of the airplane is given by the vector w = u + v: 
w =u+ v= (20i + 20V3j) + (300j) 
= 201 + (20V3 + 300)j 
~ 201 + 334.64j 
(c) The true speed of the airplane is given by the magnitude of w: 
|w| ~ V/(20)? + (334.64)? ~ 335.2 mi/h 


The direction of the airplane is the direction 6 of the vector w. The angle @ has the 
property that tan 6 ~ 334.64/20 = 16.732, so 6 ~ 86.6°. Thus the airplane is head- 
ing in the direction N 3.4°E. 


©. NOW TRY EXERCISE 59 | 


EXAMPLE 7 | Calculating a Heading 


A woman launches a boat from one shore of a straight river and wants to land at the point 
directly on the opposite shore. If the speed of the boat (relative to the water) is 10 mi/h 
and the river is flowing east at the rate of 5 mi/h, in what direction should she head the 
boat in order to arrive at the desired landing point? 
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y SOLUTION Wechoosea coordinate system with the origin at the initial position of the 
N boat as shown in Figure 18. Let u and v represent the velocities of the river and the boat, 
respectively. Clearly, u = 5i, and since the speed of the boat is 10 mi/h, we have 

|v| = 10, so 


% w v = (10 cos @)i + (10 sin @)j 


where the angle @ is as shown in Figure 16. The true course of the boat is given by the 
vector w = u + v. We have 


w=u+v=5i+ (10cos6)i + (10sin@)j 
= (5 + 10 cos @)i + (10 sin 6)j 


FIGURE 18 
Since the woman wants to land at a point directly across the river, her direction should 
have horizontal component 0. In other words, she should choose @ in such a way that 


5 + 10cos@ =0 
cos 0 = —5 
@ = 120° 


Thus she should head the boat in the direction @ = 120° (or N 30° W). 


©. NOW TRY EXERCISE 57 a 


Force is also represented by a vector. Intuitively, we can think of force as describing a 
push or a pull on an object, for example, a horizontal push of a book across a table or the 
downward pull of the earth’s gravity on a ball. Force is measured in pounds (or in new- 
tons, in the metric system). For instance, a man weighing 200 Ib exerts a force of 200 Ib 
downward on the ground. If several forces are acting on an object, the resultant force ex- 
perienced by the object is the vector sum of these forces. 


EXAMPLE 8 | Resultant Force 


Two forces F; and F, with magnitudes 10 and 20 Ib, respectively, act on an object at a 
YA point P as shown in Figure 19. Find the resultant force acting at P. 


SOLUTION Wewrite F, and F, in component form: 


2 F, 
150° 
us F, = (10 cos 45°)i + (10 sin 45°)j = 10 i § 0 j 


=5V2i+5vV2j 


“sy 


F, = (20 cos 150°)i + (20 sin 150°)j = 20 Fi + 20( 3.) 
FIGURE 19 
= —10V3i + 10j 
ya So the resultant force F is 
F =— F, + F, 
= (5V2i + 5V2j) + (-—10V3i + 10j) 
= (5V2 — 10V3)i + (5V/2 + 10)j 


~—-10i+ 17j 


~ The resultant force F is shown in Figure 20. 


a = 
FIGURE 20 NOW TRY EXERCISE 67 
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CONCEPTS S11 4 12. yy 
1. (a) A vector in the plane is a line segment with an assigned + + 
en 3 tee : P P 
direction. In Figure! below, the vector u has initial point 4 Pla. 1+ 
and terminal point_____. Sketch the 1+ Q 0 i a ee 
vectors 2u and u + v. 0 i 7 lr 
(b) A vector in a coordinate plane is expressed by using a 7 O 
components. In Figure I! below, the vector u has initial T T 
point( , )andterminal point( , _ ). In component 
formwewrittu=( , )andv=( ,_ ).Then 13. P(3,2), Q(8,9) 14. P(1,1), Q(9,9) 
2u = (BB. MB) andu + v = (i, Eb). 15. P(5,3), Q(1,0) 16. P(-1,3), Q(—6, -1) 
yh 17. P(—1,-1),  Q(-1,1) 
D 
18. P(—8, -6), Q(-1,-1) 
19-22 m Sketch the given vector with initial point (4, 3), and find 
Vv the terminal point. 
“we wi 19, u = (2,4) 20. u = (-1, 2) 
A 1 21, u = (4, —3) 22. u = (—8, —1) 
0 1 - 23-26 m Sketch representations of the given vector with initial 
points at (0, 0), (2, 3), and (—3, 5). 
, u ®. 23. u = (3,5) 24. u = (4, —6) 
2. (a) The length of a vector w = (a, b) is |w| = , 50 i= 7-7, 2) 26. u = (0, -9) 


the length of the vector u in Figure II is 


Ju| = 
(b) If we know the length |w| and direction 6 of a vector w, 
then we can express the vector in component form as 


w =( , ). 


SKILLS 


3-8 m Sketch the vector indicated. (The vectors u and v are shown 
in the figure.) 


3. 2u yA 


»utV 


».V-2u 


4 
5 
6.u-—v 
7 
8 


»2ut+v 


9-18 m Express the vector with initial point P and terminal point 
Q in component form. 


a. 10. 


27-30 ™ Write the given vector in terms of i and j. 
®.27. u = (1,4) 28. u = (—2, 10) 
29. u = (3, 0) 30. u = (0, —5) 


31-36 m Find 2u, —3v, u + v, and 3u — 4v for the given 
vectors u and v. 


S31 u = (2,7), v= (3,1) 
32. u = (—2,5), v= (2, -8) 
33. u=(0,—-1), v =(-2,0) 
34.u=i, v= —-2j 
®&.35.u=2i, v=3i-2j 36.u=i+j, v=i-j 
37-40 m= Find |uj,|v|, |2u], |3vj, |u+v|, |u—vj, and 
ju] — |v]. 
&37.u=214J, v=31-2] 
38. u= —2i1+3j, v=i-2j 
39. u= (10, —1), v =(-2, —2) 
40. u=(—6, 6), v=(-2, —-1) 


41-46 m@ Find the horizontal and vertical components of the vector 
with given length and direction, and write the vector in terms of 
the vectors i and j. 


®.41. |v] = 40, 6 = 30° 
43. |v| =1, 0 = 225° 
45. |\v|=4, @=10° 


42. |v| =50, 9 = 120° 
44. |v| = 800, 9 = 125° 
46. |v| = V3, 0 = 300° 
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47-52 m Find the magnitude and direction (in degrees) of the 


vector. 
47. v= (3,4) 48. v = (4 -¥?\ 
49. v = (-12, 5) 50. v = (40, 9) 
®5L v=i+ V3j 52.v=i+j 
APPLICATIONS 
53. Components of a Force A man pushes a lawn mower 


54, 


55. 


56. 


© 257, 


58. 


©. 59, 


with a force of 30 Ib exerted at an angle of 30° to the ground. 
Find the horizontal and vertical components of the force. 


Components of a Velocity A jetis flying in a direction 
N 20° E with a speed of 500 mi/h. Find the north and east 
components of the velocity. 


Velocity A river flows due south at 3 mi/h. A swimmer 
attempting to cross the river heads due east swimming at 

2 mi/h relative to the water. Find the true velocity of the swim- 
mer as a vector. 


Velocity Suppose that in Exercise 55 the current is flowing 
at 1.2 mi/h due south. In what direction should the swimmer 
head in order to arrive at a landing point due east of his 
starting point? 


Velocity The speed of an airplane is 300 mi/h relative to the 
air. The wind is blowing due north with a speed of 30 mi/h. In 
what direction should the airplane head in order to arrive at a 
point due west of its location? 


Velocity A migrating salmon heads in the direction 

N 45°E, swimming at 5 mi/h relative to the water. The pre- 
vailing ocean currents flow due east at 3 mi/h. Find the true 
velocity of the fish as a vector. 


True Velocity of a Jet A pilot heads his jet due east. The 

jet has a speed of 425 mi/h relative to the air. The wind is 

blowing due north with a speed of 40 mi/h. 

(a) Express the velocity of the wind as a vector in component 
form. 

(b) Express the velocity of the jet relative to the air as a vec- 
tor in component form. 

(c) Find the true velocity of the jet as a vector. 

(d) Find the true speed and direction of the jet. 


60. True Velocity of a Jet A jetis flying through a wind that 


61. 


62. 


63. 


64. 


65. 


is blowing with a speed of 55 mi/h in the direction N 30°E 

(see the figure). The jet has a speed of 765 mi/h relative to the 

air, and the pilot heads the jet in the direction N 45° E. 

(a) Express the velocity of the wind as a vector in component 
form. 

(b) Express the velocity of the jet relative to the air as a vec- 
tor in component form. 

(c) Find the true velocity of the jet as a vector. 

(d) Find the true speed and direction of the jet. 


True Velocity of a Jet Find the true speed and direction 
of the jet in Exercise 60 if the pilot heads the plane in the 
direction N 30° W. 


True Velocity of a Jet In what direction should the pilot 
in Exercise 60 head the plane for the true course to be due north? 


Velocity of a Boat A straight river flows east at a speed 

of 10 mi/h. A boater starts at the south shore of the river and 

heads in a direction 60° from the shore (see the figure). The 

motorboat has a speed of 20 mi/h relative to the water. 

(a) Express the velocity of the river as a vector in component 
form. 

(b) Express the velocity of the motorboat relative to the 
water as a vector in component form. 

(c) Find the true velocity of the motorboat. 

(d) Find the true speed and direction of the motorboat. 


+ 
60° 


Velocity of a Boat The boater in Exercise 63 wants to 
arrive at a point on the north shore of the river directly 
opposite the starting point. In what direction should the 
boat be headed? 


Velocity of a Boat A boat heads in the direction N 72°E. 
The speed of the boat relative to the water is 24 mi/h. The water 
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is flowing directly south. It is observed that the true direction 73. Equilibrium of Tensions A 100-lb weight hangs from a 
of the boat is directly east. string as shown in the figure. Find the tensions T, and T, in 
(a) Express the velocity of the boat relative to the water as a the string. 


vector in component form. 
(b) Find the speed of the water and the true speed of the boat. 


66. Velocity A woman walks due west on the deck of an ocean 
liner at 2 mi/h. The ocean liner is moving due north at a speed 
of 25 mi/h. Find the speed and direction of the woman relative 
to the surface of the water. 


67-72 = Equilibrium of Forces The forces F,, F2,...,F, 
acting at the same point P are said to be in equilibrium if the 
resultant force is zero, that is, if F, + F,+---+F, =0. Find 


(a) the resultant forces acting at P, and (b) the additional force re- 74. Equilibrium of Tensions The cranes in the figure are 
quired (if any) for the forces to be in equilibrium. lifting an object that weighs 18,278 |b. Find the tensions T, 
and T,. 


© 067, F, = (2,5), F, = (3, -8) 
68. F, = (3,—7), F,=(4,—-2), F3 = (-7,9) 
69. F,=4i—j, F,=3i—7j, F; = —8i + 3j, 


F,=i+j 


70. 
71, 


2i+j 


a | 


DISCOVERY = DISCUSSION = WRITING 


75. Vectors That Form a Polygon Suppose that n vectors 
can be placed head to tail in the plane so that they form a 
polygon. (The figure shows the case of a hexagon.) Explain 
why the sum of these vectors is 0. 


72. 


10.2 THe Dot Propuct 


The Dot Product of Vectors > The Component of u Along V ® The Projection 
of u Onto Vv & Work 


In this section we define an operation on vectors called the dot product. This concept is es- 
pecially useful in calculus and in applications of vectors to physics and engineering. 


V The Dot Product of Vectors 
We begin by defining the dot product of two vectors. 
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DEFINITION OF THE DOT PRODUCT 
If u = (a, by) and v = (a, b>) are vectors, then their dot product, denoted by 


u-v, is defined by 


u-Vv = aja, + bb, 


Thus to find the dot product of u and v, we multiply corresponding components and add. 
@ The dot product is not a vector; it is a real number, or scalar. 


EXAMPLE 1 | Calculating Dot Products 
(a) If u = (3, —2) and v = ¢4, 5) then 
u-v = (3)(4) + (-2)(5) = 2 
(b) If u= 2i + j and v = 5i — 6j, then 
u-v = (2)(5) + (1)(-6) = 4 
©. NOW TRY EXERCISES 5(a) AND 11(a) | 


The proofs of the following properties of the dot product follow easily from the definition. 


PROPERTIES OF THE DOT PRODUCT 


1.uU-V=V-U 


2. (au) -V = a(U-V) = U- (av) 


3. (U+V)-W=U-W+V-W 


4. |u|? =u-u 


PROOF Weprove only the last property. The proofs of the others are left as exercises. 
Let u = (a, b). Then 


u-u = (a,b)-(a,b) = a2 + b? = |u|? = 


Let u and v be vectors, and sketch them with initial points at the origin. We define the 
angle 6 between u and v to be the smaller of the angles formed by these representations 
of u and v (see Figure 1). Thus 0 = 6 S z. The next theorem relates the angle between 
two vectors to their dot product. 


THE DOT PRODUCT THEOREM 


If @ is the angle between two nonzero vectors u and v, then 


am 


u-v = |u||v|cos@ 


FIGURE 1 


PROOF Applying the Law of Cosines to triangle AOB in Figure 2 gives 


ju—v|?= jul? + |v? — 2{u||v|cose 


Ya B 
Vv u-v 
6 A 
u 
0 
FIGURE 2 


a | 
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Using the properties of the dot product, we write the left-hand side as follows: 
Ju —v|? = (u-v)-(u-v) 
=u-U—U-V—-V-U+V-V 
= (ul? = 2(¥) > |v 


E quating the right-hand sides of the displayed equations, we get 


|u|? — 2(u-v) + |v|? = |u|? + |v|? — 2{u||v|cose@ 
—2(u-v) = —2|u||v|cosé 
u-v = |u||v|cosé 
This proves the theorem. a 


The Dot Product Theorem is useful because it allows us to find the angle between two 
vectors if we know the components of the vectors. The angle is obtained simply by solving 
the equation in the Dot Product Theorem for cos 6. We state this important result explicitly. 


ANGLE BETWEEN TWO VECTORS 


If @ is the angle between two nonzero vectors u and v, then 


u-v 


cos 9 = ——— 
Jul |v| 


EXAMPLE 2 | Finding the Angle Between Two Vectors 
Find the angle between the vectors u = (2, 5) and v = (4, —3). 


SOLUTION By the formula for the angle between two vectors we have 

uv _ (2)(4) + (5)(-3) | -7 
jJujjv| V4+25V16+9 5V29 
Thus the angle between u and v is 


—] 
O= cos | = 105.1° 
5V29 
&. NOW TRY EXERCISES 5(b) AND 11(b) j=l 


cos 8 = 


Two nonzero vectors u and v are called perpendicular, or orthogonal, if the angle be- 
tween them is 77/2. The following theorem shows that we can determine whether two vec- 
tors are perpendicular by finding their dot product. 


ORTHOGONAL VECTORS 


Two nonzero vectors u and v are perpendicular if and only if u-v = 0. 


PROOF If wand vare perpendicular, then the angle between them is 77/2, so 
u-v= |u||v| Coss = 0 
Conversely, if u- v = 0, then 
|u||v| cosé = 0 


Since u and v are nonzero vectors, we conclude that cos 6 = 0, so @ = 77/2. Thus u and 
v are orthogonal. | 
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Note that the component of u along v 


Vectors in Two and Three Dimensions 


is ascalar, not a vector. 


Za2,. 


FIGURE 4 


Ww 


EXAMPLE 3 | Checking Vectors for Perpendicularity 

Determine whether the vectors in each pair are perpendicular. 

(a) u = (3,5) and v = (2, —8) (b) u = (2, 1) and v = (—1, 2) 

SOLUTION 

(a) u-v = (3)(2) + (5)(—8) = —34 # 0, so uand vare not perpendicular. 

(b) u-v = (2)(—1) + (1)(2) = 0, so wand v are perpendicular. 

©. NOW TRY EXERCISES 15 AND 17 a 


V The Component of u Along v 
The component of u along v (or the component of u in the direction of v) is defined to be 
|u| cos @ 


where @ is the angle between u and v. Figure 3 gives a geometric interpretation of this 
concept. Intuitively, the component of u along v is the magnitude of the portion of u 
that points in the direction of v. Notice that the component of u along v is negative if 
a/2<0<7. 


\ 


ee 
FIGURE 3 Tal cs 4 e |u| cos 8 


In analyzing forces in physics and engineering, it’s often helpful to express a vector as 
a sum of two vectors lying in perpendicular directions. For example, suppose a car is 
parked on an inclined driveway as in Figure 4. The weight of the car is a vector w that 
points directly downward. We can write 


w=u-+vV 


where u is parallel to the driveway and vis perpendicular to the driveway. The vector u is 
the force that tends to roll the car down the driveway, and v is the force experienced by the 
surface of the driveway. The magnitudes of these forces are the components of w along u 
and v, respectively. 


EXAMPLE 4 | Resolving a Force into Components 
A car weighing 3000 Ib is parked on a driveway that is inclined 15° to the horizontal, as 
shown in Figure 5. 


(a) Find the magnitude of the force required to prevent the car from rolling down the 
driveway. 


FIGURE 5 


projyu 


FIGURE 6 
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(b) Find the magnitude of the force experienced by the driveway due to the weight of 
the car. 


SOLUTION The car exerts a force w of 3000 |b directly downward. We resolve w into 
the sum of two vectors u and v, one parallel to the surface of the driveway and the other 
perpendicular to it, as shown in Figure 5. 


(a) The magnitude of the part of the force w that causes the car to roll down the drive- 
Way is 


|u| = component of w along u = 3000 cos 75° = 776 


Thus the force needed to prevent the car from rolling down the driveway is about 
776 |b. 


(b) The magnitude of the force exerted by the car on the driveway is 
|v| = component of w along v = 3000 cos 15° =~ 2898 
The force experienced by the driveway is about 2898 Ib. 
©. NOW TRY EXERCISE 49 123 


The component of u along v can be computed by using dot products: 
|v||ujcos@ u-v 
[v| [v| 


|u|cos@ = 


We have shown the following. 


CALCULATING COMPONENTS 


“Vv 


_uU 
The component of u along vis 1 


EXAMPLE 5 | Finding Components 
Let u = (1, 4) and v = (—2, 1). Find the component of u along v. 
SOLUTION Wehave 


u-v (1)(-2) + @O) _ 2 
component of u along v = = = 
i iyi" vest (5 
©. NOW TRY EXERCISE 25 eg 


V The Projection of u Onto v 


Figure 6 shows representations of the vectors u and v. The projection of u onto v, denoted 
by proj, u, is the vector parallel to v and whose length is the component of u along v as 
shown in Figure 6. To find an expression for proj, u, we first find a unit vector in the di- 
rection of v and then multiply it by the component of u along v: 


proj, u = (component of u along v)(unit vector in direction of v) 


7 (a) wi Gras 


We often need to resolve a vector u into the sum of two vectors, one parallel to v 
and one orthogonal to v. That is, we want to write u = u, + u,, where u, is parallel to v and 
u, is orthogonal to v. In this case, u, = proj, u and u, = u — proj, u (see Exercise 43). 
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| 
| 
| 
4 | 
k——— |F| cos@——>| D 


FIGURE 7 


P 


Q 


CALCULATING PROJECTIONS 
The projection of u onto v is the vector proj,ugiven by 


; u-v 
projyu = Gab 


If the vector u is resolved into u, and u,, where u, is parallel to v and uz is or- 
thogonal to v, then 


U, = projyu and u, = U— projyu 


EXAMPLE 6 | Resolving a Vector into Orthogonal Vectors 
Letu = (—2, 9) and v = (—1, 2). 

(a) Find proj, u. 

(b) Resolve u into u, and u,, where u, is parallel to v and u, is orthogonal to v. 
SOLUTION 


(a) By the formula for the projection of one vector onto another we have 


projy u = Gray Formula for projection 
(~2,9)+(—1, 2) ie 
= ( (1 +2 \ 1, 2) Definition of u and v 
= 4(-1,2) = (-4, 8) 
(b) By the formula in the preceding box we have u = u, + up, where 
U, = projyu = (—4, 8) From part (a) 
Uy = U — projyU = (—2, 9) — (—4, 8) = (2,1) 
©. NOW TRY EXERCISE 29 Oo 


Vv Work 


One use of the dot product occurs in calculating work. In everyday use, the term work 
means the total amount of effort required to perform a task. In physics, work has a techni- 
cal meaning that conforms to this intuitive meaning. If a constant force of magnitude F 
moves an object through a distance d along a straight line, then the work done is 


W =Fd or work = force x distance 


If F is measured in pounds and d in feet, then the unit of work is a foot-pound (ft-lb). For 
example, how much work is done in lifting a 20-Ib weight 6 ft off the ground? Since a 
force of 20 Ib is required to lift this weight and since the weight moves through a distance 
of 6 ft, the amount of work done is 
W = Fd = (20)(6) = 120 ft-lb 

This formula applies only when the force is directed along the direction of motion. In the 
general case, if the force F moves an object from P to Q, as in Figure 7, then only the 
component of the force in the direction of D = PQ affects the object. Thus the effective 
magnitude of the force on the object is 

component of F along D = |F| cos@ 
So the work done is 


W = force x distance = (|F | cos@)|D| = |F||D| cos6@ =F-D 
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We have derived the following simple formula for calculating work. 


WORK 


The work W done by a force F in moving along a vector D is 
W=F-D 


EXAMPLE 7 | Calculating Work 


A force is given by the vector F = (2, 3) and moves an object from the point (1, 3) to the 
point (5, 9). Find the work done. 


SOLUTION The displacement vector is 
D=(5-1,9 — 3) = (4,6) 


So the work done is 
W = F-D = (2, 3)-(4, 6) = 26 


If the unit of force is pounds and the distance is measured in feet, then the work done is 
26 ft-lb. 


©. NOW TRY EXERCISE 35 | 


EXAMPLE 8 | Calculating Work 


A man pulls a wagon horizontally by exerting a force of 20 Ib on the handle. If the han- 
dle makes an angle of 60° with the horizontal, find the work done in moving the wagon 
100 ft. 


SOLUTION Wechoose a coordinate system with the origin at the initial position of the 
wagon (see Figure 8). That is, the wagon moves from the point P(0,0) to the point 
Q(100, 0). The vector that represents this displacement is 


| 9) D = 100i 
P(O, 0) x eee 
The force on the handle can be written in terms of components (see Section 10.1) as 
FIGURE 8 F = (20cos 60°)i + (20 sin 60°)j = 10i + 10V3j 


Thus the work done is 
W = F-D = (10i + 10V3j)-(100 i) = 1000 ft-lb 
&. NOW TRY EXERCISE 47 |_| 


CONCEPTS 2. The angle @ satisfies 


1-2 m Leta = (a), a) and b = (b,, by) be nonzero vectors in the 
plane, and let @ be the angle between them. 


1. The dot product of a and b is defined by 
a-b= 
The dot product of two vectorsisa___——————, not a vector. 


cos 9: = ——— 


So if a- b = 0, the vectors are 
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3. (a) The component of a along b is the scalar | a| cos @ 29-34 m (a) Calculate proj, u. (b) Resolve u into u, and u,, where 
and can be expressed in terms of the dot product as u, is parallel to v and u, is orthogonal to v. 
. Sketch this component in the figure ©.29. u = (2,4), v= (1,1) 
sass 30. u=(7,—4), v=(2,1) 


(b) The projection of a onto b is the vector 
31. u= (1,2), v=(1, —-3) 


32. u = (11, 3), v = (-3, —2) 
33. u = (2,9), v= (3,4) 


projpa=____———_. Sketch this projection 
in the figure below. 


a 34. u= (1,1), v= (2, -1) 
Z 35-38 m Find the work done by the force F in moving an object 
b from P toQ. 
4, The work done by a force F in moving an object along a ©.35. F =4i-—5j; P(0,0), Q(3,8) 
vector D isW = ______. 36. F = 400i + 50j; P(—1,1), Q(200, 1) 
37. F = 10i + 3j; P(2,3), Q(6, —2) 

SKILLS 38. F = —4i + 20j; P(0,10), Q(5,25) 
5-14 m Find (a) u - v and (b) the angle between u and v to the 
nearest degree. 39-42 m= Letu, v, and w be vectors, and let a be a scalar. Prove 


the given property. 
©®. 5. u = (2,0), v=(1,1) ; aks 


6.u=i+ V3j, v= —-V3i+j 
7.u=(2,7), v=@,1) 

8. u = (—6,6), v=(1,—-1) 

9. u= (3, —2), v= (1,2) 


39. u-V=V-u 

40. (au): v = a(u-v) =u: (av) 
41. (u+v)-w=u-w+Vv-ew 

42. (u—v)-(u+v) = jul? — |v/? 


43. Show that the vectors proj, u and u — proj, u are 


10.u=2i+j, v=3i-2j orthogonal. 
1 u=-5j, v= —-i- V3j 44, Evaluate v - proj, u. 
12,.u=i+j, v=i-j 
13. u=i+ 3j, v=4i 
APPLICATIONS 


45. Work The force F = 4i — 7j moves an object 4 ft along 
the x-axis in the positive direction. Find the work done if the 


15-20 m Determine whether the given vectors are perpendicular. unit of force is the pound. 
®.15, u = (6,4), v= (-2,3) 16. u=(0,-5), v= (4,0) 46. Work A constant force F = (2, 8) moves an object along a 
17. u=(-2,6), v=(4,2) 18 u=2i, v= jj straight line from the point (2, 5) to the point (11, 13). Find 
Les oe the work done if the distance is measured in feet and the force 
19. u= 2i- 8j, v= —12i — 3j is measured in pounds. 
20.u=4i, v= —-i+ 3j ©. 47. Work A lawn mower is pushed a distance of 200 ft along a 


horizontal path by a constant force of 50 Ib. The handle of the 
lawn mower is held at an angle of 30° from the horizontal (see 


21-24 m Find the indicated quantity, assuming the fi ). Find th kd 
e figure). Find the work done. 


u=2i+j,v=i— 3j, andw = 3i + 4j. 
21.u-v+u-w 22. u-(v + W) 
23. (u + v)-(u— Vv) 24, (u-v)(u-w) 


25-28 m Find the component of u along v. 
®. 25, u = (4,6), v= (3, -4) 
26. u = (-3,5), v=(1/V2,1/V2 er 
( ve tive) 48. Work A car drives 500 ft on a road that is inclined 12° to 


27, u=7i- 24j, v=j the horizontal, as shown in the following figure. The car 
28. u=7i, v=8i+ 6j weighs 2500 Ib. Thus gravity acts straight down on the car 
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with a constant force F = —2500j. Find the work done by the 
car in overcoming gravity. 


DISCOVERY = DISCUSSION = WRITING 
53. Distance from a Point toaLine LetL betheline 
2x + 4y = 8 and let P be the point (3, 4). 
(a) Show that the points Q(0, 2) and R(2, 1) lie on L. 
(b) Let u = QP and v = QR, as shown in the figure. Find 
W = proj, u. 
(c) Sketch a graph that explains why | u — w| is the distance 
from P to L. Find this distance. 
(d) Write a short paragraph describing the steps you would 
take to find the distance from a given point to a given line. 


©.49, Force A car is on a driveway that is inclined 25° to the hor- 
izontal. If the car weighs 2755 Ib, find the force required to 
keep it from rolling down the driveway. 


50. Force A car is ona driveway that is inclined 10° to the hor- 
izontal. A force of 490 Ib is required to keep the car from 
rolling down the driveway. 

(a) Find the weight of the car. 
(b) Find the force the car exerts against the driveway. 


51. Force A package that weighs 200 Ib is placed on an 
inclined plane. If a force of 80 Ib is just sufficient to keep the 
package from sliding, find the angle of inclination of 
the plane. (Ignore the effects of friction.) 


52. Force A cart weighing 40 Ib is placed on a ramp inclined at 
15° to the horizontal. The cart is held in place by a rope in- 
clined at 60° to the horizontal, as shown in the figure. Find the 
force that the rope must exert on the cart to keep it from 


rolling down the ramp. 
DISCOVERY 
PROJECT Sailing Against the Wind 


In this project we study how sailors use the method of 


taking a zigzag path, or tacking, to sail against the wind. 
You can find the project at the book companion website: 
www.stewartmath.com 


10.3 THREE-DIMENSIONAL COORDINATE GEOMETRY 


The Three-Dimensional Rectangular Coordinate System B® Distance Formula 
in Three Dimensions > The Equation of a Sphere 


To locate a point in a plane, two numbers are necessary. We know that any point in the 
Cartesian plane can be represented as an ordered pair (a, b) of real numbers, where a is 
the x-coordinate and b is the y-coordinate. In three-dimensional space, a third dimension 
is added, so any point in space is represented by an ordered triple (a, b, c) of real 
numbers. 
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FIGURE 1 Coordinate axes 


FIGURE 2 


FIGURE 3 Point P(a, b,c) 


FIGURE 4 


V The Three-Dimensional Rectangular Coordinate System 


To represent points in space, we first choose a fixed point O (the origin) and three directed 
lines through O that are perpendicular to each other, called the coordinate axes and labeled 
the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being horizontal and 
the z-axis as being vertical, and we draw the orientation of the axes as in Figure 1. 

The three coordinate axes determine the three coordinate planes illustrated in Figure 
2(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane is the plane 
that contains the y- and z-axes; the xz-plane is the plane that contains the x- and z-axes. 
These three coordinate planes divide space into eight parts, called octants. 


(a) Coordinate planes (b) Coordinate “walls” 


B ecause people often have difficulty visualizing diagrams of three-dimensional figures, you 
may find it helpful to do the following (see Figure 2(b)). Look at any bottom corner of a room 
and call the corner the origin. The wall on your left is in the xz-plane, the wall on your right is 
in the yz-plane, and the floor is in the xy-plane. The x-axis runs along the intersection of the 
floor and the left wall; the y-axis runs along the intersection of the floor and the right wall. The 
z-axis runs up from the floor toward the ceiling along the intersection of the two walls. 

Now any point P in space can be located by a unique ordered triple of real numbers 
(a, b, c), aS shown in Figure 3. The first number a is the x-coordinate of P, the second 
number b is the y-coordinate of P, and the third number c is the z-coordinate of P. The set 
of all ordered triples {(x, y, z)| x, y,z © R} forms the three-dimensional rectangular co- 
ordinate system. 


EXAMPLE 1 | Plotting Points in Three Dimensions 


Plot the points (2, 4, 7) and (—4, 3, —5). 
SOLUTION The points are plotted in Figure 4. 


®. NOW TRY EXERCISE 3(a) Oo 


In two-dimensional geometry the graph of an equation involving x and y is acurve in 
the plane. In three-dimensional geometry an equation in x, y, and z represents a surface in 
space. 


FIGURE 7 
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EXAMPLE 2 | Surfaces in Three-Dimensional Space 
Describe and sketch the surfaces represented by the following equations: 
(a) z =3 (b) y=5 

SOLUTION 


(a) The surface consists of the points P(x, y, z) where the z-coordinate is 3. This is the 
horizontal plane that is parallel to the xy-plane and three units above it, as in Figure 5. 

(b) The surface consists of the points P(x, y, z) where the y-coordinate is 5. This is the 
vertical plane that is parallel to the xz-plane and five units to the right of it, as in 
Figure 6. 


O27 
| 


uy | ——. 


y 


FIGURE 5 Theplanez = 3 FIGURE 6 Theplaney =5 


©. NOW TRY EXERCISE 7 Oo 


V Distance Formula in Three Dimensions 


The familiar formula for the distance between two points in a plane is easily extended to 
the following three-dimensional formula. 


DISTANCE FORMULA IN THREE DIMENSIONS 
The distance between the points P(X1, Yi, 21) and Q(X, V2, z2) is 


d(P,Q) = V(x, — x1)? + 


PROOF To prove this formula, we construct a rectangular box as in Figure 7, where 
P(X1, Yu 21) and Q(X>, Y>, 2) are diagonally opposite vertices and the faces of the box 
are parallel to the coordinate planes. If A and B are the vertices of the box that are indi- 
cated in the figure, then 


d(P,A) = |X2— Xl d(A,B) = |y2 — ya| d(Q,B) = |z —z| 
Triangles PAB and PBQ are right triangles, so by the Pythagorean Theorem we have 
(d(P,Q))? = (d(P, B))? + (d(Q, B))? 
(d(P, B))? = (d(P, A))? + (A, B))? 
Combining these equations, we get 
(d(P, Q))? = (d(P, A))? + (d(A, B))? + (d(Q, B))? 
= |X2—%a[? + |y2— al? + |22 - al? 


Therefore 


d(P,Q) = Vix2 — X1)? + (Yo — ya)? + (2 - 1)? a 
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Zh 


ae 


FIGURE 8 Sphere with radius r and 
center C(h, k, 1) 


EXAMPLE 3 | Using the Distance Formula 
Find the distance between the points P(2, —1, 7) and Q(1, —3, 5). 
SOLUTION Weuse the Distance Formula: 


d(P,Q) = V1 — 2)? + (-3-(-)) y+ 6-72 =V1+44+4=3 
©&. NOW TRY EXERCISE 3(b) |_| 


V The Equation of a Sphere 


We can use the Distance Formula to find an equation for a sphere in a three-dimensional 
coordinate space. 


EQUATION OF A SPHERE 
An equation of a sphere with center C(h, k, |) and radius r is 


(x —h)? + (y —k)?? + (2-1? =r? 


PROOF A Sphere with radius r is the set of all points P(x, y, z) whose distance from the 
center C is the constant r (see Figure 8). By the Distance Formula we have 


[d¢P, C)]? = (x —h)? + (y —k)? + @ - 1)? 
Since the distance d(P, C) is equal to r, we get the desired formula. | 


EXAMPLE 4 | Finding the Equation of a Sphere 


Find an equation of a sphere with radius 5 and center C(—2, 1, 3). 


SOLUTION Weuse the general equation of asphere, with r = 5,h 2,k = 1, and 
| = 3: 


(x + 2)? + (y — 1)? + (2-3)? = 25 
©. NOW TRY EXERCISE 11 a 


EXAMPLE 5 | Finding the Center and Radius of a Sphere 


Show that x? + y* + z* + 4x — 6y + 2z + 6 = 0 is the equation of a sphere, and find 
its center and radius. 


SOLUTION We complete the squares in the x-, y-, and z-terms to rewrite the given 
equation in the form of an equation of a sphere: 
Given 


x? + y? + 2? + 4x — Gy +22 +6=0 equation 

Ot axe A) ey = by FO) G2 1) = 6449 SF 1 lala 
7 — 3) 4+(z 2 Factor into 

ey Ee ei ee squares 


Comparing this with the standard equation of a sphere, we can see that the center is 
(—2, 3, —1) and the radius is V8 = 2V2. 


©. NOW TRY EXERCISE 15 a 
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The intersection of a sphere with a plane is called the trace of the sphere in a plane. 


EXAMPLE 6 | Finding the Trace of a Sphere 


Describe the trace of the sphere (x — 2)? + (y — 4)? + (z — 5)? = 36in 
(a) the xy-plane and (b) the plane z = 9. 


SOLUTION 


(a) In the xy-plane the z-coordinate is 0. So the trace of the sphere in the xy-plane con- 
sists of all the points on the sphere whose z-coordinate is 0. We replace z by 0 in 
the equation of the sphere and get 


(x — 2)? + (y — 4)? + (0 — 5)? =36 — Replacez by 0 
(x — 2)? + (y — 4)? + 25 = 36 ~— Calculate 
(x — 2)? + (y—4)?=11 — Subtract 25 
Thus the trace of the sphere is the circle 
(x-2/?+(y-4)=11, 2z=0 


which is a circle of radius V/11 that is in the xy-plane, centered at (2, 4, 0) (see 
Figure 9(a)). 


(b) The trace of the sphere in the plane z = 9 consists of all the points on the sphere 
whose z-coordinate is 9. So we replace z by 9 in the equation of the sphere and get 


(x — 2)? + (y — 4)? + (9-5)? =36 — Replacez by 0 
(x — 2)? + (y — 4)? +16 =36 — Calculate 
(x — 2)? + (y—4)?=20 — Subtract 16 
Thus the trace of the sphere is the circle 
(x — 2) +(y—-4)2=20,  2=9 


which is a circle of radius \/20 that is 9 units above the xy-plane, centered at 
(2, 4, 9) (see Figure 9(b)). 


zh (x —2? + (9-4? =11,2=0 


(a) (b) 
FIGURE 9 The trace of a sphere in the planes z = 0 and z = 


©. NOW TRY EXERCISE 19 | 
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10.3 EXERCISES 


CONCEPTS 
1-2 m Refer to the figure. 


1. In a three-dimensional coordinate system the three mutually 
perpendicular axes are called the ___-axis, the ___-axis, and 


the __-axis. Label the axes in the figure. The point P in the 
figure has coordinates( ,  ,  ). The equation of the 
plane passing through P and parallel to the xz-plane is 


2. The distance between the point P (x1, yi, 21) and Q(X», Yx z2) 


is given by the formula d(P,Q) = 
The distance between the point P in the figure and the origin 


is__, The equation of the sphere centered at P 
with radius 3 is 


SKILLS 


3-6 = Two points P and Q are given. (a) Plot P and Q. (b) Find 
the distance between P and Q. 


3, seis 1, 0), Q(—1, 2, —5) 
P(5, 0, “i Q(3, —6, 7) 
P(—2, —1, 0), Q(—12, 3, 0) 
nisi —4, —6), Q(8, —7, 4) 
7-10 = Describe and sketch the surface represented by the given 
equation. 
®& 2x=4 8. y = -2 
9.2=8 10. y= -1 
11-14 m Find an equation of a sphere with the given radius r and 
center C. 
SIL 6 =5; C(2, -5, 3) 
12. r = 3; C(-1,4, -7) 
1.1 = V6; C(3, -1,0) 
14. r = V11; C(-10, 0,1) 


15-18 m Show that the equation represents a sphere, and find its 
center and radius. 


©.15. 
16. 
17. 
18. 
©.19, 


20. 


x? + y? + 2? — 10x + 2y + 82 =9 
x? + y? + 2? + Ax — 6y + 2z = 10 
x2 4+ y? + 2? = 12x + 2y 
x? + y? + 2? = ldy — 6z 


Describe the trace of the sphere 
(x +1)? + (y — 2)? + (z + 10)? = 100 
in (a) the yz-plane and (b) the plane x = 4. 


Describe the trace of the sphere 
x? + (y — 4)? + (z - 3)? = 144 
in (a) the xz-plane and in (b) the plane z = —2. 


APPLICATIONS 


21, 


22. 


Spherical Water Tank A water tank is in the shape of a 
sphere of radius 5 feet. The tank is supported on a metal circle 
4 feet below the center of the sphere, as shown in the figure. 
Find the radius of the metal circle. 


A Spherical Buoy A spherical buoy of radius 2 feet floats 

in a calm lake. Six inches of the buoy are submerged. Place a 

coordinate system with the origin at the center of the sphere. 

(a) Find an equation of the sphere. 

(b) Find an equation of the circle formed at the waterline of 
the buoy. 
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24. Visualizing a Set in Space Try to visualize the set of 


DISCOVERY = DISCUSSION = WRITING all points (x, y, z) in a coordinate space that are twice as far 

23. Visualizing a Set in Space Try to visualize the set of all from the points Q(0, 3, 0) as from the point P(0, 0, 0). Use the 
points (x, y, z) in a coordinate space that are equidistant from the D istance Formula to show that the set is a sphere, and find its 
points P(0, 0, 0) and Q(0, 3, 0). Use the Distance Formula to center and radius. 


find an equation for this surface, and observe that it is a plane. 


10.4 VECTORS IN THREE DIMENSIONS 


Vectors in Space B Combining Vectors in Space B The Dot Product 
for Vectors in Space 


Recall that vectors are used to indicate a quantity that has both magnitude and direction. 
In Section 10.1 we studied vectors in the coordinate plane, where the direction is re- 
stricted to two dimensions. Vectors in space have a direction that is in three-dimensional 
space. The properties that hold for vectors in the plane hold for vectors in space as well. 


V Vectors in Space 


Recall from Section 10.1 that a vector can be described geometrically by its initial point 
and terminal point. When we place a vector a in space with its initial point at the origin, 
we can describe it algebraically as an ordered triple: 


a = (a1, a2, a3) 


where aj, a2, and a3 are the components of a (see Figure 1). Recall also that a vector has 
many different representations, depending on its initial point. The following definition 
gives the relationship between the algebraic and geometric representations of a vector. 


FIGURE 1. a = (a), a9, a3) 
COMPONENT FORM OF A VECTOR IN SPACE 


If a vector ais represented in space with initial point P(x, y;, z,) and terminal 


point Q(X, Y2, Z2), then 


@ = (X2 — Xp Yo — Yu Z2 — 21) 


EXAMPLE 1 | Describing Vectors in Component Form 


(a) Find the components of the vector a with initial point P(1, —4, 5) and terminal 
point Q(3, 1, —1). 
(b) If the vector b = (—2, 1, 3) has initial point (2, 1, —1), what is its terminal point? 


SOLUTION 
(a) The desired vector is 
y a = (3 — 1,1 -(-4), -1 — 5) = (2,5, -6) 
plea See Figure 2. 
FIGURE 2 a = (2,5, —6) (b) Let the terminal point of b be (x, y, z). Then 


b = (x —2,y — 1,2 — (-1)) 


Since b = (—2, 1, 3) wehavex — 2 = —2,y -1=1,andz+1=3.S0x =0, 
y = 2, and z = 2, and the terminal point is (0, 2, 2). 


©. NOW TRY EXERCISES 3 AND 7 | 
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The following formula is a consequence of the Distance Formula, since the vector 
a = (aj, ap, a3) in standard position has initial point (0, 0, 0) and terminal point (aj, a2, a3). 


MAGNITUDE OF A VECTOR IN THREE DIMENSIONS 


The magnitude of the vector a = (aj, a2, a3) iS 


ja] = Vai +a$+ a 


EXAMPLE 2 | Magnitude of Vectors in Three Dimensions 
Find the magnitude of the given vector. 

(a) u = (3, 2,5) (b) v = (0, 3, —1) (c) w = (0, 0, —1) 

SOLUTION 

(a) jul = V32 4+ 224 52 = V38 

(b) |v] = V0? + 3? + (-1) = V'10 

(c) |w| = V0? + 02 4+ (-1)?=1 


®. NOW TRY EXERCISE 11 a 


V Combining Vectors in Space 
We now give definitions of the algebraic operations involving vectors in three dimensions. 


ALGEBRAIC OPERATIONS ON VECTORS IN THREE DIMENSIONS 
If a = (a4, a9, a3), b = (b;, by, b3), and c is a scalar, then 
a+ b = (a, + by, a2 + by, a3 + b3) 


a — b = (a; — by, a2 — by, a3 — bs) 


Ca = (Cay, Cap, Ca3) 


EXAMPLE 3 | Operations with Three-Dimensional Vectors 
If u = (1, —2, 4) and v = (6, —1, 1) find u + v, u — v, and 5u — 3v. 
SOLUTION Using the definitions of algebraic operations we have 
u+v=(1+6,—-2-1,4+4 1) =(7,-3,5) 
u=vaiad —6, =-2— (-1),4<—f=¢5,-13) 
5u — 3v = 5(1, —2, 4) — 3(6, -1, 1) = (5, —10, 20) — (18, —3, 3) = (—13, —7, 17) 
©. NOW TRY EXERCISE 15 | 


FIGURE 3 


Recall that a unit vector is a vector of length 1. The vector w in Example 2(c) is an ex- 
ample of a unit vector. Some other unit vectors in three dimensions are 


i=(1,0,0) j=(0,1,0) k=(0,0,1) 


as shown in Figure 3. A ny vector in three dimensions can be written in terms of these three 
FIGURE 4 vectors (see Figure 4). 
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EXPRESSING VECTORS IN TERMS OF i, j, AND k 


The vector a = (a), a, a3) can be expressed in terms of i, j, and k by 


a = (a1, a>, a3) = a,i + a,j + a3k 


All the properties of vectors on page 621 in Section 10.1 hold for vectors in three di- 
mensions as well. We use these properties in the next example. 
EXAMPLE 4 | Vectors in Terms of i,j, and k 


(a) Write the vector u = (5, —3, 6)in terms of i, j, and k. 


(b) If u=i+ 2j — 3kandv = 4i + 7k, express the vector 2u + 3vin terms of i, 
j, and k. 


SOLUTION 
(a) u=5i + (—3)j + 6k = 5i — 3j + 6k 
(b) We use the properties of vectors to get the following: 
2u + 3v = 2(2i + 2j — 3k) + 3(4i + 7k) 
= 41+ 4j —-6k + 12i+ 21k 
= 161+ 4j + 15k 
©. NOW TRY EXERCISE 19 | 


V The Dot Product for Vectors in Space 


We define the dot product for vectors in three dimensions. All the properties of the dot 
product, including the Dot Product Theorem (page 628), hold for vectors in three 
dimensions. 


DEFINITION OF THE DOT PRODUCT FOR VECTORS IN THREE DIMENSIONS 


If a = (a), a2, a3) and b = (bj, by, b3) are vectors in three dimensions, then their 


dot product is defined by 
a-b = a,b, ar a,b, ar a3b3 


EXAMPLE 5 | Calculating Dot Products for Vectors 
in Three Dimensions 

Find the given dot product. 

(a) (—1, 2, 3)-(6, 5, —1) 

(b) (2i — 3j — k)-(-i + 2j + 8k) 

SOLUTION 

(a) (—1, 2, 3)-(6, 5, —1) = (—1)(6) + (2)(5) + (3)(-1) = 1 

(b) (21 — 3j — k)-(-I1 + 2] + 8k) = (2, -3, -1)-(-1, 2, 8) 
= (2)(-1) + (~3) 

©. NOW TRY EXERCISES 25 AND 27 cal 
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Recall that the cosine of the angle between two vectors can be calculated using the dot 
product (page 629). The same property holds for vectors in three dimensions. We restate 
this property here for emphasis. 


ANGLE BETWEEN TWO VECTORS 
Let u and v be vectors in space and 6 be the angle between them. Then 


u-v 


cos@ = 
|u| |v| 


In particular, u and v are perpendicular (or orthogonal) if and only if u-v = 0. 


EXAMPLE 6 | Checking Vectors for Perpendicularity 
Show that the vector u = 2i + 2j — kis perpendicular to 5i — 4j + 2k. 
SOLUTION We find the dot product. 

(21+ 2j — k)-(5i — 4j + 2k) = (2)(5) + (2)(—4) + (-1)(2) =0 


Since the dot product is 0, the vectors are perpendicular. See Figure 5. 


v =(5, —4, 2) Zh 


FIGURE 5 Thevectors u and v are 
perpendicular. 


©. NOW TRY EXERCISE 29 a 


V Direction Angles of a Vector 


The direction angles of a nonzero vector a = a,i + a,j + a3k are the angles a, 8, and 
y in the interval [0, a] that the vector a makes with the positive x-, y-, and z-axes (See Fig- 
ure 6). The cosines of these angles, cosa, cos 6B, and cos y, are called the direction 
cosines of the vector a. By using the formula for the angle between two vectors, we can 
find the direction cosines of a: 

a-i a, a-j a> 


cosa = —= cos B = — = 
jaj/i] jal jaj|j| al 


a-k sa 
jaj|k| = jal 


cosy = 


FIGURE 6 Direction angles of 
the vector a 
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DIRECTION ANGLES OF A VECTOR 


If a = a,i + a,j + a3k is a nonzero vector in space, the direction angles a, 6, 
and y satisfy 
a3 


Cy. 
| a| | a| | a 


In particular, if |a| = 1 then the direction cosines of a are simply the components 
of a. 


ay a2 
cosa =— cosp=— 


EXAMPLE 7 | Finding the Direction Angles of a Vector 
Find the direction angles of the vectora = i + 2j + 3k. 


SOLUTION The length of the vector ais |a| = V12 + 2? + 32 = V/14, From the 
above box we get 


1 2 2 
V4 V14 Vi14 
Since the direction angles are in the interval [0, a] and since cos”? gives angles in that 
same interval, we get a, B, and y by simply taking cos? of the above equations. 


cosa = cos B = cosy = 


1 2 
a= cos *—=~+74° B=cos'—=~58° y= cos $3 ~ 37° 


V14 V14 Vi14 


©. NOW TRY EXERCISE 37 2a 


The direction angles of a vector uniquely determine its direction, but not its length. If 
we also know the length of the vector a, the expressions for the direction cosines of a al- 
low us to express the vector as 


a = (|a|cosa,|a|cos B,| a|cos y) 


From this we get 


a = |a|(coS a, Cos B, Cos y) 
—— = (c0S a, COS B, COS y) 


Since a/| a| is a unit vector we get the following. 


PROPERTY OF DIRECTION COSINES 


The direction angles a, B, and y of a nonzero vector a in space satisfy the follow- 
ing equation: 


cos’a + cos’B + cos*y = 1 


This property indicates that if we know two of the direction cosines of a vector, we can 
find the third up to its sign. 
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EXAMPLE 8 | Finding the Direction Angles of a Vector 


An angle 0 is acute if 0 < @ < 7/2 A vector makes an angle a = 7/3 with the positive x-axis and an angle B = 32/4 with 
and is obtuse if 7/2 <6 <7. the positive y-axis. Find the angle y that the vector makes with the positive z-axis, given 
that y is an obtuse angle. 


SOLUTION By the property of the direction angles we have 


cos*a + cos’*B + cos*y = 1 


3 

oy + cos? + cos*y = 1 
(3) +(-4) +08 = 

2 V2 : 
cos*y = — 
cosy == or cosSy=—= 
af = 220 
3 3 


Since we require y to be an obtuse angle, we conclude that y = 27/3. 


©. NOW TRY EXERCISE 41 a 
CONCEPTS 7-10 m If the vector v has initial point P, what is its terminal 

1. A vector in three dimensions can be written in either of two paint 

forms: in coordinate form as a = (a, a2, a3) and in terms of ©. 7. v = (3,4, -2), P(2, 0,1) 

the__——svectorsi,j,andkasa=_ 8. v = (0,0, 1), P(0, 1, -1) 

The magnitude of the vectorais|a| =____ 9. v = (-2, 0, 2), P(3, 0, -3) 

So (4, —2, 4) i+ j+  kand 10. v = (23, —5, 12), P(—6, 4, 2) 

7)— 24k = (it i 11-14 m Find the magnitude of the given vector. 
2. The angle @ between the vectors u and v satisfies ®.11 (2, 1,2) 

cos @ = —_—.. So if u and v are perpendicular, then 12, (5, 0, —12) 

u-v=__. If u = (4, 5, 6) and v = (3, 0, —2) then 13. (3, 5, —4) 

u-v=____—s, Ssouandvare 14. (1, -6, 22) 


15-18 m Find the vectors u + v,u — v, and 3u — 5v. 


SKILLS ©.15. u = (2, -7, 3), v = (0,4, -1) 
3-6 m Find the vector v with initial point P and terminal point Q. 16. u = (0,1, —3), v = (4, 2, 0) 
®. 3, P(1,-1,0),Q(0,-2,5) 4 P(1,2, —1), Q(3, 1, 2) 17, u=i+j, v=-j —2k 


5. PG: =1,0),00 3.0) 6. PU —1,=1),00,0.-9 18. u = (a, 2b, 3c), v = ( — 4a, b, —2c) 


19-22 m Express the given vector in terms of the unit vectors i, j, 


and k. 
+19, (12, 0, 2) 20. (0, —3, 5) 
21. (3, —3, 0) 22. (—a, $a, 4) 


23-24 m Two vectors u and v are given. Express the vector 
—2u + 3v (a) in component form (aj, a2, a3) and (b) in terms of 
the unit vectors i, j, and k. 


23. u =(0, -2,1), v =(1,-1,0) 
24. u = (3,1,0), v= (3,0, —5) 


25-28 m Two vectors u and v are given. Find their dot product 
u-v. 


25. u = (2,5,0), v = (3, -1, 10) 
26. u = (—3,0,4), v = (2,4, 3) 
27. u=6i-4j -—2k, v=?2?i+3j—k 
28. u=3j —2k, v=2i -3j 


29-32 m Determine whether or not the given vectors are 
perpendicular. 


. 29. (4, -2, —4), (1, -2, 2) 
31, (0.3, 1.2, —0.9), (10, —5, 10) 
32. (x, —2x, 3x), (5, 7, 3) 


30. 4j—k, i+2j+9k 


33-36 = Two vectors u and v are given. Find the angle (expressed 


in degrees) between u and v. 


33, u = (2, -2,-1), v = (1,2, 2) 
34. u =(4,0,2), v= (2,-1,0) 
35.u=j+k, v=i+2j —3k 


36. u=i+2j —2k, v=4i-—3k 


37-40 m Find the direction angles of the given vector, rounded to 


the nearest degree. 
.37. 31+ 4j + 5k 
39. (2,3, —6) 


36.1 =2j =k 
40. (2, —1, 2) 


41-44 » Two direction angles of a vector are given. Find the third 
direction angle, given that it is either obtuse or acute as indicated. 
(In Exercises 43 and 44, round your answers to the nearest degree.) 


41. a= = y= An Bis acute 
42. B= at y= = aisacute 
3 4 
43. a= 60°, B=50°; yisobtuse 
44, a= 75°, y= 15° 


45-46 m Explain why itis impossible for a vector to have the 
given direction angles. 


45. a= 20°, B= 45° 46. a = 150°, y = 25° 
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APPLICATIONS 


47. 


48. 


Resultant of Four Forces An object located at the ori- 

gin in a three-dimensional coordinate system is held in equi- 

librium by four forces. One has magnitude 7 |b and points in 

the direction of the positive x-axis, so itis represented by the 

vector 7i. The second has magnitude 24 |b and points in the 

direction of the positive y-axis. The third has magnitude 25 |b 

and points in the direction of the negative z-axis. 

(a) Use the fact that the four forces are in equilibrium (that is, 
their sum is 0) to find the fourth force. Express it in terms 
of the unit vectors i, j, and k. 

(b) What is the magnitude of the fourth force? 


Central Angle of aTetrahedron A tetrahedronisa 
solid with four triangular faces, four vertices, and six edges, as 
shown in the figure. In a regular tetrahedron, the edges are all 
of the same length. Consider the tetrahedron with vertices 
A(1, 0, 0), B(0, 1, 0), C(0, 0, 1), and D(1, 1, 1). 

(a) Show that the tetrahedron is regular. 

(b) The center of the tetrahedron is the point E (3, 3, 3) (the 
“average” of the vertices). Find the angle between the 
vectors that join the center to any two of the vertices (for 
instance, ZAEB). This angle is called the central angle of 
the tetrahedron. 


NOTE: In a molecule of methane (CH,) the four hydrogen atoms form 
the vertices of a regular tetrahedron with the carbon atom at the center. 
In this case chemists refer to the central angle as the bond angle. In 
the figure, the tetrahedron in the exercise is shown, with the vertices 
labeled H for hydrogen, and the center labeled C for carbon. 


DISCOVERY = DISCUSSION = WRITING 


49. 


50. 


Parallel Vectors Two nonzero vectors are parallel if 
they point in the same direction or in opposite directions. 
This means that if two vectors are parallel, one must bea 
scalar multiple of the other. Determine whether the given 
vectors u and v are parallel. If they are, express v as a scalar 
multiple of u. 


(a) u = (3, —-2,4), v =(—6,4, —8) 
(b) u = (—9, —6, 12), v = (12, 8, —16) 
(c) u=i+j+k, v=2i+2j—2k 


Unit Vectors A unit vector is a vector of magnitude 1. 

Multiplying a vector by a scalar changes its magnitude but not 

its direction. 

(a) If a vector v has magnitude m, what scalar multiple of v 
has magnitude 1 (i.e, is a unit vector)? 
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(b) Multiply each of the following vectors by an appropriate (c) Interpret the result of part (a) geometrically, using the fact 
scalar to change them into unit vectors: that the dot product of two vectors is 0 only if the vectors 
are perpendicular. [Hint: Draw a diagram showing the 
em ere) 48,8) = 10) 16,52) endpoints of the vectors a, b, and r, noting that the end- 
51. Vector Equation of aSphere Leta = (2, 2, 2), points of a and b are the endpoints of a diameter and the 
b = (—2, —2,0), andr = (x, y, z). endpoint of r is an arbitrary point on the sphere. ] 
(a) Show that the vector equation (r — a)-(r — b) = 0 rep- (d) Using your observations from part (a), find a vector equa- 
resents a sphere, by expanding the dot product and simpli- tion for the sphere in which the points (0, 1, 3) and 
fying the resulting algebraic equation. (2, —1, 4) form the endpoints of a diameter. Simplify the 
(b) Find the center and radius of the sphere. vector equation to obtain an algebraic equation for the 


sphere. W hat are its center and radius? 


10.5 THE Cross Probuct 


Determinants and their properties are 
studied in Section 11.7. 


The Cross Product > Properties of the Cross Product B Area 
of a Parallelogram B Volume of a Parallelepiped 


In this section we define an operation on vectors that allows us to find a vector which is 
perpendicular to two given vectors. 


V The Cross Product 


Given two vectors a = (a4, a, a3) and b = (by, b,, b3) we often need to find a vector ¢ per- 
pendicular to both a and b. If we write ¢ = (cy, Cz, C3) thena-c = 0 andb-c = 0, so 


ayCy = ayo oe a3C3 = 0 
bic +f boC> =F b3C3 =0 


You can check that one of the solutions of this system of equations is the vector 
C = (a2b3 — a3b», a3b, — a,b3, ayb) — ayb,). This vector is called the cross product of a 
and b and is denoted by a X b. 


THE CROSS PRODUCT 


If a = (a4, a2, a3) and b = (bj, bz, b3) are three-dimensional vectors, then the cross 
product of a and b is the vector 


aX b i (a2b3 = azb,, a3b, = a,bs, a,b, fae ab) 


The cross product a x bof two vectors a and b, unlike the dot product, is a vector (not 
a scalar). For this reason it is also called the vector product. Note that a x b is defined 
only when a and b are vectors in three dimensions. 

To help us remember the definition of the cross product, we use the notation of deter- 
minants. A determinant of order two is defined by 


For example, 


© Mary Evans Picture Library/Alamy 


WILLIAM ROWAN HAMILTON 
(1805-1865) was an Irish mathemati- 
cian and physicist. He was raised by his 
uncle (a linguist) who noticed that 
Hamilton had a remarkable ability to 
learn languages. When he was five 
years old, he could read Latin, Greek, 
and Hebrew. At age eight he added 
French and Italian, and by age ten he 
had mastered Arabic and Sanskrit. 

Hamilton was also a calculating 
prodigy and competed in contests of 
mental arithmetic. He entered Trinity 
College in Dublin, Ireland, where he 
studied science; he was appointed Pro- 
fessor of Astronomy there while still an 
undergraduate. 

Hamilton made many contributions 
to mathematics and physics, but he is 
best known for his invention of quater- 
nions. Hamilton knew that we can multi- 
ply vectors in the plane by considering 
them as complex numbers. He was look- 
ing for a similar multiplication for points 
in space. After thinking about this prob- 
lem for over 20 years he discovered the 
solution in a flash of insight while walk- 
ing near Brougham Bridge in Dublin: He 
realized that a fourth dimension is 
needed to make the multiplication 
work. He carved the formula for his 
quaternions into the bridge, where it 
still stands. Later, the American mathe- 
matician Josiah Willard Gibbs extracted 
the dot product and cross product of 
vectors from the properties of quater- 
nion multiplication. Quaternions are 
used today in computer graphics be- 
cause of their ability to easily describe 
special rotations. 
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A determinant of order three is defined in terms of second-order determinants as 
a ap a3 
b, by 
q «OC 


b, bs 
C2 C3 


b, bs 
Cy; C3 


bb, 
CG & 


b3| =a 2 3 


Observe that each term on the right side of the above equation involves a number a; in the 
first row of the determinant, and a; is multiplied by the second-order determinant obtained 
from the left side by deleting the row and column in which a; appears. Notice also the mi- 
nus sign in the second term. For example, 


1 2 -!l 
3. (0 
-5 4 


(—5)) + (-1)a2 


We can write the definition of the cross product using determinants as 


: ; Ky _ Jas a3/, | a, a3]. a a2|, 
Dobe bt tee Bal Thy bal” Ty bp 


= (a:b; — a3b))i + (a3b, — ayb3)j + (aib2 — azb,)k 


Although the first row of the above determinant consists of vectors, we expand it as if it 
were an ordinary determinant of order 3. The symbolic formula given by the above de- 
terminant is probably the easiest way to remember and compute cross products. 


EXAMPLE 1 | Finding a Cross Product 
If a = (0, —1, 3) and b = (2, 0, 1), finda x b. 


SOLUTION Weuse the formula above to find the cross product of a and b: 


i j k 
axb=]0 -1 3 
2 0. -=1 
=| i= [3 lie |} aL 
0 -1 2 weft” | <9 
= (1 — 0)l- (0 — 6)] + (0 — (—2))k 
=i+6j+2k 
So the desired vector isi + 6j + 2k. 
® NOW TRY EXERCISE 3 Oo 


V Properties of the Cross Product 


One of the most important properties of the cross product is the following theorem. 


CROSS PRODUCT THEOREM 


The vector a X b is orthogonal (perpendicular) to both a and b. 
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ot eh 3S 


ax b=(1, 6,2) 


y a <2, 0, —-1) 


FIGURE 1 The vector a x b is per- 


pendicular to a and b. 


PROOF To show thata x bis orthogonal to a, we compute their dot product and show 


that it is 0: 
(ax b)-a= : = ‘ ‘ a, + : ‘ as 
= a,(a2b3 — a3b2) — a2(a3b3 — a3b,) + a3(a;b2 — azb;) 
= a,ab3 — a,a3b. — ayazb3 + a,a3b, + ayazb. — a,azb, 
=0 
A similar computation shows that (a x b)-b = 0. Therefore, a X b is orthogonal to 
a and to b. o 


EXAMPLE 2 | Finding an Orthogonal Vector 


lf a= —j + 3k and b = 2i — k, find a unit vector that is orthogonal to the plane con- 
taining the vectors a and b. 


SOLUTION By the Cross Product Theorem the vector a x b is orthogonal to 
the plane containing the vectors a and b. (See Figure 1.) In Example 1 we found 

a X b =i + 6j + 2k. To obtain an orthogonal unit vector, we multiply a x b by 
the scalar 1/|a x b|: 


axb  i+6j+2k i+6j+2k 
ljaxbl 246 +22 Val 


So the desired vector is =z + 6j + 2k). 


Val 


©. NOW TRY EXERCISE 9 a 


EXAMPLE 3 | Finding a Vector Perpendicular to a Plane 
Find a vector perpendicular to the plane that passes through the points P(1, 4, 6), 
Q(—2, 5, -1), and R(1, -1, 1). 


SOLUTION By the Cross Product Theorem, the vector PQ x PR is perpendicular to 
both PQ and PR, and is therefore perpendicular to the plane through P, Q, and R. We know 
that 


PQ =(-2-1)i+ (5 —4)j + (-1— 6)k = -31+j —7k 
PR = (1-1)i+ ((-1) — 4)j + (1 — 6)k = —5j — 5k 


We compute the cross product of these vectors: 


i j k 
PQ xPR=|-3 1 -7 
0 -5 -5 


= (-5 — 35)i — (15 — 0)j + (15 — 0)k = —40i — 15j + 15k 


So the vector (—40, —15, 15) is perpendicular to the given plane. Notice that any nonzero 
scalar multiple of this vector, such as (—8, —3, 3), is also perpendicular to the plane. 


©. NOW TRY EXERCISE 17 a 


If a and b are represented by directed line segments with the same initial point (as in 
Figure 2), then the Cross Product Theorem says that the cross product a x b points ina 


FIGURE 2 Right-hand rule 


| |b] sin 0 


FIGURE 3 Parallelogram determined 
by aandb 


SECTION 10.5 | The Cross Product 651 


direction perpendicular to the plane through a and b. It turns out that the direction of 
a X b is given by the right-hand rule: If the fingers of your right hand curl in the direc- 
tion of a rotation (through an angle less than 180°) from a to b, then your thumb points 
in the direction of a X b (as in Figure 2). You can check that the vector a x b in 
Figure 1 satisfies the right-hand rule. 

Now that we know the direction of the vector a x b, the remaining thing we need is 
the length |a x b]. 


LENGTH OF THE CROSS PRODUCT 


If @ is the angle between a and b (so 0 = 6 S m7), then 


ja X b| = |a||b|sing 


In particular, two nonzero vectors a and b are parallel if and only if 
axb=0 


PROOF We apply the definitions of the cross product and length of a vector. You can 
verify the algebra in the first step by expanding the right-hand sides of the first and sec- 
ond lines, and then comparing the results. 


ja x b|? _ (a2b3 = a3b))? oh (a3b, = a,b3)? + (a,b, = ab,)? Definitions 
= (a4 + as + a3)(b¢ + b3 = b3) _ (a,b, + a,b, =F a3b3)? Verify algebra 
= |a|*|b|? — (a-b)? Definitions 
a 2hl2 21 hl 2cqc2 Property of 
art Pe ee Dot Product 
= |a|?|b|?(1 — cos*6) Factor 
= 2 hlecin2 Pythagorean 
|a|*|b|*sin*@ identity 


The result follows by taking square roots and observing that \/sin?@ = sin @ because 
sind =Owhen0<@s7. ie] 


We have now completely determined the vector a x b geometrically. The vector 
a X bis perpendicular to both a and b, and its orientation is determined by the right-hand 
rule. The length of a x bis |a||b{sin a. 


V Area of a Parallelogram 


We can use the cross product to find the area of a parallelogram. If a and b are represented 
by directed line segments with the same initial point, then they determine a parallelogram 
with base | a], altitude | b|sin 0, and area 


A = |a|(|b|sin@) = |a x b| 


(See Figure 3.) Thus we have the following way of interpreting the magnitude of a cross 
product. 


AREA OF A PARALLELOGRAM 


The length of the cross product a x b is the area of the parallelogram determined 
by aand b. 
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FIGURE 4 Parallelepiped determined 
by a, b, andc 


EXAMPLE 4 | Finding the Area of a Triangle 
Find the area of the triangle with vertices P(1, 4, 6), Q(—2, 5, —1), and R(1, —1, 1). 


SOLUTION In Example 3 we computed that PQ x PR = (—40, —15, 15). The area of 
the parallelogram with adjacent sides PQ and PR is the length of this cross product: 


|PQ x PR| = V(—40)? + (—15)? + 15? = 5/82 
The area A of the triangle PQR is half the area of this parallelogram, that is, 3\/82. 
©. NOW TRY EXERCISES 21 AND 25 | 


V Volume of a Parallelepiped 


The product a-(b x c) is called the scalar triple product of the vectors a, b, and c. You 
can check that the scalar triple product can be written as the following determinant: 


a, a2 a3 
a- (b x C) = by b» b; 
C; Cy & 


The geometric significance of the scalar triple product can be seen by considering the par- 
allelepiped* determined by the vectors a, b, and c (see Figure 4). The area of the base par- 
allelogram is A = |b X c|. If @ is the angle between a and b x c, then the height h of 
the parallelepiped is h = |a||cos@|. (We must use |cos@| instead of cos @ in case 
6 > 2/2.) Therefore, the volume of the parallelepiped is 

V =Ah= |b X c||a]|cosé| = |a-(b x c)| 


The last equality follows from the Dot Product Theorem on page 628. 


bxc 


hs \O 


/ 


We have proved the following formula. 


VOLUME OF A PARALLELEPIPED 


The volume of the parallelepiped determined by the vectors a, b, and c is the 
magnitude of their scalar triple product: 


V = ja-(b xc)| 


In particular, if the volume of the parallelepiped is 0, then the vectors a, b, and c 
are coplanar. 


EXAMPLE 5 | Coplanar Vectors 


Use the scalar triple product to show that the vectors a = (1, 4, —7), b = (2, —1, 4), and 
c = (0, —9, 18) are coplanar, that is, lie in the same plane. 


*The word parallelepiped is derived from Greek roots which together mean, roughly, “parallel faces.” While 
the word is often pronounced “par-al-lel-uh-P!E-ped,” the more etymologically correct pronunciation is 
“par-al-lel-EP-uh-ped.” 
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SOLUTION Wecompute the scalar triple product: 


1 4-7 
a-(bxc)=]2 -1 4 
0 -9 18 

1 4 2 4 y <i 

i val 410 al to 2 


= 1(18) — 4(36) — 7(—-18) = 0 


So the volume of the parallelepiped is 0, and hence the vectors a, b, and ¢ are coplanar. 


©. NOW TRY EXERCISE 29 A 
CONCEPTS 1L a=ii-j+2k, b=61-12j —6k 
1, The cross product of the vectors a = (a1, a2, a3) and 12.a=3j+5k, b=-i+2k 
b = (bj, bs, b3) is the vector 
i jk 13-16 = The lengths of two vectors a and b and the angle 6 be- 
—_ tween them are given. Find the length of their cross product, 
ia la x bj. 
. . 7 13. |a| =6, |b| =4, @=60° 
= i+ + 
14.|a| =4, |b| =5, 6@=30° 
So the cross product of a = (1, 0, 1) and b = (2, 3, 0) ie Ab ‘i a 
. jal = 10, = 10, 6 = 90° 
isaxb= jal ry) 


2. The cross product of two vectors a and b is Meso) Te Ie Bs 


ald Be TUE Don REO arate lip aPlene, 17-20 m Find a vector that is perpendicular to the plane passing 


the vector a X bis to the plane. through the three given points. 
©.17. P(0, 1,0), Q(1,2, -1), R(—2, 1, 0) 


18. P(3, 4, ha Q(1, 2, 3), R(4, 7, 6) 
SKILLS 19. P(1, 1, —5), Q(2, 2,0), R(0, 0, 0) 
3-8 m For the given vectors a and b, find the cross product 20. P(3, 0,0), Q(0, 2, —5), R(—2, 0, 6) 
axb. 
®. 3, a= (1,0, -3), b= (2,3, 0) 21-24 m Find the area of the parallelogram determined by the 
given vectors. 
4.a=(0,—-4,1), b= (1,1, —-2) 
21. = 4,2, v= 41, 7,9) 
5. a = (6, —2, 8), b = (—9, 3, -12) 
22. u = (0, —3, 2), v = (5, —6, 0) 
6. a = (—2,3,4), b= (3, -% —3) a ae 
23. u=2i-—j+4k, v= 5i+2j —35k 
7.a=i+j+k, b=3i-4k 


24.u=i-j+k, v=it+j—-k 


25-28 m Find the area of APQR. 


9-12 m Two vectors a and b are given. (a) Find a vector perpen- ©. 25. P(1, 0,1), Q(0, 1, 0), R(2, 3, 4) 
dicular to both a and b. (b) Find a unit vector perpendicular to 


both a and b. 26. P(2, 1,0), Q(0,0, —1), R(—4, 2, 0) 
®. 9.a=(1,1,-1), b=(-1,1,-1) 27. P(6, 0, Z Q(0, —6, 0), R(0, 0, -6) 
10. a = (2,5,3), b= (3, -2, -1) 28. P(3, —2, 6), Q(—1, —4, —6), R(3, 4, 6) 
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29-34 m Three vectors a, b, and c are given. (a) Find their scalar Tetrahedron; it is in the shape of a regular tetrahedron, with 
triple product a- (b x c). (b) Are the vectors coplanar? If not, find each edge V2 inches long. The volume of a regular tetrahe- 
the volume of the parallelepiped that they determine. dron is one-sixth the volume of the parallelepiped determined 
=29, a= (1, 2,3), b =(-3,2,1), ¢ = (0,8, 10) by any three edges that meet at a corner. 

(a) Use the triple product to find the volume of Rubik's Tetra- 
30. a = (3,0,-4), b=(1,1,1), c=(7,4,0) hedron. [Hint: See Exercise 48 in Section 10.4, which 
31. a = (2,3,—2), b=(-1,4,0), ¢=(3,—-1,3) gives the corners of a tetrahedron that has the same shape 

and size as Rubik's Tetrahedron] 

32. a=(1,—1,0), b=(—1,0,1), ¢=(0,—1,]) (b) Construct six identical regular tetrahedra using modeling 
33.a=i-j+k, b jtk, c=i+j+k clay. Experiment to see how they can be put together to 


create a parallelepiped that is determined by three edges 
of one of the tetrahedra (thus confirming the above state- 
ment about the volume of a regular tetrahedron). 


34. a= 2i-2j-—3k, b=3i-j-—k, c=6i 


APPLICATIONS 


35. Volume of a Fish Tank A fish tank in an avant-garde 
restaurant is in the shape of a parallelepiped with a rectan- 
gular base that is 300 cm long and 120 cm wide. The front 
and back faces are vertical, but the left and right faces are 
slanted at 30° from the vertical and measure 120 cm by 
150 cm. (See the figure.) 

(a) Leta, b, and c be the three vectors shown in the figure. 
Finda-(b xc). [Hint: Recall thatu-v = |u||v|cos@ 
and |u X v| = |u||v{siné.] 


(b) What is the capacity of the tank in liters? DISCOVERY# DISCUSSION #= WRITING 
[Note: 1 L = 1000 cm?.] 


37. Order of Operations in the Triple Product Given 
three vectors u, v, and w, their scalar triple product can be per- 
formed in six different orders: 


u-(v xX w), u-(WxXv), v-(uU Xx Ww), 
v-(w Xu), w-(uXv), W-(V XU) 

(a) Calculate each of these six triple products for the vectors: 
u=(0,1,1), v=(1,0,1), w=(1,1,0) 


(b) On the basis of your observations in part (a), make a con- 
jecture about the relationships between these six triple 
products. 

(c) Prove the conjecture you made in part (b). 


36. Rubik's Tetrahedron Rubik's Cube, a puzzle craze of 
the 1980s that remains popular to this day, inspired many simi- 
lar puzzles. The one illustrated in the figure is called Rubik's 


10.6 EQUATIONS OF LINES AND PLANES 


| Equations of Lines B> Equations of Planes 


In this section we find equations for lines and planes in a three-dimensional coordinate 
Space. We use vectors to help us find such equations. 


V Equations of Lines 


The position vector of a point A line L in three-dimensional space is determined when we know a point Po(Xo, Yo, zo) On 
(a, a, a3) is the vector (a,, a>, a3); that + L and the direction of L. In three dimensions the direction of a line is described by a vec- 
is, itis the vector from the origin to the _ tor v parallel to L. If we let rp be the position vector of Py (that is, the vector OP,), then 
point. for all real numbers t, the terminal points P of the position vectors rp + tv trace out aline 
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parallel to v and passing through Py (see Figure 1). Each value of the parameter t gives a 
point P on L. So the line L is given by the position vector r, where 


r=rt+tv 


for t € R. This is the vector equation of a line. 
Let's write the vector v in component form v = (a,b, c) and let ro = (Xo, Yo, Zo) and 
r = (x, y, z). Then the vector equation of the line becomes 
(X, Yr Z) = (Kor Yor Zo) + t(a, b, Cc) 
= (Xo + ta, Yo + tb, Zo + tc) 


FIGURE 1 Since two vectors are equal if and only if their corresponding components are equal, we 
have the following result. 


PARAMETRIC EQUATIONS FOR A LINE 


A line passing through the point P(X, Yo, zo) and parallel to the vector 
v = (a, b, c) is described by the parametric equations 


where t is any real number. 


7h EXAMPLE 1 | Equations of a Line 


v = (3, —4, 2) Find parametric equations for the line that passes through the point (5, —2, 3) and is par- 
allel to the vector v = (3, —4, 2). 


5,—2, 3) 
SOLUTION Weuse the above formula to find the parametric equations: 
x=5 + 3t 


a y=-2-4t 


FIGURE 2 Line through (5, —2, 3) z= 3+ 2t 
with direction v = (3, —4, 2) where t is any real number. (See Figure 2.) 


©. NOW TRY EXERCISE 3 | 


EXAMPLE 2 | Equations of a Line 


Zh Find parametric equations for the line that passes through the points (—1, 2, 6) and 
(2, -3, —7). 


(-1, 2, 6) SOLUTION We first find a vector determined by the two points: 
v = (2 — (-1), -3 — 2, -7 — 6) = (3, —5, —13) 
v=, =5,=195 Now we use v and the point (—1, 2, 6) to find the parametric equations: 


(2,—3,;—7) x = -1+43t 
y=2-5t 
z=6-13t 


FIGURE 3 Line through (—1, 2, 6) 
and (2, —3, —7) where t is any real number. A graph of the line is shown in Figure 3. 


©. NOW TRY EXERCISE 9 | 
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FIGURE 4 


In Example 2 we used the point (—1, 2, 6) to get the parametric equations of the line. 
We could instead use the point (2, —3, —7). The resulting parametric equations would 
look different but would still describe the same line (see Exercise 37). 


V Equations of Planes 


Although a line in space is determined by a point and a direction, the “direction” of a plane 
cannot be described by a vector in the plane. In fact, different vectors in a plane can have 
different directions. But a vector perpendicular to a plane does completely specify the di- 
rection of the plane. Thus a plane in space is determined by a point Po(Xo, Yo, Zo) in the plane 
and a vector n that is orthogonal to the plane. This orthogonal vector n is called a normal 
vector. To determine whether a point P(x, y, z) isin the plane, we check whether the vector 
PoP with initial point Py and terminal point P is orthogonal to the normal vector. Let ro 
and r be the position vectors of Py and P, respectively. Then the vector PoP is represented 
by r — Fo (See Figure 4). So the plane is described by the tips of the vectors r satisfying 


n-(r—fr)) =0 


This is the vector equation of the plane. 


Let's write the normal vector nin component form n = (a, b, c) and let yg = (Xo, Yor Zo) 
and r = (x, y, z). Then the vector equation of the plane becomes 


(a, b, C)*(X — Xo, ¥ — Yo, Z — 29) = 0 


Performing the dot product, we arrive at the following equation of the plane in the vari- 
ables x, y, and z. 


EQUATION OF A PLANE 


The plane containing the point P (Xo, Yo, 29) and having the normal vector 


n = (a, b, c) is described by the equation 
a(x — Xg) + bly — Yo) 


EXAMPLE 3 | Finding an Equation for a Plane 


A plane has normal vector n = (4, —6, 3) and passes through the point P(3, —1, —2). 
(a) Find an equation of the plane. 
(b) Find the intercepts, and sketch a graph of the plane. 


SOLUTION 
(a) By the above formula for the equation of a plane we have 


A(x — 3) — 6(y — (-1)) + 3(z — (-2)) =0 Formula 
4x —12 —- by -6+3z+6=0 Expand 
4x — 6y + 3z = 12 Simplify 


Thus an equation of the plane is 4x — 6y + 3z = 32. 


& 


FIGURE 5 Theplane 
4x — 6y + 3z = 32 


Notice that in Figure 5 the axes have 
been rotated so that we get a better 
view. 


(-2,5,-1) ¥ 


FIGURE 6 A plane through three 
points 
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(b) To find the x-intercept, we set y = 0 and z = 0 in the equation of the plane and 
solve for x. Similarly, we find the y- and z- intercepts. 


x-intercept: Setting y = 0, z = 0, we get x = 3. 
y-intercept: Setting x = 0,z = 0, wegety = — 
z-intercept: Setting x = 0, y = 0, wegetz = 


So the graph of the plane intersects the coordinate axes at the points (3, 0, 0), (0, —2, 0), 
and (0, 0, 4). This enables us to sketch the portion of the plane shown in Figure 5. 


©. NOW TRY EXERCISE 15 | 


EXAMPLE 4 | Finding an Equation for a Plane 

Find an equation of the plane that passes through the points P(1, 4, 6), Q(—2, 5, —1), and 
R(1, —1, 1). 

SOLUTION The vector n = PQ x PR is perpendicular to both PQ and PR and is 
therefore perpendicular to the plane through P, Q, and R. In Example 3 of Section 10.5 we 


found PQ x PR = (—40, —15, 15). Using the formula for an equation of a plane, we 
have 


40Q(x — 1) — 15(y — 4) + 15(z — 6) = 0 Formula 
—40x + 40 — 15y + 60 + 15z — 90 =0 Expand 
40x — 15y + 15z = —10 Simplify 

—8x — 3y + 3z = —-2 Divide by 5 


So an equation of the plane is —8x — 3y + 3z = —2.A graph of this plane is shown in 
Figure 6. 


©. NOW TRY EXERCISE 21 | 


In Example 4 we used the point P to obtain the equation of the plane. You can check 
that using Q or R gives the same equation. 


CONCEPTS 5. P(3,2,1), v =(0, -4, 2) 
1. A linein space is described algebraically by using 6. P(0, 0,0), v= (—4, 3,5) 
____seequations. The line that passes through the 7. P(1,0,—-2), vw=2i-—5k 
point P (Xo, Yo, Zo) and is parallel to the vector v = (a, b, c) is 8. P(1,1,1), v=i-j+k 


described by the equations x = 
y= 12> 


’ 


9-14 m Find parametric equations for the line that passes through 
the points P and Q. 


2. The plane containing the point P (Xo, Yo, zo) and having the ©. 9, P(1, —3,2), Q(2,1,-1) 10. P(2,-1,-2), Q(0,1, -3) 
normal vector n = (a, b, c) is described algebraically by the 


11. P(1,1, -_ Q(0, 2, 2) 12. P(3, 3,3), Q(7,0, 0) 
equation 
13. P(3,7,—-5), Q(7,3, -5) 
14, aes 16,18), Q(12, —6, 0) 
SKILLS 
15-20 = A plane has normal vector n and passes through the point P. 
3-8 m Find parametric equations for the line that passes through (a) Find an equation for the plane. (b) Find the intercepts and 


the point P and is parallel to the vector v. 
« 3. P(1,0,-2), v = (3, 2, —3) 


4. P(0, -5,3), v = (2,0, —4) 


sketch a graph of the plane. 
©.15. n=(1,1,-1), P(0,2, —3) 
16. n = (3,2,0), P(1,2,7) 
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17. n = (3,0, -3), P(2, 4,8) 
18. n = (—3, -}, 1), P(—6, 0, —3) 
19. n= 3i—j+2k, P(0,2,-3) 
20.n=i+ 4j, P(1,0, -9) 


21-26 m Find an equation of the plane that passes through the 
points P,Q, andR. 


.21. P(6, —2,1), Q(5,-3, -1), R(7, 0,0) 
22. P(3, 4,5), Q(1,2,3), R(4,7,6) 

23. P(3,3,-5), Q(4, 4, -3), R(2,0,1) 

24. P(3,4,-2), Q(-4,2,0), R(—3, 0, 2) 
25. P(6, 1,1), Q(3,2,0), R(0, 0,0) 

26. P(2,0,0), Q(0,2,—-2), R(0, 0,4) 


27-30 = A description of aline is given. Find parametric equa- 
tions for the line. 


27. The line crosses the z-axis where z = 4 and crosses the xy- 
plane where x = 2 andy = 5. 


DISCOVERY =DISCUSSION = WRITING 


35. 


36. 


Intersection of a Line anda Plane _ A line has para- 
metric equations 


x=2+t, y = 3t, = 5% 


and a plane has equation 5x — 2y — 2z = 

(a) For what value of t does the corresponding point on the 
line intersect the plane? 

(b) At what point do the line and the plane intersect? 


Lines and Planes _ A line is parallel to the vector v, anda 
plane has normal vector n. 

(a) If the line is perpendicular to the plane, what is the rela- 
tionship between v and n (parallel or perpendicular)? 

If the line is parallel to the plane (that is, the line and the 
plane do not intersect), what is the relationship between v 
and n (parallel or perpendicular)? 

Parametric equations for two lines are given. Which line 
is parallel to the plane x — y + 4z = 6? Which lineis 
perpendicular to this plane? 


Linel: x = 2t, y=3-42t, z=4+4 8 
Line2: x = —2t, y=5+2t, ZHE set 


(b 


— 


— 


(c 


28. The line crosses the x-axis where x = —2 and crosses the 37. Same Line: Different Parametric Equations Every 
z-axis where z = 10. line can be described by infinitely many different sets of para- 
29. The line perpendicular to the xz-plane that contains the point metric equations, since any point on the line and any vector 
(2, 1,5). parallel to the line can be used to construct the equations. But 
how can we tell whether two sets of parametric equations rep- 
30. The line parallel to the y-axis that crosses the xz-plane where resent the same line? Consider the following two sets of para- 
x = —Zandz = 2. metric equations: 
+ a ; ; Linel: x=1-t, y = 3t, z=-6+5t 
31-34 m A description of a plane is given. Find an equation for 
the plane. Line2: x = —1+ 2t, y=6- 6t, z=4—-10t 
31. The plane that crosses the x-axis where x = 1, the y-axis (a) Find two points that lie on Line 1 by setting t = 0 and 
where y = 3, and the z-axis where z = 4. t = Linits parametric equations. Then show that these 
: . points also lie on Line 2 by finding two values of the pa- 
32. The plane that crosses the x-axis where x = —2, the y-axis rameter that give these points when substituted into the 
where y = —1, and the z-axis where z = 3. parametric equations for Line 2. 
33. The plane that is parallel to the plane x — 2y + 4z = 6 and (b) Show that the following two lines are not the same by 
contains the origin. finding a point on Line 3 and then showing that it does 
34, The plane that contains the linex =1—t,y=2 +t, noniomhine® 
z = —3tand the point P(2,0, —6). [Hint: A vector from any Line3: x = 4t, y=3- 6t, z=-5+2t 
point on the line to P will lie in the plane.] Line4: x =8—2t y=-9+3t, oe 
CHAPTER 10 | REVIEW 
mM CONCEPT CHECK 
1. (a) What is the difference between a scalar and a vector? 3. If u = (Uy, U2) and V = (vy, vy, v3) are vectors in two and three 


(b) Draw a diagram to show how to add two vectors. 

(c) Draw adiagram to show how to subtract two vectors. 

(d) Draw a diagram to show how to multiply a vector by the 
scalars 2,3, —2, and —3. 


2. If u = (Uy, Uz) and Vv = (v,, v) are vectors in two dimensions 
and c is a scalar, write expressions foru + v, u— v, andcu. 


dimensions, respectively, write expressions for their magni- 
tudes |u| and |v]. 


4. (a) If u = (uy, up), write u in terms of i and j. 


5. 


(b) If v = (v,, vy, v3), write v in terms of i, j, and k. 


Write the components of the vector u = (U;, U2) in terms of its 
magnitude | u| and direction @. 


6. Express the dot product u- vin terms of the components of the 


vectors. 
(a) u = (Uy, U2), V = (v4, v2) 


(b) U = (Uy, Uz, U3), V = (v1, Vy, 03) 


7. (a) How do you use the dot product to find the angle between 


13. 
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(a) How do you calculate the cross product a x bif you 
know the components of a and b? 

(b) How do you calculate a x b if you know the lengths of a 
and b and the angle between them? 

(c) What is the angle between a x b and each of a and b? 


beware? 14. (a) How do you find the area of the parallelogram determined 
(b) How do you use the dot product to determine whether two by a and b? ; ; 
vectors are perpendicular? (b) How do you find the volume of the parallelepiped deter- 
mined by a, b, and c? 
8. What is the component of u along v, and how do you calcu- ; . : ; ; : 
late it? 15. Write parametric equations for the line that contains the point 
a P(X, Yo. Zo) and that is parallel to the vector v = (a, b, c). 
9. What is the projection of u onto v, and how do you calcu- : : : ; 
late it? 16. Write an equation for the plane that contains the point 
P(X, Yo. 29) and has normal vector n = (a, b, Cc). 
10. How much work is done by the force F in moving an object : : ; ; 
along a displacement D? 17. How do you find parametric equations for the line that con- 
tains the points P(x, yy, 21) and Q(X», Vx, Z2)? 
11. How do you find the distance between two points P(X}, V1, 21) P ih Korth) h eth 
and Q(X, Ya Z2) in three-dimensional space? 18. How do you find an equation for the plane that contains the 
; ; ; points P(X1, Yi 21), Q (Xz Yar 22), aNd R(X3, Y3, 23)? 
12. What is the equation of the sphere with center C(a, b, c) and 
radius r? 
MEXERCISES 
Exercises 1-24 deal with vectors in two dimensions. 12. An airplane heads N 60° E at a speed of 600 mi/h relative to 


1-4 @ Find |uj,u + v,u — v, 2u, and 3u — 2v. 
1. u = (-2, 3), v = (8,1) 
u 


2 (5, -2), V = (3, 0) 

3.u=2i+j, v=i-2j 

4.u=3j, v=—-i+2j 

5. Find the vector with initial point P (0, 3) and terminal point 


Q(3, -1). 
6. If the vector 5i — 8j is placed in the plane with its initial 
point at P(5, 6), find its terminal point. 
7-8 m Find the length and direction of the given vector. 
7. u = (-2,2V3) & v=21-5j 
9-10 = The length |u| and direction @ of a vector u are given. 
Express u in component form. 


9, |u| =20, 6 = 60° 10. |u| = 13.5, 6 = 125° 


11. Two tugboats are pulling a barge as shown in the figure. One 
pulls with a force of 2.0 x 104 Ib in the direction N 50° E, and 
the other pulls with a force of 3.4  10* Ib in the direction 
5/5" E. 

(a) Find the resultant force on the barge as a vector. 
(b) Find the magnitude and direction of the resultant force. 


the air.A wind begins to blow in the direction N 30° W at 
50 mi/h. (See the figure.) 

(a) Find the velocity of the airplane as a vector. 

(b) Find the true speed and direction of the airplane. 


13-16 m Find the vectors |u|, u-u, andu-v. 


13. u = (4, -3), v = (9, -8) 

14, u = (5,12), v= (10, —4) 

15. u 2i+ 2), v=it+j 

16.u=10j, v=5i- 3j 

17-20 m Are u and v orthogonal? If not, find the angle between 
them. 

17. u = (—4, 2), v = (3, 6) 

18. u = (5,3), v = (-2, 6) 

19.u=2i+j, v=i+3j 


20. 


u=i-j, v=it+j 


660 CHAPTER 10 | Vectors in Two and Three Dimensions 


21-24 m Two vectors u and v are given. 
(a) Find the component of u along v. 
(b) Find proj,u. 
(c) Resolve u into the vectors u, and u,, where u;, is 
parallel to v and u, is perpendicular to v. 


3,1), v= (6,-1) 
8,6), v = (20, 20) 
23.u=i+2j, v=4i-9j 
24.u=21+4j, v=10j 


Exercises 25-54 deal with three-dimensional coordinate geometry. 


25-26 m Plot the given points, and find the distance between them. 
25. P(1,0,2), Q(3,-2,3) 26. P(0,2,4), Q(1,3,0) 
27-28 m Find an equation of the sphere with the given radius r 
and center C. 


27. r = 6, C(0, 0,0) 28.1 =2, C(1, -2,4) 


29-30 = Show that the equation represents a sphere, and find its 
center and radius. 

29. x? + y? + 2? — 2x — by + 42 = 2 

30. x? + y? +22 = 4y + 42 


31-32 m Find ju|,u + v,u — v, andju — 2v. 
31. u = (4, -2, 4), v = (2,3, -1) 
32. u= 6i-— 8k, v=i-—j+k 


33-36 = Two vectors u and v are given. 
(a) Find their dot product u- v. 


(b) Are u and v perpendicular? If not, find the angle be- 


tween them. 
33. u = (3, —2,4), v= (3,1, -2) 
34, u = (2, -6,5), v= (1, —3, -1) 
35. u=2i-j+4k, v=3i+2j-—k 
36.u=j—k, v=it+j 
37-40 = Two vectors a and b are given. 
(a) Find their cross product a x b. 


(b) Find a unit vector u that is perpendicular to both a 
and b. 


37, a=(1,1,3), b= (5,0, -2) 
38, a = (2,3,0), b= (0,4, -1) 


39.a=i-j, b=2j—k 

40.a=i+j-—k, b=i-j+k 

41. Find the area of the triangle with vertices P (2, 1, 1), 
Q(0, 0, 3),and R(—2, 4, 0). 

42. Find the area of the parallelogram determined by the vectors 
a = (4,1, 1)andb = (—1, 2, 2). 


43. Find the volume of the parallelepiped determined by the vec- 
torsa = 2i—j,b = 2j +k, andc = 3i+j —k. 


44. A parallelepiped has one vertex at the origin; the three edges 
that have the origin as one endpoint extend to the points 
P(0, 2, 2),Q(3, 1, —1), and R(1, 4, 1). Find the volume of the 
parallelepiped. 


45-46 = Find parametric equations for the line that passes 
through P and is parallel to v. 

45. P(2,0,-6), v =(3,1,0) 

46. P(5,2,8), w=2i-—j+5k 

47-48 mw Find parametric equations for the line that passes 
through the points P and Q. 

47, P(6, —2, -3), Q(4,1, -2) 

48. P(1,0,0), Q(3, —4, 2) 

49-50 m Find an equation for the plane with normal vector n and 
passing through the point P. 

49. n = (2,3, —5), P(2,1,1) 

50. n= -i-2j+7k, P(-2,5,2) 

51-52 m Find an equation of the plane that passes through the 
points P, Q, and R. 

51. P(1,1,1), Q(3, —-4,2), R(6, -1,0) 

52. P(4, 0,0), Q(0, —3,0), R(0, 0, —5) 


53. Find parametric equations for the line that crosses the x-axis 
where x = 2 and the z-axis where z = —4. 


54, Find an equation of the plane that contains the line 
X=2+4 2ty = 4t,z 6 and the point P(5, 3, 0). 
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1, Let u be the vector with initial point P(3, —1) and terminal point Q(—3, 9). 
(a) Graph u in the coordinate plane. 
(b) Express u in terms of i and j. 
(c) Find the length of u. 
2. Letu = (1, 3) and v = (—6, 2). 
(a) Findu — 3v. 
(b) Find |u+ vj. 
(c) Findu-v. 
(d) Are u and v perpendicular? 


3. Letu = (-4V3, 4). 
(a) Graph u in the coordinate plane, with initial point (0, 0). 
(b) Find the length and direction of u. 
4. A river is flowing due east at 8 mi/h. A man heads his motorboat in the direction N 30° E in 
the river. The speed of the motorboat relative to the water is 12 mi/h. 
(a) Express the true velocity of the motorboat as a vector. 
(b) Find the true speed and direction of the motorboat. 
5. Letu = 3i+ 2j andv = 5i —j. 
(a) Find the angle between u and v. 
(b) Find the component of u along v. 
(c) Find proj, u. 
6. Find the work done by the force F = 3i — 5j in moving an object from the point (2, 2) to 
the point (7, —13). 
7. Let P(4, 3, -1) and Q(6, —1, 3) be two points in three-dimensional space. 
(a) Find the distance between P and Q. 
(b) Find an equation for the sphere whose center is P and for which the segment PQ isa 
radius of the sphere. 
(c) The vector u has initial point P and terminal point Q. Express u both in component form 
and using the vectors i, j, and k. 
8. Calculate the given quantity if 


a=it+j-2k b=3i-2j+k c=j-—5k 


(a) 2a + 3b (b) | a| 
(c) a-b (d)axb 
(e) |b x c| (f) a-(b x c) 


(g) The angle between a and b (rounded to the nearest degree) 
9. Find two unit vectors that are perpendicular to both j + 2k andi — 2j + 3k. 


10. (a) Find a vector perpendicular to the plane that contains the points P(1, 0, 0), Q(2, 0, —1), 
and R(1, 4, 3). 
(b) Find an equation for the plane that contains P, Q, and R. 
(c) Find the area of triangle PQR. 


11. Find parametric equations for the line that contains the points P(2, —4, 7) and Q(0, —3, 5). 
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FOCUS ON MODELING 


Vector Fields 


To model the gravitational force near the earth or the flow of wind on a surface of the 
earth, we use vectors. For example, at each point on the surface of the earth air flows with 
a certain speed and direction. We represent the air currents by vectors. If we graph many 
of these vectors we get a “picture” or a graph of the flow of the air. (See Figure 1.) 


V Vector Fields in the Plane 


A vector field in the coordinate plane is a function that assigns a vector to each point in 
the plane (or to each point in some subset of the plane). For example, 


F(x, y) =xit+ yj 


is a vector field that assigns the vector xi + yj to the point (x, y). We graph this vector 
FIGURE 1 Wind represented by a field in the next example. 


vector field 
EXAMPLE 1 | Graphing a Vector Field in the Plane 
Graph the vector field F(x, y) = xi + yj. What does the graph indicate? 
SOLUTION The table gives the vector field at several points. In Figure 2 we sketch the 
vectors in the table together with several other vectors in the vector field. 
yA 
SA att Fe 
(% y) F=xi + yj ie te ee Oe ee ae 
(1, 3) i+ 3j Be Se LL ee ee 
(3, 3) 31+ 3] ea 
(-4, 6) -4i + 6j pega fe a eon 
ach ae ee ge e ry Ry hy 
(6, —6) 6i — 6j al 
ee Fe TI YON 
Ce a 2 a 
FIGURE 2 
We see from the graph that the vectors in the field point away from the origin, and the 
farther from the origin, the greater the magnitude of the vector. | 
EXAMPLE 2 | Graphing a Vector Field in the Plane 
A potter's wheel has a radius of 5 inches. The velocity of each point on the wheel is given 
by the vector field F(x, y) = —yi + xj. What does the graph indicate? 
SOLUTION The table gives the vector field at several points. In Figure 3 we sketch the 
vectors in the table. 
Ya 
INS (sy) | Foy) Oy) F(% y) 
(1, 0) (0, 1) (-1, 0) (0, —1) 
+ (2, 2) (2, 2) (-2, —2) (2, —2) 
ra FO, oO] (3, 0) (0, 3) (=2.0) (0, -3) 
fo / x (0, 1) (-1, 0) (0, -1) (1, 0) 
ae oad (2, 2) —2,-2 (2, —2) (2, 2) 
0, 3) (—3, 0) (0, —3) (3, 0) 
Ye 
We see from the graph that the wheel is rotating counterclockwise and that the points 
at the edge of the wheel have a higher velocity than do the points near the center of the 
FIGURE 3 wheel. | 


662 


Vector Fields 663 


Graphing vector fields requires graphing a lot of vectors. Some graphing calculators 
and computer programs are capable of graphing vector fields. Y ou can also find many In- 
ternet sites that have applets for graphing vector fields. The vector field in Example 2 is 
graphed with a computer program in Figure 4. Notice how the computer scales the lengths 
of the vectors so that they are not too long yet are proportional to their true lengths. 


FIGURE 4 


V Vector Fields in Space 


A vector field in three-dimensional space is a function that assigns a vector to each point 
in space (or to each point in some subset of space). For example, 
F(x, y,z) = 2xi-— yj + 2k 


is a vector field that assigns the vector 2xi — yj + z°k to the point (x, y, z). In general, 
it is difficult to draw a vector field in space by hand, since we must draw many vectors 
with the proper perspective. The vector field in the next example is particularly simple, so 
we'll sketch it by hand. 


EXAMPLE 3 | Graphing a Vector Field in Space 
Graph the vector field F(x, y, z) = zk. What does the graph indicate? 


SOLUTION A graph is shown in Figure 5. Notice that all vectors are vertical and point 
upward above the xy-plane and downward below it. The magnitude of each vector in- 
creases with the distance from the xy-plane. 


FIGURE 5 
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Focus on Modeling 


The gravitational pull of the earth in the space surrounding it is mathematically mod- 
eled by a vector field. According to Newton's Law of Gravitation, the gravitational force 
F is directed toward the center of the earth and is inversely proportional to the distance 
from the center of the earth. The magnitude of the force is 


Mm 
PSOE 


where M is the mass of the earth, mis mass of an object in proximity to the earth, r is the 
distance from the object to the center of the earth, and G is the universal gravitational 
constant. 

To model the gravitational force, let's place a three-dimensional coordinate system 
with the origin at the center of the earth. The gravitational force at the point (x, y, z) is di- 
rected toward the origin. A unit vector pointing toward the origin is 


xi+yj + zk 

Vx2 + y? + 2? 
To obtain the gravitational vector field, we multiply this unit vector by the appropriate 
magnitude, namely, GM m/r 2. Since the distance r from the point (x, y, z) to the origin is 


r= Vx? + y? + 2’, it follows that r? = x? + y? + z*. So we can express the gravita- 
tional vector field as 


xi+ yj + zk 


F(x, y,z) = —GMm 


Some of the vectors in the gravitational field F are pictured in Figure 6. 


FIGURE 6 The gravitational field 


PROBLEMS 

1-6 m Sketch the vector field F by drawing a diagram as in Figure 3. 

1. F(X, y) = 3h + 3j 2. F(x,y) =i + xj 

3. F(x,y) =yi+3j 4. F(x, y) = (x — y)i + xj 
5. F(x, y) = eee 6. F(x, y) = J. 
7-10 m Sketch the vector field F by drawing a diagram as in Figure 5. 

7. F(x, y,z) =j 8. F(x, y,z) =j —k 


9. F(x, y,z) =z] 10. F(x, y,z) = yk 
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11-14 m Match the vector field F with the graphs labeled I-IV. 
12. F(x, y) = (1, sin y) 
14. F(x, y) =(y, 1/x) 


11. F(x, y) = (y, x) 
13. F(x, y) = (x - 2,y + 1) 


~~ > >I 


KON el Pee 


Ra aa oll paca ee ee 


15-18 m Match the vector field F with the graphs labeled I-IV. 
15. F(x, y,z) =i+2j+3k 16. F(x, y,z) =i + 2j+zk 
17. F(x, y,z) =xi+yj + 3k 


18. F(x, y,z) =xi+yj +zk 


=1 . =I9 L (em 
yo 1 vx y | 1 


19. Flow Lines ina Current The current in a turbulent bay is described by the velocity 
vector field 


F(x, y) = (x + yi t XX — y)j 


A graph of the vector field F is shown. If a small toy boat is put in this bay, we can tell from 
the graph of the vector field what path the boat would follow. Such paths are called flow 
lines (or streamlines) of the vector field. A streamline starting at (1, —3) is shown in blue in 
the figure. Sketch streamlines starting at the given point. 


(a) (1, 4) (b) (—2, 1) (c) (—1, —2) 
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. Find two polar coordinate representations of the point (8, —8), one with r > 0 and one with 


r <0, and both with 0 = @ < 27. 


. The graph of the equation r = 2 sin 2¢ is called a four-leafed rose. 


(a) Sketch a graph of this equation. 
(b) Convert the equation to rectangular coordinates. 


. Letz = V3 —i and letw 6(cos oe + isin a) 


12 12 
(a) Write z in polar form. 


(b) Find zw and z/w. 
(c) Find z*° 
(d) Find the three cube roots of z. 
(a) Sketch a graph of the parametric equations 
xX = 2 —sin’t y = cost 
(b) Eliminate the parameter to obtain an equation for this curve in rectangular coordinates. 
W hat type of curve is this? 


. Letu = (8, 6) and v = 5i — 10j. 


(a) Graph u and v in the coordinate plane, with initial point (0, 0). 
(b) Find u + v, 2u — v, the angle between u and v, and proj, u. 


(c) Assuming u is a force vector, calculate the work done by u when a particle moves under 
its influence from (2, 0) to (10, 3). 


» Let P(1, —1, 3) and Q(3, —2, 1) be two points in three-dimensional space. 


(a) Find the distance between P and Q. 


(b) Find an equation for the sphere that has center P and for which Q is apoint on its 
surface. 


(c) Find parametric equations for the line that contains P and Q. 


. Leta = (2, 1, —3) and b = 3i + 2k be two vectors in three-dimensional space. 


(a) Find a-b anda X b. Area and b perpendicular, parallel, or neither? 


(b) Find an equation for the plane that is parallel to both a and b, and that contains the point 
(3, 0, -5). 
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FOCUS ON MODELING 


Linear Programming 


Throughout the preceding chapters we modeled real-world situations by 
equations. But many real-world situations involve too many variables to be 
modeled by a single equation. For example, weather depends on the 
relationship among many variables, including temperature, wind speed, air 
pressure, and humidity. So to model (and forecast) the weather, scientists use 
many equations, each having many variables. Such collections of equations, 
called systems of equations, work together to describe the weather. Systems 
of equations with hundreds of variables are used by airlines to establish 
consistent flight schedules and by telecommunications companies to find 
efficient routings for telephone calls. In this chapter we learn how to solve 
systems of equations that consist of several equations in several variables. 


667 


668 CHAPTER 11 | Systems of Equations and Inequalities 


11.1 SYSTEMS OF LINEAR EQUATIONS IN Two VARIABLES 


A linear equation in two variables is an 
equation of the form 


ax + by =c 


The graph of a linear equation is a line 
(see Section 2.4). 


Systems of Linear Equations and Their Solutions > Substitution Method > 
Elimination Method ® Graphical Method ® The Number of Solutions of a 
Linear System in Two Variables B> Modeling with Linear Systems 


V Systems of Linear Equations and Their Solutions 


A system of equations is a set of equations that involve the same variables. A system of 
linear equations is a system of equations in which each equation is linear. A solution 
of a system is an assignment of values for the variables that makes each equation in the 
system true. To solve a system means to find all solutions of the system. 

Here is an example of a system of linear equations in two variables: 


~ - y=5 Equation 1 
x+4y=7 Equation 2 
We can check that x = 3 and y = lis asolution of this system. 


Equation 1 Equation 2 
2x-y=5 x+ 4y=7 
23) -1=5 v 3+41)=7 v 


The solution can also be written as the ordered pair (3, 1). 

Note that the graphs of Equations 1 and 2 are lines (see Figure 1). Since the solution 
(3,1) satisfies each equation, the point (3,1) lies on each line. So it is the point of inter- 
section of the two lines. 


FIGURE 1 


V Substitution Method 


In the substitution method we start with one equation in the system and solve for one 
variable in terms of the other variable. The following box describes the procedure. 


SUBSTITUTION METHOD 


1. Solve for One Variable. Choose one equation, and solve for one variable in 
terms of the other variable. 


2. Substitute. Substitute the expression you found in Step 1 into the other 
equation to get an equation in one variable, then solve for that variable. 


3. Back-Substitute. Substitute the value you found in Step 2 back into the 
expression found in Step 1 to solve for the remaining variable. 
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EXAMPLE 1 | Substitution Method 
Find all solutions of the system. 


a + y=l1 Equation 1 
3x + 4y = 14 Equation 2 


SOLUTION Solve for one variable. We solve for y in the first equation. 
y=1- 2x Solve for y in Equation 1 
Substitute. Now we substitute for y in the second equation and solve for x. 
3x + 4(1 — 2x) = 14 Substitute y = 1 — 2x into Equation 2 
3x+4-8x= 14 Expand 
—5x+4= 14 Simplify 
—5x = 10 Subtract 4 
X= -2 Solve for x 
Back-substitute. Next we back-substitute x = —2 into the equation y = 1 — 2x. 
y=1-2(-2)=5 _ Back-substitute 


Thus x = —2 and y = 5, so the solution is the ordered pair (—2, 5). Figure 2 shows that 
the graphs of the two equations intersect at the point (—2, 5). 


CHECK YOUR ANSWER 


X= —-2,y =5: 


{ 2(-2) +5=1 
3(-2) + 4(5) = 14 o 


FIGURE 2 
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V Elimination Method 


To solve a system using the elimination method, we try to combine the equations using 
sums or differences so as to eliminate one of the variables. 


ELIMINATION METHOD 


1. Adjust the Coefficients. Multiply one or more of the equations by appropri- 
ate numbers so that the coefficient of one variable in one equation is the nega- 
tive of its coefficient in the other equation. 


2. Add the Equations. Add the two equations to eliminate one variable, then 
solve for the remaining variable. 


3. Back-Substitute. Substitute the value that you found in Step 2 back into one 
of the original equations, and solve for the remaining variable. 
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EXAMPLE 2 | Elimination Method 
Find all solutions of the system. 


- +2y=14 Equation 1 
X—2y=2 Equation 2 


SOLUTION Since the coefficients of the y-terms are negatives of each other, we can 
add the equations to eliminate y. 


3x + 2y = 14 
{ cats? System 
YA a a eer 
4x = 16 Add 
x=4 Solve for x 


3x + 2y=14 


Now we back-substitute x = 4 into one of the original equations and solve for y. Let’s 
choose the second equation because it looks simpler. 


x-2y=2 Equation 2 
4-2’ =2 Back-substitute x = 4 into Equation 2 
—2y = -2 Subtract 4 


a y=1 Solve for y 
The solution is (4,1). Figure 3 shows that the graphs of the equations in the system in- 
FIGURE 3 tersect at the point (4,1). 
©. NOW TRY EXERCISE 9 | 
V Graphical Method 


In the graphical method we use a graphing device to solve the system of equations. 


GRAPHICAL METHOD 


1. Graph Each Equation. Express each equation in a form suitable for the 
graphing calculator by solving for y as a function of x. Graph the equations on 


the same screen. 


2. Find the Intersection Points. The solutions are the x- and y-coordinates of 
the points of intersection. 


MATHEMATICS IN THE MODERN WORLD 


Weather Prediction 


Modern meteorologists do 20th century mathematicians proposed to model weather with equa- 
ss much more than predict tomor- _ tions that used the current values of hundreds of atmospheric vari- 
a row’s weather. They research ables. Although this model worked in principle, it was impossible to 
2 long-term weather patterns,de- _ predict future weather patterns with it because of the difficulty of 
< pletion of the ozone layer, measuring all the variables accurately and solving all the equations. To- 
B global warming, and other ef- day, new mathematical models combined with high-speed computer 
gE fects of human activity on the simulations and better data have vastly improved weather prediction. 
e weather. But daily weather pre- As a result, many human as well as economic disasters have been 
diction is still a major part of averted. Mathematicians at the National Oceanographic and Atmos- 
meteorology; its value is measured by the innumerable human lives pheric Administration (NOAA) are continually researching better 
that are saved each year through accurate prediction of hurricanes, methods of weather prediction. 


blizzards, and other catastrophic weather phenomena. Early in the 
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EXAMPLE 3 | Graphical Method 


Find all solutions of the system 


1.35x — 2.13y = —2.36 
2.16x + 0.32y = 1.06 


SOLUTION Solving for y in terms of x, we get the equivalent system 


FIGURE 4 


y= 0.63x + 1.11 
y = —6.75x + 3.31 


where we have rounded the coefficients to two decimals. Figure 4 shows that the two lines 
intersect. Zooming in, we see that the solution is approximately (0.30, 1.3). 
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V The Number of Solutions of a Linear System in Two Variables 


The graph of a linear system in two variables is a pair of lines, so to solve the system 
graphically, we must find the intersection point(s) of the lines. Two lines may intersect in 
a single point, they may be parallel, or they may coincide, as shown in Figure 5. So there 
are three possible outcomes in solving such a system. 


NUMBER OF SOLUTIONS OF A LINEAR SYSTEM IN TWO VARIABLES 


For a system of linear equations in two variables, exactly one of the following is 
true. (See Figure 5.) 


1. The system has exactly one solution. 
2. The system has no solution. 
3. The system has infinitely many solutions. 


A system that has no solution is said to be inconsistent. A system with infinitely many 
solutions is called dependent. 


y » y 
am > 
0 x 0 | x 0 x 
(a) Lines intersect at a (b) Lines are parallel and = (c) Lines coincide— equations 
single point. The system do not intersect. The are for the same line. The system 
FIGURE 5 has one solution. system has no solution. has infinitely many solutions. 


EXAMPLE 4 | A Linear System with One Solution 
Solve the system and graph the lines. 


3x- y=0 Equation 1 
5x + 2y = 22 Equation 2 
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yA 3x -—y=0 


> 
x 


5x + 2y = 22 


FIGURE 6 


CHECK YOUR ANSWER 


xXx=2, y=6: 


I/gy—ay=5 


FIGURE 7 


Systems of Equations and Inequalities 


SOLUTION Weeliminate y from the equations and solve for x. 


. —2y=0 2 x Equation 1 


5x + 2y = 22 
11x = 22 Add 
Y= 2 Solve for x 


Now we back-substitute into the first equation and solve for y: 
6(2) — 2y = 0 Back-substitute x =2 
—2y = -12 Subtract 6 x 2 =12 
y=6 Solve for y 
The solution of the system is the ordered pair (2, 6), that is, 
x =2, y=6 

The graph in Figure 6 shows that the lines in the system intersect at the point (2, 6). 
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EXAMPLE 5 | A Linear System with No Solution 
Solve the system. 
8x — 2y =5 Equation 1 
12x + 3y =7 Equation 2 


SOLUTION This time we try to find a suitable combination of the two equations to 
eliminate the variable y. M ultiplying the first equation by 3 and the second equation by 2 
gives 


24x — by = 15 3 x Equation 1 
—24x + 6y = 14 2 x Equation 2 
0 = 29 Add 


Adding the two equations eliminates both x and y in this case, and we end up with 0 = 29, 
which is obviously false. No matter what values we assign to x and y, we cannot make this 
statement true, so the system has no solution. Figure 7 shows that the lines in the system 
are parallel and do not intersect. The system is inconsistent. 
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EXAMPLE 6 | ALinear System with Infinitely Many Solutions 
Solve the system. 
3x — 6y = 12 Equation 1 
4x — 8y = 16 Equation 2 
SOLUTION Wemultiply the first equation by 4 and the second by 3 to prepare for sub- 
tracting the equations to eliminate x. The new equations are 
12x — 24y = 48 4 x Equation 1 
12x — 24y = 48 3 x Equation 2 


We see that the two equations in the original system are simply different ways of ex- 
pressing the equation of one single line. The coordinates of any point on this line give a 


FIGURE 8 
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solution of the system. Writing the equation in slope-intercept form, we have y = 3x — 2. 
So if we let t represent any real number, we can write the solution as 


x=t 
y=jt-2 
We can also write the solution in ordered-pair form as 
(t, st — 2) 
where t is any real number. The system has infinitely many solutions (see Figure 8). 
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In Example 3, to get specific solutions we have to assign values to t. For instance, if 
t = 1, we get the solution (1, —3). If t = 4, we get the solution (4, 0). For every value of 
t we get a different solution. (See Figure 8.) 


V Modeling with Linear Systems 


Frequently, when we use equations to solve problems in the sciences or in other areas, we 
obtain systems like the ones we've been considering. When modeling with systems of 
equations, we use the following guidelines, which are similar to those in Section 1.2. 


GUIDELINES FOR MODELING WITH SYSTEMS OF EQUATIONS 


1. Identify the Variables. |dentify the quantities that the problem asks you to 
find. These are usually determined by a careful reading of the question posed 
at the end of the problem. Introduce notation for the variables (call them x and 
y or some other letters). 


. Express All Unknown Quantities in Terms of the Variables. Read the 
problem again, and express all the quantities mentioned in the problem in 


terms of the variables you defined in Step 1. 


. Set Up a System of Equations. Find the crucial facts in the problem that 
give the relationships between the expressions you found in Step 2. Set up a 
system of equations (or a model) that expresses these relationships. 

. Solve the System and Interpret the Results. Solve the system you found in 
Step 3, check your solutions, and state your final answer as a sentence that 
answers the question posed in the problem. 


The next two examples illustrate how to model with systems of equations. 


EXAMPLE 7 | A Distance-Speed-Time Problem 


A woman rows a boat upstream from one point on a river to another point 4 mi away in 
15 hours. The return trip, traveling with the current, takes only 45 min. How fast does she 
row relative to the water, and at what speed is the current flowing? 


SOLUTION Identify the variables. We are asked to find the rowing speed and the 
speed of the current, so we let 


X = rowing speed (mi/h) 


y = Current speed (mi/h) 
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Express unknown quantites in terms of the variable. The woman's speed when she 
rows upstream is her rowing speed minus the speed of the current; her speed downstream 
is her rowing speed plus the speed of the current. Now we translate this information into 
the language of algebra. 


In Words In Algebra 
Rowing speed Xx 
Current speed y 
Speed upstream x-y 
Speed downstream x+y 


Set up a system of equations. The distance upstream and downstream is 4 mi, so us- 
ing the fact that speed x time = distance for both legs of the trip, we get 


speed upstream x timeupstream = distance traveled 
speed downstream Xx time downstream = distance traveled 


In algebraic notation this translates into the following equations. 
(x —y}#=4 Equation 1 
(x+y)?=4 Equation 2 


(The times have been converted to hours, since we are expressing the speeds in miles per 
hour.) 


Solve the system. Wemultiply the equations by 2 and 4, respectively, to clear the de- 
nominators. 


3x —3y= 8 2 x Equation 1 
3x + 3y = 16 4 x Equation 2 


6x = 24 Add 
X =4 Solve for x 


Back-substituting this value of x into the first equation (the second works just as well) and 
solving for y gives 


3(4) — 3y = 8 Back-substitute x = 4 
—3y =8- 12 Subtract 12 
y=4 Solve for y 


The woman rows at 4 mi/h, and the current flows at 13 mi/h. 


CHECK YOUR ANSWER 


Speed upstream is 


distance _ am = 22mi/h 
time 1yh 


and this should equal 


rowing speed — current flow 


= 4mi/h — 4 mi/h = 25 mi/h 
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Speed downstream is 


distance 4mi Pats 
= —+— = 53mi/h 
time 3h uy 


and this should equal 
rowing speed + current flow 


= 4mi/h + $ mi/h = 53 mish 


Vv 
a 
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EXAMPLE 8 | A Mixture Problem 


A vintner fortifies wine that contains 10% alcohol by adding a 70% alcohol solution to it. 
The resulting mixture has an alcoholic strength of 16% and fills 1000 one-liter bottles. 
How many liters (L) of the wine and of the alcohol solution does the vintner use? 


SOLUTION Identify the variables. Since we are asked for the amounts of wine and 
alcohol, we let 

X = amount of wine used (L) 

y = amount of alcohol solution used (L) 


Express all unknown quantities in terms of the variable. From the fact that the wine 
contains 10% alcohol and the solution contains 70% alcohol, we get the following. 


In Words In Algebra 
Amount of wine used (L) x 
Amount of alcohol solution used (L) y 
Amount of alcohol in wine (L) 0.10x 
Amount of alcohol in solution (L) 0.70y 


Set up a system of equations. The volume of the mixture must be the total of the two 
volumes the vintner is adding together, so 


x + y = 1000 


Also, the amount of alcohol in the mixture must be the total of the alcohol contributed by 
the wine and by the alcohol solution, that is, 


0.10x + 0.70y = (0.16)1000 
0.10x + 0.70y = 160 Simplify 
x + 7y = 1600 Multiply by 10 to clear decimals 
Thus we get the system 


x+ y= 1000 Equation 1 
x + 7y = 1600 Equation 2 


Solve the system. Subtracting the first equation from the second eliminates the variable 
x, and we get 


6y = 600 Subtract Equation 1 from Equation 2 
y = 100 Solve for y 
We now back-substitute y = 100 into the first equation and solve for x. 
x + 100 = 1000 Back-substitute y = 100 
x = 900 Solve for x 
The vintner uses 900 L of wine and 100 L of the alcohol solution. 
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CONCEPTS 13-14 m Two equations and their graphs are given. Find the inter- 
section point(s) of the graphs by solving the system. 


1. The system of equations 


ax + 3y=7 ee m1 ia 
5x— y=9 x—2y = -8 ax+y=5 
isa system of two equations in the two variables. 
and _______. To determine whether (5, —1) is a solution of 


this system, we check whether x = 5 and y = —1 satisfy each 


________ in the system. Which of the following are solutions 
of this system? 


(5,-1), (~1,3), (2,1) x 
2. A system of equations in two variables can be solved by the 
method, the method, 
or the method. 15-20 = Graph each linear system, either by hand or using a 
. ase : graphing device. Use the graph to determine whether the system 
3. A system of two linear equations in two variables can have one has one solution, no solution, or infinitely many solutions. If there 
solution, _______ solution, or is exactly one solution, use the graph to find it. 
solutions. 
x-y=4 2x-y=4 
4. The following is a system of two linear equations in two 1. x+y =2 16. x+y =6 
variables. 
ce eo) a 
2x + 2y =2 . . 
; ee —X+5y=—-5 12x + ie = —18 
The graph of the first equation is the same as the graph of the 19. = =p 20. { x+ fy=-3 


second equation, so the system has 
solutions. We express these solutions by writing 


21-48 m Solve the system, or show that it has no solution. If the 


x=t system has infinitely many solutions, express them in the ordered- 
y= pair form given in Example 6. 
where t is any real number. Some of the solutions of this xty=4 X y=3 
system are (1, __), (—3, __), and (5, __). 2 {2 +y=0 a ° + 3y=7 
2x — 3y = 3x + 2y = 
rs 
a ese 28. {> -x-—2y= 
SKILLS oe aes 7 
5-8 m Use the substitution method to find all solutions of the "2x -y = 2x —-3y=- 
system of equations. _ = Se 
2. | x+ y 2 - . 3y = 28 
re hee ee ae 4x — 3y = -3 9x - y=-6 
* [4x + 3y = 18 "(5x + 2y=1 X+2y= -4x+12y= 0 
29. _ 30. 
; K- y=2 . x+y=7 5X -YyY= 12x + 4y = 160 
" [2x + 3y =9 "|x + 2y =2 a x+hy= 5: 0.2x — 0.2y = -1.8 
ix —4y = —0.3x + 0.5y= 33 
9-12 m Use the elimination method to find all solutions of the 3x + 2y = 4x + 2y = 16 
system of equations. 33. { x—2y= 34, { easy oI 
3x + 4y = 10 2x + 5y =15 . 4y = a Sy =2 
& 9, ®. 35, 
ee ae 10. ft y=21 3x + ly = = 9x — l5y = 6 
x+2y=5 4x — 3y = 11 re hee 10 va lee 
. ; 37. 
a . + 3y =8 ue . + 4y = 12 3x + 9y = —15 a6. 14x — 2ly = 


6x + 4y = 12 25x — 75y = 100 
ae s + by = 18 bi ar + 30y = —40 
8s — 3t = -3 u — 300 = — 
ia ie —-2t=-1 ii +80v= 5 
1 3 3 1 a 
2X 1 5yY = 2X —3Y = 7 
{Nt ayo ty hyo] 
0.4x + 1.2y = 14 26x — l0y = —4 
oa i — 5y=10 sia ae + 12y= 3 
{ kobe 2 a fine ve 
" |-8x + 6y = 10 , 2x — 10y = —80 


m= 49-52 m Use a graphing device to graph both lines in the same 


viewing rectangle. (Note that you must solve for y in terms of 

Xx before graphing if you are using a graphing calculator.) Solve the 
system rounded to two decimal places, either by zooming in and 
using |TRACE| or by using Intersect. 


& 4g, [021K + 3.17y = 9.51 
“"" (2.35x — 1.17y = 5.89 


50 18.72x — 14.9ly = 12.33 
" | 6.21x — 12.92y = 17.82 


51 2371x — 6552y = 13,591 
" (9815x + 992y = 618,555 


5 —435x + 91l2y = 0 
132x + 455y = 994 


53-56 m Find x and y in terms of a and b. 


53. {** y=” @#}) 


axt by=0 4 0,b #0,a +b) 
xX 


+by=l 


APPLICATIONS 


57. Number Problem Find two numbers whose sum is 34 
and whose difference is 10. 


58. Number Problem The sum of two numbers is twice their 
difference. The larger number is 6 more than twice the smaller. 


Find the numbers. 


59. Value of Coins A man has 14 coins in his pocket, all of 
which are dimes and quarters. If the total value of his change is 


$2.75, how many dimes and how many quarters does he have? 


60. Admission Fees The admission fee at an amusement park 


is $1.50 for children and $4.00 for adults. On a certain day, 


61. 


62. 


263. 


64. 


© 65. 
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2200 people entered the park, and the admission fees that were 
collected totaled $5050. How many children and how many 
adults were admitted? 


Gas Station A gas station sells regular gas for $2.20 per 
gallon and premium gas for $3.00 a gallon. At the end of a 
business day 280 gallons of gas were sold, and receipts totaled 
$680. How many gallons of each type of gas were sold? 


Fruit Stand A fruit stand sells two varieties of strawber- 
ries: standard and deluxe. A box of standard strawberries sells 
for $7, and a box of deluxe strawberries sells for $10. In one 
day the stand sells 135 boxes of strawberries for a total of 
$1110. How many boxes of each type were sold? 


Airplane Speed A man flies asmall airplane from Fargo 
to Bismarck, North Dakota— a distance of 180 mi. Because he 
is flying into a head wind, the trip takes him 2 hours. On the 
way back, the wind is still blowing at the same speed, so the re- 
turn trip takes only 1 h 12 min. What is his speed in still air, and 
how fast is the wind blowing? 


Boat Speed A boat onariver travels downstream between 
two points, 20 mi apart, in one hour. The return trip against the 
current takes 25 hours. W hat is the boat’s speed, and how fast 
does the current in the river flow? 


Nutrition A researcher performs an experiment to test a 
hypothesis that involves the nutrients niacin and retinol. She 
feeds one group of laboratory rats a daily diet of precisely 

32 units of niacin and 22,000 units of retinol. She uses two 
types of commercial pellet foods. Food A contains 0.12 unit 
of niacin and 100 units of retinol per gram. Food B contains 
0.20 unit of niacin and 50 units of retinol per gram. How many 
grams of each food does she feed this group of rats each day? 
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66. 


67. 


68. 


69. 


70. 


71, 


72. 


73. 


Coffee Blends A customer in a coffee shop purchases a 
blend of two coffees: K enyan, costing $3.50 a pound, and 

Sri Lankan, costing $5.60 a pound. He buys 3 |b of the blend, 
which costs him $11.55. How many pounds of each kind went 
into the mixture? 


Mixture Problem A chemist has two large containers of 
sulfuric acid solution, with different concentrations of acid in 
each container. Blending 300 mL of the first solution and 

600 mL of the second gives a mixture that is 15% acid, 
whereas blending 100 mL of the first with 500 mL of the sec- 
ond gives a 123% acid mixture. What are the concentrations of 
sulfuric acid in the original containers? 


Mixture Problem A biologist has two brine solutions, 
one containing 5% salt and another containing 20% salt. How 
many milliliters of each solution should she mix to obtain 

1L of asolution that contains 14% salt? 


Investments A woman invests a total of $20,000 in two 
accounts, one paying 5% and the other paying 8% simple 
interest per year. Her annual interest is $1180. How much did 
she invest at each rate? 


Investments A man invests his savings in two accounts, 

one paying 6% and the other paying 10% simple interest per 

year. He puts twice as much in the lower-yielding account be- 
cause it is less risky. His annual interest is $3520. How much 
did he invest at each rate? 


Distance, Speed, and Time John and Mary leave their 
house at the same time and drive in opposite directions. J ohn 
drives at 60 mi/h and travels 35 mi farther than M ary, who 
drives at 40 mi/h. M ary’s trip takes 15 min longer than J ohn’s. 
For what length of time does each of them drive? 


Aerobic Exercise A woman keeps fit by bicycling and 
running every day. On Monday she spends 3 hour at each 
activity, covering a total of 123 mi. On Tuesday she runs for 
12 min and cycles for 45 min, covering a total of 16 mi. 
Assuming that her running and cycling speeds don’t change 
from day to day, find these speeds. 


Number Problem The sum of the digits of a two-digit 
number is 7. When the digits are reversed, the number is 
increased by 27. Find the number. 


74. Area of aTriangle Find the area of the triangle that lies 


in the first quadrant (with its base on the x-axis) and that is 
bounded by the lines y = 2x — 4andy = —4x + 20. 


ya 


y=2x-4 


DISCOVERY =DISCUSSION = WRITING 


75. The Least Squares Line The least squares line or regres- 


sion line is the line that best fits a set of points in the plane. We 
studied this line in the Focus on M odeling that follows Chapter 
2 (see page 171). By using calculus, it can be shown that the 
line that best fits the n data points (x1, yz), (Xz, V2), «++» (Xm Yn) 
is the line y = ax + b, where the coefficients a and b satisfy the 
following pair of linear equations. (The notation Sk=1 x, stands 
for the sum of all the x's. See Section 13.1 for a complete de- 
scription of sigma (=) notation.) 


n n 
(Six)e +nb= Dv 
k=1 kK=1 
n n n 
(Sx)s + (Sx)p = xe 
k=1 k=1 k=1 
Use these equations to find the least squares line for the fol- 
lowing data points. 


(1,3), (2,5), (3,6), (5,6), (7,9) 


Sketch the points and your line to confirm that the line fits 
these points well. If your calculator computes regression lines, 
see whether it gives you the same line as the formulas. 


11.2 SYSTEMS OF LINEAR EQUATIONS IN SEVERAL VARIABLES 


Solving a Linear System B> The Number of Solutions of a Linear System 
Modeling Using Linear Systems 


A linear equation in n variables is an equation that can be put in the form 


where aj, a>, .. 


., a, and c are real numbers, and x,, X,.. 


a4Xy + aX steers Se anXpy = iC 


., X, are the variables. If we 


have only three or four variables, we generally use x, y, z, and w instead of x,, X, X3, and 
X,4. Such equations are called linear because if we have just two variables, the equation is 
aiX + a,y =, which is the equation of a line. Here are some examples of equations in 
three variables that illustrate the difference between linear and nonlinear equations. 
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Not linear because it contains 


Linear equations Nonlinear equations 

a 4 the square and the square 
6X, — 3x, + V5x3=10 x°+3y—-Vz=5 root of a variable 
x+y+z=Ww-}3 XiX) + 6X3 = —6 Not linear because it contains 


a product of variables 


In this section we study systems of linear equations in three or more variables. 


V Solving a Linear System 


The following are two examples of systems of linear equations in three variables. T he sec- 
ond system is in triangular form; that is, the variable x doesn’t appear in the second 
equation, and the variables x and y do not appear in the third equation. 


A system of linear equations A system in triangular form 
x-2y- z= 1 x-2y- z= 
—X+ 3y+3z= 4 yt2z=5 
2x —3y+ z=10 z=3 


It's easy to solve a system that is in triangular form by using back-substitution. So our 
goal in this section is to start with a system of linear equations and change it to a system 
in triangular form that has the same solutions as the original system. We begin by show- 
ing how to use back-substitution to solve a system that is already in triangular form. 


EXAMPLE 1 | Solving a Triangular System Using Back-Substitution 


Solve the system using back-substitution: 


x-2y- z=1 Equation 1 
yt2z=5 Equation 2 
z=3 Equation 3 


SOLUTION From the last equation we know that z = 3. We back-substitute this into 
the second equation and solve for y. 


y + 2(3) = 5 — Back-substitute z = 3 into Equation 2 
y=-l Solve for y 
Then we back-substitute y = —1 and z = 3 into the first equation and solve for x. 
x — 2(-1) - (3) =1 Back-substitute y =-1 and z =3 into Equation 1 
X=2 Solve for x 


The solution of the system is x = 2, y = —1,z = 3. Wecan also write the solution as the 
ordered triple (2, —1, 3). 
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To change a system of linear equations to an equivalent system (that is, a system with 
the same solutions as the original system), we use the elimination method. This means 
that we can use the following operations. 
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R+2y— S2>° 3 
=a Poy = B25 


8y — 14z= 0 
8y—14z= 0 
—8y + 8z = —24 
—6z = 24 


OPERATIONS THAT YIELD AN EQUIVALENT SYSTEM 


1. Add anonzero multiple of one equation to another. 


2. Multiply an equation by a nonzero constant. 
3. Interchange the positions of two equations. 


To solve a linear system, we use these operations to change the system to an equiva- 
lent triangular system. Then we use back-substitution as in Example 1. This process is 
called Gaussian elimination. 


EXAMPLE 2 | Solving a System of Three 
Equations in Three Variables 


Solve the system using Gaussian elimination. 


x-2y+ 3z=1 Equation 1 
X+2y- z= 13 Equation 2 
3x + 2y — 5z =3 Equation 3 


SOLUTION Weneed to change this to a triangular system, so we begin by eliminating 
the x-term from the second equation. 


x+2y- 2=13 Equation 2 
x-2y+3z= 1 Equation 1 


4y — 42 =12 Equation 2 +(-1) x Equation 1 =new Equation 2 
This gives us a new, equivalent system that is one step closer to triangular form. 
x-2y+3z= 1 Equation 1 


4y — 42 =12 Equation 2 
3x + 2y—5z = 3 Equation 3 


Now we eliminate the x-term from the third equation. 
x-2y+ 3z2= 1 
4y— 42=12 
8y — 142 0 Equation 3 + (—3) x Equation 1 = new Equation 3 


Then we eliminate the y-term from the third equation. 


X-2y+3z= 1 
Ay — 42 12 
— 6z = —24 Equation 3 +(—2) x Equation 2 =new Equation 3 


The system is now in triangular form, but it will be easier to work with if we divide the 
second and third equations by the common factors of each term. 


x-2y+3z=1 
y- z=3 ; X Equation 2 = new Equation 2 
z=4 - + x Equation 3 = new Equation 3 


Now we use back-substitution to solve the system. From the third equation we get 
z = 4. We back-substitute this into the second equation and solve for y. 


y — (4) =3 Back-substitute z = 4 into Equation 2 
y=7 Solve for y 
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Now we back-substitute y = 7 and z = 4 into the first equation and solve for x. 
K=3yahz=4 x — 2(7) + 3(4) =1 Back-substitute y = 7 and z =4 into Equation 1 
(3) — 27) + 34) = 1 X= 3 — Solve for x 


The solution of the system is x = 3, y = 7, z = 4, which we can write as the ordered triple 
+ 27 = 5(4) =3v (3, 7 4). 
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V The Number of Solutions of a Linear System 


The graph of a linear equation in three variables is a plane in three dimensional space (see 
Section 10.6). A system of three equations in three variables represents three planes in 
space. The solutions of the system are the points where all three planes intersect. Three 
planes may intersect in a point, a line, not at all, or all three planes may coincide. 
Figure 1 illustrates some of these possibilities. Checking these possibilities we see that 
there are three possible outcomes when solving such a system. 


NUMBER OF SOLUTIONS OF A LINEAR SYSTEM 


For a system of linear equations, exactly one of the following is true. 


1. The system has exactly one solution. 
2. The system has no solution. 
3. The system has infinitely many solutions. 


A system with no solutions is said to be inconsistent, and a system with infinitely many 
solutions is said to be dependent. As we see in the next example, a linear system has no 
solution if we end up with a false equation after applying Gaussian elimination to the 
system. 


(a) The three planes intersect at a (b) The three planes intersect (c) The three planes have no point 
single point. The system has at more than one point. The in common. The system has no 
one solution. system has infinitely many solution. 

FIGURE 1 solutions. 


EXAMPLE 3 | A System with No Solution 
Solve the following system. 
X+2y-—2z=1 Equation 1 
2x+ 2y—- z=6 Equation 2 
3x + 4y — 32 =5 Equation 3 
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SOLUTION To put this in triangular form, we begin by eliminating the x-terms from 
the second equation and the third equation. 


x+2y—-—2z=1 

—2y + 3z=4 Equation 2 +(-2) x Equation 1 =new Equation 2 
3x + 4y + 3z = 
Xx+2y-—2z=1 

—2y +3z=4 


—2y + 3z =2 Equation 3 +(-3) x Equation 1 =new Equation 3 
Now we eliminate the y-term from the third equation. 
Xx+2y—-2z=1 


—2y + 3z =4 
0=2 ~~ Equation 3 +(-1) x Equation 2 =new Equation 3 


The system is now in triangular form, but the third equation says 0 = 2, which is false. 
No matter what values we assign to x, y, and z, the third equation will never be true. This 
means that the system has no solution. 
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EXAMPLE 4 | A System with Infinitely Many Solutions 


Solve the following system. 
X- yt+5z=-2 Equation 1 
Xa Yad = 2 Equation 2 
2x + 4y — 2z 8 Equation 3 


SOLUTION To put this in triangular form, we begin by eliminating the x-terms from 
the second equation and the third equation. 
X- yt+5z=-2 
3y-6z= 6 Equation 2 +(-2) x Equation 1 = new Equation 2 


2x + 4y—2z= 8 
Ve ¥ + Se 2 
3By- 6z2= 6 
6y — 122 = 12 Equation 3 + (-2) x Equation 1 =new Equation 3 
Now we eliminate the y-term from the third equation. 
X= yboz= —2 
By -—6z= 6 


0= 0 Equation 3 +(-2) x Equation 2 =new Equation 3 


The new third equation is true, but it gives us no new information, so we can drop it from 
the system. Only two equations are left. We can use them to solve for x and y in terms of 
z, but z can take on any value, so there are infinitely many solutions. 

To find the complete solution of the system, we begin by solving for y in terms of z, 
using the new second equation. 


3y — 62 =6 Equation 2 
y—2z=2 Multiply by 5 
y=2z+2 — Solvefory 
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Then we solve for x in terms of z, using the first equation. 


X — (2z2 + 2) + 5z = —-2 Substitute y =2z + 2 into Equation 1 
Xx+3z-2=-2 Simplify 
X= —3z Solve for x 


To describe the complete solution, we let t represent any real number. The solution is 


X = -3t 
y=2t+2 
z= 


We can also write this as the ordered triple (—3t, 2t + 2, t). 
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In the solution of Example 4 the variable t is called a parameter. To get a specific 
solution, we give a specific value to the parameter t. For instance, if we set t = 2, we get 


X = —3(2) = -6 
y =2(2) +2=6 
Z=2 


Thus (—6, 6, 2) is a solution of the system. Here are some other solutions of the system 
obtained by substituting other values for the parameter t. 


Parameter t Solution (—3t 2t+ 2,8 
=1 (3, 0, -1) 
0 (0, 2, 0) 
3 (—9, 8, 3) 
10 (—30, 22, 10) 


You should check that these points satisfy the original equations. There are infinitely 
many choices for the parameter t, so the system has infinitely many solutions. 


V Modeling Using Linear Systems 


Linear systems are used to model situations that involve several varying quantities. In the 
next example we consider an application of linear systems to finance. 


EXAMPLE 5 | Modeling a Financial Problem 
Using a Linear System 


Jason receives an inheritance of $50,000. His financial advisor suggests that he invest 
this in three mutual funds: a money-market fund, a blue-chip stock fund, and a high- 
tech stock fund. The advisor estimates that the money-market fund will return 5% over 
the next year, the blue-chip fund 9%, and the high-tech fund 16%. Jason wants a total 
first-year return of $4000. To avoid excessive risk, he decides to invest three times as 
much in the money-market fund as in the high-tech stock fund. How much should he 
invest in each fund? 
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SOLUTION 
Let X = amount invested in the money-market fund 
y = amount invested in the blue-chip stock fund 
z = amount invested in the high-tech stock fund 
We convert each fact given in the problem into an equation. 
x + y + z = 50,000 Total amount invested is $50,000 
0.05x + 0.09y + 0.16z = 4000 Total investment return is $4000 


X=3z M oney-market amount is 3 x high-tech amount 


Multiplying the second equation by 100 and rewriting the third gives the following sys- 
tem, which we solve using Gaussian elimination. 
x+ y+ z= 50,000 
5x + 9y + 16z = 400,000 100 x Equation 2 
Xx — 32= 0 Subtract 3z 


xty+ z= _ 50,000 


4y + 1lz = 150,000 Equation 2 + (-5) x Equation 1 =new Equation 2 
-y — 47 = —50,000 Equation 3 +(-1) x Equation 1 =new Equation 3 


x+y+ z= 50,000 
—5z = —50,000 Equation 2 + 4 x Equation 3 =new Equation 3 
—-y — 4z = —50,000 


x+y+ z= 50,000 
z=10,000 —(-2) x Equation 2 
y + 4z = 50,000 (-1) x Equation 3 


x+y+ z= 50,000 
y + 4z = 50,000 Interchange Equations 2 and 3 
z = 10,000 


Now that the system is in triangular form, we use back-substitution to find that 
X = 30,000, y = 10,000, and z = 10,000. This means that J ason should invest 


$30,000 in the money-market fund 
$10,000 in the blue-chip stock fund 
$10,000 in the high-tech stock fund 
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L11.2 EXERCISES | 
CONCEPTS 1. If we add 2 times the first equation to the second equation, the 
1-2 m These exercises refer to the following system. second equation becomes = 
X- yt z= 2 2. To eliminate x from the third equation, we add 
x + 2y z= -3 times the first equation to the third equation. The third equation 
3x + y-dz= 2 becomes = 


SKILLS 


3-6 m State whether the equation or system of equations is linear. 


3. 6x — V3y + 52 =0 


xy — 3y+ z=5 
5.4 x—y?+5z=0 
2x + yz =3 


4. 


r+yt2=4 
X — 2y + 3z = 10 
2x + 5y = 2 
y+t2z= 4 


7-12 = Use back-substitution to solve the triangular system. 
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x—2y +42 = X+y—3z= 8 

7. y+2z=7 8. y-3z= 5 

z=2 z=-1 

X+2y+ z=7 X — 2y + 3z = 10 

9 -yt3z= 10. 2y- z= 2 

2z = 3z = 12 
2x -—y + 6z=5 4x + 3z = 10 
11 y+4z=0 12.4 2y- z=- 
—2z=1 i= 4 


13-16 m Perform an operation on the given system that 
eliminates the indicated variable. W rite the new equivalent 
system. 


x-2d’y- z=4 xt y-32= 
13.) x- yt+3z=0 14, 2x + 3y z=2 
axx+ y+ z=0 X- yt2z=0 


Eliminate the x-term 
from the second equation. 


Eliminate the x-term 
from the second equation. 


2x- y+3z= 2 x-—4y + z= 3 
15. X+2y- z= 4 16. y — 3z = 10 
4x + 5y z=10 By — 8z = 24 


Eliminate the x-term 
from the third equation. 


Eliminate the y-term 
from the third equation. 


17-36 m Find the complete solution of the linear system, or show 
that it is inconsistent. 


X=yo2z= 4 
~17, 2y+ z=-1 18. y+ 2z = —-2 
—X+y-2z= 5 


z= 4 
3z = 10 20. 


ear 
X + 3y 
2x+ y- z= 3 


X —4z7=]1 
21.4 2x- y-6z= 22. 


2x + 3y — 22 = 


2x+4y— z= 2 
X + 2y —3z = -4 24, 
3x- y+ z= 1 


SS SS. = 
R > 
at ol 
=< 
im 
umn 
Nob 
sll 
sa oN 


y-2z= 0 2+ z= 3 
«25, 9 2x + 3y = 2 26. 95x + 4y + 3z = —-1 
—-x-2y+2z2=-1 X — 3y =-2 
x+t2y- z= 1 —x+2y+ 5z2=4 
~27, 4 2x + 3y — 42 = -3 28.4 Xx — 2z2=0 
3x + 6y-—3z= 4 4x — 2y —1lz =2 
2x + 3y-z=1 X—2y —3z2=5 
29. 4 x + 2y =3 30.42x+ y- z=5 
X+3By+z=4 4x —3y -7z =5 
Xt y- z= 0 X-—2y+ 2=3 
31.4) x + 2y —3z=—-3 32. 42x — 5y +62 =7 
2x + 3y — 42 = —3 2x — 3y — 22 =5 
X + By — 2z =0 2x + 4y —- z=3 
33, 4 2x + 472 =4 34.4 x+2y +42 =6 
4x + 6y =4 x+2y= 22 =0 
pa zt+2w= 6 
y—2z =-3 
oS x+2y-— 2 = -2 
2x y+3z-22w= 0 
y Zz w=0 
y z+lw=0 
a6. 2x + 2y + 32+ 4w=1 
2x + 3y + 42 + Sw = 2 
APPLICATIONS 


37-38 = Finance An investor has $100,000 to invest in three 
types of bonds: short-term, intermediate-term, and long-term. 
How much should she invest in each type to satisfy the given 
conditions? 


37. Short-term bonds pay 4% annually, intermediate-term bonds 


pay 5%, and long-term bonds pay 6%. The investor wishes to 
realize a total annual income of 5.1%, with equal amounts 
invested in short- and intermediate-term bonds. 


38. Short-term bonds pay 4% annually, intermediate-term bonds 
pay 6%, and long-term bonds pay 8%. The investor wishes to 
have a total annual return of $6700 on her investment, with 
equal amounts invested in intermediate- and long-term bonds. 


39. Agriculture A farmer has 1200 acres of land on which he 
grows corn, wheat, and soybeans. It costs $45 per acre to grow 
corn, $60 to grow wheat, and $50 to grow soybeans. Because of 
market demand, the farmer will grow twice as many acres of 
wheat as of corn. He has allocated $63,750 for the cost of grow- 
ing his crops. How many acres of each crop should he plant? 
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40. Gas Station A gas station sells three types of gas: Regular 
for $3.00 a gallon, Performance Plus for $3.20 a gallon, and 
Premium for $3.30 a gallon. On a particular day 6500 gallons 
of gas were sold for a total of $20,050. Three times as many 
gallons of Regular as Premium gas were sold. How many 
gallons of each type of gas were sold that day? 


41. Nutrition A biologist is performing an experiment on the 
effects of various combinations of vitamins. She wishes to feed 
each of her laboratory rabbits a diet that contains exactly 9 mg 
of niacin, 14 mg of thiamin, and 32 mg of riboflavin. She has 
available three different types of commercial rabbit pellets; 
their vitamin content (per ounce) is given in the table. How 
many ounces of each type of food should each rabbit be given 
daily to satisfy the experiment requirements? 


45. Stock Portfolio An investor owns three stocks: A, B, and 


C. The closing prices of the stocks on three successive trading 
days are given in the table. 


Stock A Stock B Stock C 
Monday $10 $25 $29 
Tuesday $12 $20 $32 
Wednesday $16 $15 $32 


TypeA Type B TypeC 
Niacin (mg) 2 3 1 
Thiamin (mg) 3 1 3 
Riboflavin (mg) 8 5 7 


42. Diet Program Nicole started a new diet that requires each 
meal to have 460 calories, 6 grams of fiber, and 11 grams of 
fat. The table shows the fiber, fat, and calorie content of one 
serving of each of three breakfast foods. How many servings 
of each food should Nicole eat to follow her diet? 


Food Fiber Fat Calories 
Toast 2 1 100 
Cottage cheese 0 5 120 
Fruit 2 0 60 


43. Juice Blends = TheJuice Company offers three kinds of 
smoothies: Midnight M ango, Tropical Torrent, and Pineapple 
Power. Each smoothie contains the amounts of juices shown in 
the table. 


Mango Pineapple | Orange 
Smoothie juice (0z) juice (oz) | juice (oz) 
Midnight M ango 8 3 3 
Tropical Torrent 6 5 3 
Pineapple Power 2 8 4 


On a particular day the ] uice Company used 820 oz of mango 
juice, 690 oz of pineapple juice, and 450 oz of orange juice. 
How many smoothies of each kind were sold that day? 


44, Appliance Manufacturing Kitchen K orner produces re- 
frigerators, dishwashers, and stoves at three different factories. 
The table gives the number of each product produced at each 
factory per day. Kitchen Korner receives an order for 110 re- 
frigerators, 150 dishwashers, and 114 ovens. How many days 
should each plant be scheduled to fill this order? 


Appliance Factory A Factory B Factory C 
Refrigerators 8 10 14 
Dishwashers 16 12 10 
Stoves 10 18 6 


Despite the volatility in the stock prices, the total value of the 
investor's stocks remained unchanged at $74,000 at the end of 
each of these three days. How many shares of each stock does 
the investor own? 


. Elecricity By using K irchhoff’s Laws, it can be shown that 
the currents |,, 12, and |; that pass through the three branches of 
the circuit in the figure satisfy the given linear system. Solve 
the system to find |,, |,, and 13. 


be he b= 8 
161, — 8l, =4 
gl, + 41, =5 


DISCOVERY =DISCUSSION = WRITING 


47. Can a Linear System Have Exactly Two Solutions? 


(a) Suppose that (Xo, Yo, 20) and (X;, yz, 21) are solutions of the 


system 
a4X biy CZ — dy 
aX boy Cz = d, 
a3X by C3Z = d3 
Xo + X + 54 Via ae 4 
Show that ( : 5 : ul 5 i : 5 ‘Ji also a solution. 


(b) Use the result of part (a) to prove that if the system has 
two different solutions, then it has infinitely many 
solutions. 


DISCOVERY 
PROJECT Best Fit Versus Exact Fit 


In this project we use linear systems to find quadratic 


functions whose graphs pass through a set of given points. 
You can find the project at the book companion website: 
www.stewartmath.com 
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11.3 MATRICES AND SYSTEMS OF LINEAR EQUATIONS 


Matrices > The Augmented Matrix of a Linear System > Elementary Row 
Operations ® Gaussian Elimination B Gauss-Jordan Elimination 
Inconsistent and Dependent Systems > Modeling with Linear Systems 


A matrix is simply a rectangular array of numbers. M atrices* are used to organize informa- 
tion into categories that correspond to the rows and columns of the matrix. For example, a 
scientist might organize information on a population of endangered whales as follows: 


Immature Juvenile Adult 
Male 12 52 18 
Female | 15 42 11 
This is a compact way of saying that there are 12 immature males, 15 immature females, 
18 adult males, and so on. 


In this section we represent a linear system by a matrix, called the augmented matrix 
of the system: 


Linear system Augmented matrix 
{m —~ y=5 Equation 1 : =) i 
Xray Equation 2 1 #& ¢ 
X y 


The augmented matrix contains the same information as the system, but in a simpler form. 
The operations we learned for solving systems of equations can now be performed on the 
augmented matrix. 


V Matrices 


We begin by defining the various elements that make up a matrix. 


DEFINITION OF MATRIX 


Anm X n matrix is a rectangular array of numbers with m rows and n columns. 


— 


— 
<-- mrows 


amt Am2 Amz a 
ie Ta 


n columns 


We say that the matrix has dimension m x n. The numbers a; are the entries of 
the matrix. The subscript on the entry aj, indicates that it is in the ith row and the 
jth column. 


*The plural of matrix is matrices. 
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Here are some examples of matrices. 


Matrix Dimension 
ae 2x3 2 by 3 col 
> 4 -] rows by 3 columns 
(6 -5 0 1] 1x4 — 1row by 4 columns 


V The Augmented Matrix of a Linear System 


We can write a system of linear equations as a matrix, called the augmented matrix of 
the system, by writing only the coefficients and constants that appear in the equations. 
Here is an example. 


Linear system Augmented matrix 
3x -—2yt+z2= 5 3 -2 1 5 
Xx+3y-z= 0 1 3 -1l 0 
—X + 4z=11 —1 0 4 11 


Notice that a missing variable in an equation corresponds to a 0 entry in the augmented 
matrix. 


EXAMPLE 1 | Finding the Augmented Matrix of a Linear System 
W rite the augmented matrix of the system of equations. 
6x —2y-—z=4 


6x —2y- z=4 


The augmented matrix is the matrix whose entries are the coefficients and the constants 
in this system. 


6 -2 -1 4 
1 0 3: 1 
0 7 1 5 
®. NOW TRY EXERCISE 2 i 


V Elementary Row Operations 


The operations that we used in Section 11.2 to solve linear systems correspond to opera- 
tions on the rows of the augmented matrix of the system. For example, adding a multiple 
of one equation to another corresponds to adding a multiple of one row to another. 


ELEMENTARY ROW OPERATIONS 


1. Add a multiple of one row to another. 


2. Multiply a row by a nonzero constant. 
3. Interchange two rows. 


Add (—1) X Equation 1 to Equation 2. 
Add (—3) X Equation 1 to Equation 3. 


M ultiply Equation 3 by 5. 


Add (—3) X Equation 3 to Equation 2 
(to eliminate y from Equation 2). 


Interchange Equations 2 and 3. 
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Note that performing any of these operations on the augmented matrix of a system does 
not change its solution. We use the following notation to describe the elementary row 
operations: 


Symbol Description 


R; + kR; > R; Change the ith row by adding k times row j to it, and 
then put the result back in row i. 


kR; Multiply the ith row by k. 
Rio R, Interchange the ith and jth rows. 


In the next example we compare the two ways of writing systems of linear equations. 


EXAMPLE 2 | Using Elementary Row Operations 
to Solve a Linear System 


Solve the system of linear equations. 
X- yt3z= 4 
x + 2y — 2z = 10 
3x-— yt+5z=14 


SOLUTION Our goal is to eliminate the x-term from the second equation and the 
x- and y-terms from the third equation. For comparison, we write both the system of equa- 
tions and its augmented matrix. 


System Augmented matrix 
X- yt+t3z= 4 lL = 3. «4 
xX + 2y — 2z = 10 1 2 -2 10 
3x -— y+5z=14 3° = 5 14 
X- y+3z= 4 a dt = 3 4 
3y —52 = 6 > Io 2 =h 6 
R; —3R,—>R; 
2y-—4z2= 2 0 2 -4 2 
X- y+t3z= 4 i «1 3 4 
3y —5z = 6 Rs 0 3 -5 6 
y=2z= 1 0 1 -2 1 
X- yt 3z 4 t= 3 4 
z= 3 i is ie 0 0 1 3 
y-2z= 1 0 1 -2 1 
X- yt3z= 4 hecehs I =1 3 4 
y-2z= 1 = 0 1 -2 1 
z= 3 0 0 1 3 
Now we use back-substitution to find that x = 2, y = 7, and z = 3. The solution is 
(2, 7, 3) 
©. NOW TRY EXERCISE 19 Fa 


V Gaussian Elimination 


In general, to solve a system of linear equations using its augmented matrix, we use ele- 
mentary row operations to arrive at a matrix in a certain form. This form is described in 
the following box. 
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ROW-ECHELON FORM AND REDUCED ROW-ECHELON FORM OF A MATRIX 


A matrix is in row-echelon form if it satisfies the following conditions. 


1. The first nonzero number in each row (reading from left to right) is 1. This is 
called the leading entry. 


2. The leading entry in each row is to the right of the leading entry in the row 


immediately above it. 
3. All rows consisting entirely of zeros are at the bottom of the matrix. 


A matrix is in reduced row-echelon form if it is in row-echelon form and also 
satisfies the following condition. 


4. Every number above and below each leading entry is a 0. 


In the following matrices, the first one is not in row-echelon form. The second one is 
in row-echelon form, and the third one is in reduced row-echelon form. The entries in red 
are the leading entries. 


Not in row-echelon form Row-echelon form Reduced row-echelon form 
0 1 = 0 6 1 3 -6 10 0 1 3 0 0 0 
1 0 3 4 -5 0 0 il 4-3 001 0 -3 
00 01 04 00 0 1 =§ 0001 43 
0 1 1 0 0 0 0 0 O 0 00 0 0 0 
Leading 1's do not Leading 1’s shift to Leading 1's 

shift to the right in the right in have 0’s above 

successive rows successive rows and below them 


Here is a systematic way to put a matrix in row-echelon form using elementary row 
operations: 


=» Start by obtaining 1 in the top left corner. Then obtain zeros below that 1 by 
adding appropriate multiples of the first row to the rows below it. 
= Next, obtain a leading 1 in the next row, and then obtain zeros below that 1. 


» At each stage make sure that every leading entry is to the right of the leading entry 
in the row above it— rearrange the rows if necessary. 


=» Continue this process until you arrive at a matrix in row-echelon form. 


This is how the process might work for a3 x 4 matrix: 


1 1 i 
0 0 1 0 1 
0 0 0 0 0 1 


Once an augmented matrix is in row-echelon form, we can solve the corresponding lin- 
ear system using back-substitution. This technique is called Gaussian elimination, in 
honor of its inventor, the German mathematician C. F. Gauss (see page 309). 


SOLVING A SYSTEM USING GAUSSIAN ELIMINATION 


. Augmented Matrix. Write the augmented matrix of the system. 
. Row-Echelon Form. Use elementary row operations to change the aug- 


mented matrix to row-echelon form. 


. Back-Substitution. Write the new system of equations that corresponds to 
the row-echelon form of the augmented matrix and solve by back-substitution. 
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EXAMPLE 3 | Solving a System Using Row-Echelon Form 
Solve the system of linear equations using Gaussian elimination. 


4x+8y-— 4z= 4 
3x + 8y + 5z=-ll1 
—2x+ y+12z=-17 


SOLUTION We first write the augmented matrix of the system, and then we use ele- 
mentary row operations to put it in row-echelon form. 


Need a 1 here 


Augmented matrix: 4 8 -4 4 


Need 0's here 


Rs = Shi Rs 
Re + ths Rs 


Need a 0 here 


Nie 


=1 j Need a 1 here 
12 -l1 1 

22 0 1 4 =] 
0G 10 -15 


1 2 -1 1 
R;—5R,—>R, ‘el A =F Need a1 here 
0 0 €1) 20 
Row-echelon form: 1 2 -!l 1 
=#1R, | 0) i 4-7 
0 0 1 -2 


We now have an equivalent matrix in row-echelon form, and the corresponding system 
of equations is 


x+2y- z= 1 
y+4z=—7 
z= =2 


Back-substitute: We use back-substitution to solve the system. 
y + 2(-2) = -3 Back-substitute z =-2 into Equation 2 


y=1 Solve for y 
x + 2(1) — (-2) =1 Back-substitute y = 1 and z =-2 into Equation 1 
Saree X= -3 Solve for x 
oh ‘ 5 ia So the solution of the system is (—3, 1, —2). 
fo 01 -2d4 ©. NOW TRY EXERCISE 21 | 


Graphing calculators have a “row-echelon form” command that puts a matrix in 
row-echelon form. (On the TI-83 this command is ref.) For the augmented matrix in 
FIGURE 1 Example 3 the ref command gives the output shown in Figure 1. Notice that the 
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Since the system is in reduced row- 
echelon form, back-subsitution is not 
required to get the solution. 


row-echelon form that is obtained by the calculator differs from the one we got in Exam- 
ple 3. This is because the calculator used different row operations than we did. You should 
check that your calculator’s row-echelon form leads to the same solution as ours. 


V Gauss-Jordan Elimination 


If we put the augmented matrix of a linear system in reduced row-echelon form, then we 
don’t need to back-substitute to solve the system. To put a matrix in reduced row-echelon 
form, we use the following steps. 
» Use the elementary row operations to put the matrix in row-echelon form. 
» Obtain zeros above each leading entry by adding multiples of the row containing 
that entry to the rows above it. Begin with the last leading entry and work up. 


Here is how the process works for a3 X 4 matrix: 


1 1 0 1 @ 0 
0 1 > 0 1 0 —> |0 1 0 
0 0 1 0 0 1 0 0 1 


Using the reduced row-echelon form to solve a system is called Gauss-J ordan elimina- 
tion. The process is illustrated in the next example. 


EXAMPLE 4 | Solving a System Using Reduced 
Row-Echelon Form 

Solve the system of linear equations, using Gauss-] ordan elimination. 

4x+8y- 42= 4 

3x + By + 5z=—-11 

2x+ yt+12z=-17 
SOLUTION In Example 3 we used Gaussian elimination on the augmented matrix of 
this system to arrive at an equivalent matrix in row-echelon form. We continue using el- 


ementary row operations on the last matrix in Example 3 to arrive at an equivalent matrix 
in reduced row-echelon form. 


Need 0's here 


12 cd 1 
01 @® 7 
oo 1 = 


Need a 0 here 


a 10 1 
nee LG. Go 2g 
a ee a 10 0 -3 
——eee | 1 o. 

0 0 41 -2 


We now have an equivalent matrix in reduced row-echelon form, and the corresponding 
system of equations is 
=-3 
1 
=-2 


Hence we immediately arrive at the solution (—3, 1, —2). 
®. NOW TRY EXERCISE 23 iat 


Nn <= &X< 


rref(LA1) 
Ec @ @ Ss] 

EQ) 4) Ol 4) a 
724) a 


EON OFA 


FIGURE 2 
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Graphing calculators also have a command that puts a matrix in reduced row-echelon 
form. (On the TI-83 this command is rre#.) For the augmented matrix in Example 4, the 
rref Command gives the output shown in Figure 2. The calculator gives the same reduced 
row-echelon form as the one we got in Example 4. This is because every matrix has a 
unique reduced row-echelon form. 


V Inconsistent and Dependent Systems 


The systems of linear equations that we considered in Examples 1-4 had exactly one 
solution. But as we know from Section 11.2, a linear system may have one solution, 
no solution, or infinitely many solutions. Fortunately, the row-echelon form of a sys- 
tem allows us to determine which of these cases applies, as described in the following 
box. 

First we need some terminology. A leading variable in a linear system is one that 
corresponds to a leading entry in the row-echelon form of the augmented matrix of the 
system. 


THE SOLUTIONS OF A LINEAR SYSTEM IN ROW-ECHELON FORM 


Suppose the augmented matrix of a system of linear equations has been trans- 
formed by Gaussian elimination into row-echelon form. Then exactly one of the 
following is true. 


1. No solution. |f the row-echelon form contains a row that represents the equa- 
tion 0 = c, where c is not zero, then the system has no solution. A system with 
no solution is called inconsistent. 


. One solution. |f each variable in the row-echelon form is a leading variable, 
then the system has exactly one solution, which we find using back-substitution 
or Gauss-] ordan elimination. 


. Infinitely many solutions. |f the variables in the row-echelon form are not all 
leading variables and if the system is not inconsistent, then it has infinitely 
many solutions. In this case the system is called dependent. We solve the sys- 
tem by putting the matrix in reduced row-echelon form and then expressing 
the leading variables in terms of the nonleading variables. The nonleading 
variables may take on any real numbers as their values. 


The matrices below, all in row-echelon form, illustrate the three cases described above. 


No solution One solution Infinitely many solutions 
12 5 7 1 6 -l 3 12 =3 1 
013 4 0 1 2 -2 0 1 5 -2 
000 1 0 0 1 8 0 0 0 0 

Last equation Each variable is a zis nota leading 
says0=1 leading variable variable 


EXAMPLE 5 | A System with No Solution 


Solve the system. 
x -— 3y + 2z = 12 
2x —- 5y + 5z = 14 
x — 2y + 3z = 20 
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ref (LAI) 

Eds yey ele cdl 
E(o) 4] 1 = (0a) 
CO O 0 ul) zal) 


FIGURE 3 


Reduced row-echelon form on the 
T|-83 calculator: 


rref(CAJ1) 
Ie) (oy 7% Sa] 
Ico) =e 1 ol 
[E (0) fo} (a) a) Jal 


Systems of Equations and Inequalities 


SOLUTION Wetransform the system into row-echelon form. 


1-3 2 12] p-aor [1 -3 2 2 
2-5 5 4|/———-|0 11 -10 


R;— Ri R; 

1 -2 3 20 0 11 8 
i-tan [2 2 2) ae [te 2 @ 
os 1 2 10 (3 |G 2 cP a6 

0 0 0 18 00 0 1 


This last matrix is in row-echelon form, so we can stop the Gaussian elimination process. 
Now if we translate the last row back into equation form, we get Ox + Oy + 0z = 1, 
or 0 = 1, which is false. No matter what values we pick for x, y, and z, the last equation 
will never be a true statement. This means that the system has no solution. 


®. NOW TRY EXERCISE 29 a 


Figure 3 shows the row-echelon form produced by a TI-83 calculator for the aug- 
mented matrix in Example 5. You should check that this gives the same solution. 


EXAMPLE 6 | A System with Infinitely Many Solutions 
Find the complete solution of the system. 


x+ y-—10z=—-4 
SOLUTION Wetransform the system into reduced row-echelon form. 


-3 -5 36 10] por, | 1 1 -10 -4 
-1 0 7 S| *]-1 0 7 5 


1 1 -10 —4 3 25 36 30 
netate 2° = Sol pdt! 4 
(4. 2% a) lat Se: 7 
per eM. |g? xe ig 9 00 oO 0 
ota Fo me 
Slt t =o Of 
00 0 0 


The third row corresponds to the equation 0 = 0. This equation is always true, no matter 
what values are used for x, y, and z. Since the equation adds no new information about the 
variables, we can drop it from the system. So the last matrix corresponds to the system 


i -—7z=-5 
y-—3z= 1 


Leading variables 


Equation 1 
Equation 2 


Now we solve for the leading variables x and y in terms of the nonleading variable z: 
x=7z-5 
y=3z+1 


Solve for x in Equation 1 


Solve for y in Equation 2 
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To obtain the complete solution, we let t represent any real number, and we express x, y, 
and z in terms of t: 


We can also write the solution as the ordered triple (7t — 5, 3t + 1, t), where tis any real 
number. 


© NOW TRY EXERCISE 31 | 


In Example 6, to get specific solutions, we give a specific value to t. For example, if 
t = 1, then 
X= 5=2 


(1) - 
+1=4 


7 
y = 3(1) 
1 


v4 


Here are some other solutions of the system obtained by substituting other values for 
the parameter t. 


Parameter t Solution (7t — 5, 3t + 1,t) 
=i (—12;=2;-]) 
(—5, 1, 0) 
2 (9, 7, 2) 
5 (30, 16, 5) 


EXAMPLE 7 | A System with Infinitely Many Solutions 
Find the complete solution of the system. 

xX + 2y — 3z — 4w = 10 

X + 3y — 3z — 4w = 15 

2x + 2y — 6z — 8w = 10 


SOLUTION Wetransform the system into reduced row-echelon form. 


1 2 -3 -4 10 Ry - Ry > Ry 1 -3 -4 10 

1 3 -3 -4 #15 R.-o ke 0 1 0 0 5 

2 2 -6 -8 10 0 -2 0 0 -10 
a ae 1 2 -3 -4 10 i, coll 10 -3 -4 0 
ee | 0: 0 OQ: 6.) ee 0. 0 0 5 
0 0 0 0 O 0 0 0 0 0 


This is in reduced row-echelon form. Since the last row represents the equation 0 = 0, we 
may discard it. So the last matrix corresponds to the system 


{* —3z — 4w = 0 
y =5 


Leading variables 
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Systems of Equations and Inequalities 


To obtain the complete solution, we solve for the leading variables x and y in terms of the 
nonleading variables z and w, and we let z and w be any real numbers. Thus the complete 
solution is 


= 3s + 4t 
y=5 
z=S 
w=t 
where s and t are any real numbers. 
©. NOW TRY EXERCISE 51 | 


Note that s and t do not have to be the same real number in the solution for Example 7. 
We can choose arbitrary values for each if we wish to construct a specific solution to the sys- 
tem. For example, if welets = 1 andt = 2, then we get the solution (11, 5, 1, 2). You should 
check that this does indeed satisfy all three of the original equations in Example 7. 

Examples 6 and 7 illustrate this general fact: If a system in row-echelon form has n 
nonzero equations in m variables (m > n), then the complete solution will have m — n non- 
leading variables. For instance, in Example 6 we arrived at two nonzero equations in the 
three variables x, y, and z, which gave us 3 — 2 = 1 nonleading variable. 


V Modeling with Linear Systems 


Linear equations, often containing hundreds or even thousands of variables, occur fre- 
quently in the applications of algebra to the sciences and to other fields. For now, let’s 
consider an example that involves only three variables. 


EXAMPLE 8 | Nutritional Analysis Using a System 
of Linear Equations 


A nutritionist is performing an experiment on student volunteers. He wishes to feed one 
of his subjects a daily diet that consists of a combination of three commercial diet foods: 
MiniCal, LiquiFast, and SlimQuick. For the experiment it is important that the subject 
consume exactly 500 mg of potassium, 75 g of protein, and 1150 units of vitamin D every 
day. The amounts of these nutrients in one ounce of each food are given in the table. How 
many ounces of each food should the subject eat every day to satisfy the nutrient require- 
ments exactly? 


Potassium (mg) 50 75 10 
Protein (g) 5 10 3 
Vitamin D (units) 90 100 50 


SOLUTION Letx, y, and z represent the number of ounces of MiniCal, LiquiFast, and 
SlimQuick, respectively, that the subject should eat every day. This means that he will get 
50x mg of potassium from M iniCal, 75y mg from LiquiFast, and 10z mg from SlimQuick, 
for a total of 50x + 75y + 10z mg potassium in all. Since the potassium requirement is 
500 mg, we get the first equation below. Similar reasoning for the protein and vitamin D 
requirements leads to the system 


50x + 75y +10z = 500 Potassium 
5x + l0y+ 32 75 Protein 
90x + 100y + 50z = 1150 Vitamin D 


nN 
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Dividing the first equation by 5 and the third one by 10 gives the system 


rref(LA1) 
IEE (@) 


10x + 15y + 2z = 100 
5x + l0y+ 3z= 75 
9x + lOy + 52 = 115 


We can solve this system using Gaussian elimination, or we can use a graphing calcula- 


FIGURE 4 tor to find the reduced row-echelon form of the augmented matrix of the system. Using 
the rref command on the TI-83, we get the output in Figure 4. From the reduced row- 
echelon form we see that x = 5, y = 2, z = 10. The subject should be fed 5 oz of M ini- 
x=5,y =2,z = 10: Cal, 2 oz of LiquiFast, and 10 oz of SlimQuick every day. 
ee ®. NOW TRY EXERCISE 55 | 
5(5) + 10(2) + 3(10) = 75 : 
9(5) + 10(2) + 5(10) = 115 ¥ 


A more practical application might involve dozens of foods and nutrients rather than 
just three. Such problems lead to systems with large numbers of variables and equations. 
Computers or graphing calculators are essential for solving such large systems. 


CONCEPTS SKILLS 

1. If a system of linear equations has infinitely many solutions, 5-10 m State the dimension of the matrix. 

then the system is call If asystem of li ; 
en the system is called a system of linear 2 7 “i eA D 

equations has no solution, then the system is called : 5.|0 -1 6. (7 1 3 7 35 

2. Write the augmented matrix of the following system of > <8 
equations. | —3 - % 

System Augmented matrix 8. | 0 9% [1 4 7] 10. | 0 | 
1 


: 3 ¥ ‘3 7 4 11-18 = A matrix is given. (a) Determine whether the matrix is in 
a row-echelon form. (b) Determine whether the matrix is in reduced 
3. The following matrix is the augmented matrix of a system of row-echelon form. (c) Write the system of equations for which the 
linear equations in the variables x, y, and z. (Itis given in given matrix is the augmented matrix. 
reduced row-echelon form.) if rt te 8 3 ‘a 3 
ip =k 2 “(0 2- 5 “LO a oS 
ot 2 rl 2 8 0 it be 6 
a8 = 13.;0 1 3 2 14.;0 1 3 0 
(a) The leading variables are LO 0 0 0 LO 0 Oi1 
(b) Is the system inconsistent or dependent? 10 0 0 10 01 
15.}0 0 0 0 16.;0 1 0 2 
(c) The solution of the system is: 015 1 0013 
ee . ae pO Sse [1 3 0 -1 0 [1 3 0 1 0 0 
4, The augmented matrix of a system of linear equations is given 7 001 2 0 18 010 4 0 0 
in reduced row-echelon form. Find the solution of the system. "10 0 0 Ol “10 0 011 2 
100 2 101 2 100 2 a 2 8 eee st ee 
(a)|}O0 1 0 1) (b))0 11 212) ()}O0 101 ; ; ; 
19-28 m The system of linear equations has a unique solution. Find 
001 3 000 0 00 0 3 : ; it aa se octncas 
the solution using Gaussian elimination or Gauss-) ordan elimination. 
XS ----- 0S nan XS W--—- x-2y+ z=1 x+ y+6z=3 
Voie Yee *. 19, y+2z=5 20. 4x + y+32=3 


z= z= z= X+ y+3z= X + 2y z=7 
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xX 
© .21, 42x 


28. 


23, | 
25. 4 2X; 
3X, + 5X2 + 2X3 = 22 


y z=2 
—3yt+t2z= 
4+ y-3z= 

X+2y-—z=-2 


2x -3y - z=13 
-x+2y—5z= 6 
5Xx- y- z=49 
10x + l0y — 202 = 60 
15x + 20y + 30z = —25 
5x + 30y—10z = 45 


X y z= 4 
X + 2y + 3z 7 
2x- y =-] 
2yt+z= 4 
X+ y = 4 
3x + 3y —-z = 10 
2x, + X2 7 


11 


29-38 m Determine whether the system of linear equations is 
inconsistent or dependent. If it is dependent, find the complete 


solution. 
x+y z=2 
©.29, y—3z=1 
2x +y + 5z =0 
2x — 3y — 9z = —5 
S314 x +3z= 2 
3x + y-—4z=-3 


X- y+ 3z2= 3 
4x — 8y + 32z = 24 
2x—3y+1lz= 4 


x+4y—- 2z=-3 
2x- y+ 5z= 12 
8x + 5y + llz = 30 
ax+ y-az= 12 
-X-y+t 2=- 
3x + 3y —3z = 18 


4x —3y+ z=-8 
2x+ y—3z=—-4 
X- y+2z= 3 


2x+ y+ 3z= 9 
—X —7z=10 
3x+2y-— z= 4 
X+2y-—32= -5 
—2x —4y —6z= 10 


3x + Jy — 2z = -13 


X + By — 142 = -4 


32. 


Xx + 3z=3 
2x+y—2z2=5 

-y + 8 =8 

x- 2y+ 5z= 3 
2x 6y-—llz= 1 
3x — loy — 202 = —26 
2x + 6y z=-—12 
X—3y+2z= 10 
—X+3y+2z= 6 


3r + 2s — 3t = 10 
r= f= t5 
r+4s— t= 20 


y—-5z= 7 
3x + 2y = 12 
3x + 10z = 80 


2x—3y+5z= 14 
4x— y-2z=-1]7 
—X- yt z= 3 
—4x — y + 36z = 24 
x= 2y + 92= 3 


x + 2y z— 3w = 3 
a7. 3x -—4y + z+ w= 
X- yt z+ w=0 
2x y + 42 — 2w = 3 
X+ yt2z w=-2 
By+ zt+2w= 2 
2 x+y +3w= 2 
— 3x + z+2w= 5 
X — By + 2z w= —2 
xX — 2y — 2w = —10 
at zt+5w= 15 
3x Z w= —3 
Xx- y + we 
S51. 43x —z+lw= 
x-4y+2+2w= 
2x- yt2z+w=5 
52.4 -x+ yt+4z2-w=3 
3x —2y- z = 
X +z+w= 4 
Y- Zz =-4 
a3: x-2y+3z2+ w= 12 
2x —2z + 5w=-1 


Xt y-z- w= 6 
2x + z-3w= 8 
x y + dw = —10 
3x + 5y-—z- w= 20 


y- z+2w= 0 

3x + 2y + w= 0 

on 2x + 4w = 12 

—2x —2z+5w= 6 
APPLICATIONS 


©.55. Nutrition A doctor recommends that a patient take 50 mg 
each of niacin, riboflavin, and thiamin daily to alleviate a 
vitamin deficiency. In his medicine chest at home the patient 
finds three brands of vitamin pills. The amounts of the relevant 
vitamins per pill are given in the table. How many pills of 
each type should he take every day to get 50 mg of each 


vitamin? 
VitaM ax Vitron VitaPlus 
Niacin (mg) D 10 15 
Riboflavin (mg) 1 20 0 
Thiamin (mg) 10 10 10 


56. Mixtures A chemist has three acid solutions at various con- 
centrations. The first is 10% acid, the second is 20%, and the 
third is 40%. How many milliliters of each should she use to 
make 100 mL of 18% solution, if she has to use four times as 
much of the 10% solution as the 40% solution? 


57. 


Distance, Speed, and Time Amanda, Bryce, and Corey 


enter a race in which they have to run, swim, and cycle over a 
marked course. Their average speeds are given in the table. Corey 
finishes first with a total time of 1 h 45 min. Amanda comes in 


second with a time of 2 h 30 min. Bryce finishes last with a time 
of 3h. Find the distance (in miles) for each part of the race. 


Average speed (mi/h) 
Running Swimming Cycling 
Amanda 10 4 20 
Bryce 74 6 15 
Corey 15 3 40 


58. Classroom Use A small school has 100 students who oc- 


59. 


cupy three classrooms: A, B, and C. After the first period of 
the school day, half the students in room A move to room B, 
one-fifth of the students in room B move to room C, and one- 
third of the students in room C move to room A. Nevertheless, 
the total number of students in each room is the same for both 
periods. How many students occupy each room? 


Manufacturing Furniture A furniture factory makes 
wooden tables, chairs, and armoires. Each piece of furniture 
requires three operations: cutting the wood, assembling, and 
finishing. Each operation requires the number of hours (h) 
given in the table. The workers in the factory can provide 

300 hours of cutting, 400 hours of assembling, and 590 hours 
of finishing each work week. How many tables, chairs, and ar- 
moires should be produced so that all available labor-hours are 
used? Or is this impossible? 


Table Chair Armoire 


1 1 
13 1 
u 2 


Cutting (h) 
Assembling (h) 
Finishing (h) 


RMR UR 


60. Traffic Flow A section of a city’s street network is shown 


1 


in the figure. The arrows indicate one-way streets, and the 
numbers show how many cars enter or leave this section of the 
city via the indicated street in a certain one-hour period. The 
variables x, y, z, and w represent the number of cars that travel 
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along the portions of First, Second, Avocado, and Birch Streets 
during this period. Find x, y, z, and w, assuming that none of 
the cars stop or park on any of the streets shown. 


200 30 


DISCOVERY = DISCUSSION = WRITING 


61. Polynomials Determined by a Set of Points We all 


know that two points uniquely determine a line y = ax + bin 
the coordinate plane. Similarly, three points uniquely deter- 
mine a quadratic (second-degree) polynomial 

y =ax? + bx +¢ 


four points uniquely determine a cubic (third-degree) 
polynomial 


y = ax? + bx? + cx +d 
and so on. (Some exceptions to this rule are if the three points 
actually lie on a line, or the four points lie on a quadratic or 
line, and so on.) For the following set of five points, find the line 
that contains the first two points, the quadratic that contains the 
first three points, the cubic that contains the first four points, and 
the fourth-degree polynomial that contains all five points. 


(0,0), (1,12), (2,40), (3,6), (-1, -14) 


Graph the points and functions in the same viewing rectangle 
using a graphing device. 


Equality of Matrices B Addition, Subtraction, and Scalar Multiplication of 
Matrices > Multiplication of Matrices Properties of Matrix Multiplication 
> Applications of Matrix Multiplication Computer Graphics 


Thus far, we have used matrices simply for notational convenience when solving linear 
systems. M atrices have many other uses in mathematics and the sciences, and for most of 
these applications a knowledge of matrix algebra is essential. Like numbers, matrices can 
be added, subtracted, multiplied, and divided. In this section we learn how to perform 
these algebraic operations on matrices. 


V Equality of Matrices 


Two matrices are equal if they have the same entries in the same positions. 
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| 


Equal matrices 


V4 2 


0.5 


| 


1 


eo 


| ere 


I-[ 


Unequal matrices 


L 2 
3 4 
5 6 


I 


Li 5 
2 4 6 


NN OS 


| 


EQUALITY OF MATRICES 


The matrices A = [a;] and B = [b,| are equal if and only if they have the same 
dimension m X n, and corresponding entries are equal, that is, 


ai, = Dj 
10) Dace a 1-110 a 


EXAMPLE 1 | Equal Matrices 


Fi da,b,c,a d d, if 


SOLUTION Since the two matrices are equal, corresponding entries must be the same. 
So we must havea = 1,b = 3,c = 5, andd = 2. 
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V Addition, Subtraction, and Scalar Multiplication of Matrices 


Two matrices can be added or subtracted if they have the same dimension. (Otherwise, 
their sum or difference is undefined.) We add or subtract the matrices by adding or sub- 
tracting corresponding entries. To multiply a matrix by a number, we multiply every ele- 
ment of the matrix by that number. This is called the scalar product. 


SUM, DIFFERENCE, AND SCALAR PRODUCT OF MATRICES 


LetA = [a,j] and B = [b,| be matrices of the same dimension m x n, and let c 
be any real number. 


1. ThesumA + B is them X n matrix obtained by adding corresponding entries 
of A andB. 


A+B = [ay + bj] 


. The differenceA — B is them X n matrix obtained by subtracting corre- 
sponding entries of A and B. 


A —B = [aj — bj] 


. The scalar product cA is the m xX n matrix obtained by multiplying each 
entry of A by c. 


cA = [cai] 


EXAMPLE 2 | Performing Algebraic Operations on Matrices 


2 -3 1 0 
Let A=|0 5 B=|-3 1 
7 -3 22 


tT =<: 6 6 0 -6 
es, | fl | 


Courtesy UC Berkeley Office of Media Relations 


JULIA ROBINSON (1919-1985) was 
born in St. Louis, Missouri, and grew up 
at Point Loma, California. Because of an 
illness, Robinson missed two years of 
school, but later, with the aid of a tutor, 
she completed fifth, sixth, seventh, and 
eighth grades, all in one year. Later, at 
San Diego State University, reading bi- 
ographies of mathematicians in E.T. 
Bell's Men of Mathematics awakened in 
her what became a lifelong passion for 
mathematics. She said,“ cannot 
overemphasize the importance of such 
books ...in the intellectual life of a stu- 
dent.” Robinson is famous for her work 
on Hilbert’s tenth problem (page 721), 
which asks for a general procedure for 
determining whether an equation has 
integer solutions. Her ideas led to a 
complete answer to the problem. Inter- 
estingly, the answer involved certain 
properties of the Fibonacci numbers 
(page 825) discovered by the then 22- 
year-old Russian mathematician Yuri 
Matijasevic. As a result of her brilliant 
work on Hilbert’s tenth problem, 
Robinson was offered a professorship 
at the University of California, Berkeley, 
and became the first woman mathe- 
matician elected to the National Acad- 
emy of Sciences. She also served as 
president of the American Mathemati- 
cal Society. 
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Carry out each indicated operation, or explain why it cannot be performed. 


(a) A+B (b) C —D (c) C +A (d) 5A 
SOLUTION 
2 -3 1 0 3 -3 
(a) A +B =] 0 5)4+]-3 1]=)] -3 6 
7 -4 2 2 9 3 
7 3 0 6 0 -6 
= D = = 
Pete, ier ol 
_ | 1 -3 Al 
—8 0 -4 
(c) C +A is undefined because we can’t add matrices of different dimensions. 
2 -3 10-15 
(d) 5A =5/0 5/=!] 0 25 
L = 350 5 
©. NOW TRY EXERCISES 21 AND 23 B 


The properties in the box follow from the definitions of matrix addition and scalar 
multiplication and the corresponding properties of real numbers. 


PROPERTIES OF ADDITION AND SCALAR MULTIPLICATION OF MATRICES 
Let A,B, and C bem X n matrices and let c and d be scalars. 
A+B=B+A Commutative Property of M atrix Addition 


Associative Property of M atrix Addition 


(A+B) +C =A+(B+C) 


c(dA) = cdA 


(c+ d)A =cA +dA 
c(A +B) =cA + cB 


Associative Property of Scalar M ultiplication 


Distributive Properties of Scalar M ultiplication 


EXAMPLE 3 | Solving a Matrix Equation 
Solve the matrix equation 
2X -A=B 


for the unknown matrix X, where 
2 3 4-1 
a E | a E | 


SOLUTION Weuse the properties of matrices to solve for X. 


2X -A =B Given equation 
2X =B+A Add the matrix A to each side 
X =3(B +A) — Multiply each side by the scalar 3 
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So X= 1 «¢ | + | 2 |) Substitute the matrices A and B 
2\{1 3 -5 1 
a ee 2 
~ 2/4 4 Add matrices 
3 #1 ‘ 
=l_5 9 Multiply by the scalar 3 
® NOW TRY EXERCISE 15 ima 


V Multiplication of Matrices 


Multiplying two matrices is more difficult to describe than other matrix operations. In 
later examples we will see why multiplying matrices involves a rather complex proce- 
dure, which we now describe. 

First, the product AB (or A - B) of two matrices A and B is defined only when the num- 
ber of columns in A is equal to the number of rows in B. This means that if we write their 
dimensions side by side, the two inner numbers must match: 


Matrices A B 
Dimensions mxn nxk 


Columns in A Rows inB 


Gea tank ar he tan dk Rw ee If the dimensions of A and B match in this fashion, then the product AB is a matrix of di- 
umn of B as vectors, then their inner mension m X k. Before describing the procedure for obtaining the elements of AB, we de- 
product is the same as their dot product fine the inner product of a row of A and a column of B. 

(see Sections 10.2 and 10.4). b: 


If [a, a, +++ a,] isarow of A, and if Pa is acolumn of B, then their inner product 
b, 
is the number a,b, + a,b, +--+ + a,b,. For example, taking the inner product of 
5 


[2 -—1 0 4] and gives 


—3 
1 
2 
2-5 + (-1)-4 + 0-(-3) + 4-3 =8 
We now define the product AB of two matrices. 


MATRIX MULTIPLICATION 


If A = [a,] isan m X n matrix and B = [b,] ann x k matrix, then their product 
is them X k matrix 


C= ei 


where c; is the inner product of the ith row of A and the jth column of B. We 
write the product as 


Inner numbers match, 
so product is defined 


2-2 2X3 


Outer numbers give dimension 
of product: 2 x 3 


Not equal, so product 
not defined 


2%3 2% 2 
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This definition of matrix product says that each entry in the matrix AB is obtained from 
a row of A and acolumn of B as follows: The entry c, in the ith row and jth column of the 
matrix AB is obtained by multiplying the entries in the ith row of A with the correspond- 
ing entries in the jth column of B and adding the results. 


jth column of B Entry in ith row and 
jth column of AB 
a 
ith row of A ZH 3 Cj 
| 


EXAMPLE 4 | Multiplying Matrices 


Let 
I. 3 -1 5 2 
a= | ae =| 0 4 ] 
Calculate, if possible, the products AB and BA. 


SOLUTION SinceA has dimension 2 x 2 and B has dimension 2 x 3, the product AB 
is defined and has dimension 2 x 3. We can therefore write 


=| i ollo ela 
-1 0 0 4 7 | i oe | 
where the question marks must be filled in using the rule defining the product of two ma- 


trices. If we define C = AB = [c;], then the entry c,, is the inner product of the first row 
of A and the first column of B: 


E allie : | 1-(-1)+3-0=- 


Similarly, we calculate the remaining entries of the product as follows. 


Entry Inner product of: Value Product matrix 
oe ee ale ; | 1-5+3-4=17 he | 
oe Le 4 : ; | 1-2+3-7=23 - = *3) 
o (EYRE cocnsea[t 7 
oe (le “lie ‘ | s+o4e-5 [OY °3) 
m [4 lla aa] peter [GS] 
Thus, we have a =|) = =| 


The product BA is not defined, however, because the dimensions of B and A are 
2x3 and 2X2 


The inner two numbers are not the same, so the rows and columns won’t match up when 
we try to calculate the product. 
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CA1*CB] 
rie" dy esa) 
ee. =a 


C1 


FIGURE 1 


Systems of Equations and Inequalities 


Graphing calculators and computers are capable of performing matrix algebra. For in- 
stance, if we enter the matrices in Example 4 into the matrix variables CAJ and CBJ on 
a TI-83 calculator, then the calculator finds their product as shown in Figure 1. 


V Properties of Matrix Multiplication 


Although matrix multiplication is not commutative, it does obey the Associative and 
Distributive Properties. 


PROPERTIES OF MATRIX MULTIPLICATION 
Let A, B, and C be matrices for which the following products are defined. Then 
A(BC) = (AB)C Associative Property 


A(B +C) =AB +AC 
(B+C)A=BA+CA 


Distributive Property 


The next example shows that even when both AB and BA are defined, they aren’t 
necessarily equal. This result proves that matrix multiplication is not commutative. 


EXAMPLE 5 | Matrix Multiplication Is Not Commutative 


Let 7 5 7 ~|2 2 
a=| 3 4 and B=($ | 


Calculate the products AB and BA. 


SOLUTION Since both matrices A and B have dimension 2 X 2, both products AB and 
BA are defined, and each product is also a2 X 2 matrix. 


AB = 


ee all Bene reer 
_[ 8 ) 
me: 


male lls ile ecae ees a7 (-a)-0) 


_. |= , 

| 48 63 
This shows that, in general, AB # BA. In fact, in this example AB and BA don’t even have 
an entry in common. 
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V Applications of Matrix Multiplication 


We now consider some applied examples that give some indication of why mathemati- 
cians chose to define the matrix product in such an apparently bizarre fashion. Exam- 
ple 6 shows how our definition of matrix product allows us to express a system of linear 
equations as a single matrix equation. 


M atrix equations like this one are de- 
scribed in more detail on page 715. 
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EXAMPLE 6 | Writing a Linear System as a Matrix Equation 


Show that the following matrix equation is equivalent to the system of equations in Exam- 
ple 2 of Section 11.3. 


1 -1 3][x 4 
1 2 -2/ly}/=| 10 
3 -1 5|iz 14 


SOLUTION If weperform matrix multiplication on the left side of the equation, we get 


X- yt 3z 4 
x + 2y — 2z | =| 10 
3x — yt 5z 14 


Because two matrices are equal only if their corresponding entries are equal, we equate 
entries to get 


X- y+3z= 4 
x + 2y — 2z = 10 
3x -— y+5z=14 


This is exactly the system of equations in Example 2 of Section 11.3. 
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EXAMPLE 7 | Representing Demographic Data by Matrices 


In a certain city the proportions of voters in each age group who are registered as De- 
mocrats, Republicans, or Independents are given by the following matrix. 


Age 
18-30 31-50 Over 50 


Democrat [930 0.60 0.50 
Republican | 050 0.35 0.25/=A 
Independent | 9.20 0.05 0.25 


The next matrix gives the distribution, by age and sex, of the voting population of this 
city. 


Male Female 


18-30 | 5,000 6,000 
Age 31-50 | 10,000 12,000 | =B 
Over 50 [12,000 15,000 


For this problem, let's make the (highly unrealistic) assumption that within each age 
group, political preference is not related to gender. That is, the percentage of Democrat 
males in the 18-30 group, for example, is the same as the percentage of Democrat fe- 
males in this group. 

(a) Calculate the product AB. 

(b) How many males are registered as Democrats in this city? 

(c) How many females are registered as Republicans? 
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Courtesy of the Archives, 


OLGA TAUSSKY-TODD (1906-1995) 
was instrumental in developing appli- 
cations of matrix theory. Described as 
“in love with anything matrices can do,” 
she successfully applied matrices to 
aerodynamics, a field used in the design 
of airplanes and rockets. Taussky-Todd 
was also famous for her work in num- 
ber theory, which deals with prime 
numbers and divisibility. Although 
number theory has often been called 
the least applicable branch of mathe- 
matics, it is now used in significant ways 
throughout the computer industry. 
Taussky-Todd studied mathematics 
at a time when young women rarely 
aspired to be mathematicians. She said, 
“When | entered university | had no 
idea what it meant to study mathe- 
matics.” One of the most respected 
mathematicians of her day, she was for 
many years a professor of mathematics 


California Institute of Technology 


; 


— | 


at Caltech in Pasadena. 


Systems of Equations and Inequalities 


SOLUTION 
0.30 0.60 0.50 5,000 6,000 13,500 16,500 
(a) AB =| 0.50 0.35 0.25 10,000 12,000} =) 9,000 10,950 
0.20 0.05 0.25 12,000 15,000 4,500 5,550 


(b) When we take the inner product of a row in A with a column in B, we are adding 
the number of people in each age group who belong to the category in question. 
For example, the entry c2, of AB (the 9000) is obtained by taking the inner product 
of the Republican row in A with the M ale column in B. This number is therefore 
the total number of male Republicans in this city. We can label the rows and 
columns of AB as follows. 

Male _—_‘- Female 
Democrat 13,500 16,500 
Republican 9,000 10,950 | = AB 
Independent 4500 5,550 


Thus 13,500 males are registered as Democrats in this city. 
(c) There are 10,950 females registered as Republicans. 
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In Example 7 the entries in each column of A add up to 1. (Can you see why this has 
to be true, given what the matrix describes?) A matrix with this property is called sto- 
chastic. Stochastic matrices are used extensively in statistics, where they arise frequently 
in situations like the one described here. 


V Computer Graphics 


One important use of matrices is in the digital representation of images. A digital camera 
or a scanner converts an image into a matrix by dividing the image into a rectangular ar- 
ray of elements called pixels. Each pixel is assigned a value that represents the color, 
brightness, or some other feature of that location. For example, in a 256-level gray-scale 
image each pixel is assigned a value between 0 and 255, where 0 represents white, 255 
represents black, and the numbers in between represent increasing gradations of gray. The 
gradations of a much simpler 8-level gray scale are shown in Figure 2. We use this eight- 
level gray scale to illustrate the process. 

To digitize the black and white image in Figure 3(a), we place a grid over the picture as 
shown in Figure 3(b). Each cell in the grid is compared to the gray scale and then assigned 
a value between 0 and 7 depending on which gray square in the scale most closely matches 


© E. O. Hoppé/CORBIS 


(a) Original image 


FIGURE 3 


1111111221 
1111114652 
Lt Ei es ee 43 = 7 
1111354 6 3 2 a 
1111123221 
Lt 133-214 at 
tili’iii4i1iii 
1111224222 A 
22-35 522 3-4-4 (< | 
ne 3334323334 im | 
(b) 10 x 10 grid (c) Matrix representation (d) Digital image 
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the “darkness” of the cell. (If the cell is not uniformly gray, an average value is assigned.) 
The values are stored in the matrix shown in Figure 3(c). The digital image corresponding 
to this matrix is shown in Figure 3(d). Obviously, the grid that we have used is far too coarse 
to provide good image resolution. In practice, currently available high-resolution digital 
cameras use matrices with dimension as large as 2048 x 2048. 

Once the image is stored as a matrix, it can be manipulated by using matrix operations. 
For example, to darken the image, we add a constant to each entry in the matrix; to lighten 
the image, we subtract a constant. To increase the contrast, we darken the darker areas and 
lighten the lighter areas, so we could add 1 to each entry that is 4, 5, or 6 and subtract 1 
from each entry that is 1, 2, or 3. (Note that we cannot darken an entry of 7 or lighten a 
0.) Applying this process to the matrix in Figure 3(c) produces the new matrix in Figure 
4(a). This generates the high-contrast image shown in Figure 4(b). 


0000000110 
0000005761 
0000122662 
0060265 724 
0000012110 
0000022100 
0000005000 
0000115111 
£12 66.9.0 2-5 5 
222520 22.25 - = | 


(a) Matrix modified to 
increase contrast 


(b) High contrast image 


FIGURE 4 


Other ways of representing and manipulating images using matrices are discussed in 
the Discovery Projects Computer Graphics | and II at the book companion website: 
www.stewartmath.com. 


11.4 EXERCISES 


CONCEPTS 
1. We can add (or subtract) two matrices only if they have the 
same 
2. (a) We can multiply two matrices only if the number of 
in the first matrix is the same as the number of 
in the second matrix. 


(b) If A isa3 xX 3 matrix and B is a4 X 3 matrix, which of 
the following matrix multiplications are possible? 


(i) AB (ii) BA (iii) AA (iv) BB 


3. Which of the following operations can we perform for a 
matrix A of any dimension? 


(i) A+A (ii) 2A (iii) A-A 
4. Fill in the missing entries in the product matrix. 
3 1 2 -1 30-2 4 -7 
-1 2 0 3 2 1/=]| 7 7 
ly 23s =2 2 1 0 9. =5 


SKILLS 


5-6 m Determine whether the matrices A and B are equal. 


seed ea 
2; 


7-14 mw Perform the matrix operation, or if it is impossible, 


explain why. 

2 6 -1 -3 011 2 1 -il 
3 ‘| , | 6 : E 1 "| - F 3 | 

1 2 1 1 0 1 1 
9.3) 4 —-1 10.2)}1 0 1)+/2 #1 

1 0 011 3 1 

2 °6 1 -2 1 -2 
11.}1 3 6 12 E : Al 3 6 

2 4 - 0 —2 0 
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2 -3 
1 2/)1 -2 3 5 
e[2 JE 2 J] mle 2/8) 


15-20 = Solve the matrix equation for the unknown matrix X, or 


explain why no solution exists. 


4 6 2 5 

a= |) : =|; | 

2 3 10 20 

C=/1 0 D=|30 20 

0 2 10 0 

©2115. 2X +A =B 16. 3X —B=C 
17. 2(B — X) =D 18. 5(X —C) =D 
19, (X +D)=C 20. 2A = B — 3X 


21-34 m= The matricesA,B,C,D,E,F,G andH are defined as 
follows. 


_f2 -5 _ [3 a =|; -= 0 
A= ; p=} =4° 3 c= 0 2 =3 
1 100 
D=[7 3] E=|2 F=/0 1 0 
0 001 
5 -3 10 
G=| 6 1 0 aE =| 
“5 2 2 


Carry out the indicated algebraic operation, or explain why it 
cannot be performed. 


39-42 m Write the system of equations as a matrix equation (see 
Example 6). 


> 6x -—y+ z=12 
ee 40. 42x + 2= 7 
y y—2z= 4 
3X, + 2X, — X3 + X, = 0 
41. X1 = X3 = 
3X) + X3 — Xy = 4 
Xx- yt z=2 
4x-—2d’y- z2=2 
aa yt+5z=2 
—X-— y- z=2 
43. Let [ 1 
1 0 6 -1 0 
a=|; i 4 4 Cl .4 
—2 
B=[1 7 -9 2] = 


Determine which of the following products are defined, and 
calculate the ones that are. 


ABC 
BCA 


ACB 
CAB 


BAC 
CBA 


44, (a) Provethat if A and B are2 x 2 matrices, then 


(A+B)? =A? + AB 4 
(b) If A and B are2 x 2 matrices, is it necessarily true that 


(A +B)? 2 A2 + 2AB + B? 


©.21, (a) B +C (b) B +F 
22. (a) C —B (b) 2C — 6B 
© 223, (a) 5A (b) C — 5A APPLICATIONS 
at ie) eat hats B ©. 45, Fast-Food Sales A small fast-food chain with restaurants 
©.25. (a) AD (b) DA in Santa M onica, Long Beach, and Anaheim sells only ham- 
26. (a) DH (b) HD burgers, hot dogs, and milk shakes. On a certain day, sales 
, were distributed according to the following matrix. 
©.27. (a) AH (b) HA 
28, (a) BC (b) BF Number of items sold 
Santa Long 
29, (a) GF (b) GE Monica Beach Anaheim 
30. (a) B? (b) F* Hamburgers [ 4000 1000 3500 
31. (a) A’ (b) A? Hotdogs | 400 300 200 |=A 
33. (a) ABE (b) AHE The price of each item is given by the following matrix. 
34, (a) DB + DC (b) BF + FE Hamburger Hotdog Milk shake 
35-38 m Solve for x and y. [$0.90 $0.80 $1.10] = B 


35. i; Z| = | 2 | 36. 3" Y = | 6 4 (a) Calculate the product BA. 
4 6 2x —by y x =o 46 (b) Interpret the entries in the product matrix BA. 
37. 2| x y _ | 2 I 46. Car-Manufacturing Profits A specialty-car manufac- 
X+y x-y 2 6 turer has plants in Auburn, Biloxi, and Chattanooga. Three 
x y yx 4 -4 models are produced, with daily production given in the fol- 
38. | = | = | lowing matrix. 
-y xX xX —-y —6 6 


Cars produced each day 
Model K Model R Mode W 
Auburn | 12 10 0 
Biloxi | 4 4 20|}=A 
Chattanooga | 8 9 12 


Because of a wage increase, February profits are lower 
than J anuary profits. The profit per car is tabulated by 
model in the following matrix. 


January February 
Model K | $1000 $500 
Model R | $2000 $1200 | =B 
Model W | $1500 $1000 


(a) Calculate AB. 


(b) Assuming that all cars produced were sold, what was the 
daily profit in J anuary from the Biloxi plant? 


(c) What was the total daily profit (from all three plants) in 
February? 


47. Canning Tomato Products | aeger Foods produces 
tomato sauce and tomato paste, canned in small, medium, 
large, and giant sized cans. The matrix A gives the size (in 
ounces) of each container. 


Small Medium Large Giant 
Ounces [6 10 14 28) =A 


The matrix B tabulates one day’s production of tomato sauce 
and tomato paste. 


Cans of Cans of 

sauce _ paste 

Small [2000 2500 
Medium | 3000 1500 
Large | 2500 1000 
Giant | 1000 500 


(a) Calculate the product of AB. 
(b) Interpret the entries in the product matrix AB. 


48. Produce Sales A farmer's three children, Amy, Beth, and 
Chad, run three roadside produce stands during the summer 
months. One weekend they all sell watermelons, yellow 
squash, and tomatoes. The matrices A and B tabulate the 
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number of pounds of each product sold by each sibling on Sat- 
urday and Sunday. 


Saturday 
Melons Squash Tomatoes 
Amy | 120 50 60 
Beth | 40 25 30 |}=A 
Chad |_ 60 30 20 
Sunday 
Melons Squash Tomatoes 
Amy | 100 60 30 
Beth | 35 20 20 | =B 
Chad | 60 25 30 


The matrix C gives the price per pound (in dollars) for each 
type of produce that they sell. 


Price per pound 
Melons | 0.10 
Squash | 0.50 | =C 
Tomatoes |_ 1.00 
Perform each of the following matrix operations, and interpret 
the entries in each result. 


(a) AC (b) BC. (ec) A+B (d) (A +.B)C 


49. Digital Images A four-level gray scale is shown below. 
0 1.2 3 


| 


(a) Use the gray scale to find a 6 x 6 matrix that digitally 
represents the image in the figure. 


(b) Find a matrix that represents a darker version of the image 
in the figure. 
(c) The negative of an image is obtained by reversing light 
and dark, as in the negative of a photograph. Find the ma- 
trix that represents the negative of the image in the figure. 
How do you change the elements of the matrix to create 
the negative? 
Increase the contrast of the image by changing each 1 to a 
0 and each 2 to a 3 in the matrix you found in part (b). 
Draw the image represented by the resulting matrix. Does 
this clarify the image? 


(d 


— 
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(e) Draw the image represented by the matrix |. Can you recog- . 11 ; 
nize what this is? If you don’t, try increasing the contrast. 52. Powers of a Matrix Let A = Lo. Calculate A’, 
lt! 23 3 26 A?, A‘,... until you detect a pattern. Write a general formula 
n 
030101 Ones: 
13 23 00 53. Square Roots of Matrices A square root of a matrix B 
Me 030101 is a matrix A with the property that A? = B. (This is the same 
133 2 3 6 definition as for a square root of a number.) Find as many 
square roots as you can of each matrix: 
(0 10101 
k | F | 
0 9 0 9 
DISCOVERY = DISCUSSION = WRITING [Hint: lf A = ; write the equations that a,b,c, and 


50. When Are Both Products Defined? What must be 
true about the dimensions of the matrices A and B if both products 
AB and BA are defined? 


d would have to satisfy if A is the square root of the given matrix.] 


. DISCOVERY 
51. Powers of a Matrix Let os) Will the Species Survive? 
I i In this project we investigate matrix models for species popula- 
A= ti h Itiplicati iti 
01 ions and how multiplication by a transition matrix can predict 


Shee ge : ; future population trends. You can find the project at the book 
Calculate A“, A*, A“, ... until you detect a pattern. Write a companion website: www.stewartmath.com 
general formula for A". 


11.5 INVERSES OF MATRICES AND Matrix EQUATIONS 


The Inverse of a Matrix > Finding the Inverse of a2 X 2 Matrix ® Finding 
the Inverse of ann X n Matrix B Matrix Equations B Modeling with Matrix 
Equations 


In the preceding section we saw that when the dimensions are appropriate, matrices can 
be added, subtracted, and multiplied. In this section we investigate division of matrices. 
With this operation we can solve equations that involve matrices. 


V The Inverse of a Matrix 


First, we define identity matrices, which play the same role for matrix multiplication as the 
number 1 does for ordinary multiplication of numbers; that is, 1 -a = a - 1 =a for all num- 
bers a.A square matrix is one that has the same number of rows as columns. The main di- 
agonal of a square matrix consists of the entries whose row and column numbers are the 
same. These entries stretch diagonally down the matrix, from top left to bottom right. 


IDENTITY MATRIX 


The identity matrix |, is the n < n matrix for which each main diagonal entry is 
a 1 and for which all other entries are 0. 


Thus the 2 x 2, 3 X 3, and 4 x 4 identity matrices are 


1 0 0O 
1 0 
l=lo 1 3 0 1 0 i 
0 0 1 


ooo rFr 
oo Fr © 
el a ) 
Pe oOo oO 
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Identity matrices behave like the number 1 in the sense that 
A-l,=A and |,-B=B 


whenever these products are defined. 


EXAMPLE 1 | Identity Matrices 


The following matrix products show how multiplying a matrix by an identity matrix of 
the appropriate dimension leaves the matrix unchanged. 


-1 7 ;]/1 0 0 -1 7 3 
2. 1 21/0 1 0) =| % 2.3 
-2 0 7}/{0 0 1 -2 0 7 
©. NOW TRY EXERCISE 1(a), (b) | 


If A and B aren X n matrices, and if AB = BA = I,, then we say that B is the inverse 
of A, and we write B = A +. The concept of the inverse of a matrix is analogous to that 
of the reciprocal of a real number. 


INVERSE OF A MATRIX 


Let A be asquaren x n matrix. If there exists ann  n matrix A? with the 
property that 


Ne a 


then we say that A~? is the inverse of A. 


EXAMPLE 2 | Verifying That a Matrix Is an Inverse 


Verify that B is the inverse of A, where 


2 #1 3 -1 
Ral | and p=| 3 | 


SOLUTION Weperform the matrix multiplications to show that AB =! and BA =|. 


bat d-Erge eaa-tt 


2 WE D-RaSe a) Eg 


©. NOW TRY EXERCISE 3 | 


V Finding the Inverse of a2 X 2 Matrix 


The following rule provides a simple way for finding the inverse of a2 = 2 matrix, when 
it exists. For larger matrices there is a more general procedure for finding inverses, which 
we consider later in this section. 
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The Granger Collection, New York 


ARTHUR CAYLEY (1821-1895) was 
an English mathematician who was in- 
strumental in developing the theory of 
matrices. He was the first to use a sin- 
gle symbol such as A to represent a 
matrix, thereby introducing the idea 
that a matrix is a single entity rather 
than just a collection of numbers. 
Cayley practiced law until the age of 
42, but his primary interest from ado- 
lescence was mathematics, and he 
published almost 200 articles on the 
subject in his spare time. In 1863 he ac- 
cepted a professorship in mathematics 
at Cambridge, where he taught until 
his death. Cayley’s work on matrices 
was of purely theoretical interest in his 
day, but in the 20th century many of 
his results found application in physics, 
the social sciences, business, and other 
fields. One of the most common uses 
of matrices today is in computers, 
where matrices are employed for data 
storage, error correction, image manip- 
ulation, and many other purposes. 
These applications have made matrix 
algebra more useful than ever. 


INVERSE OF A2 X 2 MATRIX 


ira =|? then 
ec @ 


~ ad — be 


If ad — bc = 0, then A has no inverse. 


—(6 


ee iE 


EXAMPLE 3 | Finding the Inverse of a 2 X 2 Matrix 
Let 


Find A~+, and verify thatAA~? = A~'A = I, 


SOLUTION Using the rule for the inverse of a2 x 2 matrix, we get 


estall Jl I 4 
- —2 4 =. 2 


~4-3-5-2[-2 4] 2 
To verify that this is indeed the inverse of A, we calculate AA~* and A~1A: 


mat=|) aE: ee ee 0] 


galt ee ee ae 


©. NOW TRY EXERCISE 9 a 


The quantity ad — bc that appears in the rule for calculating the inverse of a 
2 X 2 matrix is called the determinant of the matrix. If the determinant is 0, then the ma- 
trix does not have an inverse (since we cannot divide by 0). 


V Finding the Inverse of an N X NMatrix 


For 3 X 3 and larger square matrices the following technique provides the most 
efficient way to calculate their inverses. If A isan n X n matrix, we first construct the 
n X 2n matrix that has the entries of A on the left and of the identity matrix |, on the 
right: 


ay ap -« an, 1 0 0 
Ay. 422+ An | 0 1 0 

a a eo ee 
Ani Anz 7 Ann | 0 0 avers 1 


We then use the elementary row operations on this new large matrix to change the left side 
into the identity matrix. (This means that we are changing the large matrix to reduced 
row-echelon form.) The right side is transformed automatically into A~1. (We omit the 
proof of this fact.) 
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EXAMPLE 4 | Finding the Inverse of a 3 X 3 Matrix 
Let A be the matrix 


1 -2 —-4 
A= 2, 33> 20 
—3 6 15 


(a) Find A7t. 
(b) Verify that AA-+ = A4A = 1. 


SOLUTION 


(a) We begin with the 3 x 6 matrix whose left half is A and whose right half is the iden- 
tity matrix. 


1-2 -4 ! 10 0 
2-3 -6 | 01 0 
3 6 5 |; 001 


We then transform the left half of this new matrix into the identity matrix by per- 
forming the following sequence of elementary row operations on the entire new 
matrix. 


Re= PRRs 1 -2 -4 0 
eee i 3°32 | 
eh |G 3 a oO 4 
isp j =o =f 1 0 0 
as 0 @. 2 =, 0 
0 oOo 1 10 § 
ite, (2 ce 22 
eialdchis. alte 12:21 0 
001; 10 } 
cae (coe, 32 0 
———— |0 10 /}-41 -3 
001; 10 } 


We have now transformed the left half of this matrix into an identity matrix. (This 
means that we have put the entire matrix in reduced row-echelon form.) Note that to 
do this in as systematic a fashion as possible, we first changed the elements below the 
main diagonal to zeros, just as we would if we were using Gaussian elimination. We 
then changed each main diagonal element to a 1 by multiplying by the appropriate 
constant(s). Finally, we completed the process by changing the remaining entries on 
the left side to zeros. 

The right half is now A~?. 


0 
At=|-4 1 -3 
1 
3 
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CAIJ-1>Frac 
IESE) 2 (0) al 
ESA 4 2/53) 
led) 7s) alal 


FIGURE 1 


Systems of Equations and Inequalities 


(b) We calculate AA~! and A~7A and verify that both products give the identity matrix |,. 


1 -2 -4][-3 2 0 1 0 0 
AA*+=| 2 -3 -6||-4 1 -§/=]0 1 : 
-3 6 15 10 3 001 
-3 2 0 1 -2 -4 1.0.6 
AMW=|-4 1 -3 2 -3 -6/=/0 1 0 
10 45]/L-3 6 15 001 


® NOW TRY EXERCISE 17 


Graphing calculators are also able to calculate matrix inverses. On the TI-83 and T1-84 
calculators, matrices are stored in memory using names such as [A], (BI, £c],....T0o 


find the inverse of CAJ, we key in 


CA] |x"! ENTER 


For the matrix of Example 4 this results in the output shown in Figure 1 (where we have 
also used the »Frac command to display the output in fraction form rather than in deci- 


mal form). 


The next example shows that not every square matrix has an inverse. 


EXAMPLE 5 | A Matrix That Does Not Have an Inverse 


Find the inverse of the matrix. 


2 =3 =7 
1 2 7 
1 L 4 


SOLUTION Weproceed as follows. 


2 eT) Oo 0] pice ft 
12 7{ 0310; —= /2 
i t§ #@4 & @ 4 1 
Re = 2Ra—> Rs 1 2 U | 
eae | 
3 17> R3 0 4 =3 
th, L 2 24 
a G1 44 
0 -1 -3 | 

| 

R,;+R,—R; 101 | 
ee a i 
ee" 10 0 0 |} = 


SIR NI NIN 


2 7 20 1.4 
=3 <7 2 1 @ 6 
i #4: oO 0 4 
0 1 0 
i <2 0 
@ -<1. 1 
0 1 0 
+ 5 0 
0 -1 1 
2 0 
z 0 
= 1 


At this point we would like to change the 0 in the (3, 3) position of this matrix to a 1 without 
changing the zeros in the (3, 1) and (3, 2) positions. But there is no way to accomplish this, be- 
cause no matter what multiple of rows 1 and/or 2 we add to row 3, we can’t change the third zero 
in row 3 without changing the first or second zero as well. Thus we cannot change the left half 
to the identity matrix, so the original matrix doesn’t have an inverse. 
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ERR:SINGULAR MAT @ If we encounter a row of zeros on the left when trying to find an inverse, as in Exam- 


Mauit ple 5, then the original matrix does not have an inverse. If we try to calculate the inverse 
2:Goto 


of the matrix from Example 5 on aTI-83 calculator, we get the error message shown in 
Figure 2. (A matrix that has no inverse is called singular.) 


V Matrix Equations 


FIGURE 2 We saw in Example 6 in Section 11.4 that a system of linear equations can be written as 
a single matrix equation. For example, the system 
x-2y- 44=7 
2x —3y- 62=5 
—3x + 6y + 15z =0 


is equivalent to the matrix equation 


1 -—-2 -4/)|x 7 

2 -3 -6}/y}/=]5 

-3 6 15 ]/z 0 

A X B 

If we let 

1 -2 -4 Xx 7 
A= 2 -3 -6 X=] y B=/5 
-3 6 15 Zz 0 


then this matrix equation can be written as 
AX =B 


The matrix A is called the coefficient matrix. 
We solve this matrix equation by multiplying each side by the inverse of A (provided 
that this inverse exists): 


Solving the matrix equation AX = B AX =B 

is very similar to solving the simple =H = : _ 

real-number equation A~*(AX) = Av“B Multiply on left by A~? 
ve (A1A)X = A“4B Associative Property 


which we do by multiplying each side 


— K=l H 
by the reciprocal (or inverse) of 3. IX = AB Property af Inverses 


(3x) = 5 (12) X=A14B Property of identity matrix 
ASS In Example 4 we showed that 
=3 2 0 
At=|-4 1 -3 
10 3 
So from X = A~'B we have 
-—3 2 0||7 —11 
=|-4 1 -$|/5|=| -23 
1 0 34{0 7 
XY = A\-* B 


Thus x = —11, y = —23, z = 7 is the solution of the original system. 
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Systems of Equations and Inequalities 


We have proved that the matrix equation AX = B can be solved by the following 
method. 


SOLVING A MATRIX EQUATION 


If A isasquaren Xx n matrix that has an inverse A? and if X is a variable matrix 
and B a known matrix, both with n rows, then the solution of the matrix equation 


AX =B 
is given by 
SN 


EXAMPLE 6 | Solving a System Using a Matrix Inverse 


A system of equations is given. 
(a) Write the system of equations as a matrix equation. 
(b) Solve the system by solving the matrix equation. 


2x — Sy =15 
3x — 6y = 36 


SOLUTION 
(a) We write the system as a matrix equation of the form AX = B. 


Bh) Ls] 


A X = B 


(b) Using the rule for finding the inverse of a2 x 2 matrix, we get 


ate 2 -5 


3 3] “x 5 


2 


Ba Wo al 


Multiplying each side of the matrix equation by this inverse matrix, we get 
Pals alls -[’s 
y 3L-3 2][36 9 


So x = 30 andy = 9. 
©. NOW TRY EXERCISE 25 | 


V Modeling with Matrix Equations 


Suppose we need to solve several systems of equations with the same coefficient matrix. 
Then converting the systems to matrix equations provides an efficient way to obtain the 
solutions, because we need to find the inverse of the coefficient matrix only once. This 
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MATHEMATICS IN procedure is particularly convenient if we use a graphing calculator to perform the matrix 
THE MODERN WORLD operations, as in the next example. 


EXAMPLE 7 | Modeling Nutritional Requirements 
Using Matrix Equations 


A pet-store owner feeds his hamsters and gerbils different mixtures of three types 
of rodent food: K ayDee Food, Pet Pellets, and Rodent Chow. He wishes to feed his 
animals the correct amount of each brand to satisfy their daily requirements for pro- 
tein, fat, and carbohydrates exactly. Suppose that hamsters require 340 mg of protein, 
280 mg of fat, and 440 mg of carbohydrates, and gerbils need 480 mg of protein, 
Mathematical Ecology 360 mg of fat, and 680 mg of carbohydrates each day. The amount of each nutrient 
In the 1970s humpback whalesbecamea (iN mg) in one gram of each brand is given in the following table. How many grams 


center of controversy. Environmentalists of each food should the storekeeper feed his hamsters and gerbils daily to satisfy their 


believed that whaling threatened the nutrient requi rements? 
whales with imminent extinction; whalers 


saw their livelihood threatened by any at- 


2 
B 
S 
& 

£ 

eS 

oO 

= 
o 
f= 
Ss 

s 

a 

= 
By 

= 
= 
1. 
<= 


tempt to stop whaling. Are whales really K ayDee Food Pet Pellets Rodent Chow 
threatened to extinction by whaling? 

What level of whaling is safe to guarantee Protein (mg) 10 0 20 
survival of the whales? These questions Fat (mg) 10 20 10 
motivated mathematicians to study pop- Carbohydrates (mg) 5 10 30 
ulation patterns of whales and other 

species more closely. 


As early as the 1920s Lotka and 
Volterra had founded the field of 
mathematical biology by creating 


SOLUTION Weletx,, X,, and x; be the respective amounts (in grams) of K ayDee Food, 
Pet Pellets, and Rodent Chow that the hamsters should eat and y,, y2, and y; be the cor- 


predator-prey models. Their models, responding amounts for the gerbils. Then we want to solve the matrix equations 
which draw on a branch of mathematics 

called differential equations, take into 10 0 20 X1 340 

account the rates at which predator eats 10 20 10 x, | =| 280 Hamster equation 

prey and the rates of growth of each 

population. Note that as predator eats 5 10 30 X3 440 

prey, the prey population decreases; this 

means less food supply for the pred- 10 0 20 V1 480 


ators, so their population begins to 
decrease; with fewer predators the prey 


10 20 101] y. | =| 360 Gerbil equation 


population begins to increase, and so 5 10 30 y3 680 

on. Normally, a state of equilibrium 

develops, and the two populations Let 

alternate between a minimum and a 

maximum. Notice that if the predators 10 0 20 340 480 X1 Yi 
eat the prey too fast, they will be left = = = = = 
without food and will thus ensure their ‘ wat B at : oy as X ! Yo 
own extinction. 5 10 30 440 680 X3 Y3 


Since Lotka and Volterra’s time, . . . 
more detailed mathematical models of | Then we can write these matrix equations as 
animal populations have been devel- 


oped. For many species the popula- AX =B Hamster equation 


tion is divided into several stages: _ F ; 
immature, juvenile, adult, and so on. AY =C Gerbil equation 
The proportion of each stage that We want to solve for X and Y, so we multiply both sides of each equation by A~?, the in- 


survives or reproduces in a given time 
period is entered into a matrix (called a 
transition matrix); matrix multiplication 
is then used to predict the population 
in succeeding time periods. (See the [CA1-"*LB] 
Discovery Project Will the Species 
Survive? at the book companion 
website: www.stewartmath.com.) 

As you can see, the power of math- 
ematics to model and predict is an in- 
valuable tool in the ongoing debate 
over the environment. 


verse of the coefficient matrix. We could find A? by hand, but it is more convenient to 
use a graphing calculator as shown in Figure 3. 


CAIJ-‘**CCI 
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So 
10 8 
L=iA8 =| 2 (Sh =| 4 
12 20 


Thus each hamster should be fed 10 g of K ayDee Food, 3 g of Pet Pellets, and 12 g of 
Rodent Chow; and each gerbil should be fed 8 g of K ayDee Food, 4 g of Pet Pellets, and 
20 g of Rodent Chow daily. 
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CONCEPTS 7-8 m Find the inverse of the matrix and verify that 


1 O AA =AA+=I,andB 1B = BB t=1,, 
©. 1, (a) The matrix J = 0 1 iscalled an_____——_—s matrix. i 2-9 
7 4 
(b) If A is a2 x 2 matrix, then A x | = and ee | aE) Oo. 2 
in —2 -1 0 
(c) If A and B are2 x 2 matrices with AB = I, then B is the 9-24 m Find the inverse of the matrix if it exists. 
—_____ of A. m6 Poe 59 3 3] 
2. (a) Write the following system as a matrix equation AX = B. ee: 3] “17 9] 
System Matrix equation uu. | 2 | v. [-7 4 
a a: [S55 =13 | 8 —-5 
_ f 6-3) ca 
5x +3y=4 L | J-[ | B.) 3 4! 14. |e 4 
3x + 2y =3 _ 
15, |°4 | 16 : 
(b) The inverse of A is A? = | | am i ae 0.6 : 101 
(c) The solution of the matrix equation is X = A~B. 2 4 1 [5 7 4 
X = A7t B “ 17. —1 1 = 18. | 3 -1 3 
1 4 0 L6 TS 
H-[e alle [] 12 3 pi 
©2194) 4 5 . 20. | 1 4 
(d) The solution of the system is x = y= [1 -1 [2 2 
0 -2 2 [3 0 
21. | 3 1 3 22. | 5 1 
SKILLS 
I 22) 3 [2 0 
3-6 m Calculate the products AB and BA to verify that B is the z a 
inverse of A. 12 0 3 10 1 0 
: OQ. 2 1 Ot 04 
_ 23. 24. 
saa-[t 3] p= | 3 Al 0101 1 1-1 0 
‘ ae 12 02 lft 2 2 4 
ef] eld iets 
4-7 2 =1 25-32 m Solve the system of equations by converting to a matrix 
rq 3-1 8 3 4 equation and using the inverse of the coefficient matrix, as in Ex- 
5. A= 4 B = - 1 - ample 6. Use the inverses from Exercises 9-12, 17, 18, 21, and 23. 
aes ee 
a2 4 9 -10 -8 ee oe a i 
6.A=|1 1 -6 B=|-12 14 11 of xt Sy= 2 og, SOX t A= 0 
L2 1 2 > G " \-5x - 13y = 20 8x — 5y = 100 


2x+4y+z= 7 5x + 7y +4z2=1 
29.4-x+ y-z= 0 30. 43x — y+ 3z= 
x + 4y =-2 6x + 7y + 5z =1 
-2y+22= 12 co: ae — 
31.43% + y4+32=-2 32, ; = 
4 pe 
xX—2y+3z= 8 x + 2y ow =3 


| 33-38 m Use acalculator that can perform matrix operations to 


™ solve the system, as in Example 7. 


X+ y-2z= 3 3x+ 4y-— z= 2 
33. 42x + 5z=11 34, 42x — 3y + z=-5 
2x + 3y =12 5x — 2y + 2z2 =—3 
12x + 3y — 7z = 21 x+5y—-Fz= 4 
35. (11x — 2y + 3z = 43 36. 4x -—Gytgz= 7 
13x + y — 4z = 29 x+ y- z=-6 

x+ y — 3w= 0 

— 22 = 8 

a7: 2y- z+ w= 5 

2x + 3y — 2w = 13 

Xx y Z w=15 

x= Yr z= w= 9 

a8 x + 2y + 3z + 4w = 26 


xX — 2y + 3z-4w= 2 


39-40 m Solve the matrix equation by multiplying each side by 
the appropriate inverse matrix. 


mf Slt lth a al 


0 -2 2/;|x u 3. 6 
40. | 3 1 3]//y vJ=]6 12 
1 —2 3 Z Ww 0 0 


41-42 m Find the inverse of the matrix. 


a 0 0 0 

a -—-a 0 b 0 0 

= b | Bee 0 0c 0 
(a #0) [0 0 0 d 
(abcd # 0) 


43-46 m Find the inverse of the matrix. For what value(s) of x, 
if any, does the matrix have no inverse? 
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of food available, and each type contains the following 
amounts of these nutrients per ounce. 


Folic acid (mg) 3 1 3 
Choline (mg) 4 2 4 
Inositol (mg) 3 2 4 


(a) Find the inverse of the matrix 


3 1 3 
4 2 4 
3 2 4 


and use it to solve the remaining parts of this problem. 

(b) How many ounces of each food should the nutritionist feed 
his laboratory rats if he wants their daily diet to contain 
10 mg of folic acid, 14 mg of choline, and 13 mg of inositol? 

(c) How much of each food is needed to supply 9 mg of folic 
acid, 12 mg of choline, and 10 mg of inositol? 

(d) Will any combination of these foods supply 2 mg of folic 
acid, 4 mg of choline, and 11 mg of inositol? 


48. Nutrition Refer to Exercise 47. Suppose food type C has 


been improperly labeled, and it actually contains 4 mg of folic 
acid, 6 mg of choline, and 5 mg of inositol per ounce. Would it 
still be possible to use matrix inversion to solve parts (b), (c), 
and (d) of Exercise 47? Why or why not? 


. Sales Commissions An encyclopedia saleswoman works 


for a company that offers three different grades of bindings for 

its encyclopedias: standard, deluxe, and leather. For each set 

that she sells, she earns a commission based on the set's bind- 
ing grade. One week she sells one standard, one deluxe, and 
two leather sets and makes $675 in commission. The next 
week she sells two standard, one deluxe, and one leather set 
for a $600 commission. The third week she sells one standard, 
two deluxe, and one leather set, earning $625 in commission. 

(a) Let x, y, and z represent the commission she earns on stan- 
dard, deluxe, and leather sets, respectively. Translate the 
given information into a system of equations in x, y, 
and z. 

(b) Express the system of equations you found in part (a) as a 
matrix equation of the form AX = B. 

(c) Find the inverse of the coefficient matrix A and use it to 
solve the matrix equation in part (b). How much commis- 
sion does the saleswoman earn on a set of encyclopedias 
in each grade of binding? 


2 xX eX —e% 
a[* *] ro nel 

1 e 0 x 1 
45. |e —e* 0 46. | 1 

0 0 2 mea 
APPLICATIONS 


©.47. Nutrition A nutritionist is studying the effects of the 
nutrients folic acid, choline, and inositol. He has three types 


DISCOVERY = DISCUSSION = WRITING 
50. No Zero-Product Property for Matrices We have 


used the Zero-Product Property to solve algebraic equations. M a- 
trices do not have this property. Let O represent the 2 x 2 zero 
matrix 


Find 2 x 2 matrices A # O andB #0 such thatAB =O. 
Can you find a matrix A # O such that A? = 0? 
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11.6 DETERMINANTS AND CRAMER’S RULE 


Determinant of a2 < 2 Matrix B® Determinant of ann X N Matrix Row 
and Column Transformations B Cramer’s Rule ® Areas of Triangles Using 
Determinants 


If a matrix is square (that is, if it has the same number of rows as columns), then we can 
assign to it a number called its determinant. Determinants can be used to solve systems 
of linear equations, as we will see later in this section. They are also useful in determin- 
ing whether a matrix has an inverse. 


V Determinant of a2 X 2 Matrix 


We denote the determinant of a square matrix A by the symbol det(A) or |A |. We first de- 
fine det(A) for the simplest cases. If A = [a] isal x 1 matrix, then det(A) = a. The fol- 
lowing box gives the definition of a2 x 2 determinant. 


DETERMINANT OF A2 X 2 MATRIX 


We will use both notations, det(A) and 
|A |, for the determinant of A. Although 
the symbol |A | looks like the absolute 
value symbol, it will be clear from the 
context which meaning is intended. det(A) = |A| 


The determinant of the 2 < 2 matrix A = |: 


EXAMPLE 1 | Determinant of a 2 X 2 Matrix 


Evaluate |A| for A = i 3h 


Zz 3 
To evaluate a2 x 2 determinant, we SOLUTION 
take the product of the diagonal from 6 3 
top left to bottom right and subtract the | - | = 683 = (—-3)\2 = 19 = (6) = 24 
product from top right to bottom left, 2 P33 ee se) oe) 


as indicated by the arrows. 
©. NOW TRY EXERCISE 5 ia 


V Determinant of ann X NMatrix 


To define the concept of determinant for an arbitrary n x n matrix, we need the follow- 
ing terminology. 


MINORS AND COFACTORS 
Let A be ann X n matrix. 


1. The minor M , of the element aj; is the determinant of the matrix obtained by 
deleting the ith row and jth column of A. 


2. The cofactor A;; of the element aj; is 
Ay =(-1)7M, 
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a For example, if A is the matrix 
2 32 1 
0 2 4 
—2 5 6 
28 then the minor M ,, is the determinant of the matrix obtained by deleting the first row and 
aS second column from A. Thus 
os 
0 4 
My =] 0 |= | 0(6) — 4(-2) = 8 
DAVID HILBERT (1862-1943) was - 6 —2 6 


born in K6nigsberg, Germany, and be- 
came a professor at Gottingen Univer- 
sity. He is considered by many to be the 3 
greatest mathematician of the 20th cen- So the cofactor A,, = (—1)'*7M,, = —8. Similarly, 
tury. At the International Congress of 

Mathematicians held in Paris in 1900, 


Hilbert set the direction of mathematics 23 = 23 

for the about-to-dawn 20th century by M33 = 02 _ = 95:27 —3.0 4 
posing 23 problems that he believed to 0 2 

be of crucial importance. He said that 


“these are problems whose solutions we 
expect from the future.” Most of _ /(_1)343 = 
Hilbert’s problems have now been SO A33 = (—1)°""M 33 = 4. 6 ; eit ‘ 

solved (see Julia Robinson, page701, Note that the cofactor of aj Is simply the minor of aj; multiplied by either lor —1, 
and Alan Turing, page 157),and theirso- | depending on whether i + j is even or odd. Thus in a3 X 3 matrix we obtain the cofac- 


lutions have led to important new areas — tor of any element by prefixing its minor with the sign obtained from the following 
of mathematical research. Yet as we pro- checkerboard pattern. 
ceed into the new millennium, some of 


his problems remain unsolved. In his 
work, Hilbert emphasized structure, ae = Sh 
logic, and the foundations of mathemat- a 
ics. Part of his genius lay in his ability to 
see the most general possible state- 
ment of a problem. For instance, Euler 
proved that every whole number is the We are now ready to define the determinant of any square matrix. 
sum of four squares; Hilbert proved a 
similar statement for all powers of posi- 
tive integers. 


a THE DETERMINANT OF A SQUARE MATRIX 


If Aisann X n matrix, then the determinant of A is obtained by multiplying 
each element of the first row by its cofactor and then adding the results. In 
symbols, 


Ay, 92, ++ An 


A721 422 +++ ap 
Gera = aa = ee et oe e = 4yAq + ayAq, +++) + aypArn 


Ann 


EXAMPLE 2 | Determinant of a3 X 3 Matrix 
Evaluate the determinant of the matrix. 
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Graphing calculators are capable of 
computing determinants. Here is the 


output when the T|-83 is used to calcu- 


late the determinant in Example 3: 


det(LA1]) 


SOLUTION 
2 = 
wait) 02 a[aa]? 4] a] 9 4]ecaf 9 2] 
25 6 
= 2(2-6 — 4-5) — 3[0-6 — 4(—2)] — [0-5 — 2(-2)] 
=-16-24-4 
= —44 
©. NOW TRY EXERCISE 19 a 


In our definition of the determinant we used the cofactors of elements in the first row 
only. This is called expanding the determinant by the first row. In fact, we can expand 
the determinant by any row or column in the same way and obtain the same result in each 
case (although we won't prove this). The next example illustrates this principle. 


EXAMPLE 3 | Expanding a Determinant 
About a Row and a Column 


Let A be the matrix of Example 2. Evaluate the determinant of A by expanding 
(a) by the second row 
(b) by the third column 


Verify that each expansion gives the same value. 


SOLUTION 
(a) Expanding by the second row, we get 


23 <1 
5 1 el 2 3 
det(A)=| 02 4 = -0| +2 | 4| | 
Pr 5 66 2 6 2 5 


C4 228 (1-2) — 42-5. = 3 )) 
=0+20-64 = —44 


(b) Expanding by the third column gives 
2 3 = 
det(A) =| O 2 4 
—2 5 6 
0 2 2 3 2 3 
=a sl-‘]a s]*4o 2| 


= -[0-5 — 2(-2)] — 4[2-5 — 3(-2)] + 6(2-2 — 3-0) 
= -4-644+24=-44 


In both cases we obtain the same value for the determinant as when we expanded by the 
first row in Example 2. 
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The following criterion allows us to determine whether a square matrix has an inverse 
without actually calculating the inverse. This is one of the most important uses of the 
determinant in matrix algebra, and it is the reason for the name determinant. 


INVERTIBILITY CRITERION 


If A is a square matrix, then A has an inverse if and only if det(A) # 0. 


We will not prove this fact, but from the formula for the inverse of a 2 X 2 matrix 
(page 712) you can see why itis true in the 2 x 2 case. 


EXAMPLE 4 | Using the Determinant to Show That a Matrix Is 
Not Invertible 


Show that the matrix A has no inverse. 


Ny UW oO fF 
DON 
oN CO GO 
oOoOnwW ff 


SOLUTION We begin by calculating the determinant of A. Since all but one of the 
elements of the second row is zero, we expand the determinant by the second row. If we 
do this, we see from the following equation that only the cofactor A,, will have to be 
calculated. 


det(A ) 


II 
RAON 
OoNO SO 
Oo nw 


_ —0-A, =F 0-Ax. _ 0+A>3 + 3+Ana = 3A 


1 2 0 
Sse ¢ 3 Expand this by column 3 
2 4 


0 
1 2 
nacaf 


= 3(-2)(1-4 — 2-2) =0 
Since the determinant of A is zero, A cannot have an inverse, by the Invertibility Criterion. 
®. NOW TRY EXERCISE 23 | 


V Row and Column Transformations 


The preceding example shows that if we expand a determinant about a row or column 
that contains many zeros, our work is reduced considerably because we don’t have to eval- 
uate the cofactors of the elements that are zero. The following principle often simplifies 
the process of finding a determinant by introducing zeros into the matrix without chang- 
ing the value of the determinant. 
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ROW AND COLUMN TRANSFORMATIONS OF A DETERMINANT 


If A is a Square matrix and if the matrix B is obtained from A by adding a 


multiple of one row to another or a multiple of one column to another, then 
det(A) = det(B). 


EXAMPLE 5 | Using Row and Column Transformations 
to Calculate a Determinant 


EMMY NOETHER (1882-1935) was Find the determinant of the matrix A. Does it have an inverse? 
one of the foremost mathematicians of 


the early 20th century. Her ground- 

breaking work in abstract algebra pro- 8 

vided much of the foundation for this 3 

field, and her work in invariant theory A= 

was essential in the development of 24 

Einstein's theory of general relativity. 2 

Although women weren't allowed to 

study at German universities at that 

time, she audited courses unofficially SOLUTION If we add —3 times row 1 to row 3, we change all but one element of row 

and went on to receive a doctorate at 3 to zeros: 

Erlangen summa cum laude, despite 

the opposition of the academic senate, 

which declared that women students 

would “overthrow all academic order.” 

She subsequently taught mathematics 

at G6ttingen, Moscow, and Frankfurt. In 

1933 she left Germany to escape Nazi 

Lehre area eee at This new matrix has the same determinant as A, and if we expand its determinant by the 
ryn Mawr College in suburban : 

Philadelphia. She lectured there and at third row, we get 


the Institute for Advanced Study in 


The Granger Collection, New York 


ND UW NY 
i 
| 
= 
NO 


NO W oO 
NOUN 
aS 
=| 


8 2 —-4 
Princeton, New Jersey, until her un- 
timely death in 1935. det(A) = 4/3 5 11 
2 2 -1 


02 -4 
det(A) =4]25 5 11 Expand this by column 1 
0: 2) = 
2 -4 
= 4(-2 
(25> 1 | 


4(—25)[2(—1) — (—4)2] = —600 


Since the determinant of A is not zero, A does have an inverse. 
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Vv Cramer’s Rule 


The solutions of linear equations can sometimes be expressed by using determinants. To il- 
lustrate, let’s solve the following pair of linear equations for the variable x. 


eheeae 
cx + dy =s 
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To eliminate the variable y, we multiply the first equation by d and the second by b and 
subtract. 


adx + bdy = rd 
bcx + bdy = bs 
adx — bcx = rd — bs 


Factoring the left-hand side, we get (ad — bc)x = rd — bs. Assuming that ad — bc £0, 
we can now solve this equation for x: 


2 rd — bs 
ad — bc 
Similarly, we find 
_ as — cr 
y ad — bc 


The numerator and denominator of the fractions for x and y are determinants of 2 x 2 
matrices. So we can express the solution of the system using determinants as follows. 


CRAMER’S RULE FOR SYSTEMS IN TWO VARIABLES 
The linear system 


eS + by =r 
cx + dy =s 
has the solution 


a b 
€ 


provided that 


Using the notation 


Coefficient Replace first Replace second 
matrix column of D by column of D by 
rands rands 


we can write the solution of the system as 
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EXAMPLE 6 | Using Cramer's Rule to Solve 
a System with Two Variables 


Use Cramer's Rule to solve the system. 


eee 
x+ By= 2 


SOLUTION For this system we have 


2 6 
|D ae [= 28-61 =10 
-1 6 
P=] > | (-1)8 — 6-2 20 
2 -1 
al =| | 2-2—(-1)1=5 
The solution is 
|D,| | —20 5 
|D | 10 
— (Dy 5 1 
|D | 10 2 
©. NOW TRY EXERCISE 33 |_| 


Cramer’s Rule can be extended to apply to any system of n linear equations in 
n variables in which the determinant of the coefficient matrix is not zero. As we saw in 
the preceding section, any such system can be written in matrix form as 


A411 412, +++ Aan X) by 
Arn 22 +++ Aan || X2 | _ | be 
ant an2 es Ann Xy Dp 


By analogy with our derivation of Cramer's Rule in the case of two equations in two un- 
knowns, we let D be the coefficient matrix in this system, and D,, be the matrix obtained 
by replacing the ith column of D by the numbers by, b2,..., b, that appear to the right of 
the equal sign. The solution of the system is then given by the following rule. 


CRAMER’S RULE 


If a system of n linear equations in the n variables x,, X2,...,X, iS equivalent to 
the matrix equation DX = B, and if |D | # 0, then its solutions are 


ce 1D, 


Ly = X= 


|D |D 


where D,, is the matrix obtained by replacing the ith column of D by then x 1 
matrix B. 


SECTION 11.6 | Determinants and Cramer’s Rule 727 


EXAMPLE 7 | Using Cramer’s Rule to Solve a System 
with Three Variables 


Use Cramer's Rule to solve the system. 
2x — 3y + 4z2=1 
X +6z=0 
3x — 2y =5 
SOLUTION First, we evaluate the determinants that appear in Cramer’s Rule. Note that 


D is the coefficient matrix and that D,, D,, and D. are obtained by replacing the first, sec- 
ond, and third columns of D by the constant terms. 


2 -3 4 1 -3 4 
ID} =|1 0 6/=-38 |D,)=|/0 0 6]/=~-78 
3 -2 0 5 -2 0 
Z 4 4 2 -3 1 
[Dy =|1 0 6/=-22 [DJ =|1 O O]=13 
> 3 6 3-2 °5 
Now we use Cramer’s Rule to get the solution: 
|D,| | -78 39 [Dy| = -22 11 
\D| 38 19 Y= 1p) =38 19 
|D.| 13 13 
Zz 
|D | —38 38 
®. NOW TRY EXERCISE 39 | 


Solving the system in Example 7 using Gaussian elimination would involve matrices 
whose elements are fractions with fairly large denominators. Thus in cases like Exam- 
ples 6 and 7, Cramer's Rule gives us an efficient way to solve systems of linear equations. 
But in systems with more than three equations, evaluating the various determinants that 
are involved is usually a long and tedious task (unless you are using a graphing calcula- 
tor). Moreover, the rule doesn’t apply if |D | =0 or if D is not a square matrix. So 
Cramer’s Rule is a useful alternative to Gaussian elimination, but only in some situations. 


V Areas of Triangles Using Determinants 
Determinants provide a simple way to calculate the area of a triangle in the coordinate plane. 


AREA OF A TRIANGLE 
If a triangle in the coordinate plane has vertices (a, b;), (a2, b2), and (a3, b3), then 
its area is oe 


(a3; bs) 


where the sign is chosen to make the area positive. 


You are asked to prove this formula in Exercise 63. 
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EXAMPLE 8 | Area of a Triangle 


Find the area of the triangle shown in Figure 1. 


FIGURE 1 


We can calculate the determinant by SOLUTION Thevertices are (1, 2), (3, 6), and (—1, 4). Using the formula in the preced- 
hand or by using a graphing calculator. ing box, we get 


tre & dd 
ES @ qa A = +} 


14 1 
3 6 1/=+}(-12) 
EW @ Welal 121 


det(LA1]) 


=12 


To make the area positive, we choose the negative sign in the formula. Thus, the area of 
the triangle is 


A = -3(-12) =6 
©. NOW TRY EXERCISE 55 a 
CONCEPTS SKILLS 
1. True or false? det(A) is defined only for a square matrix A. 5-12 m Find the determinant of the matrix, if it exists. 
2. True or false? det(A) is a number, not a matrix. e 5 [2 4 6. k zs 
LO 3 2 0 
3. True or false? If det(A) = 0, then A is not invertible. : : 
7 4 5 8 —2 1 
4. Fill in the blanks with appropriate numbers to calculate the "Nie 2 “| 29 
determinant. W here there is “=”, choose the appropriate sign 3 
(+ or -) 9.[2 5] 10. ‘| 
(a) : ; - a 1. [? i] i, 22 BF 
7 Leg l05 10 
ae 13-18 m Evaluate the minor and cofactor using the matrix A. 
(b)|3 2 1|/=+m(mm — 9m) + (8 - 2) 
0 -3 4 10 3 
A=/-3 5 2 
sae ae) 00 4 


16. M43, Ay3 17. Mp3, Az3 18. M 3), Az 
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19-26 m Find the determinant of the matrix. Determine whether x — 6y =3 5X + i? =] 
the matrix has an inverse, but don’t calculate the inverse. 35, {; 3x + 2y=1 36. ie = 
2 1 0 1 2 5 0.4x + 1.2y = 0.4 10x — 17y = 21 
“1% /9 -2 4 20.|/-2 -3 2 a7. e 2x + 1.6y = 3.2 ae pan — 3ly = 39 
[0 be 23 3 5 3 
- 5 a X= y+2z= 0 5x— BY + z 6 
aa 300 20 . “20-2 2 © 239. 4 3x +72=1l 40, 4y—62= 22 
"; 0 —10 —20 "}) 2 4 0 —X + 2y = 0 7x + 10y = -13 
40 0 10 5 2 1 
_ + 3x, — 5x3 = 1 = 2 
13 7 a a fs By Sy 9 af eee 
-23.12 9 8 24./2 6 2x, + x3 = 8 . +5b + 2c = 22 
022 Ll 0 3 
- RX ay t+az=5 2x —y = 5 
r 13 3 0 Le D2 naa afi 437 = 19 
5.) 0201 26. ; . : : goles gad ne 
-1 00 2 
L164 1 a te z= 4 f x-5y =4 
45. z=10 46., x+ y- z=8 
27-30 m Evaluate the determinant, using row or column opera- 4x + Ty = 0 3x + 5: = 
tions whenever possible to simplify your work. 
00 4 6 2 3 1 7 | —— ee 
2113 4 6 -2 3 47. : = g ® ra 
27, 28. Vo 2 oa 
Z a 2: 33 7 7 0 5 X 4099 = po ved 
3 01 +7 3 =12 4 0 
123 4°55 
02468 2 1 6 4 49-50 m Evaluate the determinants 
29.10 0 3 6 9 Oe ce ae a 00 0 0 aoaaa a 
000 4 8 : i i a 0 b O00 0 0 aaaéea 
0000 5 49.;0 0 c 0 0 50.;0 0 aaa 
000d 0 000 aée a 
~31. Let 000 0e 000 0a 
4 1 0 
B=/-2 -1 1 
= 3 51-54 m Solve for x. 
(a) Evaluate det(B ) by expanding by the second row. x 12 13 x 11 
(b) Evaluate det(B ) by expanding by the third column. 51.10 x—-1 23 |=0 52/1 1 x/=0 
(c) Do your results in parts (a) and (b) agree? 0 0 x-2 x 1 x 
32. Consider the system 
1 0 x a b X-—a 
x + dy + 6z=5 53.|/x2 1 0/=0 54./x x+b x |=0 
—3x - 6y +5z= x 01 0 1 1 
2x + 6y + 9z = 


(a) Verify that x = —1, y = 0, z = lis asolution of the system. 

(b) Find the determinant of the coefficient matrix. 

(c) Without solving the system, determine whether there are 
any other solutions. 


55-58 m Sketch the triangle with the given vertices, and use a de- 
terminant to find its area. 


(d) Can Cramer's Rule be used to solve this system? Why or 55. (0, 0), (6, 2), (3, 8) 56. (1, 0), (3, 5), (—2, 2) 
why not? 57. (—1, 3), (2, 9), (5, 6) 58. (—2, 5), (7, 2), (3, -4) 
33-48 m Use Cramer's Rule to solve the system. 1 x x 
2 — Z Z 
ics fs yo59 - (6 + 1dy = 33 59. Show that y y (x — y)(y — z)(z — X) 
“(lx+2y= 8 " 4x + Ty = 20 oa 
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APPLICATIONS 


60. Buying Fruit A roadside fruit stand sells apples at 75¢ a 
pound, peaches at 90¢ a pound, and pears at 60¢ a pound. 
Muriel buys 18 pounds of fruit at a total cost of $13.80. 

Her peaches and pears together cost $1.80 more than her 

apples. 

(a) Set up a linear system for the number of pounds of ap- 
ples, peaches, and pears that she bought. 

(b) Solve the system using Cramer's Rule. 


61. The Arch of a Bridge The opening of a railway bridge 
over a roadway is in the shape of a parabola. A surveyor mea- 
sures the heights of three points on the bridge, as shown in the 
figure. He wishes to find an equation of the form 


y =ax? + bx +¢ 


to model the shape of the arch. 

(a) Use the surveyed points to set up a system of linear equa- 
tions for the unknown coefficients a, b, and c. 

(b) Solve the system using Cramer’s Rule. 


y (ft) 


62. ATriangular Plot of Land An outdoors club is purchasing 
land to set up a conservation area. The last remaining piece they 
need to buy is the triangular plot shown in the figure. Use the de- 
terminant formula for the area of a triangle to find the area of the 
plot. 


6000 


4000 


2000 


N-S baseline (ft) 


0 2000 4000 6000 
E-W basdine (ft) 


DISCOVERY = DISCUSSION = WRITING 


63. Determinant Formula for the Area of a Triangle 
The figure shows a triangle in the plane with vertices (a,, b,), 
(az, 62), and (a3, bs). 


(a) Find the coordinates of the vertices of the surrounding 
rectangle, and find its area. 

(b) Find the area of the red triangle by subtracting the 
areas of the three blue triangles from the area of the 
rectangle. 

(c) Use your answer to part (b) to show that the area of the 
red triangle is given by 


a, b, 1 
area=+}/a, b, 1 
a; b3; 1 
yA 
(a3, 53) 
j (ao, by) 
(ay, b)) 
0 = 


64. Collinear Points and Determinants 
(a) If three points lie on a line, what is the area of the 
“triangle” that they determine? Use the answer to this 
question, together with the determinant formula for the 
area of a triangle, to explain why the points (a;, b;), 
(a2, b,), and (a3, 3) are collinear if and only if 


a, b, 1 
a> b> 1 = 0 
a; b3; 1 


(b) Use a determinant to check whether each set of points is 
collinear. Graph them to verify your answer. 
(i) (—6, 4), (2, 10), (6, 13) 
(ii) (—5, 10), (2, 6), (15, —2) 


65. Determinant Form for the Equation of a Line 
(a) Use the result of Exercise 64(a) to show that the equation 
of the line containing the points (x, y:) and (Xz, 2) is 


x y 1 
X1 yi 1 = 0 
X YY 1 


(b) Use the result of part (a) to find an equation for the line 
containing the points (20, 50) and (—10, 25). 


66. Matrices with Determinant Zero Use the definition 
of determinant and the elementary row and column operations 
to explain why matrices of the following types have 
determinant 0. 

(a) A matrix with a row or column consisting entirely 
of zeros 

(b) A matrix with two rows the same or two columns 
the same 

(c) A matrix in which one row is a multiple of another row, 
or one column is a multiple of another column 
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67. Solving Linear Systems Suppose you have to solve a DISCOVERY ; 
linear system with five equations and five variables without aie §=Computer Graphics | 


the assistance of a calculator or computer. Which method 
would you prefer: Cramer's Rule or Gaussian elimination? 
Write a short paragraph explaining the reasons for your 


answer. 


In this project we investigate how matrices are used to 


manipulate images on a computer screen by compressing, 
stretching, reflecting, and shearing. Y ou can find the project 
at the book companion website: www.stewartmath.com 


11.7 PARTIAL FRACTIONS 


as Common denominator mam> 
1 1 3x 


Xa] WEL =x 1 


—=a Partial fractions 


Distinct Linear Factors B Repeated Linear Factors B® Irreducible Quadratic 
Factors B Repeated Irreducible Quadratic Factors 


To write a sum or difference of fractional expressions as a single fraction, we bring them 
to a common denominator. For example, 
1 i 1 (2x +1) +(x -1) 3x 
x-1l 2x41 (x — 1)(2x + 1) 2x°-x-1 

But for some applications of algebra to calculus we must reverse this process— that is, we 
must express a fraction such as 3x/(2x? — x — 1) as the sum of the simpler fractions 
1/(x — 1) and 1/(2x + 1). These simpler fractions are called partial fractions; we learn 
how to find them in this section. 

Let r be the rational function 


where the degree of P is less than the degree of Q. By the Linear and Quadratic Factors 
Theorem in Section 4.5, every polynomial with real coefficients can be factored com- 
pletely into linear and irreducible quadratic factors, that is, factors of the form ax + b and 
ax? + bx + c, where a, b, andc are real numbers. For instance, 


4 -—1=(? -— 10? 4:1) = K- Dx + 1)? 4:1) 


After we have completely factored the denominator Q of r, we can express r(x) as a sum 
of partial fractions of the form 


A ad Ax +B 
(ax + b)| (ax? + bx + c) 


This sum is called the partial fraction decomposition of r. L et’s examine the details of 
the four possible cases. 


V Distinct Linear Factors 
We first consider the case in which the denominator factors into distinct linear factors. 


CASE 1: THE DENOMINATOR IS A PRODUCT OF DISTINCT LINEAR FACTORS 
Suppose that we can factor Q(x) as 
Q(x) = (aix + by)(a2x + bz) > + (anx + by) 


with no factor repeated. In this case the partial fraction decomposition of 
P(x)/Q(x) takes the form 


P(x) _ A a A, ssc? 
Q(x) ayx+b, ax +b, 
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= The constants A;, A2,...,A, are determined as in the following example. 
The Rhind Papyrus is the oldest 


known mathematical document. It is an EXAMPLE 1 | Distinct Linear Factors 
Egyptian scroll written in 1650 B.c. by 


the scribe Ahmes, who explains that . , \ ead 5x +7 

it is an exact copy of a scroll written Find the partial fraction decomposition of rae ¥ 

200 years earlier. Ahmes claims that his a x a 

papyrus contains “a thorough study of SOLUTION Thedenominator factors as follows. 

all things, insight into all that exists, 

knowledge of all obscure secrets.” Actu- + 2x? -x-2= xX +2) —(x+2)= Ge 1)(x + 2) 


ally, the document contains rules for do- 
ing arithmetic, including multiplication 

and division of fractions and several ex- 
ercises with solutions. The exercise This gives us the partial fraction decomposition 


shown below reads:“A heap and its sev- 


(x — 1)(x + 1)(x + 2) 


enth make nineteen; how large is the SX +7 A B C 
heap?” In solving problems of this sort, e+2x7-x-2 x-1 x+1 x+2 
the Egyptians used partial fractions be- a ; ; 
cause their number system required all Multiplying each side by the common denominator, (x — 1)(x + 1)(x + 2), we get 
fractions to be written as sums of recip- 
rocals of whole numbers. For example, K+ = A(x + 1)(x + 2} By B(x ~ 1)(x + 2) + C(x _ 1)(x + 1) 
7 . 1 1 
77 would be written as 3 + 3. = 2 2 ts Doss 
The papyrus gives a correct formula for A(x + 3x + 2) * B(x ee 2) > C(x 1) Expand 
ewe lumeior ected amie =(A +B +C)x? + (3A +B)x+(2A —2B —C) — Combinelike terms 
which the ancient Egyptians used when 
building the pyramids at Giza. It also If two polynomials are equal, then their coefficients are equal. Thus since 5x + 7 has no 
5 = 2 . . . eos 
ee a ee = pal foe area x-term, we have A + B + C = 0. Similarly, by comparing the coefficients of x, we see 
SOR ee a een ergs See that 3A +B = 5, and by comparing constant terms, we get 2A — 2B — C = 7. This leads 


this to the actual area? 


to the following system of linear equations for A, B, and C. 


A+ B+C=0 Equation 1: Coefficients of x? 
3A + B =5 Equation 2: Coefficients of x 
2A —-2B -C =7 Equation 3: Constant coefficients 


We use Gaussian elimination to solve this system. 


A+ B+ C=0 
—2B —3C =5 Equation 2 + (-3) x Equation 1 
— 4B —3C =7 Equation 3 +(-2) x Equation 1 


3C = -3 Equation 3 + (-2) x Equation 2 
From the third equation we get C = —1. Back-substituting, we find that B = —1 and 
A = 2. So the partial fraction decomposition is 


5x +7 2 —1 ie —1 
Vee Ska? eel e441 ° *49 


®. NOW TRY EXERCISES 3 AND 13 A 


The same approach works in the remaining cases. We set up the partial fraction decom- 
position with the unknown constants A,B, C,.... Then we multiply each side of the result- 
ing equation by the common denominator, simplify the right-hand side of the equation, and 
equate coefficients. This gives a set of linear equations that will always have a unique solu- 
tion (provided that the partial fraction decomposition has been set up correctly). 


V Repeated Linear Factors 


We now consider the case in which the denominator factors into linear factors, some of 
which are repeated. 


+1 


SECTION 11.7 | Partial Fractions 733 


CASE 2: THE DENOMINATOR IS A PRODUCT OF LINEAR FACTORS, SOME 
OF WHICH ARE REPEATED 


Suppose the complete factorization of Q(x) contains the linear factor ax + b 


repeated k times; that is, (ax + b)* is a factor of Q(x). Then, corresponding to each 
such factor, the partial fraction decomposition for P (x)/Q(x) contains 


Ay at A2 re ata ae 
ax+b (ax +b)? (ax + b)é 


EXAMPLE 2 | Repeated Linear Factors 


; , _ +1 
Find the partial fraction decomposition of . 


(x —1)° 


SOLUTION Because the factor x — 1 is repeated three times in the denominator, the 
partial fraction decomposition has the form 


+1 A B C D 


x(x -— 1)? x “fi =i  G@= pe 
Multiplying each side by the common denominator, x(x — 1)°, gives 
= A(x — 1)? + Bx(x — 1)? + Cx(x — 1) + Dx 
= A(x? — 3x? + 3x — 1) + BO? — 2x? + x) + COX? — x) +Dx — Expand 
= (A + B)x? + (-3A — 2B + C)x? + (3A +B—C+D)x—A_ Combinelike terms 


Equating coefficients, we get the following equations. 


A+ B =0 Coefficients of x? 
—3A —-2B+C =1 Coefficients of x? 

3A + B-C+D=0 Coefficients of x 
—A =1 Constant coefficients 


If we rearrange these equations by putting the last one in the first position, we can easily 
see (using substitution) that the solution to the system is A 1,B =1,C =0,D =2, 
so the partial fraction decomposition is 
+1 =1 . 1 in 2 
x(xx-13 xX x-1 (x-1) 
®. NOW TRY EXERCISES 5 AND 29 | 


V Irreducible Quadratic Factors 
Wenow consider the case in which the denominator has distinct irreducible quadratic factors. 


CASE 3: THE DENOMINATOR HAS IRREDUCIBLE QUADRATIC 
FACTORS, NONE OF WHICH IS REPEATED 


Suppose the complete factorization of Q(x) contains the quadratic factor 


ax? + bx + c (which can’t be factored further). Then, corresponding to this, the 
partial fraction decomposition of P(x)/Q(x) will have a term of the form 


Ax +B 
ax? + bx +¢ 
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EXAMPLE 3 | Distinct Quadratic Factors 
2 
—x+ 
Find the partial fraction decomposition of cae Sas 
x? + 4x 


SOLUTION Since x? + 4x = x(x? + 4), which can’t be factored further, we write 


2x?-x+4 A Bx+C 


x? + 4x x ‘+4 


Multiplying by x(x? + 4), we get 
2x? —x + 4 = A(x? + 4) + (Bx + C)x 
= (A +B)x?+Cx+4A 
E quating coefficients gives us the equations 
A+B= 2 Coefficients of x? 


C=-1 Coefficients of x 
4A= 4 Constant coefficients 


soA = 1,B =1,andC = —1. The required partial fraction decomposition is 
2°—-x+4 1 x-1 
x? + 4x x x44 
®. NOW TRY EXERCISES 7 AND 37 a 


V Repeated Irreducible Quadratic Factors 


We now consider the case in which the denominator has irreducible quadratic factors, 
some of which are repeated. 


CASE 4: THE DENOMINATOR HAS A REPEATED IRREDUCIBLE 
QUADRATIC FACTOR 


Suppose the complete factorization of Q(x) contains the factor (ax? + bx + c)¥, 


where ax? + bx + c can’t be factored further. Then the partial fraction decompo- 
sition of P(x)/Q(x) will have the terms 
Aix +B, Ax +B, A,X + By 
=U ies | ori eae ke 
AN ce les E (Ne se Le se GC) (ax* + bx +c) 


EXAMPLE 4 | Repeated Quadratic Factors 
W rite the form of the partial fraction decomposition of 


x? — 3x? 4+12x-1 
x3(x2 + x + 1)(x? + 2)3 


SOLUTION 
x5 — 3x? + 12x-1 
X3(x? + x + L(x? + 2) 
_A Bg Oy Dx +E Fx+G Hx + | Jx+K 
x x? x8 xt exe dl x2?+20 0 (x? 42) (x? +2) 


©. NOW TRY EXERCISES 11 AND 41 a 


2x 


x3 + 2x? — x — 2)2x4+ 4x3 


2x? 4 


KET 


2x4 + 4x3 — 2x2 — 4x 


5x +t 7 


11.7 EXERCISES 
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To find the values of A,B,C,D,E,F,G,H,1,}, and K in Example 4, we would have 
to solve a system of 11 linear equations. Although possible, this would certainly involve 
a great deal of work! 

The techniques that we have described in this section apply only to rational functions 
P(x)/Q (x) in which the degree of P is less than the degree of Q. If this isn’t the case, we 
must first use long division to divide Q into P. 


EXAMPLE 5 | Using Long Division to Prepare for Partial Fractions 
Find the partial fraction decomposition of 


2x4 + 4x? — 2x? +x +7 
x? + 2x? - x -2 


SOLUTION Since the degree of the numerator is larger than the degree of the denom- 
inator, we use long division to obtain 


2x4 + 4x3? — 2x? +x +7 
x? + 2x? - x -2 


Sic 5x +7 
x? + 2x? - x -2 


The remainder term now satisfies the requirement that the degree of the numerator is less 
than the degree of the denominator. At this point we proceed as in Example 1 to obtain 
the decomposition 


axl + Ax? = 2x + xX+7 _ 5 2 
+ 2x°-x-2 x-1 


©. NOW TRY EXERCISE 43 


CONCEPTS 


1-2 m For each rational function r, choose from (i)-(iv) the 
appropriate form for its partial fraction decomposition. 


SKILLS 


3-12 = Write the form of the partial fraction decomposition of the 
function (as in Example 4). Do not determine the numerical values 
of the coefficients. 


4 
bX) = op a ae x 
é ‘ j . (x — 1)(x + 2) x + 3x -4 
aa ar: tae OT et eae 
A.B C aA. Bo cxeD THA) ce 
(iii) as = x — 2» (iv) ae = coor & : 2 ' 1 
oy ich ~ "Ox = 3)? + 4) "x41 
210) = Oyo + A) — aye +2 +41 
 & B "(x2 + 1)(x? + 2) "x(x? + 4)? 
et vr +4 a 4. ~+xt+1 2. 1 
‘i aa Z = x(2x — 5)3(x? + 2x + 5)? (x3 — 1)? — 1) 
(iii) . A te : ; me i ae Find the partial fraction decomposition of the rational 
+ 2 2x 
(iv) a = ! s = SB G-perD Ma — DKF) 
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15. 


17. 


19. 


21, 


23. 


25. 


27. 


229, 


31. 


33. 


35. 


©.37, 


39. 


<= 4 

x+ 14 
x? — 2x — 8 
re ee 
8x2 — 10x + 3 

9x? — 9x + 6 
2x3 — x2 — 8x + 4 
+1 
xe + x? 

2x 


4x? + 12x + 9 


4y?-x-2 
x? + 2x3 

—10x? + 27x — 14 
(x — 1)3(x + 2) 


3x3 + 22x? + 53x + 41 


(x + 2)*(x + 3) 
x-3 
x3 + 3x 


2x3 + 7x +5 
(x2 + x + 2)(x? + 1) 
a Pa? lee eae | 

x(x? + 1) 


16. 


18. 


20. 


22. 


24, 


26. 


28. 


30. 


32. 


34, 


36. 


38. 


40. 


42. 


x +6 
X(x + 3) 
X12 
x? — 4x 


2x +1 
Yr+x-2 
8x — 3 
2x2 — x 

TX =3 
x? + 2x? — 3x 


— 3x? — 3x +27 


(x + 2)(2x? + 3x — 9) 
3x? + 5x — 13 


(3x + 2)(x? — 4x + 4) 
x—4 


(2x — 5)? 

x? — 2x? — 4x + 3 
x! 

— 2x? + 5x -—1 


x* — 2x3 + 2x -1 
3x? + 12x — 20 
x? — 8x? + 16 
3x? — 2x + 8 
x3 — x? + 2x — 2 
Yv+x41 

2x* + 3x* +1 
2x7 x +8 
(x2 + 4)? 


45. 


x — 2x44 x3 4xX4+5 


x3 — 2x? +x -2 
4y? + 4x + 12 


x° — 3x4 + 3x3 


(x — 2)%(x? + 2) 


Determine A and B in terms of a and b. 


ax +b A, 8B 

~=-1° x=1° x1 
. Determine A, B, C, and D in terms of a and b. 
ax? + bx? Ax+B , Cx+D 
(241) x41 (241) 


DISCOVERY = DISCUSSION = WRITING 


47, Recognizing Partial Fraction Decompositions For 
each expression, determine whether it is already a partial frac- 
tion decomposition or whether it can be decomposed further. 


48. 


11.8 SysTEMS OF NONLINEAR EQUATIONS 


(a) a 1 
ae ae Go| 
1 2 
+ 
(c) x+1  (x+1) 


(b) 


x 
(x +1) 


X+2 


QF +1) 


Assembling and Disassembling Partial Fractions 
The following expression is a partial fraction decomposition. 


2 


1 


1 


x-1 


Use acommon denominator to combine the terms into one 
fraction. Then use the techniques of this section to find its 
partial fraction decomposition. Did you get back the original 


expression? 


(x — 1) 


x+1 


| Substitution and Elimination Methods B® Graphical Method 


In this section we solve systems of equations in which the equations are not all linear. 
The methods we learned in Section 11.1 can also be used to solve nonlinear systems. 


V Substitution and Elimination Methods 


To solve a system of nonlinear equations, we can use the substitution or elimination 
method, as illustrated in the next examples. 


EXAMPLE 1 | Substitution Method 
Find all solutions of the system. 


3 


x? + y? = 100 
x -—y =10 


Equation 1 
Equation 2 


FIGURE 1 


CHECK YOUR ANSWERS 


x =0,y = —10: 


oe + (-10)? = 100 
3(0) -(-10)=10 W 


x=6,y =8: 
i + (8)? = 36 + 64 = 100 
3(6) — (8) =18-8=10 
ya 
Be sb Dy = DG IL 


FIGURE 2 


x=—-4y=—-l1l1: 
pm + 2(-11) = 26 
5(-4)2 + 7(-11) =3 v 
x=4y=-1l: 
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SOLUTION Solve for one variable. 

y = 3x — 10 
Substitute. 
x? + (3x — 10)? = 100 
x? + (9x? — 60x + 100) = 100 

10x? — 60x = 0 

10x(x — 6) =0 

x=0 or Xx=6 


Back-subsitute. 
y = 3x — 10: 


We start by solving for y in the second equation: 
Solve for y in Equation 2 


Next we substitute for y in the first equation and solve for x: 


Substitute y = 3x — 10 into Equation 1 
Expand 

Simplify 

Factor 


Solve for x 


Now we back-substitute these values of x into the equation 


For x =0: y = 3(0) 


For x= 6: 


y=3(6)-10= 8 


10 = -10 B ack-substitute 


Back-substitute 


So we have two solutions: (0, —10) and (6, 8). 
The graph of the first equation is a circle, and the graph of the second equation is a line; 
Figure 1 shows that the graphs intersect at the two points (0, —10) and (6, 8). 


©. NOW TRY EXERCISE 5 


EXAMPLE 2 | Elimination Method 


Find all solutions of the system. 


3x? + 2y = 26 


. 7y =3 


Equation 1 
Equation 2 


SOLUTION Wechoose to eliminate the x-term, so we multiply the first equation by 5 
and the second equation by —3. Then we add the two equations and solve for y. 


{ 15x? + 10y = 130 


15x? - 2ly= -9 
—lly = 121 
y=-1l 


5 x Equation 1 
(—3) x Equation 2 


Add 
Solve for y 


Now we back-substitute y = —11 into one of the original equations, say 3x? + 2y = 26, 


and solve for x. 


3x? + 2(—11) = 26 


Back-substitute y = —11 into Equation 1 


3x? = 48 Add 22 
x? = 16 Divide by 3 
X= —-4 or x=4 Solve for x 


So we have two solutions: (—4, —11) and (4, —11). 
The graphs of both equations are parabolas (see Section 4.1). Figure 2 shows that the 
graphs intersect at the two points (—4, —11) and (4, —11). 


©. NOW TRY EXERCISE 11 
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V Graphical Method 


The graphical method is particularly useful in solving systems of nonlinear equations. 


EXAMPLE 3 | Graphical Method 

Find all solutions of the system 
x —-y=2 
2x-y=-l1 


SOLUTION Graph each equation. Solving for yin terms of x, we get the equivalent 


system 
y=x’-2 
y=2x+1 


Find intersection points. Figure 3 shows that the graphs of these equations intersect 
at two points. Zooming in, we see that the solutions are 


(-1,-1) and (3,7) 


8 
ia 
(3, 7) 
3 4 
ay? 
FIGURE 3 
x=-lLly=-lh X=3,y=7: 
(-1)? -— (-1) =2 2-7 =2 
¢=1)=(=1)==-1 o 23)-7=-1 Vv 
®. NOW TRY EXERCISE 33 | 
MATHEMATICS IN THE MODERN WORLD 
Global Positioning System (GPS) 
On a cold, foggy day in 1707 a be in England at that same time. So navigation required an accurate 
British naval fleet was sailing method of telling time on ships. (The invention of the spring-loaded 
home at a fast clip. The fleet's clock brought about the eventual solution.) 
navigators didn’t know it, but the Since then, several different methods have been developed 
fleet was only a few yards from to determine position, and all rely heavily on mathematics (see 
the rocky shores of England. In LORAN, page 785). The latest method, called the Global Positioning 
the ensuing disaster the fleet was | System (GPS), uses triangulation. In this system, 24 satellites are 
totally destroyed. This tragedy strategically located above the surface of the earth. A handheld GPS 


could have been avoided had the device measures distance from a satellite, using the travel time of ra- 
navigators known their positions. dio signals emitted from the satellite. Knowing the distances to three 


Courtesy of NASA 


In those days latitude was deter- different satellites tells us that we are at the point of intersection of 
mined by the position of the three different spheres. This uniquely determines our position (see 
North Star (and this could only be done at night in good weather), Exercise 47, page 741). 


and longitude by the position of the sun relative to where it would 
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EXAMPLE 4 | Solving a System of Equations Graphically 
Find all solutions of the system, correct to one decimal place. 


e+y?=12 Equation 1 
y = 2x? — 5x Equation 2 


SOLUTION Thegraph of the first equation is a circle, and the graph of the second is a 
parabola. To graph the circle on a graphing calculator, we must first solve for y in terms of 
x (see Section 2.3). 
x2 +y?=12 
y? = 12 = x7 Isolate y? on LHS 


y=+V12—x? Take square roots 


To graph the circle, we must graph both functions. 
y=Vi12-x? and y=-V12-x? 


In Figure 4 the graph of the circle is shown in red, and the parabola is shown in blue. The 
graphs intersect in Quadrants | and II. Zooming in, or using the Intersect command, we 
see that the intersection points are (—0.559, 3.419) and (2.847, 1.974). There also appears 
to be an intersection point in Quadrant |V. However, when we zoom in, we see that the 
curves come close to each other but don’t intersect (see Figure 5). Thus the system has 
two solutions; rounded to the nearest tenth, they are 


(—0.6,3.4) and (2.8, 2.0) 


=) 
0.5 2.0 
Intersection Intersection 
X=-.5588296 X=2.8467004 
—4 
FIGURE 4 x2 + y? =12,y = 2x? — 5x FIGURE 5 Zooming in 
©. NOW TRY EXERCISE 37 | 


11.8 EXERCISES 


CONCEPTS YA 


1-2 m The system of equations 
e -~x?=0 


y-x =4 


is graphed to the right. 


1, Use the graph to find the solution(s) of the system. 


2. Check that the solutions you found in Exercise 1 satisfy the 
system. > 
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SKILLS se Ae a2. {= 
y°—x°=2x4+ 4 
3-8 m Use the substitution method to find all solutions of the 
system of equations. = = 
y q a y=4 5m { xy = 24 
3, fy =” gle ey ees n= TZ xray a= 0 
y=x+12 y = 2x 
25, x’y = 16 26. JX + Vy = 0 
e ae «| r+y=9 x2 + dy + 16 = y? — 4x? = 12 
x+y = x-y+3=0 
, : 37. x+y? =9 28, x2 + 2y?7= 2 
2 = x-y=l 2x? — 3y =15 
7. 2 a ce ia 
ka y= 0 2x? + 3y =17 , 
2x + 5y? = 75 29, 2x? — 8y? = 19 44 yp=17 
eat As 4x? + l6y? = 34 44 5y3 = 53 
9-14 m Use the elimination method to find all solutions of the 
system of equations. 2 3 4 6 7 
Spe ee ee i a} + a = i 
xX oy x yr 2 
e -—2y= 1 i. = + 4y=17 31. 4 7] 32. i 
x? + 5y = 29 2x? + 5y = “yg a ey 
eau 3x°- yy =11 » 2x? + 4y = 13 
+ 4y?= 8 "Le y= 3 33-40 m Use the graphical method to find all solutions of the 
system of equations, rounded to two decimal places. 
x-yt3= vya-y= 
2 ie y~-4=0 ee &_ 33, y = x’ + 8x 34, y=x? — 4x 
y = 2x + 16 a2Xx-y= 
15-18 m Two equations and their graphs are given. Find the inter- x? + y? = 25 Ye +y2=17 
section point(s) of the graphs by solving the system. 35. xX +3y =2 36. x2 — 2x + y? = 13 
2 = ms ep Die 
5.1% +Y 8 16. 1X ~Y 4 42 
x—2y =-6 X-y =2 —+ 2-=1 
y 2 De as 
7 ee ca 
ya y = —x? + 6x -—2 “ya? a 2e=8 
x’ + l6y* = 32 y=e+e* 
ee w. {i878 


APPLICATIONS 


41. Dimensions of a Rectangle A rectangle has an area of 
180 cm? and a perimeter of 54 cm. What are its dimensions? 


e+y=0 x2 + y? = 4x 42. Legs of a Right Triangle A right triangle has an area of 
7 2 ee e6 18. { 9 84 ft? and a hypotenuse 25 ft long. What are the lengths of its 
: —, other two sides? 


43. Dimensions of a Rectangle The perimeter of a rectan- 
gle is 70, and its diagonal is 25. Find its length and width. 


44, Dimensions of a Rectangle A circular piece of sheet 
metal has a diameter of 20 in. The edges are to be cut off to 
form a rectangle of area 160 in? (see the figure). What are the 
dimensions of the rectangle? 


y +x? = 4x x—y?=0 
agen 20. { so 


45. 


Flight of a Rocket A hill is inclined so that its “slope” 
is 3, as shown in the figure. We introduce a coordinate system 
with the origin at the base of the hill and with the scales on 
the axes measured in meters. A rocket is fired from the base 
of the hill in such a way that its trajectory is the parabola 

y = —x’ + 401x. At what point does the rocket strike the 
hillside? How far is this point from the base of the hill (to the 
nearest centimeter)? 


46. 


47. 


Making a Stovepipe A rectangular piece of sheet metal 
with an area of 1200 in? is to be bent into a cylindrical length 
of stovepipe having a volume of 600 in?. W hat are the dimen- 
sions of the sheet metal? 


_ 


Global Positioning System (GPS) The Global Posi- 
tioning System determines the location of an object from its 
distances to satellites in orbit around the earth. In the simpli- 
fied, two-dimensional situation shown in the following figure, 
determine the coordinates of P from the fact that P is 26 units 
from satellite A and 20 units from satellite B. 


11.9 SYSTEMS OF INEQUALITIES 
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«é A(22, 32) 
26 9 


/7 B28, 20) 
/ Ly 20 
P(x, y) 


DISCOVERY = DISCUSSION = WRITING 


48. 


49. 


Intersection of a Parabola and aLine Ona sheet of 
graph paper or using a graphing calculator, draw the parabola 
y = x2. Then draw the graphs of the linear equation y = x + k 
on the same coordinate plane for various values of k. Try to 
choose values of k so that the line and the parabola intersect at 
two points for some of your k’s and not for others. For what 
value of k is there exactly one intersection point? Use the re- 
sults of your experiment to make a conjecture about the values 
of k for which the following system has two solutions, one so- 
lution, and no solution. Prove your conjecture. 


y=x 
y=x+k 
Some Trickier Systems Follow the hints and solve the 
systems. 
logx + | 3 
(a) ' an 7 ell 7 ; [Hint: Add the equations. ] 
4+7%= 
(b) i” . : = : [Hint: Note that 4% = 2 = (2%)? ] 
X— [Hint: Factor the left-hand side 
(c) yi- y= a of the second equation.] 
d) Yr +xy=1 [Hint: Add the equations, and 
xy t+ y2=3 factor the result.] 


Graphing an Inequality B Systems of Inequalities B Systems of Linear 
Inequalities B Application: Feasible Regions 


of view. 


symbol 


FIGURE 1 


In this section we study systems of inequalities in two variables from a graphical point 


V Graphing an Inequality 


We begin by considering the graph of a single inequality. We already know that the graph 
of y = x’, for example, is the parabola in Figure 1. If we replace the equal sign by the 
=, we obtain the inequality 


y=x 
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Its graph consists of not just the parabola in Figure 1, but also every point whose 
y-coordinate is larger than x?. We indicate the solution in Figure 2(a) by shading the 
points above the parabola. 
Similarly, the graph of y = x? in Figure 2(b) consists of all points on and below the 
parabola. However, the graphs of y > x* and y < x? do not include the points on the 
parabola itself, as indicated by the dashed curves in Figures 2(c) and 2(d). 
y ya q ya j 
\ ! \ + I 
\ | \ L ! 
\ / \ / 
\ / \ 1 of 
\ / \ / 
\ | / \ L / 
1+ 1+ 
= = ae, > a. A ee 
x eG O} 4 x Ola a 
(a) y = x? (b) y= x? (c) y > x? (d) y< x? 
FIGURE 2 
The graph of an inequality, in general, consists of a region in the plane whose bound- 
ary is the graph of the equation obtained by replacing the inequality sign (=, Ss, >, or <) 
with an equal sign. To determine which side of the graph gives the solution set of the in- 
equality, we need only check test points. 
GRAPHING INEQUALITIES 
To graph an inequality, we carry out the following steps. 
1. Graph Equation. Graph the equation corresponding to the inequality. Usea 
dashed curve for > or < and a solid curve for S or =. 
2. Test Points. Test one point in each region formed by the graph in Step 1. If the 
point satisfies the inequality, then all the points in that region satisfy the inequal- 
ity. (In that case, shade the region to indicate that it is part of the graph.) If the 
test point does not satisfy the inequality, then the region isn’t part of the graph. 
EXAMPLE 1 | Graphs of Inequalities 
Graph each inequality. 
(a) x? + y?< 25 (b) x + 2y=5 
SOLUTION 
(a) The graph of x? + y? = 25 is a circle of radius 5 centered at the origin. The points 
on the circle itself do not satisfy the inequality because it is of the form <, so we 
graph the circle with a dashed curve, as shown in Figure 3. 
To determine whether the inside or the outside of the circle satisfies the inequal- 


-_-— 


x 


Tx? + y?< 25 


FIGURE 3 


ity, we use the test points (0, 0) on the inside and (6, 0) on the outside. To do this, we 
substitute the coordinates of each point into the inequality and check whether the 
result satisfies the inequality. (Note that any point inside or outside the circle can 
serve as a test point. We have chosen these points for simplicity.) 


Test point x+y¥<25 Conclusion 
(0, 0) 07+ 0? =0<25 | Part of graph 
(6, 0) 62 + 0? = 36 £25 | Not part of graph 


Thus the graph of x? + y* < 25 is the set of all points inside the circle (see Figure 3). 
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ya (b) The graph of x + 2y = 5 is the line shown in Figure 4. We use the test points (0, 0) 
and (5, 5) on opposite sides of the line. 


Test point x+ 2y=5 Conclusion 


(0, 0) 0+ 2(0)=025 Not part of graph 
(5, 5) 5 + 2(5) = 15 =5 | Part of graph 


Our check shows that the points above the line satisfy the inequality. 
Alternatively, we could put the inequality into slope-intercept form and graph it 


FIGURE 4 directly: 
X+2y25 
2y=-x+5 
y= —3Xx +3 


From this form we see that the graph includes all points whose y-coordinates are 
greater than those on the line y = —3x + 3; thatis, the graph consists of the points 
on or above this line, as shown in Figure 4. 


©. NOW TRY EXERCISES 7 AND 15 =| 


V Systems of Inequalities 


We now consider systems of inequalities. The solution of such a system is the set of all 
points in the coordinate plane that satisfy every inequality in the system. 


EXAMPLE 2 | A System of Two Inequalities 


Graph the solution of the system of inequalities, and label its vertices. 


r+ y?< 25 
Xx+2y=5 


SOLUTION These are the two inequalities of Example 1. In this example we wish 
to graph only those points that simultaneously satisfy both inequalities. The solution con- 
I sists of the intersection of the graphs in Example 1. In Figure 5(a) we show the two re- 
T gions on the same coordinate plane (in different colors), and in Figure 5(b) we show their 
intersection. 


Vertices The points (—3, 4) and (5, 0) in Figure 5(b) are the vertices of the solution 


(a) set. They are obtained by solving the system of equations 
ya a +y? = 25 
(3,4) + Xx+2y=5 
ro if ™" We solve this system of equations by substitution. Solving for x in the second equation 
7 + 4 gives x = 5 — 2y, and substituting this into the first equation gives 
+ (5, 0) 
or aes cea x (5 — 2y)?+y?=25 — Substitutex = 5 — 2y 
\ i 
J vs (25 — 20y + 4y’) +y2=25 Expand 
T —20y + 5y?=0 Simplify 
(b) —5y(4 —y) =0 Factor 
eae eles fr +y<25 Thus y = 0 ory = 4. When y = 0, we have x = 5 — 2(0) = 5, and when y = 4, we have 
x+2y=5 x = 5 — 2(4) = —3. So the points of intersection of these curves are (5, 0) and (—3, 4). 
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Note that in this case the vertices are not part of the solution set, since they don’t sat- 
isfy the inequality x? + y* < 25 (so they are graphed as open circles in the figure). They 
simply show where the “corners” of the solution set lie. 
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V Systems of Linear Inequalities 
An inequality is linear if it can be put into one of the following forms: 
ax + by=c ax + by Sc ax + by >c¢ ax + by <c 


In the next example we graph the solution set of a system of linear inequalities. 


EXAMPLE 3 | A System of Four Linear Inequalities 
Graph the solution set of the system, and label its vertices. 
Xx+ 3y S12 
x+ ys8 
x20 
y=0 
SOLUTION In Figure 6 we first graph the lines given by the equations that correspond 


to each inequality. To determine the graphs of the linear inequalities, we need to check 
only one test point. For simplicity let’s use the point (0, 0). 


Inequality Test point (0, 0) Conclusion 
X+ 3y<12 | 0+ 30)=012 | Satisfies inequality 
Xx+ys8 0+0=058 Satisfies inequality 


Since (0, 0) is below the line x + 3y = 12, our check shows that the region on or below 
the line must satisfy the inequality. Likewise, since (0, 0) is below the line x + y = 8, our 
check shows that the region on or below this line must satisfy the inequality. The in- 
equalities x = 0 and y = 0 say that x and y are nonnegative. These regions are sketched 
in Figure 6(a), and the intersection— the solution set— is sketched in Figure 6(b). 


Vertices The coordinates of each vertex are obtained by simultaneously solving the 
equations of the lines that intersect at that vertex. From the system 


xX + 3y = 12 
xXx+ y= 8 


we get the vertex (6, 2). The origin (0, 0) is also clearly a vertex. The other two vertices 
are at the x- and y-intercepts of the corresponding lines: (8, 0) and (0, 4). In this case all 
the vertices are part of the solution set. 
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EXAMPLE 4 | A System of Linear Inequalities 
Graph the solution set of the system. 


x+2y=8 
-xX+2y=4 
3x — 2y =8 


8 
—2 
—2 
FIGURE 7 
yA 
t (6, 5) 
(a3) 
if (4, 2) 
‘oh a 
FIGURE 8 
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SOLUTION Wemust graph the lines that correspond to these inequalities and then shade 
the appropriate regions, as in Example 3. We will use a graphing calculator, so we must first 
isolate y on the left-hand side of each inequality. 


y=—5xt+4 
y=5x+2 
y=3x-4 
Using the shading feature of the calculator, we obtain the graph in Figure 7. The solution set is 


the triangular region that is shaded in all three patterns. We then use[Tracejorthe Intersect 
command to find the vertices of the region. The solution set is graphed in Figure 8. 
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When a region in the plane can be covered by a (sufficiently large) circle, it is said to 
be bounded. A region that is not bounded is called unbounded. For example, the regions 
graphed in Figures 3, 5(b), 6(b), and 8 are bounded, whereas those in Figures 2 and 4 are 
unbounded. An unbounded region cannot be “fenced in”— it extends infinitely far in at 
least one direction. 


V Application: Feasible Regions 


M any applied problems involve constraints on the variables. For instance, a factory man- 
ager has only a certain number of workers who can be assigned to perform jobs on the 
factory floor. A farmer deciding what crops to cultivate has only a certain amount of land 
that can be seeded. Such constraints or limitations can usually be expressed as systems of 
inequalities. When dealing with applied inequalities, we usually refer to the solution set 
of a system as a feasible region, because the points in the solution set represent feasible 
(or possible) values for the quantities being studied. 


EXAMPLE 5 | Restricting Pollutant Outputs 


A factory produces two agricultural pesticides, A and B. For every barrel of A, the factory 
emits 0.25 kg of carbon monoxide (CO) and 0.60 kg of sulfur dioxide (SO,); and for every 
barrel of B, it emits 0.50 kg of CO and 0.20 kg of SO,. Pollution laws restrict the factory's 
output of CO to amaximum of 75 kg and SO, to a maximum of 90 kg per day. 


(a) Find a system of inequalities that describes the number of barrels of each pesticide 
the factory can produce and still satisfy the pollution laws. Graph the feasible region. 
(b) Would it be legal for the factory to produce 100 barrels of A and 80 barrels of 
B per day? 
(c) Would it be legal for the factory to produce 60 barrels of A and 160 barrels of 
B per day? 


SOLUTION 
(a) To set up the required inequalities, it is helpful to organize the given information 
into a table. 
A B Maximum 
CO (kg) | 0.25 | 0.50 75 
SO, (kg) | 0.60 | 0.20 90 
We let 


X = number of barrels of A produced per day 


y = number of barrels of B produced per day 
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ya From the data in the table and the fact that x and y can’t be negative, we obtain the 
following inequalities. 


0.25x + 0.50y s 75 CO inequality 
3x + y = 450 0.60x + 0.20y = 90 SO, inequality 


300 4 x20, y=0 
sa M ultiplying the first inequality by 4 and the second by 5 simplifies this to 
x + 2y = 300 
100 | Bh x + 2y = 300 3x + y = 450 
(100, 80) x20, y=0 
0 100 300. 300— * The feasible region is the solution of this system of inequalities, shown in Figure 9. 


(b) Since the point (100, 80) lies inside the feasible region, this production plan is legal 
(see Figure 9). 

(c) Since the point (60, 160) lies outside the feasible region, this production plan is not 
legal. It violates the CO restriction, although it does not violate the SO, restriction 
(see Figure 9). 


FIGURE 9 
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CONCEPTS Gs (a) nes 
1. To graph an inequality, we first graph the corresponding x+y=2 X+y=e 
. 50 to graph y =< x + 1, we first graph the equation yA yA 


. To decide which side of the graph of the equation 


is the graph of the inequality, we use _______ points. Using 
(0, 0) as such a point, graph the inequality by shading the 
appropriate region. 


yA 


> 
x 
2. Shade the solution of each system of inequalities on the given SKILLS 
graph. 3-16 m Graph the inequality. 
x-y20 x-y=<0 3.x <3 4. y = -2 
(a) { y (b) { y y 
xt+y=2 xtys2 5. y>x 6 y<x+2 
vA yA ®& 7 ys2x+2 8 y<—-x+5 
9. 2x-y=s8 10. 3x + 4y+12>0 


11. 4x + 5y < 20 

122. -x?+y=10 

13.y>x?4+1 

4. 7+ y?=9 
015, x2 + y? = 25 

16. +(y-1/<1 


17-20 » An equation and its graph are given. Find an inequality 


whose solution is the shaded region. 


17, y=3x-1 


18. 


y=x+2 


21-46 = Graph the solution of the system of inequalities. Find the 
coordinates of all vertices, and determine whether the solution set 


is bounded. 


25. 


x20 

y=0 

ca 3x + 5y = 15 
3x + 2y <9 


29. 


31, 


~ 33. 


35. 


22. 


24, 


28. 


30. 


32. 


34, 


36. 


2x + 3y > 12 
3x —- y<2l 
x-y>0 
4+y=2x 
4x + 3y = 18 
.) 2Xx+ys8 
x20, y=0 
X>2 
y<l2 
2x — 4y > 8 
=e 
y=4 
x=0 
ese 
x+y=6 
x>0 
y>0 
x+y<10 
r+y>9 
ae 
xt+yel 


37. 


39, 


41, 


43. 


45. 


46. 


x+2ys14 
pease 
X-y22 
x=0 
y=0 

| x=5 
Xxtys7 


y>x-t+l1 
x+2y<12 
x+1>0 


to one decimal place. 
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y<x+6 
38. 4 3x + 2y = 12 
x-2ys2 
x20 
y=0 
40. ye 
x+y <8 
xty>l2 
42. y <5x-6 
3x +y <6 


eg 47-50 = Use a graphing calculator to graph the solution of the 
~ system of inequalities. Find the coordinates of all vertices, rounded 


747 


52. 


y=x-3 x+y2=12 
-47, 5 y = —-2x +6 48. 42x +y = 24 
y=8 X= S=6 
=u y2=% 
49, » ‘ee oe 50. 4 2x +y =0 
y y=2x+6 
APPLICATIONS 


.51. Publishing Books A publishing company publishes 


a total of no more than 100 books every year. At least 
20 of these are nonfiction, but the company always publishes 


at least as much fiction as nonfiction. Find a system of in- 


equalities that describes the possible numbers of fiction and 
nonfiction books that the company can produce each year con- 
sistent with these policies. Graph the solution set. 


Furniture Manufacturing A man and his daughter 


manufacture unfinished tables and chairs. Each table 
requires 3 hours of sawing and 1 hour of assembly. Each chair 
requires 2 hours of sawing and 2 hours of assembly. Between 

the two of them, they can putin up to 12 hours of sawing and 
8 hours of assembly work each day. Find a system of inequali- 


ties that describes all possible combinations of tables and 


chairs that they can make daily. Graph the solution set. 
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53. 


CHAPTER 11 | 


Coffee Blends A coffee merchant sells two different cof- 
fee blends. The Standard blend uses 4 oz of arabica and 12 oz 
of robusta beans per package; the Deluxe blend uses 10 oz of 
arabica and 6 oz of robusta beans per package. The merchant 
has 80 |b of arabica and 90 Ib of robusta beans available. Find 
a system of inequalities that describes the possible number of 
Standard and Deluxe packages the merchant can make. Graph 
the solution set. 


. Nutrition A cat food manufacturer uses fish and beef 


byproducts. The fish contains 12 g of protein and 3 g of fat per 
ounce. The beef contains 6 g of protein and 9 g of fat per 
ounce. Each can of cat food must contain at least 60 g of pro- 
tein and 45 g of fat. Find a system of inequalities that de- 
scribes the possible number of ounces of fish and beef that can 
be used in each can to satisfy these minimum requirements. 
Graph the solution set. 


REVIEW 


mM CONCEPT CHECK 


DISCOVERY = DISCUSSION = WRITING 


55. 


Shading Unwanted Regions To graph the solution of 
a system of inequalities, we have shaded the solution of each 
inequality in a different color; the solution of the system is the 
region where all the shaded parts overlap. Here is a different 
method: For each inequality, shade the region that does not 
satisfy the inequality. Explain why the part of the plane that is 
left unshaded is the solution of the system. Solve the follow- 
ing system by both methods. Which do you prefer? Why? 


x+2y>4 
—x+y<l1 
X+ 3y <9 

X<3 


1. 


Suppose you are asked to solve a system of two equations in 
two variables. Explain how you would solve the system 

(a) by the substitution method 

(b) by the elimination method 

(c) graphically 


. Suppose you are asked to solve a system of two linear 


equations in two variables. 

(a) Would you prefer to use the substitution method or the 
elimination method? 

(b) How many solutions are possible? Draw diagrams to 
illustrate the possibilities. 


. What operations can be performed on a linear system that re- 


sult in an equivalent system? 


. Explain how Gaussian elimination works. Y our explanation 


should include a discussion of the steps used to obtain a 
system in triangular form, and back-substitution. 


. What does it mean to say that A is a matrix with dimension 


mxn? 


. What is the augmented matrix of a system? Describe the role 


of elementary row operations, row-echelon form, back- 
substitution, and leading variables when solving a system in 
matrix form. 


. (a) What is meant by an inconsistent system? 


(b) What is meant by a dependent system? 


. Suppose you have used Gaussian elimination to transform the 


augmented matrix of a linear system into row-echelon form. 
How can you tell whether the system has 

(a) exactly one solution? 

(b) no solution? 

(c) infinitely many solutions? 


13. 


1. 


16. 


17. 


18. 
19. 


. How can you tell whether a matrix is in reduced row-echelon 


form? 


. How do Gaussian elimination and Gauss-J ordan elimination 


differ? W hat advantage does G auss-] ordan elimination have? 


. If A and B are matrices with the same dimension and k isa 


real number, how do you find A + B, A — B, and kA? 


. (a) What must be true of the dimensions of A and B for the 


product AB to be defined? 
(b) If the product AB is defined, how do you calculate it? 


(a) What is the identity matrix |,? 

(b) If A is asquaren X n matrix, what is its inverse matrix? 

(c) Write a formula for the inverse of a2 x 2 matrix. 

(d) Explain how you would find the inverse of a3 x 3 
matrix. 


. (a) Explain how to express a linear system as a matrix equa- 


tion of the form AX = B. 
(b) If A has an inverse, how would you solve the matrix equa- 
tion AX = B? 


Suppose A is ann X n matrix. 

(a) Whatis the minor M;; of the element a;;? 
(b) Whatis the cofactor Ajj? 

(c) How do you find the determinant of A? 
(d) How can you tell if A has an inverse? 


State Cramer's Rule for solving a system of linear equations 
in terms of determinants. Do you prefer to use Cramer’s Rule 
or Gaussian elimination? Explain. 


Explain how to find the partial fraction decomposition of a ra- 
tional expression. Include in your explanation a discussion of 
each of the four cases that arise. 


How do you graph an inequality in two variables? 


How do you graph the solution set of a system of 
inequalities? 
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MEXERCISES 
1-6 m@ Solve the system of equations, and graph the lines. x+2y+2z2= 6 X- yt z= 
ae ie a ae 25.) x- y =-1 26. 4x+ yt+3z2= 
" (l2x+y=5 y=-x+3 2x y + 3z 7 2y + 3z = 
2x — Ty = 28 rhe x= 2y rp Bz =2 X-yt z= 2 
a 443 ” 27.42x- yt z= 2 24 x+y+3z= 6 
y= 5x-4 —5X + 2y= 
2x —7y + 1llz = -9 3x —y + 5z = 10 
2x- y= 1 2x + 5y= 9 
5. x + 3y = 10 6. 
3x + 4y = 15 


7-10 m Solve the system of equations. 


=¥.3y= 4 X y zd i 0 
7x — 2y = 14 29,2 *%~ J 4z— w l 


oe a Thee x + 3z =-l 
" ly=6+x “ly=x4+2 30. y aS 9 
4 2y+ z+ w= 0 
3xx+—-=6 2x+ y+5z—-4w= 4 
9 : 10 me 
. 8 . x? + 2y? — Ty =0 x —3y + 2x — By + 2 


t= = 31, 


11-14 m Use a graphing device to solve the system, rounded to 
~~ the nearest hundredth. 
u ac +0.43y = 0 1 eee —3V2y = 660 
. 7x — 12y = 341 7137x + 3931ly = 20,000 


—y?= = 5X4 
3. {* y 10 us. {) 2 x X-y+3z2=2 x- y =] 
X= yy +12 yHxors 35. 42x t+y+ 2=2 36. 4x+ y+2z= 3 


33. 


3x + 42 = x-3y-—22=-1 
15-20 m A matrix is given. _ 
(a) State the dimension of the matrix. Xx-y+z—-w=0 ae 
(b) Is the matrix in row-echelon form? 37. ) 3 _ oes 38. 92x + y= 
(c) Is the matrix in reduced row-echelon form? x-2y= 
(d) Write the system of equations for which the given x- y+ z=0 x + 2y +32 =2 
matrix is the augmented matrix. 56 Shays cee 40. 42x —- y—52=1 
[tL 2 <5 [1 0 6 x + 4y — 37 =3 4x + By + 2 =6 
- LO 1 3 iS LO 1 | 
rl 0.8 07 1362 a ince 
7.)0 15 -1 18/2 10 5 i er 
[0 0 0 01 LO es 2x + 4y — 42 — 2w = 
7 = 18 6 -4 
Db as 01-3 5 Xx- y-2z+ 3w=0 
192)/1 1 #0 7 20. 42. y- z+ w= 
1212 00 2 -7 
L J 11 1 0 3x — 2y — 7z + 10w = 2 
43. A man invests his savings in two accounts, one paying 6% in- 
21-42 m Find the complete solution of the system, or show that terest per year and the other paying 7%. He has twice as much 
the system has no solution. invested in the 7% account as in the 6% account, and his annual 
Z y+2e= 6 = ye oe = interest income is $600. How much is invested in each account? 
21. 4 2x + 5z = 12 22 X-3y- z= 44. A piggy bank contains 50 coins, all of them nickels, dimes, or 
xX + 2y +3z= 2x —~6z= quarters. The total value of the coins is $5.60, and the value of 
the dimes is five times the value of the nickels. How many 
= ? 
x—-+ 3e=1 rs y - w - 2 coins of each type are there? 
23. 42x- y+ 2=3 24, 2°* See = 45. Clarisse invests $60,000 in money-market accounts at three 
ox -Ty +1 =2 x — 2y + 4w = different banks. Bank A pays 2% interest per year, bank B 
x y+2z+3w=5 pays 2.5%, and bank C pays 3%. She decides to invest twice 
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as much in bank B as in the other two banks. A fter one year, 
Clarisse has earned $1575 in interest. How much did she 
invest in each bank? 


46. A commercial fisherman fishes for haddock, sea bass, and red 
snapper. He is paid $1.25 a pound for haddock, $0.75 
a pound for sea bass, and $2.00 a pound for red snapper. 
Yesterday he caught 560 Ib of fish worth $575. The haddock 
and red snapper together are worth $320. How many pounds 
of each fish did he catch? 


47-58 m Let 
12 4 
A=(2 0 -1] B= ree 
[ 3 3 [1 4 
C=) 2 s D=|0 -1 
[-2 1 l2 0 
fr 40 2 
S| a r=[-a ia] 
: La 5:0 
G=|5] 


Carry out the indicated operation, or explain why it cannot be 
performed. 


47.A +B 48.C —D 49. 2C + 3D 
50. 5B — 2C 51. GA 52. AG 

53, BC 54. CB 55. BF 

56. FC 57. (C + D)E 58. F(2C — D) 


59-60 m Verify that the matrices A and B are inverses of each 
other by calculating the products AB and BA. 


_f 2 -5 =? 3] 
a=| ‘l ae 1 


2 -1 3 3 2 } 
6.A=/2 -2 1], B=/-1 1 2 
o a4 1-1 -1 


61-66 m Solve the matrix equation for the unknown matrix, X, or 
show that no solution exists, where 


24 1 -2 01 3 
a= (|? | p=| > a elle f | 


61. A +3X =B 62. 3(X — 2B) =A 
63. 2(X — A) = 3B 64. 2X +C =5A 
65. AX =C 66. AX =B 


67-74 m Find the determinant and, if possible, the inverse of the 


matrix. 
1 4 2 2 
oh k 4 a6. E 3] 
2 4 0 
69. & a 70 | 1 j 
0 3 2 


0 1 
71, -3 0 72. 
2 1 


73. 


3 
5 
6 
1 
0 
iL 
1 


NRPrP Oo VPN 


0 
1 
2 
2 


oOo ON O&O 


75-78 m Express the system of linear equations as a matrix equa- 
tion. Then solve the matrix equation by multiplying each side by 
the inverse of the coefficient matrix. 


75. Ve — 5y = 10 


5x — 2y =17 8x — 7y=—-1 
2x+ y+5z2=3 2x +325 
77.4 x+2y+22=j 784 x+y+6z= 
x +32=§ 3x-yt z= 


79-82 m Solve the system using Cramer's Rule. 
+ Ty=13 
* 6x + 16y = 30 


12x — 1ly = 140 
at. { x+ 9 = 20 


2x- y+t5z= 0 
81. \ —x + 7y = 9 


83-84 m Use the determinant formula for the area of a triangle to 
find the area of the triangle in the figure. 


83. 84, 


yA ya 


ay 


ay 


85-90 m@ Find the partial fraction decomposition of the rational 
function. 


3x +1 8 
ab: x2 — 2x — 15 ah x3 — 4x 
2x — 4 x+6 
7, —— . 
: x(x — 1) a x3 — 2x2 + 4x — 8 
2x -1 5x? — 3x + 10 
a2 x3 +x =. x4 4+ x2-2 


91-94 m Two equations and their graphs are given. Find the inter- 
section point(s) of the graphs by solving the system. 


i an ale a 
x—2y=0 


y =x? — 5x 


YA 


ay 


x+y =2 x-y=-2 
ot a4. | 


95-96 m An equation and its graph are given. Find an inequality 
whose solution is the shaded region. 


95. x+y2= 96. x? +y2=8 
YA 
ao 
_ > 
x 
97-100 = Graph the inequality. 
97. 3x +y <6 98. y=x?-3 
99. x? +y*2>9 100. x — y?<4 


101-104 m The figure shows the graphs of the equations 
corresponding to the given inequalities. Shade the solution set 
of the system of inequalities. 


2 _ = 
101. ee st 102. eae oo 
x+y sl 


y=4x-1 
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y = —2x 
104. 4 y = 2x 


y= —3x+2 


105-108 = Graph the solution set of the system of inequalities. 
Find the coordinates of all vertices, and determine whether 
the solution set is bounded or unbounded. 


2 .\72 
105, {* y2<9 
xX +y <0 


y-x?= 4 
106, { y < 20 


x20, y=0 
107. 4x + 2y = 12 


ysx+4 


x24 
108. 4x + y = 24 


Xs2y+12 


109-110 m Solve for x, y, and z in terms of a, b, and c. 


=X + y ee 
109. X-yrt 


x+y 


N ON 


N 


HE 


ax + by +cz =a-—b+c 
110. 4 bx + by +cz =c (a#b,b #c,c #0) 
cx+cy+cz=C 


111. For what values of k do the following three lines have a com- 
mon point of intersection? 


xty=12 
kx -y =0 
y — X = 2k 


112. For what value of k does the following system have infinitely 
many solutions? 
kx + Yar 25 0 
X+2y+kz=0 


—X +3z=0 
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TEST 


1-2 m A system of equations is given. (a) Determine whether the system is linear or nonlinear. 
(b) Find all solutions of the system. 


1 


10. 


11, 


LY) 3. 


ese 7 ae 
5x + 2y = —4 "|(3x-y = 5 
Use a graphing device to find all solutions of the system rounded to two decimal places. 


oe 
y =x? — 2x? 


. In 23h an airplane travels 600 km against the wind. It takes 50 min to travel 300 km with 


the wind. Find the speed of the wind and the speed of the airplane in still air. 


. Determine whether each matrix is in reduced row-echelon form, row-echelon form, or 


neither. 
iD Si of 
110 
12 4 -6 01 300 
OG a i Pe 3 10 ale oy| 
00 001 


. Use Gaussian elimination to find the complete solution of the system, or show that 


no solution exists. 
X- y+t2z= 0 2x—-3y+ z= 3 
(a) 4 2x — 4y +52 = —-5 (b) x+2y+2z=-1 


2y-3z= 5 4x y+5z= 4 


. Use Gauss-J ordan elimination to find the complete solution of the system. 


X+3y- z= 0 
3x + 4y —2z = -1 


—X + 2y = 1 


. Anne, Barry, and Cathy enter a coffee shop. Anne orders two coffees, one juice, and 


two doughnuts and pays $6.25. Barry orders one coffee and three doughnuts and pays $3.75. 
Cathy orders three coffees, one juice, and four doughnuts and pays $9.25. Find the price 
of coffee, juice, and doughnuts at this coffee shop. 


2 4 10 4 
= 7 s-|- 1 c-[4 1 j 
3 0 0 1 3 


Carry out the indicated operation, or explain why it cannot be performed. 
(a) A+B (b) AB (c) BA — 3B (d) CBA 


» Let 


(e) A* (f) Bo? (g) det(B) (h) det(C) 
(a) Write a matrix equation equivalent to the following system. 
e — 3y = 10 
3x — 2y = 30 


(b) Find the inverse of the coefficient matrix, and use it to solve the system. 


Only one of the following matrices has an inverse. Find the determinant of each matrix, and 
use the determinants to identify the one that has an inverse. Then find the inverse. 


141 140 
A=|0 2 0 B=-| 02 0 
1-04 = 0: 4 
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12. Solve using Cramer's Rule: 
2x —- z= 14 
3x-— y+5z= 0 
4x + 2y + 3z = -2 
13. Find the partial fraction decomposition of the rational function. 


4-1 2x — 3 
(x — 1)°(x + 2) (b) x? + 3x 


(a) 


14, Graph the solution set of the system of inequalities. L abel the vertices with their 
coordinates. 


2x+ ys 8 2 
oP w fares 
x+2y= 4 = 


FOCUS ON MODELING 


Linear Programming 


Because loafers produce more profit, it 
would seem best to manufacture only 
loafers. Surprisingly, this does not turn 
out to be the most profitable solution. 
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Linear programming is a modeling technique that is used to determine the optimal al- 
location of resources in business, the military, and other areas of human endeavor. For 
example, a manufacturer who makes several different products from the same raw ma- 
terials can use linear programming to determine how much of each product should be 
produced to maximize the profit. This modeling technique is probably the most impor- 
tant practical application of systems of linear inequalities. In 1975 Leonid K antorovich 
and T. C. Koopmans won the Nobel Prize in economics for their work in the develop- 
ment of this technique. 

Although linear programming can be applied to very complex problems with hun- 
dreds or even thousands of variables, we consider only a few simple examples to which 
the graphical methods of Section 11.9 can be applied. (For large numbers of variables 
a linear programming method based on matrices is used.) Let’s examine a typical 
problem. 


EXAMPLE 1 | Manufacturing for Maximum Profit 


A small shoe manufacturer makes two styles of shoes: oxfords and loafers. Two machines 
are used in the process: a cutting machine and a sewing machine. Each type of shoe re- 
quires 15 min per pair on the cutting machine. Oxfords require 10 min of sewing per pair, 
and loafers require 20 min of sewing per pair. Because the manufacturer can hire only one 
operator for each machine, each process is available for just 8 hours per day. If the profit 
is $15 on each pair of oxfords and $20 on each pair of loafers, how many pairs of each 
type should be produced per day for maximum profit? 


SOLUTION First we organize the given information into a table. To be consistent, let’s 
convert all times to hours. 


Oxfords Loafers Time available 


Time on cutting machine (h) ; ; 8 
Time on sewing machine (h) é ; 8 
Profit $15 $20 


We describe the model and solve the problem in four steps. 


> Choose the Variables. To makeamathematical model, we first give names to the 
variable quantities. For this problem we let 


X = number of pairs of oxfords made daily 
y = number of pairs of loafers made daily 
> Find the Objective Function. Our goal is to determine which values for x and y 


give maximum profit. Since each pair of oxfords provides $15 profit and each pair of 
loafers $20, the total profit is given by 


P = 15x + 20y 
This function is called the objective function. 
> Graph the Feasible Region. Thelarger x andy are, the greater is the profit. But we 


cannot choose arbitrarily large values for these variables because of the restrictions, or 
constraints, in the problem. Each restriction is an inequality in the variables. 


(0, 0) 10 


FIGURE 1 


Linear Programming helps the tele- 
phone industry to determine the most 
efficient way to route telephone calls. 
The computerized routing decisions 
must be made very rapidly so that 
callers are not kept waiting for connec- 
tions. Since the database of customers 
and routes is huge, an extremely fast 
method for solving linear programming 
problems is essential. In 1984 the 28- 
year-old mathematician Narendra 
Karmarkar, working at Bell Labs in Mur- 
ray Hill, New Jersey, discovered just such 
a method. His idea is so ingenious and 
his method so fast that the discovery 
caused a sensation in the mathematical 
world. Although mathematical discov- 
eries rarely make the news, this one was 
reported in Time, on December 3, 1984. 
Today airlines routinely use Karmarkar's 
technique to minimize costs in schedul- 
ing passengers, flight personnel, fuel, 
baggage, and maintenance workers. 
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In this problem the total number of cutting hours needed is ;x + 4y. Since only 8 hours 
are available on the cutting machine, we have 


ty +ly <8 
Similarly, by considering the amount of time needed and available on the sewing machine, 
we get 

x + ay =8 
We cannot produce a negative number of shoes, so we also have 


x=0 and y=0 


Thus, x and y must satisfy the constraints 


If we multiply the first inequality by 4 and the second by 6, we obtain the simplified 
system 


X+ ys 32 
x + 2y = 48 
x=0 
y <0 


The solution of this system (with vertices labeled) is sketched in Figure 1. The only val- 
ues that satisfy the restrictions of the problem are the ones that correspond to points of the 
shaded region in Figure 1. This is called the feasible region for the problem. 


> Find the Maximum Profit. As x or y increases, profit increases as well. Thus it 
seems reasonable that the maximum profit will occur at a point on one of the outside 
edges of the feasible region, where it is impossible to increase x or y without going 
outside the region. In fact, it can be shown that the maximum value occurs at a vertex. 
This means that we need to check the profit only at the vertices. The largest value of P 
occurs at the point (16, 16), whereP = $560. Thus the manufacturer should make 16 pairs 
of oxfords and 16 pairs of loafers, for a maximum daily profit of $560. 


Vertex P = 15x + 20y 

(0, 0) 0 

(0, 24) 15(0) + 20(24) = $480 

(16, 16) 15(16) + 20(16) = $560 Maximum profit 
(32, 0) 15(32) + 20(0) = $480 


The linear programming problems that we consider all follow the pattern of Example 1. 
Each problem involves two variables. The problem describes restrictions, called con- 
straints, that lead to a system of linear inequalities whose solution is called the 
feasible region. The function that we wish to maximize or minimize is called the objec- 
tive function. This function always attains its largest and smallest values at the vertices 
of the feasible region. This modeling technique involves four steps, summarized in the fol- 
lowing box. 
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Focus on Modeling 


GUIDELINES FOR LINEAR PROGRAMMING 


. Choose the Variables. Decide what variable quantities in the problem 
should be named x and y. 


. Find the Objective Function. Write an expression for the function we want 


to maximize or minimize. 

. Graph the Feasible Region. Express the constraints as a system of inequali- 
ties, and graph the solution of this system (the feasible region). 

. Find the Maximum or Minimum. Evaluate the objective function at the ver- 
tices of the feasible region to determine its maximum or minimum value. 


EXAMPLE 2 | A Shipping Problem 


A car dealer has warehouses in M illville and Trenton and dealerships in Camden and At- 
lantic City. Every car that is sold at the dealerships must be delivered from one of the 
warehouses. On a certain day the Camden dealers sell 10 cars, and theA tlantic City deal- 
ers Sell 12. The M illville warehouse has 15 cars available, and the Trenton warehouse has 
10. The cost of shipping one car is $50 from Millville to Camden, $40 from M illville to 
Atlantic City, $60 from Trenton to Camden, and $55 from Trenton to Atlantic City. How 
many cars should be moved from each warehouse to each dealership to fill the orders at 
minimum cost? 


SOLUTION Our first step is to organize the given information. Rather than construct a 
table, we draw a diagram to show the flow of cars from the warehouses to the dealerships 
(see Figure 2 below). The diagram shows the number of cars available at each warehouse 
or required at each dealership and the cost of shipping between these locations. 


> Choose the Variables. The arrowsin Figure 2 indicate four possible routes, so the 
problem seems to involve four variables. But we let 


X = number of cars to be shipped from M illville to Camden 

y = number of cars to be shipped from M illville to Atlantic City 
To fill the orders, we must have 

10 — x = number of cars shipped from Trenton to Camden 

12 — y = number of cars shipped from Trenton to Atlantic City 
So the only variables in the problem are x and y. 


Camden 
Sell 10 
$50 74 . 
oo Ship 
xX cars 
15 cars : Ship 10 cars 
Ship 
LV 
y cars i 
Atlantic City 
Sell 12 


FIGURE 2 


FIGURE 3 
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> Find the Objective Function. The objective of this problem is to minimize cost. 
From Figure 2 we see that the total cost C of shipping the cars is 


C = 50x + 40y + 60(10 — x) + 55(12 — y) 
= 50x + 40y + 600 — 60x + 660 — 55y 
= 1260 — 10x — 1by 


This is the objective function. 


> Graph the Feasible Region. Now we derive the constraint inequalities that define 
the feasible region. First, the number of cars shipped on each route can’t be negative, so 
we have 


x=0 y=0 
10-x=0 12-—y=0 


Second, the total number of cars shipped from each warehouse can’t exceed the number 
of cars available there, so 


xtys15 
(10 — x) + (12 —y) = 10 


Simplifying the latter inequality, we get 


22-x-y=10 
—-x-ys-12 
xty2=12 


The inequalities 10 — x = 0 and 12 — y = 0 can be rewritten as x = 10 andy = 12. Thus 
the feasible region is described by the constraints 

x+ys15 

x+y212 

0=x=10 

0<y<12 
The feasible region is graphed in Figure 3. 


> Find the Minimum Cost. We check the value of the objective function at each 
vertex of the feasible region. 


Vertex C = 1260 — 10x — 15y 

(0, 12) 1260 — 10(0) — 15(12) = $1080 

(3, 12) 1260 — 10(3) — 15(12) = $1050 Minimum cost 
(10, 5) 1260 — 10(10) — 15(5) = $1085 

(10, 2) 1260 — 10(10) — 15/2) = $1130 


The lowest cost is incurred at the point (3, 12). Thus, the dealer should ship 


3 cars from Millville to Camden 
12 cars from Millville to Atlantic City 
7 cars from Trenton to Camden 
0 cars from Trenton to Atlantic City B 


In the 1940s mathematicians developed matrix methods for solving linear program- 
ming problems that involve more than two variables. These methods were first used by the 
Allies in World War II to solve supply problems similar to (but, of course, much more 
complicated than) Example 2. Improving such matrix methods is an active and exciting 
area of current mathematical research. 
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PROBLEMS 


1-4 m Find the maximum and minimum values of the given objective function on the indicated 
feasible region. 


1.M =200-—x-y 2.N =5x+4y + 40 


3. P = 140 —x + 3y 4. Q = 70x + 82y 
x20,y 20 x=0,y=0 
2x+ y=10 x=10,y = 20 
2x + 4y = 28 X+ y=5 

x+2y=<18 


5. Making Furniture A furniture manufacturer makes wooden tables and chairs. The pro- 
duction process involves two basic types of labor: carpentry and finishing. A table requires 
2 hours of carpentry and 1 hour of finishing, and a chair requires 3 hours of carpentry and 
5 hour of finishing. The profit is $35 per table and $20 per chair. The manufacturer’s employees 
can supply a maximum of 108 hours of carpentry work and 20 hours of finishing work per day. 
How many tables and chairs should be made each day to maximize profit? 


6. AHousing Development A housing contractor has subdivided a farm into 100 build- 
ing lots. She has designed two types of homes for these lots: colonial and ranch style. A 
colonial requires $30,000 of capital and produces a profit of $4000 when sold. A ranch-style 
house requires $40,000 of capital and provides an $8000 profit. If the contractor has $3.6 mil- 
lion of capital on hand, how many houses of each type should she build for maximum profit? 
Will any of the lots be left vacant? 


7. Hauling Fruit A trucker hauls citrus fruit from Florida to M ontreal. Each crate of 
oranges is 4 ft? in volume and weighs 80 Ib. Each crate of grapefruit has a volume of 6 ft? 
and weighs 100 Ib. His truck has a maximum capacity of 300 ft? and can carry no more than 
5600 Ib. Moreover, he is not permitted to carry more crates of grapefruit than crates of 
oranges. If his profit is $2.50 on each crate of oranges and $4 on each crate of grapefruit, 
how many crates of each fruit should he carry for maximum profit? 
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8. Manufacturing Calculators A manufacturer of calculators produces two models: 
standard and scientific. Long-term demand for the two models mandates that the company 
manufacture at least 100 standard and 80 scientific calculators each day. H owever, because of 
limitations on production capacity, no more than 200 standard and 170 scientific calculators 
can be made daily. To satisfy a shipping contract, a total of at least 200 calculators must be 
shipped every day. 


(a) If the production cost is $5 for a standard calculator and $7 for a scientific one, how 
many of each model should be produced daily to minimize this cost? 


(b) If each standard calculator results in a $2 loss but each scientific one produces a $5 
profit, how many of each model should be made daily to maximize profit? 


9. Shipping Stereos An electronics discount chain has a sale on a certain brand of stereo. 
The chain has stores in Santa M onica and El Toro and warehouses in Long Beach and 
Pasadena. To satisfy rush orders, 15 sets must be shipped from the warehouses to the Santa 
Monica store, and 19 must be shipped to the El Toro store. The cost of shipping a set is $5 
from Long Beach to Santa M onica, $6 from Long Beach to El Toro, $4 from Pasadena to 
Santa M onica, and $5.50 from Pasadena to E! Toro. If the Long Beach warehouse has 24 sets 
and the Pasadena warehouse has 18 sets in stock, how many sets should be shipped from 
each warehouse to each store to fill the orders at a minimum shipping cost? 


10. Delivering Plywood A man owns two building supply stores, one on the east side and 
one on the west side of a city. Two customers order some j-inch plywood. Customer A needs 
50 sheets, and customer B needs 70 sheets. The east-side store has 80 sheets, and the west- 
side store has 45 sheets of this plywood in stock. The east-side store’s delivery costs per 
sheet are $0.50 to customer A and $0.60 to customer B. The west-side store’s delivery costs 
per sheet are $0.40 to customer A and $0.55 to customer B. How many sheets should be 
shipped from each store to each customer to minimize delivery costs? 


11. Packaging Nuts A confectioner sells two types of nut mixtures. The standard-mixture 
package contains 100 g of cashews and 200 g of peanuts and sells for $1.95. The deluxe- 
mixture package contains 150 g of cashews and 50 g of peanuts and sells for $2.25. The 
confectioner has 15 kg of cashews and 20 kg of peanuts available. On the basis of past sales, 
the confectioner needs to have at least as many standard as deluxe packages available. 

How many bags of each mixture should he package to maximize his revenue? 


12. Feeding Lab Rabbits A biologist wishes to feed laboratory rabbits a mixture of two 
types of foods. Type! contains 8 g of fat, 12 g of carbohydrate, and 2 g of protein per ounce. 
Type II contains 12 g of fat, 12 g of carbohydrate, and 1 g of protein per ounce. Type! costs 
$0.20 per ounce and type II costs $0.30 per ounce. The rabbits each receive a daily minimum 
of 24 g of fat, 36 g of carbohydrate, and 4 g of protein, but get no more than 5 oz of food per 
day. How many ounces of each food type should be fed to each rabbit daily to satisfy the di- 
etary requirements at minimum cost? 


13. Investing in Bonds A woman wishes to invest $12,000 in three types of bonds: munic- 
ipal bonds paying 7% interest per year, bank investment certificates paying 8%, and high-risk 
bonds paying 12%. For tax reasons she wants the amount invested in municipal bonds to be 
at least three times the amount invested in bank certificates. To keep her level of risk man- 
ageable, she will invest no more than $2000 in high-risk bonds. How much should she invest 
in each type of bond to maximize her annual interest yield? [Hint: Let x = amount in mu- 
nicipal bonds and y = amount in bank certificates. Then the amount in high-risk bonds will 
be 12,000 — x —y.] 


14. Annual Interest Yield Refer to Problem 13. Suppose the investor decides to increase 
the maximum invested in high-risk bonds to $3000 but leaves the other conditions un- 
changed. By how much will her maximum possible interest yield increase? 


15. Business Strategy A small software company publishes computer games and educa- 
tional and utility software. Their business strategy is to market a total of 36 new programs 
each year, at least four of these being games. The number of utility programs published is 
never more than twice the number of educational programs. On average, the company makes 
an annual profit of $5000 on each computer game, $8000 on each educational program, and 
$6000 on each utility program. How many of each type of software should the company 
publish annually for maximum profit? 
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16. Feasible Region All parts of this problem refer to the following feasible region and ob- 


jective function. 
x20 
xzy 
xX + 2y = 12 
x+ y=10 
P =x + 4y 


(a) Graph the feasible region. 

(b) On your graph from part (a), sketch the graphs of the linear equations obtained by set- 
ting P equal to 40, 36, 32, and 28. 

(c) If you continue to decrease the value of P, at which vertex of the feasible region will 
these lines first touch the feasible region? 

(d) Verify that the maximum value of P on the feasible region occurs at the vertex you chose 
in part (c). 
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SCE/Sandia National Laboratory 
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12.1 Parabolas 

12.2 Ellipses 

12.3 Hyperbolas 

12.4 Shifted Conics 

12.5 Rotation of Axes 

12.6 Polar Equations of Conics 


FOCUS ON MODELING 
Conics in Architecture 


Conic sections are the curves we get when we make a straight cutin a cone, as 
shown in the figure. For example, if a cone is cut horizontally, the cross section 
isacircle. So acircleis aconic section. Other ways of cutting a cone produce 
parabolas, ellipses, and hyperbolas. 


4 


— => 


= 7 
\ 4 vV \ 


Circle Ellipse Parabola Hyperbola 


Our goal in this chapter is to find equations whose graphs are the conic 
sections. We already know from Section 2.2 that the graph of the equation 
x? + y? =r? is acircle. We will find equations for each of the other conic 
sections by analyzing their geometric properties. 

The conic sections have interesting properties that make them useful for 
many real-world applications. For instance, a reflecting surface with parabolic 
cross-sections concentrates light at a single point. This property of a parabola 
is used in the construction of solar power plants, like the one in California pic- 
tured above. 
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12.1 PARABOLAS 


Geometric Definition of a Parabola > Equations and Graphs of Parabolas 
> Applications 


V Geometric Definition of a Parabola 
We saw in Section 4.1 that the graph of the equation 
y=ax?+ bx+c 


is a U-shaped curve called a parabola that opens either upward or downward, depending 
on whether the sign of ais positive or negative. 

In this section we study parabolas from a geometric rather than an algebraic point of 
view. We begin with the geometric definition of a parabola and show how this leads to the 
algebraic formula that we are already familiar with. 


GEOMETRIC DEFINITION OF A PARABOLA 


A parabola is the set of points in the plane that are equidistant from a fixed point 
F (called the focus) and a fixed line | (called the directrix). 


This definition is illustrated in Figure 1. The vertex V of the parabola lies halfway be- 
tween the focus and the directrix, and the axis of symmetry is the line that runs through 
the focus perpendicular to the directrix. 


Axis 


Parabola 


Focus 


FIGURE 1 Vertex Directrix 


In this section we restrict our attention to parabolas that are situated with the vertex 
ya at the origin and that have a vertical or horizontal axis of symmetry. (Parabolas in more 
P(x, y) general positions will be considered in Sections 12.4 and 12.5.) If the focus of such a 

parabola is the point F(0, p), then the axis of symmetry must be vertical, and the directrix 
has the equation y = —p. Figure 2 illustrates the case p > 0. 
F(0, p) y If P(x y) is any point on the parabola, then the distance from P to the focus F (using 
P the Distance Formula) is 


Ae y= py 


The distance from P to the directrix is 


y=" "Pp 


FIGURE 2 Iy=(—8) |= ly pl 
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By the definition of a parabola these two distances must be equal: 
Vx? + (y—p) = ly +P | 


x? + (y—p)?=|y+p|/?=(y+p)? — Square both sides 


x? + y? — 2py + p? = y? + 2py + p? Expand 
x? — 2py = 2py Simplify 
x? = 4py 


If p > 0, then the parabola opens upward; but if p < 0, it opens downward. When x is re- 
placed by —x, the equation remains unchanged, so the graph is symmetric about the y-axis. 


V Equations and Graphs of Parabolas 


The following box summarizes what we have just proved about the equation and features 
of a parabola with a vertical axis. 


PARABOLA WITH VERTICAL AXIS 
The graph of the equation 


X= 4py 


is a parabola with the following properties. 
VERTEX V(0, 0) 
FOCUS F(0, p) 
DIRECTRIX y=-—p 


The parabola opens upward if p > 0 or downward if p < 0. 


YA 


x? = 4py with p > 0 x? = 4py with p <0 


EXAMPLE 1 | Finding the Equation of a Parabola 
T Find an equation for the parabola with vertex V(0, 0) and focus F (0, 2), and sketch its graph. 


SOLUTION Since the focus is F(0, 2), we conclude that p = 2 (so the directrix is 
y = —2). Thus the equation of the parabola is 


x? = 4(2)y x? = 4py with p =2 


x= By 


Since p = 2 > 0, the parabola opens upward. See Figure 3. 
©. NOW TRY EXERCISES 29 AND 41 Oo 


FIGURE 3 
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EXAMPLE 2 | Finding the Focus and Directrix of a Parabola 
from Its Equation 


Find the focus and directrix of the parabola y = —x’, and sketch the graph. 


SOLUTION To find the focus and directrix, we put the given equation in the standard 
form x? = —y. Comparing this to the general equation x? = 4py, we see that 4p = —1, 
SO p = —4. Thus the focus is F (0,—4), and the directrix is y = 4. The graph of the 
parabola, together with the focus and the directrix, is shown in Figure 4(a). We can also 
draw the graph using a graphing calculator as shown in Figure 4(b). 


FIGURE 4 (a) (b) 


©. NOW TRY EXERCISE 11 a 


Reflecting the graph in Figure 2 about the diagonal line y = x has the effect of inter- 
changing the roles of x and y. This results in a parabola with horizontal axis. By the same 
method as before, we can prove the following properties. 


PARABOLA WITH HORIZONTAL AXIS 
The graph of the equation 
y? = 4px 
is a parabola with the following properties. 
VERTEX V(0, 0) 
FOCUS F(p, 0) 
DIRECTRIX i = 9) 


The parabola opens to the right if p > 0 or to the left if p < 0. 


x=-p| yA yA 


F(p, 0) F(p, 0) 
0 oe a 


y? = 4px with p > 0 y? = 4px with p <0 


FIGURE 5 


x=-—p 


FIGURE 6 


a 
F(p,0) x 


Latus 
rectum 
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EXAMPLE 3 | A Parabola with Horizontal Axis 


A parabola has the equation 6x + y? = 0. 
(a) Find the focus and directrix of the parabola, and sketch the graph. 


(b) Use a graphing calculator to draw the graph. 


SOLUTION 


(a) To find the focus and directrix, we put the given equation in the standard form 
y* = —6x. Comparing this to the general equation y* = 4px, we see that 4p = —6, 
SO p = —3. Thus the focus is F (—3, 0) and the directrix is x = 3. Since p < 0, the 
parabola opens to the left. The graph of the parabola, together with the focus and 
the directrix, is shown in Figure 5(a) below. 


(b) To draw the graph using a graphing calculator, we need to solve for y. 
6x + y?=0 
y? = —6x Subtract 6x 
y =+V-6x Take square roots 
To obtain the graph of the parabola, we graph both functions 
y= V-6x and y=-—V-—€6x 


as shown in Figure 5(b). 


y = V-6x 
6 
> 6 2 
Xx 
=6 
x= 3 y =- V-6x 
(b) 
©. NOW TRY EXERCISE 13 a 


The equation y* = 4px, does not define y as a function of x (see page 200). So to use 
a graphing calculator to graph a parabola with a horizontal axis, we must first solve for y. 
This leads to two functions: y = V4px and y = — 4px. We need to graph both func- 
tions to get the complete graph of the parabola. For example, in Figure 5(b) we had to 
graph both y = —6x and y = —V—6x to graph the parabola y* = —6x. 

We can use the coordinates of the focus to estimate the “width” of a parabola when 
sketching its graph. The line segment that runs through the focus perpendicular to the axis, 
with endpoints on the parabola, is called the latus rectum, and its length is the focal 
diameter of the parabola. From Figure 6 we can see that the distance from an endpoint Q 
of the latus rectum to the directrix is |2p|. Thus the distance from Q to the focus must 
be |2p| as well (by the definition of a parabola), so the focal diameter is |4p|. In the 
next example we use the focal diameter to determine the “width” of a parabola when 
graphing it. 
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FIGURE 7 


EXAMPLE 4 | The Focal Diameter of a Parabola 


Find the focus, directrix, and focal diameter of the parabola y = 3x2, and sketch its graph. 
SOLUTION We first put the equation in the form x? = 4py. 

y = 9x? 

x= 2y Multiply by 2, switch sides 


From this equation we see that 4p = 2, so the focal diameter is 2. Solving for p gives 
p = 3,50 the focus is (0, 5) and the directrix is y = —3. Since the focal diameter is 2, the 
latus rectum extends 1 unit to the left and 1 unit to the right of the focus. The graph is 
sketched in Figure 7. 


©. NOW TRY EXERCISE 15 a 


In the next example we graph a family of parabolas, to show how changing the distance 
between the focus and the vertex affects the “width” of a parabola. 


EXAMPLE 5 | A Family of Parabolas 


(a) Find equations for the parabolas with vertex at the origin and foci 
F1(0, 8), F (0, 3), F 3(0, 1), and F ,(0, 4). 

(b) Draw the graphs of the parabolas in part (a). What do you conclude? 

SOLUTION 


(a) Since the foci are on the positive y-axis, the parabolas open upward and have equa- 
tions of the form x? = 4py. This leads to the following equations. 


Equation | Form of the equation 
Focus p x = Apy | for graphing calculator 
F.(0,3) | p= | * =3y y = 2x? 
F.(0,5) | p=3 | x? =2y y = 0.5x? 
F(0,1) | p=1 | x? =4y y = 0.25x? 
F,(0,4) | p=4 | x? = l6y y = 0.0625x? 


(b) The graphs are drawn in Figure 8. We see that the closer the focus is to the vertex, 
the narrower the parabola. 


5 
5 Y 5 
—0.5 


2 


y=2x 


FIGURE 8 A family of parabolas 


5 5 5 
Ay AW VU 


=0:5 —0.5 —0.5 


y = 0.5x? y = 0.25x? y = 0.0625x? 
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V Applications 


Parabolas have an important property that makes them useful as reflectors for lamps and 
telescopes. Light from a source placed at the focus of a surface with parabolic cross sec- 
tion will be reflected in such a way that it travels parallel to the axis of the parabola (see 
Figure 9). Thus, a parabolic mirror reflects the light into a beam of parallel rays. Con- 
versely, light approaching the reflector in rays parallel to its axis of symmetry is concen- 
trated to the focus. This reflection property, which can be proved by using calculus, is 
used in the construction of reflecting telescopes. 


TS 
ed 


FIGURE 9 Parabolic reflector 


EXAMPLE 6 | Finding the Focal Point of a Searchlight Reflector 


A searchlight has a parabolic reflector that forms a “bowl,” which is 12 in. wide from rim 
to rim and 8 in. deep, as shown in Figure 10. If the filament of the light bulb is located at 
the focus, how far from the vertex of the reflector is it? 


FIGURE 10 A parabolic reflector 


ARCHIMEDES King Hieron II of Syracuse once suspected a goldsmith of keeping 
(287-212 B.c.) was the great- part of the gold intended for the king’s crown and replacing it with 
est mathematician of the an- an equal amount of silver. The king asked Archimedes for advice. 
cient world. He was born in While in deep thought at a public bath, Archimedes discovered the 
Syracuse, a Greek colony on solution to the king’s problem when he noticed that his body’s vol- 
Sicily, a generation after Euclid © ume was the same as the volume of water it displaced from the tub. 
(see page 63). One of his Using this insight he was able to measure the volume of each crown, 
many discoveries is the Law of and so determine which was the denser, all-gold crown. As the story 
the Lever (see page 79).He fa- _is told, he ran home naked, shouting “Eureka, eureka!” (“I have found 
mously said,“Give me a place it, | have found it!”) This incident attests to his enormous powers of 
to stand and a fulcrum for my concentration. 
lever, and | can lift the earth.” In spite of his engineering prowess, Archimedes was most proud of 
Renowned as a mechani- his mathematical discoveries. These include the formulas for the vol- 


cal genius for his many engineering inventions, he designed pulleys for | ume of a sphere, (V = iar) and the surface area of a sphere 

lifting heavy ships and the spiral screw for transporting water to higher (S$ = 47°) and a careful analysis of the properties of parabolas and 
levels. He is said to have used parabolic mirrors to concentrate the rays other conics. 

of the sun to set fire to Roman ships attacking Syracuse. 


768 CHAPTER 12 


Conic Sections 


6? = 4p(8) The point (6, 8) satisfies the equation x? = 4py 
36 = 32p 
- p=F 
—6 . 6 * — The focus is F (0, ), So the distance between the vertex and the focus is 3 = 1gin. Be- 
12 cause the filament is positioned at the focus, it is located 1} in. from the vertex of the 


reflector. 
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FIGURE 11 


SOLUTION We introduce a coordinate system and place a parabolic cross section of 
the reflector so that its vertex is at the origin and its axis is vertical (see Figure 11). Then 
the equation of this parabola has the form x? = 4py. From Figure 11 we see that the point 
(6, 8) lies on the parabola. We use this to find p. 


CONCEPTS 
1. A parabola is the set of all points in the plane that are 
equidistant from a fixed point called the and a fixed 


line called the of the parabola. 


N 


. The graph of the equation x? = 4py is a parabola with focus 

F(__, __) and directrix y = ______. So the graph of 

x? = 12y is a parabola with focus F ( 
y= 

3. The graph of the equation y? = 4px is a parabola with focus 

F( 


y? = 12x is a parabola with focus F ( 


) and directrix 


’ 


) and directrix x =____. So the graph of 


’ 


) and directrix 


’ 


x= 


4. Label the focus, directrix, and vertex on the graphs given for 
the parabolas in Exercises 2 and 3. 
(a) x? = 12y (b) y? = 12x 


yA 


*11 
a 
SKILLS a 
St *. 15, 
5-10 m= Match the equation with the graphs labeled I-V1. Give 
reasons for your answers. 17. 
5, y? = 2x 6. y? = —4x 19. 
7. x? = —6y 8, 2x? =y 21. 


x? = 9y 
y? = 4x 
y = 5x? 
x = —8y 


x? + by =0 
5x + 3y*=0 


2 


10 


12 


14, 
16. 
18. 
20. 
22. 


, 12y +x? =0 


11-22 m Find the focus, directrix, and focal diameter of the 
parabola, and sketch its graph. 


xeey 

y? = 3x 

y = —2x? 

x =3y 

x — Jy? =0 
8x? + 12y =0 
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23-28 m Use a graphing device to graph the parabola. 49, 50. 
23. x? = loy 24, x? = —8y 
25. y? = —3Xx 26. 8y? = x > 
27. 4x + y? = 28. x — 2y7=0 


29-40 m Find an equation for the parabola that has its vertex at 
the origin and satisfies the given condition(s). 


region 


has area 8 
©. 29, Focus: F (0, 2) 30. Focus: F (0, —3) 
31. Focus: : (—8, 0) Be Og FS. 0) © .51, (a) Find equations for the family of parabolas with vertex at 
33. Directrix: x = 2 34. Directrix: y = 6 the origin and with directrixes y = 5, y = 1, y =4, and 
35. Directrix: y = —10 36. Directrix: x = —3 yes. 
y . (b) Draw the graphs. What do you conclude? 
37. Focus on the positive x-axis, 2 units away from the directrix ,; , 
a ms) 52. (a) Find equations for the family of parabolas with vertex at 
38. Directrix has y-intercept 6 = the origin, focus on the positive y-axis, and with focal 
39. Opens upward with focus 5 units from the vertex diameters 1, 2, 4, and 8. 


; ; ; (b) Draw the graphs. What do you conclude? 
40. Focal diameter 8 and focus on the negative y-axis 


41-50 m Find an equation of the parabola whose graph is shown. APPLICATIONS 
42. ©. 53. Parabolic Reflector A lamp with a parabolic reflector is 
Directrix y shown in the figure. The bulb is placed at the focus, and the 


focal diameter is 12 cm. 

(a) Find an equation of the parabola. 

~ (b) Find the diameter d(C, D) of the opening, 20 cm from the 
0 x vertex, 


43. 


Directrix 


°D 
45. 46. 
YA 
54. Satellite Dish A reflector for a satellite dish is parabolic 
in cross section, with the receiver at the focus F. The reflector 
is 1 ft deep and 20 ft wide from rim to rim (see the figure). 
Focus How far is the receiver from the vertex of the parabolic 
reflector? 
! > 
0 5 x 
F 
47. 48. 
y y 
Square has 
area 16 
> > 
0 x 0 x } 
—=1 ft 
45=2) Directrix i 20 ft >|" 
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55. Suspension Bridge na suspension bridge the shape of 


the suspension cables is parabolic. The bridge shown in the DISCOVERY = DISCUSSION = WRITING 
figure has towers that are 600 m apart, and the lowest point of 57. Parabolas in the Real World Several examples of the 
the suspension cables is 150 m below the top of the towers. uses of parabolas are given in the text. Find other situations in 
Find the equation of the parabolic part of the cables, placing real life in which parabolas occur. Consult a scientific encyclo- 
the origin of the coordinate system at the vertex. [Note: This pedia in the reference section of your library, or search the 
equation is used to find the length of cable needed in the con- Internet, 


truction of the bridge. 
Sd 58. Light Cone from a Flashlight A flashlight is held to 


form a lighted area on the ground, as shown in the figure. Is it 
possible to angle the flashlight in such a way that the bound- 
ary of the lighted area is a parabola? Explain your answer. 


56. Reflecting Telescope The Hale telescope at the M ount 
Palomar Observatory has a 200-in. mirror, as shown in the fig- 
ure. The mirror is constructed in a parabolic shape that collects 
light from the stars and focuses it at the prime focus, that is, 
the focus of the parabola. The mirror is 3.79 in. deep at its 
center. Find the focal length of this parabolic mirror, that is, 
the distance from the vertex to the focus. 


Prime 
focus 


DISCOVERY 
PROJECT Rolling Down a Ramp 


| 
In this project we investigate the process of modeling the 

motion of falling objects using a calculator-based motion 
detector. You can find the project at the book companion 
| website: www.stewartmath.com 


12.2 ELLIPSES 


Geometric Definition of an Ellipse B Equations and Graphs of Ellipses 
> Eccentricity of an Ellipse 


V Geometric Definition of an Ellipse 


An ellipse is an oval curve that looks like an elongated circle. M ore precisely, we have the 
following definition. 


(ae GEOMETRIC DEFINITION OF AN ELLIPSE 


An ellipse is the set of all points in the plane the sum of whose distances from 


two fixed points F , and F , is a constant. (See Figure 1.) These two fixed points 
are the foci (plural of focus) of the ellipse. 


FIGURE 1 


FIGURE 3 


ay 
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The geometric definition suggests a simple method for drawing an ellipse. Place a 
sheet of paper on a drawing board, and insert thumbtacks at the two points that are to be 
the foci of the ellipse. Attach the ends of a string to the tacks, as shown in Figure 2(a). 
With the point of a pencil, hold the string taut. Then carefully move the pencil around the 
foci, keeping the string taut at all times. The pencil will trace out an ellipse, because the 
sum of the distances from the point of the pencil to the foci will always equal the length 
of the string, which is constant. 

If the string is only slightly longer than the distance between the foci, then the ellipse that 
is traced out will be elongated in shape, as in Figure 2(a), but if the foci are close together 
relative to the length of the string, the ellipse will be almost circular, as shown in Figure 2(b). 


2 
| A 
(a) (b) 


FIGURE 2 


To obtain the simplest equation for an ellipse, we place the foci on the x-axis at 
F ,(—c, 0) and F ,(c, 0) so that the origin is halfway between them (see Figure 3). 

For later convenience we let the sum of the distances from a point on the ellipse to the 
foci be 2a. Then if P(x, y) is any point on the ellipse, we have 


d(P,F,) + d(P,F 2) = 2a 
So from the Distance Formula we have 
Vix +c)? + y? + V(x —c)? + y? =2a 
or Vx -c+y?=2a-VixtcP+y? 


Squaring each side and expanding, we get 


x? — 2cx +c? + y? = 4a? — daV(x +c)? + y? + (x? + 2cx + c? + y?) 
which simplifies to 
daV/(x +c)? + y? = 4a2 + 4cx 
Dividing each side by 4 and squaring again, we get 
a“[(x +c)? + y*] = (a? + cx)? 
a’x? + 2a*cx + a*c? + a*y* = a4 + 2a°cx + C?x? 
(a? — c?)x? + a*y? = a%(a? — c?) 


Since the sum of the distances from P to the foci must be larger than the distance between 
the foci, we have that 2a > 2c, ora > c. Thus a2 — c* > 0, and we can divide each side 
of the preceding equation by a?(a* — c’) to get 


For convenience let b? = a* — c?(withb > 0). Since b? < a’, it follows that b < a. The 
preceding equation then becomes 

a G 

a + 7 =] witha >b 
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In the standard equation for an ellipse, 
a’ is the larger denominator and b? is 
the smaller. To find c?, we subtract: 
larger denominator minus smaller 
denominator. 


This is the equation of the ellipse. To graph it, we need to know the x- and y-intercepts. 
Setting y = 0, we get 


so x? = a’, or x = +a. Thus, the ellipse crosses the x-axis at (a, 0) and (—a, 0), as in 
Figure 4. These points are called the vertices of the ellipse, and the segment that joins 
them is called the major axis. | ts length is 2a. 


FIGURE 4 
xy? 
at p27 i witha >b (0, —b) 


Similarly, if we set x = 0, we get y = +b, so the ellipse crosses the y-axis at (0, b) and 
(0, —b). The segment that joins these points is called the minor axis, and it has length 2b. 
Note that 2a > 2b, so the major axis is longer than the minor axis. The origin is the center 
of the ellipse. 

If the foci of the ellipse are placed on the y-axis at (0, +c) rather than on the x-axis, 
then the roles of x and y are reversed in the preceding discussion, and we get a vertical 
ellipse. 


V Equations and Graphs of Ellipses 


The following box summarizes what we have just proved about the equation and features 
of an ellipse centered at the origin. 


ELLIPSE WITH CENTER AT THE ORIGIN 
The graph of each of the following equations is an ellipse with center at the ori- 
gin and having the given properties. 


EQUATION 
VERTICES 


MAJOR AXIS Horizontal, length 2a Vertical, length 2a 
MINOR AXIS Vertical, length 2b Horizontal, length 2b 


FOCI (a¢,0) aco =r — be (Oh=C\ ac == oc" — ibe 


GRAPH ya 
F,(0, c) 


— 


=a — 1 | Sketching an Ellipse 


An ellipse has the equation 


The orbits of the planets are ellipses, 
with the sun at one focus. 


Note that the equation of an ellipse 
does not define y as a function of x 
(see page 200). That's why we need to 
graph two functions to graph an ellipse. 


FIGURE 5 


y? 


x2 
—+4+ = 
9 4 , 


VERTICES 


The graph is shown in Figure 5(a). 


(b) To draw the graph using a graphing. c 


2 


y 


x2 

oc eS 
2 x2 
aot. 
y= a(1- 
ya 
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OF MAJOR AXIS 6 
4 


LENGTH OF MINOR AXIS 


ulator, we need to solve for y. 


x2 
tract — 
Subtrac 9 


Multiply by 4 


Take square roots 


To obtain the graph of the ellipse, we graph both functions 


y = -2V1 - x?/9 


y =2V1 — x?/9 


as shown in Figure 5(b). 


and 


Ellipses 
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EXAMPLE 2 | Finding the Foci of an Ellipse 
Find the foci of the ellipse 16x? + 9y? = 144, and sketch its graph. 
SOLUTION First we put the equation in standard form. Dividing by 144, we get 


x2 oy? 
a ae 
Since 16 > 9, this is an ellipse with its foci on the y-axis and with a = 4 and b = 3. 


We have 
c?=a?-b?=16-9=7 
c=V7 


Thus the foci are (0, + V7). The graph is shown in Figure 6(a). 
We can also draw the graph using a graphing calculator as shown in Figure 6(b). 


ya y =4\1 - x2/9 
a F(0, V7) 
+ +++ + +++ 
4x 
F(0,-V7) 
y=—4V1- x29 
FIGURE 6 
16x? + 9y? = 144 (a) (b) 
®. NOW TRY EXERCISE 11 A 
EXAMPLE 3 | Finding the Equation of an Ellipse 
The vertices of an ellipse are (+4, 0) and the foci are (+2, 0). Find its equation, and 
sketch the graph. 
YA SOLUTION Since the vertices are (+4, 0), we have a = 4 and the major axis is hori- 
zontal. The foci are (+2, 0), so c = 2. To write the equation, we need to find b. Since 
c? =a’ — b*, wehave 
22 = 42 — b2 
— b?=16-4=12 
Thus the equation of the ellipse is 
-. ¥ 
—+-=1 
16° 12 
age The graph is shown in Figure 7. 
a=ta=l 
16 ° 12 ©. NOW TRY EXERCISES 25 AND 33 a 


V Eccentricity of an Ellipse 


We saw earlier in this section (Figure 2) that if 2a is only slightly greater than 2c, the el- 
lipse is long and thin, whereas if 2a is much greater than 2c, the ellipse is almost circu- 
lar. We measure the deviation of an ellipse from being circular by the ratio of a and c. 


*t Fi0,8) 
10 
—6 6 
—10 
T F2(0, 8) 
FIGURE 9 
xy? 


36 100 ¢ 
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DEFINITION OF ECCENTRICITY 


2 2 x2 va 
pea 1 (with a > b > 0), the eccentricity e 


y 
> ae ON 


x 
For the ellipse — + 
Peay aes 


b 
is the number 


where c = Va? — b*. The eccentricity of every ellipse satisfies 0 <e <1. 


Thus if e is close to 1, then c is almost equal to a, and the ellipse is elongated in shape, 
but if e is close to 0, then the ellipse is close to a circle in shape. The eccentricity is amea- 
sure of how “stretched” the ellipse is. 

In Figure 8 we show a number of ellipses to demonstrate the effect of varying the ec- 
centricity e. 


OOO0ma 


e=0.1 e=0.5 e = 0.68 e = 0.86 


FIGURE 8 Ellipses with various eccentricities 


EXAMPLE 4 | Finding the Equation of an Ellipse from Its 
Eccentricity and Foci 


Find the equation of the ellipse with foci (0, +8) and eccentricity e = $, and sketch its 
graph. 


SOLUTION Weare givene = ¢andc = 8. Thus 


ad = 2 Eccentricity e = : 
5 a a 
4a = 40 Cross-multiply 
a= 10 
To find b, we use the fact that c? = a? — b?. 
8? = 10? — b? 
b? = 10? — 8 = 36 
b =6 
Thus the equation of the ellipse is 
x2 2 
36 * 100 7} 


Because the foci are on the y-axis, the ellipse is oriented vertically. To sketch the ellipse, 
we find the intercepts: The x-intercepts are +6, and the y-intercepts are +10. The graph 
is sketched in Figure 9. 
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Eccentricities of the Orbits 

of the Planets 

The orbits of the planets are ellipses 
with the sun at one focus. For most 
planets these ellipses have very small 
eccentricity, so they are nearly circular. 
However, Mercury and Pluto, the inner- 
most and outermost known planets, 
have visibly elliptical orbits. 


Planet Eccentricity 
Mercury 0.206 
Venus 0.007 
Earth 0.017 
Mars 0.093 
Jupiter 0.048 
Saturn 0.056 
Uranus 0.046 
Neptune 0.010 
Pluto 0.248 


Gravitational attraction causes the planets to move in elliptical orbits around the sun 
with the sun at one focus. This remarkable property was first observed by J ohannes 
Kepler and was later deduced by Isaac Newton from his inverse square L aw of Gravity, 
using calculus. The orbits of the planets have different eccentricities, but most are nearly 
circular (See the margin). 

Ellipses, like parabolas, have an interesting reflection property that leads to a number 
of practical applications. If alight source is placed at one focus of a reflecting surface with 
elliptical cross sections, then all the light will be reflected off the surface to the other 
focus, as shown in Figure 10. This principle, which works for sound waves as well as for 
light, is used in lithotripsy, a treatment for kidney stones. The patient is placed in a tub of 
water with elliptical cross sections in such a way that the kidney stone is accurately lo- 
cated at one focus. High-intensity sound waves generated at the other focus are reflected 
to the stone and destroy it with minimal damage to surrounding tissue. The patient is 
spared the trauma of surgery and recovers within days instead of weeks. 

The reflection property of ellipses is also used in the construction of whispering gal- 
leries. Sound coming from one focus bounces off the walls and ceiling of an elliptical 
room and passes through the other focus. In these rooms even quiet whispers spoken at 
one focus can be heard clearly at the other. Famous whispering galleries include the Na- 
tional Statuary Hall of the U.S. Capitol in Washington, D.C. (see page 814), and the M or- 
mon Tabernacle in Salt Lake City, Utah. 


Zz» 
FIGURE 10 
CONCEPTS is an ellipse with vertices (__, ___) and (__, __) and foci 
1. An ellipse is the set of all points in the plane for which the (__,__)and(__, __). 


of the distances from two fixed points F , and F , is 


4. Label the vertices and foci on the graphs given for the ellipses 


constant. The points F ; and F , are called the of the in Exercises 2 and 3. 
ellipse. ‘ 5 ; ; 
sad oe yo . F rade a ae fs ee eae 

2. The graph of the equation ae + an 1 witha >b > 0isan Be Qe Qe 5 

ellipse with vertices (__, __) and(__, __) and foci (+c, 0), wa 

x? y? . ya : 

wherec =_____. So the graph of 5 + 2 lis an 

ellipse with vertices (__, ___) and (__, __) and foci i ] mal 

(__,__)and(__, __). , > agi ae 
3. The graph of the equation 5 + 25 = lwitha>b>0 ul 

is an ellipse with vertices (__, ___) and (__, __) and foci 

2 2 
(0, +c), wherec = _____. So the graph of Rp + 7 =1 
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a= 
SKILLS net yA = vA 
F(0, 2 F(0, 3 
5-8 m Match the equation with the graphs labeled I-IV. Give rea- (0,2) ° (0, 3) 
sons for your answers. 
are y? > > 
re eel | ) oe x x 
1674 eG a, 3 : 
7. 4 + y? =4 8. 16x? + 25y* = 400 
yA I si 27. ya 28. ya 
il (8, 6) (-1, 2) 
t t > > > = 
1 x x 16 x 2, x 
II ya IV ya e=) 29-32 m Use a graphing device to graph the ellipse. 


a 
* 2 


9-22 m Find the vertices, foci, and eccentricity of the ellipse. 
Determine the lengths of the major and minor axes, and sketch the 
graph. 


9 04nd 0, a m1 

< 11 9x? + 4y? = 36 12, 4x2 + 25y? = 100 
13. x° + 4y’ = 16 14, 4x? + y? = 16 
15. 2x’ + y? = 3 16, 5x? + 6y? = 30 
17. x’ + dy’ = 18, 9x? + dy? =1 
19. 9x? + gy? = 4 20. x? = 4 — 2y? 
21. y? = 1— 2x’ 22. 20x? + dy? =5 


23-28 m Find an equation for the ellipse whose graph is shown. 


29 


31 


x — 2 yr 
35 +97) 30. x tipo) 
. 6x? + y*? = 36 32. x? + 2y? = 8 


33-44 m Find an equation for the ellipse that satisfies the given 


conditions. 

©. 33. Foci: (+4, 0), vertices: (+5, 0) 
34. Foci: (0, +3), vertices: (0, +5) 
35. Length of major axis: 4, length of minor axis: 2, foci on y-axis 
36. Length of major axis: 6, length of minor axis: 4, foci on x-axis 
37. Foci: (0, £2), length of minor axis: 6 
38. Foci: (+5, 0), length of major axis: 12 
39. Endpoints of major axis: (+10, 0), distance between foci: 6 
40. Endpoints of minor axis: (0, +3), distance between foci: 8 
41. Length of major axis: 10, foci on x-axis, ellipse passes through 

the point (V5, 2) 

42. Eccentricity: 5, foci: (0, +2) 

©. 43. Eccentricity: 0.8, foci: (+1.5, 0) 
44, Eccentricity: V3/2, foci on y-axis, length of major axis: 4 


23. 24, 


YA 


“Y 


45-47 m@ Find the intersection points of the pair of ellipses. Sketch 
the graphs of each pair of equations on the same coordinate axes, 
and label the points of intersection. 


ae a 
ie . y2= 4 ii io 
" 4x? + 9y? = 36 a ay 
9 16 


100x* + 25y* = 100 
y? 
—= 1 
9 


47. 
xe + 
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48. 


The ancillary circle of an ellipse is the circle with radius 
equal to half the length of the minor axis and center the same 
as the ellipse (see the figure). The ancillary circle is thus the 
largest circle that can fit within an ellipse. 
(a) Find an equation for the ancillary circle of the ellipse 
x? + 4y? = 16. 
(b) For the ellipse and ancillary circle of part (a), show that if 
(s, t) is a point on the ancillary circle, then (2s, t) isa 
point on the ellipse. 


Ellipse 


Ancillary 
circle 


. (a) Use a graphing device to sketch the top half (the portion 


in the first and second quadrants) of the family of ellipses 
x? + ky? = 100 for k = 4, 10, 25, and 50. 

(b) What do the members of this family of ellipses have in 
common? How do they differ? 


. If k > 0, the following equation represents an ellipse: 


x? y? 


k* atk” 


Show that all the ellipses represented by this equation have the 
same foci, no matter what the value of k. 


APPLICATIONS 


51, 


52. 


Perihelion and Aphelion The planets move around 

the sun in elliptical orbits with the sun at one focus. The point 
in the orbit at which the planet is closest to the sun is called 
perihelion, and the point at which it is farthest is called 
aphelion. These points are the vertices of the orbit. The earth's 
distance from the sun is 147,000,000 km at perihelion and 
153,000,000 km at aphelion. Find an equation for the earth’s 
orbit. (Place the origin at the center of the orbit with the sun 
on the x-axis.) 


Perihelion 


Aphelion 


The Orbit of Pluto With an eccentricity of 0.25, 
Pluto’s orbit is the most eccentric in the solar system. 
The length of the minor axis of its orbit is approximately 
10,000,000,000 km. Find the distance between Pluto and 
the sun at perihelion and at aphelion. (See Exercise 51.) 


53. 


54, 


55. 


Lunar Orbit For an object in an elliptical orbit around the 
moon, the points in the orbit that are closest to and farthest 
from the center of the moon are called perilune and apolune, 
respectively. These are the vertices of the orbit. The center of 
the moon is at one focus of the orbit. The Apollo 11 spacecraft 
was placed in a lunar orbit with perilune at 68 mi and apolune 
at 195 mi above the surface of the moon. Assuming that the 
moon is a sphere of radius 1075 mi, find an equation for the 
orbit of Apollo 11. (Place the coordinate axes so that the origin 
is at the center of the orbit and the foci are located on the 
x-axis.) 


Perilune 


Plywood Ellipse A carpenter wishes to construct an ellip- 
tical table top from a sheet of plywood, 4 ft by 8 ft. He will 
trace out the ellipse using the “thumbtack and string” method il- 
lustrated in Figures 2 and 3. What length of string should he 
use, and how far apart should the tacks be located, if the ellipse 
is to be the largest possible that can be cut out of the plywood 
sheet? 


Sunburst Window A “sunburst” window above a door- 
way is constructed in the shape of the top half of an ellipse, as 
shown in the figure. The window is 20 in. tall at its highest 
point and 80 in. wide at the bottom. Find the height of the 
window 25 in. from the center of the base. 
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DISCOVERY = DISCUSSION = WRITING 7 


56. Drawing an Ellipse on a Blackboard Try drawing an 
ellipse as accurately as possible on a blackboard. How would a 
piece of string and two friends help this process? 


57. Light Cone from a Flashlight A flashlight shines on 
a wall, as shown in the figure. W hat is the shape of the bound- 
ary of the lighted area? Explain your answer. Foci 


59. Is It an Ellipse? A piece of paper is wrapped around a 
cylindrical bottle, and then a compass is used to draw a circle 
on the paper, as shown in the figure. W hen the paper is laid 
flat, is the shape drawn on the paper an ellipse? (You don’t 
need to prove your answer, but you might want to do the ex- 
periment and see what you get.) 


58. How Wide Is an Ellipse at Its Foci? A latus rectum for 
an ellipse is a line segment perpendicular to the major axis at a 
focus, with endpoints on the ellipse, as shown in the figure at 
the top of the next column. Show that the length of a latus rec- 
tum is 2b2/a for the ellipse 


2 2 
+Gel witha > b 


12.3 HYPERBOLAS 


| Geometric Definition of a Hyperbola > Equations and Graphs of Hyperbolas 


V Geometric Definition of a Hyperbola 


Although ellipses and hyperbolas have completely different shapes, their definitions and 
equations are similar. Instead of using the sum of distances from two fixed foci, as in the 
case of an ellipse, we use the difference to define a hyperbola. 


GEOMETRIC DEFINITION OF A HYPERBOLA 


A hyperbola is the set of all points in the plane, the difference of whose dis- 


tances from two fixed points F, and F, is aconstant. (See Figure 1.) These two 
fixed points are the foci of the hyperbola. 


Asin the case of the ellipse, we get the simplest equation for the hyperbola by placing 
the foci on the x-axis at (+c, 0), as shown in Figure 1. By definition, if P(x, y) lies on the 
hyperbola, then either d(P,F,) — d(P, Fz) or d(P, F2) — d(P, F,) must equal some pos- 
itive constant, which we call 2a. Thus we have 


F,) —d(P,F,) = +2 
FIGURE 1 P is on the hyperbola if a ; 
|d(P, Fi) — d(P, F2)| = 2a. or Vix te +y?- Vix —c)2 + y? = +2a 


F\(—c, 0) 
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Proceeding as we did in the case of the ellipse (Section 12.2), we simplify this to 
(e* a7 \x? ay? = a“(c* a’) 


From triangle PF ,F, in Figure 1 we see that | d(P,F,) — d(P, F2)| < 2c. It follows that 
2a < 2c, ora <c. Thus c? — a* > 0, so wecan set b? = c* — a*. We then simplify the 
last displayed equation to get 


x2 2 

ae 

This is the equation of the hyperbola. If we replace x by —x or y by —y in this equation, 
it remains unchanged, so the hyperbola is symmetric about both the x- and y-axes and 
about the origin. The x-intercepts are +a, and the points (a, 0) and (—a, 0) are the ver- 
tices of the hyperbola. There is no y-intercept, because setting x = 0 in the equation of 
the hyperbola leads to —y? = b2, which has no real solution. Furthermore, the equation 
of the hyperbola implies that 


so x*/a? = 1; thus x? = a’, and hence x = a or x = —a. This means that the hyperbola 
consists of two parts, called its branches. The segment joining the two vertices on the 
separate branches is the transverse axis of the hyperbola, and the origin is called its 
center. 

If we place the foci of the hyperbola on the y-axis rather than on the x-axis, this has the 
effect of reversing the roles of x and y in the derivation of the equation of the hyperbola. 
This leads to a hyperbola with a vertical transverse axis. 


V Equations and Graphs of Hyperbolas 


The main properties of hyperbolas are listed in the following box. 


HYPERBOLA WITH CENTER AT THE ORIGIN 


The graph of each of the following equations is a hyperbola with center at the origin and having the given properties. 


EQUATION 


VERTICES 


TRANSVERSE AXIS 


ASYMPTOTES 


FOCI 


GRAPH 


(a >0,b > 0) (a >0,b > 0) 
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Asymptotes of rational functions are The asymptotes mentioned in this box are lines that the hyperbola approaches for large 
discussed in Section 4.6. values of x and y. To find the asymptotes in the first case in the box, we solve the equa- 
tion for y to get 
b 
= +— 2_ a2 
y= st, Vx" -a 
b a? 
= +-x,/1 5 
a X 


Asx gets large, a*/x? gets closer to zero. In other words, as x > oo, we havea2/x? > 0. So 
for large x the value of y can be approximated as y = +(b/a)x. This shows that these lines 
are asymptotes of the hyperbola. 

Asymptotes are an essential aid for graphing a hyperbola; they help us to determine its 
shape. A convenient way to find the asymptotes, for a hyperbola with horizontal trans- 
verse axis, is to first plot the points (a, 0), (—a, 0), (0, b), and (0, —b). Then sketch hor- 
izontal and vertical segments through these points to construct a rectangle, as shown in 
Figure 2(a). We call this rectangle the central box of the hyperbola. The slopes of the di- 
agonals of the central box are +b/a, so by extending them, we obtain the asymptotes 
y = +(b/a)x, as sketched in Figure 2(b). Finally, we plot the vertices and use the as- 
ymptotes as a guide in sketching the hyperbola shown in Figure 2(c). (A similar proce- 
dure applies to graphing a hyperbola that has a vertical transverse axis.) 


ya 
b 
> 
—a 0 a x 
—b 
(a) Central box (b) Asymptotes (c) Hyperbola 


2 2 
FIGURE 2 Steps in graphing the hyperbola = 7 - =1 


HOW TO SKETCH A HYPERBOLA 
. Sketch the Central Box. This is the rectangle centered at the origin, with 
sides parallel to the axes, that crosses one axis at +a, the other at +b. 


. Sketch the Asymptotes. These are the lines obtained by extending the diag- 
onals of the central box. 


. Plot the Vertices. These are the two x-intercepts or the two y-intercepts. 


4. Sketch the Hyperbola. Start at a vertex, and sketch a branch of the hyper- 
bola, approaching the asymptotes. Sketch the other branch in the same way. 


EXAMPLE 1 | A Hyperbola with Horizontal Transverse Axis 
A hyperbola has the equation 
Qx? — 16y? = 144 
(a) Find the vertices, foci, and asymptotes, and sketch the graph. 
(b) Draw the graph using a graphing calculator. 
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SOLUTION 

(a) First we divide both sides of the equation by 144 to put it into standard form: 
x2 y? 7 
6 


Because the x*-term is positive, the hyperbola has a horizontal transverse axis; its 
vertices and foci are on the x-axis. Since a? = 16 and b? = 9, wegeta = 4, b =3, 
andc = V16 + 9 = 5. Thus we have 


VERTICES (+4, 0) 
FOCI (+5, 0) 

3 
ASYMPTOTES y = 44x 


After sketching the central box and asymptotes, we complete the sketch of the 
hyperbola as in Figure 3(a). 


Note that the equation of a hyperbola (b) To draw the graph using a graphing calculator, we need to solve for y. 
does not define y as a function of x (see : : 
page 200). That’s why we need to graph 9x“ — loy* = 144 


two functions to graph a hyperbola. 
peer —l6y? = —9x? + 144 Subtract 9x? 


x2 
y2= ( = 1) Divide by —16 and factor 9 


x2 
y= 43 16 1 Take square roots 


To obtain the graph of the hyperbola, we graph the functions 
y =3V(x7/16) -1 and = y = -3V(x7/16) - 1 


as shown in Figure 3(b). 


y =3 v(x2/16) - 1 


6 


—6 
y =-3 V(x2/16) - 1 
9x? — l6y* = 144 (a) (b) 


FIGURE 3 


®. NOW TRY EXERCISE 9 a 


EXAMPLE 2 | A Hyperbola with Vertical Transverse Axis 
Find the vertices, foci, and asymptotes of the hyperbola, and sketch its graph. 


x? — 9y7+9=0 


Paths of Comets 

The path of a comet is an ellipse, a 
parabola, or a hyperbola with the sun 
at a focus. This fact can be proved by 
using calculus and Newton's laws of 
motion.* If the path is a parabola or a 
hyperbola, the comet will never return. 
If the path is an ellipse, it can be deter- 
mined precisely when and where the 
comet can be seen again. Halley’s 
comet has an elliptical path and re- 
turns every 75 years; it was last seen in 
1987.The brightest comet of the 20th 
century was comet Hale-Bopp, seen in 
1997. Its orbit is a very eccentric ellipse; 
it is expected to return to the inner so- 
lar system around the year 4377. 


*James Stewart, Calculus, 7th ed. (Belmont, 
CA: Brooks/Cole, 2012), pages 868 and 872. 


FIGURE 4 
x? — 9y7+9=0 
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SOLUTION We begin by writing the equation in the standard form for a hyperbola. 


x? — gy? = -9 


x2 
y? — 1 Divide by —9 
Because the y*-term is positive, the hyperbola has a vertical transverse axis; its foci 
and vertices are on the y-axis. Since a? = 1 and b* = 9, we get a = 1, b = 3, and 


¢ = V1 + 9 = V10. Thus we have 


VERTICES (0, +1) 
FOCI (0, + V10) 
ASYMPTOTES = = +3X 


Wesketch the central box and asymptotes, then complete the graph, as shown in Figure 4(a). 
We can also draw the graph using a graphing calculator, as shown in Figure 4(b). 


L y=V1+x2/9 
pews 
5 5 
4 F,(0, —/10) (es 
y =-V14+x24/9 
(a) (b) 
&. NOW TRY EXERCISE 17 = 


EXAMPLE 3 | Finding the Equation of a Hyperbola from Its 


Vertices and Foci 
Find the equation of the hyperbola with vertices (+3, 0) and foci (+4, 0). Sketch the 
graph. 


SOLUTION Since the vertices are on the x-axis, the hyperbola has a horizontal trans- 
verse axis. Its equation is of the form 


2 2 
SB 
We have a = 3 andc = 4. To find b, we use the relation a? + b? = c’: 
P+ b?= 4 
b?= 4-32 =7 
b=v7 
Thus the equation of the hyperbola is 
x2 2 
7 
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The graph is shown in Figure 5. 


FIGURE 5 


a ae 
9 ae 


©. NOW TRY EXERCISES 21 AND 31 a 


EXAMPLE 4 | Finding the Equation of a Hyperbola from Its 
Vertices and Asymptotes 


Find the equation and the foci of the hyperbola with vertices (0, +2) and asymptotes 
y = £2x. Sketch the graph. 


SOLUTION Since the vertices are on the y-axis, the hyperbola has a vertical transverse 
a axis with a = 2. From the asymptote equation we see that a/b = 2. Since a = 2, we get 
x 2/b = 2, so b = 1. Thus the equation of the hyperbola is 


To find the foci, we calculate c* = a2 + b? = 2* + 12 = 5, soc = V5. Thus the foci 
are (0, +5). The graph is shown in Figure 6. 


y? ©. NOW TRY EXERCISES 25 AND 35 a 


Like parabolas and ellipses, hyperbolas have an interesting reflection property. Light 
aimed at one focus of a hyperbolic mirror is reflected toward the other focus, as shown in 
Figure 7. This property is used in the construction of Cassegrain-type telescopes. A hy- 
perbolic mirror is placed in the telescope tube so that light reflected from the primary par- 
abolic reflector is aimed at one focus of the hyperbolic mirror. The light is then refocused 
at a more accessible point below the primary reflector (Figure 8). 


Hyperbolic 
reflector 


d /— Parabolic reflector 
F, 
FIGURE 7 Reflection property of FIGURE 8 Cassegrain-type telescope 


hyperbolas 
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The LORAN (LOng RAnge Navigation) system was used until the early 1990s; it has 
now been superseded by the GPS system (see page 738). In the LORAN system, hyper- 
bolas are used onboard a ship to determine its location. In Figure 9, radio stations atA and 
B transmit signals simultaneously for reception by the ship at P. The onboard computer 
converts the time difference in reception of these signals into a distance difference 
d(P, A) — d(P,B). From the definition of a hyperbola this locates the ship on one branch 
of a hyperbola with foci at A and B (sketched in black in the figure). The same procedure 
is carried out with two other radio stations at C and D, and this locates the ship on a sec- 
ond hyperbola (shown in red in the figure). (In practice, only three stations are needed be- 
cause one station can be used as a focus for both hyperbolas.) The coordinates of the in- 
tersection point of these two hyperbolas, which can be calculated precisely by the 
computer, give the location of P. 


FIGURE 9 LORAN system for finding the 
location of a ship 


2 2 
CONCEPTS _ 7 ] = Lisa hyperbola with vertices (__, __) and 
1. A hyperbola is the set of all points in the plane for which the 
of the distances from two fixed points F, and F 2 is (, _)and foci (__, __) and (__, _). 
constant. The points F ; and F 2 are called the _______ of the 4. Label the vertices, foci, and asymptotes on the graphs given 
hyperbola. for the hyperbolas in Exercises 2 and 3. 
ae ey aes 
2. The graph of the equation —> — Fs = Lwitha > 0,b > 0 a) Goya! ba a 
is a hyperbola with vertices(__, __) and(__, __) and 
foci (+c, 0), wherec = ____. So the graph of 
x ¥ 
oo a 1 is a hyperbola with vertices (__, ___) and 
(__, __)and foci (__, __) and(__, __). 


20 2 
3. The graph of the equation 5 - _ = 1lwitha>0,b>0 


is a hyperbola with vertices(__, __) and(__, ____) and 


foci (0, +c), wherec = ____. So the graph of 
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SKILLS 


5-8 m Match the equation with the graphs labeled I-IV. Give rea- 
sons for your answers. 


2 2 
X 5 X 


.—-ye= .y-—=1 
ar ae 5 
7. 16y? — x? = 144 8. 9x? — 25y? = 225 
lI y 
it 
os 
+4 x 
III yA IV yA 
i i ee 
t+ 
ee oe ioe oe eee eel el 
14 x 2 x 


9-20 m Find the vertices, foci, and asymptotes of the hyperbola, 
and sketch its graph. 


eee ig, 2 =i 
nya 2, y= 
B.-y=1 14, 9x? — 4y? = 36 
15. 25y? — 9x? = 225 16. x? -y?+4=0 
-17, x? — 4y?- 8 =0 18. x? — 2y* = 3 
19, 4y?-y?=1 20. 9x? — l6y? =1 
21-26 m Find the equation for the hyperbola whose graph is shown. 
. 21, ok 27, sp 
i D019 
F\(-4, 0) ‘ a 0) - 
Ever ‘ort ag ae a 
i nai ~13) 
23. 24, 


ee 27 


29. 


e) 27-30 = Use a graphing device to graph the hyperbola. 
27. 


x? — 2y? = 8 28. 3y? — 4x? = 24 
yr a a 
2 ee a0: 100 64 


31-42 m@ Find an equation for the hyperbola that satisfies the given 
conditions. 


®. 31 
32. 
» Foci: 


45. 


Foci: (+5, 0), vertices: (+3, 0) 
Foci: (0, +10), vertices: (0, +8) 
(0, +2), vertices: (0, +1) 
. Foci: (+6, 0), vertices: (+2, 0) 
. Vertices: (+1, 0), asymptotes: y = +5x 


. Vertices: (0, +6), asymptotes: y = +x 

. Foci: (0, +8), asymptotes: y = +x 

. Vertices: (0, +6), hyperbola passes through (—5, 9) 

. Asymptotes: y = +x, hyperbola passes through (5, 3) 

. Foci: (+3, 0), hyperbola passes through (4, 1) 

. Foci: (+5, 0), length of transverse axis: 6 

» Foci: (0, +1), length of transverse axis: 1 

. (a) Show that the asymptotes of the hyperbola x? — y? = 5 


are perpendicular to each other. 
(b) Find an equation for the hyperbola with foci (+c, 0) and 
with asymptotes perpendicular to each other. 


. The hyperbolas 


x2 oy? xy 
oe and ae ee 
are said to be conjugate to each other. 
(a) Show that the hyperbolas 
x?-—4y?4+16=0 and 4y*—x?+16=0 
are conjugate to each other, and sketch their graphs on the 
same coordinate axes. 
(b) What do the hyperbolas of part (a) have in common? 
(c) Show that any pair of conjugate hyperbolas have the 
relationship you discovered in part (b). 


In the derivation of the equation of the hyperbola at the 
beginning of this section, we said that the equation 


Vixter+y?- V(x —c} + y? = +2a 
simplifies to 
(c? a2)x? ay? = ac? a) 
Supply the steps needed to show this. 


46. (a) For the hyperbola 


9 16 : 
determine the values of a, b, and c, and find the coordi- 
nates of the foci F; and F.. 
(b) Show that the point P(5, 22) lies on this hyperbola. 
(c) Find d(P,F,) and d(P, F,). 
(d) Verify that the difference between d(P, F,) and d(P, F 2) 
is 2a. 


47. Hyperbolas are called confocal if they have the same foci. 
(a) Show that the hyperbolas 
y x 


. mo. withO0 <k < 16 


are confocal. 
(b) Use a graphing device to draw the top branches of the 
- family of hyperbolas in part (a) for k = 1, 4, 8, and 12. 
How does the shape of the graph change as k increases? 


APPLICATIONS 


48. Navigation nthe figure, the LORAN stations at A and B 
are 500 mi apart, and the ship at P receives station A’s signal 
2640 microseconds (us) before it receives the signal from sta- 
tion B. 

(a) Assuming that radio signals travel at 980 ft/s, find 
d(P, A) — d(P,B). 

(b) Find an equation for the branch of the hyperbola indicated 
in red in the figure. (Use miles as the unit of distance.) 

(c) If A is due north of B and if P is due east of A, how far is 
P from A? 


49. Comet Trajectories Some comets, such as Halley's 
comet, are a permanent part of the solar system, traveling 
in elliptical orbits around the sun. Other comets pass through 
the solar system only once, following a hyperbolic path with 
the sun at a focus. The figure at the top of the next column 
shows the path of such a comet. Find an equation for the 
path, assuming that the closest the comet comes to the sun 
is 2 X 10° mi and that the path the comet was taking before 
it neared the solar system is at a right angle to the path it 
continues on after leaving the solar system. 
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“iY 


2 X 10° mi 


50. Ripples in Pool Two stones are dropped simultaneously 
into acalm pool of water. The crests of the resulting waves 
form equally spaced concentric circles, as shown in the 
figures. The waves interact with each other to create certain 
interference patterns. 

(a) Explain why the red dots lie on an ellipse. 
(b) Explain why the blue dots lie on a hyperbola. 


LEE SSSA 
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DISCOVERY = DISCUSSION > WRITING 


51. Hyperbolas in the Real World Several examples of the 
uses of hyperbolas are given in the text. Find other situations in 
real life in which hyperbolas occur. Consult a scientific ency- 
clopedia in the reference section of your library, or search the 
Internet. 


52. Light from aLamp_ The light from a lamp forms a 
lighted area on a wall, as shown in the figure. Why is the 
boundary of this lighted area a hyperbola? How can one hold a 
flashlight so that its beam forms a hyperbola on the ground? 
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12.4 SHIFTED CoNnIcs 


FIGURE 1. Shifted ellipse 


Shifting Graphs of Equations ® Shifted Ellipses B Shifted Parabolas > 
Shifted Hyperbolas > The General Equation of a Shifted Conic 


In the preceding sections we studied parabolas with vertices at the origin and ellipses and 
hyperbolas with centers at the origin. We restricted ourselves to these cases because these 
equations have the simplest form. In this section we consider conics whose vertices and cen- 
ters are not necessarily at the origin, and we determine how this affects their equations. 


V Shifting Graphs of Equations 


In Section 3.5 we studied transformations of functions that have the effect of shifting their 
graphs. In general, for any equation in x and y, if we replace x by x — h or by x +h, the 
graph of the new equation is simply the old graph shifted horizontally; if y is replaced by 
y — kor by y + k, the graph is shifted vertically. The following box gives the details. 


SHIFTING GRAPHS OF EQUATIONS 


If h and k are positive real numbers, then replacing x by x — hor by x + hand 
replacing y by y — k or by y + k has the following effect(s) on the graph of any 
equation in x and y. 


Replacement How the graph is shifted 
. X replaced by x —h Right h units 
. X replaced by x + h Left h units 
. y replaced by y — k Upward k units 
. y replaced by y + k Downward k units 


V Shifted Ellipses 

Let's apply horizontal and vertical shifting to the ellipse with equation 
x2 y? 
az + b2 = 1 


whose graph is shown in Figure 1. If we shift it so that its center is at the point (h, k) in- 
stead of at the origin, then its equation becomes 
(xh)?  (y-k? 
- EO 


1 


| eee Oe 
b+ 
cae | 
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EXAMPLE 1 | Sketching the Graph of a Shifted Ellipse 
Sketch a graph of the ellipse 
(+1? (y-2) 
4° 9 


and determine the coordinates of the foci. 


=1 


SOLUTION The ellipse 
(+1)? (y-2) 
4° 9 


is shifted so that its center is at (—1, 2). It is obtained from the ellipse 


=1 Shifted ellipse 


+ 9 =1 Ellipse with center at origin 


by shifting it left 1 unit and upward 2 units. The endpoints of the minor and major axes 
of the ellipse with center at the origin are (2, 0), (—2, 0), (0, 3), (0, —3). We apply the 
required shifts to these points to obtain the corresponding points on the shifted ellipse: 


(2,0). > (= 1, 04-2) = (1,2) 
(-2, 0) > (2=<1049) =(-3, 

(0,3) > (0—1,3 + 2) =(-1,5) 
G3) & 0-4 49 = CL 


This helps us sketch the graph in Figure 2. 
To find the foci of the shifted ellipse, we first find the foci of the ellipse with center at 


x2 y? 
4 


~ the origin. Since a* = 9 and b* = 4, we havec? = 9 — 4 = 5, soc = V5. So the foci 
are (0, +5). Shifting left 1 unit and upward 2 units, we get 
(0, V5) > (0-1, V5 + 2) =(-12 + V5) 
eieuhES (0,-v5) > (0-1,-V5 + 2) =(-1,2 - V5) 
(x+1)? (y-2) , Thus the foci of the shifted ellipse are 
4 9 (-1,2+ V5) and (-1,2- V5) 
©. NOW TRY EXERCISE 7 oO 
V Shifted Parabolas 
Applying shifts to parabolas leads to the equations and graphs shown in Figure 3. 
Ay ya yA YA 
(h, k) 
(h, k) (h, k) 
(h, k) x 
0 ic 0 ic 0 5: 0 x 
(a) (x — h)’ = 4p(y — k) (b) (x — h)? = 4p(y — k) (c) (y — k)? = 4p(x — h) (d) (y — k)? = 4p(x — h) 
p>0o0 p<oO p>o p<0o0 


FIGURE 3 Shifted parabolas 
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EXAMPLE 2 | Graphing a Shifted Parabola 
Determine the vertex, focus, and directrix, and sketch a graph of the parabola. 
x? — 4x = By — 28 


SOLUTION Wecomplete the square in x to put this equation into one of the forms in 


7 Figure 3. 
+ x? — 4x + 4 = By — 28+ 4 Add 4 to complete the square 
i (x — 2)? = By — 24 
+ (x — 2)? = 8&(y — 3) Shifted parabola 
etre? y=1 This parabola opens upward with vertex at (2, 3). It is obtained from the parabola 
A gis hee ee _ x? = By Parabola with vertex at origin 
by shifting right 2 units and upward 3 units. Since 4p = 8, we have p = 2, so the focus is 
FIGURE 4 2 units above the vertex and the directrix is 2 units below the vertex. Thus the focus is 
2 — 4x = By — 28 (2,5), and the directrix is y = 1. The graph is shown in Figure 4. 
©. NOW TRY EXERCISES 9 AND 23 | 
V Shifted Hyperbolas 


Applying shifts to hyperbolas leads to the equations and graphs shown in Figure 5. 


FIGURE 5 Shifted hyperbolas 


EXAMPLE 3 | Graphing a Shifted Hyperbola 
A shifted conic has the equation 
9x? — 72x — l6y* — 32y = 16 
(a) Complete the square in x and y to show that the equation represents a hyperbola. 
(b) Find the center, vertices, foci, and asymptotes of the hyperbola, and sketch its graph. 
(c) Draw the graph using a graphing calculator. 


SOLUTION 
(a) We complete the squares in both x and y: 
Q(x? — 8x )—loy?+2y )=16 Group terms and factor 
Q(x? — 8x + 16) — 16(y? + 2y +1) = 16+9-16-— 16-1 Complete the squares 
Q(x — 4)? — 16(y + 1)? = 144 Divide this by 144 
Gi = ei 5 al =1 Shifted hyperbola 


Comparing this to Figure 5(a), we see that this is the equation of a shifted hyperbola. 
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(b) The shifted hyperbola has center (4, —1) and a horizontal transverse axis. 


CENTER (4, —1) 
Its graph will have the same shape as the unshifted hyperbola 
x. 7 
16. 9 =1 Hyperbola with center at origin 


Since a? = 16 and b? = 9, wehavea = 4, b = 3, andc = Va*+ b? = 
V16 + 9 = 5. Thus the foci lie 5 units to the left and to the right of the center, 
and the vertices lie 4 units to either side of the center. 


(-1,-1) (9, 1) 
(0, -1) (8, -1) 


The asymptotes of the unshifted hyperbola are y = +3x, so the asymptotes of the 
shifted hyperbola are found as follows. 


FOCI and 


VERTICES and 


ASYMPTOTES y + 1 = +3(x — 4) 
ytl=+ixs3 
y=ix-4 and y=-3x+2 


To help us sketch the hyperbola, we draw the central box; it extends 4 units left and 
right from the center and 3 units upward and downward from the center. We then 
draw the asymptotes and complete the graph of the shifted hyperbola as shown in 
Figure 6(a). 


y =-1 +0.75 Vx2 - 8x 
(4, 2) 
= “| 
Ty = 
re oe a of 
t t 225 t 2 t t 
(0,-1) > (8, 1) 
4 7 t % 
“ (4,-1) SS 
‘ = 
(4, —4) 
y= 3x —4 ia 
(a) (b) 
FIGURE 6 9x? — 72x — 16y* — 32y = 16 


Note that the equation of a hyperbola 
does not define y as a function of x (see 
page 200). That’s why we need to graph 
two functions to graph a hyperbola. 


(c) To draw the graph using a graphing calculator, we need to solve for y. The given 
~ equation is a quadratic equation in y, so we use the Quadratic Formula to solve 
for y. Writing the equation in the form 


16y? + 32y — 9x? + 72x +16=0 


we get 
_ —32 + V32? = 4(16)(—9x? + 72x + 16) eid 
y 2(16) Quadratic Formula 

—32 + V576x* — 4608x ve 

~ 32 o 

= 32 = 24V x7 = 8x Factor 576 from under 

Ey) the radical 
= —-1+}Vx? - 8x Simplify 
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JOHANNES KEPLER (1571-1630) 
was the first to give a correct descrip- 
tion of the motion of the planets. The 
cosmology of his time postulated com- 
plicated systems of circles moving on 
circles to describe these motions. 
Kepler sought a simpler and more har- 
monious description. As the official as- 
tronomer at the imperial court in 
Prague, he studied the astronomical 
observations of the Danish astronomer 
Tycho Brahe, whose data were the 
most accurate available at the time. Af- 
ter numerous attempts to find a theory, 
Kepler made the momentous discovery 
that the orbits of the planets are ellipti- 
cal. His three great laws of planetary 
motion are 


1. The orbit of each planet is an ellipse 
with the sun at one focus. 


2. The line segment that joins the sun 


to a planet sweeps out equal areas 
in equal time (see the figure). 


w 


. The square of the period of revolu- 
tion of a planet is proportional to 
the cube of the length of the major 
axis of its orbit. 


His formulation of these laws is per- 
haps the most impressive deduction 
from empirical data in the history of 
science. 


To obtain the graph of the hyperbola, we graph the functions 


y = -1 + 0.75 Vx? — 8x 


and y = -1 - 0.75 Vx? — 8x 
as shown in Figure 6(b). 
®. NOW TRY EXERCISES 13 AND 25 | 


V The General Equation of a Shifted Conic 


If we expand and simplify the equations of any of the shifted conics illustrated in Figures 
1, 3, and 5, then we will always obtain an equation of the form 


Ax? +Cy?+Dx+Ey+F =0 


where A and C are not both 0. Conversely, if we begin with an equation of this form, 
then we can complete the square in x and y to see which type of conic section the equa- 
tion represents. In some cases the graph of the equation turns out to be just a pair of 
lines or a single point, or there might be no graph at all. These cases are called de- 
generate conics. If the equation is not degenerate, then we can tell whether it repre- 
sents a parabola, an ellipse, or a hyperbola simply by examining the signs of A and C, 
as described in the box below. 


GENERAL EQUATION OF A SHIFTED CONIC 
The graph of the equation 


Ax? + Cy?+Dx+Ey+F =0 


where A and C are not both 0, is a conic or a degenerate conic. In the nondegen- 
erate cases the graph is 

1. aparabola if A or C is 0, 

2. an ellipse if A and C have the same sign (or acircle if A = C), 

3. ahyperbola if A and C have opposite signs. 


EXAMPLE 4 | An Equation That Leads to a Degenerate Conic 
Sketch the graph of the equation 

9x? — y* + 18x + by =0 
SOLUTION Because the coefficients of x? and y* are of opposite sign, this equation 


looks as if it should represent a hyperbola (like the equation of Example 3). To see 
whether this is in fact the case, we complete the squares: 


Qix?+2x )—-(y?-6y )=0 
Q(x? + 2x + 1) — (y? - 6y +: 9) =0+9-1-9 
Q(x + 1)2-(y — 3)? = 
G=3r 
9 


Group terms and factor 9 
Complete the squares 


Factor 


0 Divide by 9 


9x? — y* + 18x + by = 0 


12.4 EXERCISES 
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For this to fit the form of the equation of a hyperbola, we would need a nonzero constant 
to the right of the equal sign. In fact, further analysis shows that this is the equation of a 
pair of intersecting lines: 


(y — 3)? = 9K +1)? 
y—-3=+3(x +1) Take square roots 
y = 3(x+ 1) +3 or y= —-3(x+ 1) +3 
y =3x+ 6 y = —3x 
These lines are graphed in Figure 7. 
®. NOW TRY EXERCISE 31 a 


Because the equation in Example 4 looked at first glance like the equation of a 
hyperbola but, in fact, turned out to represent simply a pair of lines, we refer to its graph 
as a degenerate hyperbola. Degenerate ellipses and parabolas can also arise when we 
complete the square(s) in an equation that seems to represent a conic. For example, the 
equation 


4x? + y? — 8x + 2yv+6=0 
looks as if it should represent an ellipse, because the coefficients of x” and y have the 
same sign. But completing the squares leads to 
Vert 4 
4 4 


(x — 1)? + 


which has no solution at all (since the sum of two squares cannot be negative). This 
equation is therefore degenerate. 


CONCEPTS 


1. Suppose we want to graph an equation in x and y. 
(a) If we replace x by x — 3, the graph of the equation is 
shifted to the by 3 units. If we replace x by 
X + 3, the graph of the equation is shifted to the 


__sdby 3 units. 


(b) If we replace y by y — 1, the graph of the equation is 
shifted by 1 unit. If we replace y by y + 1, the 
graph of the equation is shifted 


2 x — 3) — 1) 
3. The graphs of £ Y= Lana ‘ = a re - 


are given. Label the vertices and foci on each ellipse. 


1 


Ya 


by 1 unit. 


2. The graphs of x? = 12y and (x — 3)? = 12(y — 1) aregiven. 
Label the focus, directrix, and vertex on each parabola. 


yY 
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4. The graphs of 2 


2 2 


(x = 3)? 


OS 1) 4 


7 = land 


42 


32 


are given. Label the vertices, foci, and asymptotes on each 


hyperbola. 


23-34 m Complete the square to determine whether the equation 
represents an ellipse, a parabola, a hyperbola, or a degenerate 
conic. If the graph is an ellipse, find the center, foci, vertices, and 
lengths of the major and minor axes. If it is a parabola, find the 


SKILLS 


5-8 m Find the center, foci, and vertices of the ellipse, and deter- 


vertex, focus, and directrix. If itis a hyperbola, find the center, 
foci, vertices, and asymptotes. Then sketch the graph of the equa- 
tion. If the equation has no graph, explain why. 


mine the lengths of the major and minor axes. Then sketch the graph. “.23, y? = 4(x + 2y) 


(= 2% (y- 1? 
5. t= 

2 +5) 
m7 a 


9-12 m Find the vertex, focus, and directrix of the parabola. Then 


sketch the graph 


®. 9. (x — 3 = &y +1) 


11. —4(x + 5) 


=y¥ 


= 3) 

6. + (y 3y=1 
x + 2)? 

a, | ji ) +y?=1 


10. (y +5)? = —6x + 12 
12. y? = 16x — 8 


13-16 = Find the center, foci, vertices, and asymptotes of the 


hyperbola. Then sketch the graph. 


x +1)? 
= 13, | ) 


(y — 3)’ 


16 


=1 


14, 


16. 


(x — 8)? 


(y= i} 


(y 


+6)? =1 


25 


(x 


+3)? =1 


17-22 m Find an equation for the conic whose graph is shown. 


17. 


18. 


Directrix 
y=-12 


24. 9x? — 36x + 4y? =0 
®. 25, x? — 4y? — 2x + 16y = 20 
.x° + 6x + 12y +9 =0 
27. 4x? + 25y* — 24x + 250y + 561 = 0 
28. 2x77 + y?=2y+1 
. 16x? — 9y? — 96x + 288 = 0 
30. 4x? — 4x — 8¥y +9 =0 


©.31 x? + 16 = 4(y? + 2x) 
32. x? -y?=10(x-y) +1 
33. 3x? + 4y? — 6x — 24y + 39 =0 
34, x? + dy? + 20x — 40y + 300 = 0 


35-38 m Usea graphing device to graph the conic. 
35. 2x7 -— 4x +y +5 =0 
36. 4x? + 9y? — 36y = 0 


37. 9x? + 36 = y? + 36x + 6y 
38. x? — 4y? + 4x + By =0 
39. Determine what the value of F must be if the graph of the 
equation 
4x? + y? + A(x — 2y) + F =0 


is (a) an ellipse, (b) a single point, or (c) the empty set. 


40. Find an equation for the ellipse that shares a vertex and a fo- 
cus with the parabola x? + y = 100 and has its other focus at 
the origin. 


SECTION 12.5 | Rotation of Axes 795 


f= 41. This exercise deals with confocal parabolas, that is, families 
of parabolas that have the same focus. 
(a) Draw graphs of the family of parabolas 


x? = Ap(y + p) 
for p= =2, =3, =; —} i, 1,3, 2. 
(b) Show that each parabola in this family has its focus at the 
origin. 


(c) Describe the effect on the graph of moving the vertex 
closer to the origin. 


APPLICATIONS 
42. Path of a Cannonball A cannon fires a cannonball as 


shown in the figure. The path of the cannonball is a parabola a = 
with vertex at the highest point of the path. If the cannonball DISCOVERY = DISCUSSION = WRITING 


lands 1600 ft from the cannon and the highest point it reaches 44. A Family of Confocal Conics Conics that share a focus 
is 3200 ft above the ground, find an equation for the path of are called confocal. Consider the family of conics that have a 
the cannonball. Place the origin at the location of the cannon. focus at (0,1) and a vertex at the origin, as shown in the 
figure. 
y (fa (a) Find equations of two different ellipses that have these 
properties. 
x00 | (b) Find equations of two different hyperbolas that have these 
properties. 


(c) Explain why only one parabola satisfies these properties. 
Find its equation. 

(d) Sketch the conics you found in parts (a), (b), and (c) on 

; \ the same coordinate axes (for the hyperbolas, sketch the 


top branches only). 
| > (e) How are the ellipses and hyperbolas related to the 
1600 §=—* EO parabola? 


43. Orbit of a Satellite A satellite is in an elliptical orbit 
around the earth with the center of the earth at one focus, as 
shown in the figure at the top of the right-hand column. The 
height of the satellite above the earth varies between 140 mi 
and 440 mi. Assume that the earth is a sphere with radius 
3960 mi. Find an equation for the path of the satellite with the 
origin at the center of the earth. 


12.5 ROTATION OF AXES 


| Rotation of Axes B General Equation of a Conic ® The Discriminant 


In Section 12.4 we studied conics with equations of the form 
Ax? +Cy?+Dx+Ey+F =0 


We saw that the graph is always an ellipse, parabola, or hyperbola with horizontal or ver- 
tical axes (except in the degenerate cases). In this section we study the most general 
second-degree equation 


Ax? + Bxy + Cy?+Dx+Ey+F =0 


796 CHAPTER 12 | Conic Sections 


FIGURE 1 


FIGURE 2 


We will see that the graph of an equation of this form is also a conic. In fact, by rotating 
the coordinate axes through an appropriate angle, we can eliminate the term B xy and then 
use our knowledge of conic sections to analyze the graph. 


V Rotation of Axes 


In Figure 1 the x- and y-axes have been rotated through an acute angle # about the origin 
to produce a new pair of axes, which we call the X- and Y-axes. A point P that has coor- 
dinates (x, y) in the old system has coordinates (X, Y) in the new system. If we let r de- 
note the distance of P from the origin and let 6 be the angle that the segment OP makes 
with the new X-axis, then we can see from Figure 2 (by considering the two right trian- 
gles in the figure) that 


X =r cosé Y =rsin6g 
X =rcos(@ + #) y=rsin@+ ¢) 
Using the A ddition Formula for Cosine, we see that 
X =rcos(é + ) 
=r(cosécos¢@ — sinasind) 
= (r cos @) cos @ — (r sing) sing 
=Xcosd—Ysind 


Similarly, we can apply the Addition Formula for Sine to the expression for y to obtain 
y =X sind + Y cos ¢. By treating these equations for x and y as a system of linear equa- 
tions in the variables X and Y (see Exercise 35), we obtain expressions for X and Y in terms 
of x and y, as detailed in the following box. 


ROTATION OF AXES FORMULAS 


Suppose the x- and y-axes in a coordinate plane are rotated through the acute an- 
gle ¢ to produce the X- and Y-axes, as shown in Figure 1. Then the coordinates 


(x, y) and (X, Y) of a point in the xy- and the XY-planes are related as follows: 


Xx=Xcosd—Ysind X=xcos@dt+ysind 
y=Xsin@+Y cod Y=-xsingd+ycosd 


EXAMPLE 1 | Rotation of Axes 


If the coordinate axes are rotated through 30°, find the XY-coordinates of the point with 
xy-coordinates (2, —4). 


SOLUTION Using the Rotation of Axes Formulas with x = 2, y = —4, and @ = 30°, 
we get 


= 2.cos 30° + (—4) sin 30° = 2(~?) (5) ~V5-2 


Y = —2 sin 30° + (—4) cos 30° = 2(5) (2) - 1 -— 2vV3 


The XY-coordinates are (—2 + V3, -1 — 2V3). 
©. NOW TRY EXERCISE 3 | 
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Looking Inside Your Head 

How would you like to look inside your 
head? The idea isn’t particularly appeal- 
ing to most of us, but doctors often 
need to do just that. If they can look 
without invasive surgery, all the better. 
An X-ray doesn't really give a look in- 
side, it simply gives a “graph” of the den- 
sity of tissue the X-rays must pass 
through. So an X-ray is a “flattened” view 
in one direction. Suppose you get an 
X-ray view from many different direc- 
tions. Can these “graphs” be used to 
reconstruct the three-dimensional in- 
side view? This is a purely mathematical 
problem and was solved by mathemati- 
cians a long time ago. However, recon- 
structing the inside view requires 
thousands of tedious computations. To- 
day, mathematics and high-speed com- 
puters make it possible to “look inside” 
by a process called computer-aided to- 
mography (or CAT scan). Mathemati- 
cians continue to search for better ways 
of using mathematics to reconstruct 
images. One of the latest techniques, 
called magnetic resonance imaging 
(MRI), combines molecular biology and 
mathematics for a clear “look inside.” 
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EXAMPLE 2 | Rotating a Hyperbola 


R otate the coordinate axes through 45° to show that the graph of the equation xy = 2isa 
hyperbola. 


SOLUTION Weuse the Rotation of Axes Formulas with @ = 45° to obtain 


X Y 
= X cos 45° — Y sin 45° = —= — —z 
X cos sin a Ae 
y =X sin 45° + Y cos 45° = "yt y 


Substituting these expressions into the original equation gives 


(2 E\(25+4) =2 
V2 VIR VE 2 


x2 y2 
ae wa 
x? ¥? 
“4 R 


We recognize this as a hyperbola with vertices (+2, 0) in the XY-coordinate system. Its 
asymptotes are Y = +X, which correspond to the coordinate axes in the xy-system (see 
Figure 3). 


FIGURE 3 
xy =2 


©. NOW TRY EXERCISE 11 oO 


V General Equation of a Conic 
The method of Example 2 can be used to transform any equation of the form 
Ax? + Bxy + Cy?+Dx+Ey+F =0 


into an equation in X and Y that doesn’t contain an XY-term by choosing an appropriate 
angle of rotation. To find the angle that works, we rotate the axes through an angle @ and 
substitute for x and y using the Rotation of Axes Formulas: 


A(X cos @ — Y sing)? + B(X cos @ — Y sin )(X sing + Y cos) 
+ C(X sing + Y cos)? + D(X cos@ — Y sind) 
+E(X sing + Ycos@) + F =0 
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Double-Angle Formulas 
sin2@ = 2sin@cosd 
COS 2h = cos’ — sin*h 


If we expand this and collect like terms, we obtain an equation of the form 
A'X2 + B/XY +C'¥7+ DX +EY +F' =0 


where 
A'=Acos*h + Bsindcosd + C sin’ 
B’ = 2(C — A) sind cos @ + B(cos’*# — sin’) 
C’=Asin’b — Bsind cos + C cos’ 
D’=Dcos@+Esing 
E’=—Dsin@d+Ecosd 
F’ =F 
To eliminate the XY-term, we would like to choose # so that B’ = 0, that is, 
2(C — A) sind cos bd + B(cos’* — sin’h) = 0 Double-A ngle 
(C — A) sin2¢ + B cos2¢ = 0 dee a“ 
B cos2h = (A — C)sin2d 
cot 26 = At Divide by B sin 2 


The preceding calculation proves the following theorem. 


SIMPLIFYING THE GENERAL CONIC EQUATION 


To eliminate the xy-term in the general conic equation 


Ax? + Bxy + Cy? +Dx+Ey+F =0 


rotate the axes through the acute angle ¢ that satisfies 


A - 
cot 2g = “—* 


EXAMPLE 3 | Eliminating the xy-Term 

Use a rotation of axes to eliminate the xy-term in the equation 
6V3x? + 6xy + 4V3y2 = 21V3 

Identify and sketch the curve. 


SOLUTION To eliminate the xy-term, we rotate the axes through an angle ¢ that 
satisfies 


A-C _ 6V3-—4V3_ V3 
B 6 3 
Thus 2 = 60° and hence ¢@ = 30°. With this value of , we get 


X= x(*) (3) Rotation of Axes Formulas 


_y(1 v3 i ee 
y= (4) +(2) ea Ne Hs 


cot 2¢ = 


ay 


FIGURE 4 
6V3x2 + 6xy + 4V3y? = 21V3 


25 24 
[\ on 
7 
FIGURE 5 
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Substituting these values for x and y into the given equation leads to 


XV3 Y\? RS VK. YS X  YvV3\? _ 


Expanding and collecting like terms, we get 
TASK? +-3A/3Y* = 21/73 

2 2 
7+. 1 Divide by 21V3 


This is the equation of an ellipse in the XY-coordinate system. The foci lie on the Y-axis. 
Because a? = 7 and b? = 3, the length of the major axis is 2\V7, and the length of the mi- 
nor axis is 2/3. The ellipse is sketched in Figure 4. 


©. NOW TRY EXERCISE 17 oO 


In the preceding example we were able to determine # without difficulty, since we 
remembered that cot 60° = 73/3. In general, finding # is not quite so easy. The next 
example illustrates how the following Half-Angle Formulas, which are valid for 
0 <  < w/2, are useful in determining ¢ (see Section 5.3). 


[1 + 2 /1 — 2 
cos hd = = ? sind = at 2 


EXAMPLE 4 | Graphing a Rotated Conic 
A conic has the equation 
64x? + 96xy + 36y? — 15x + 20y — 25 =0 


(a) Use a rotation of axes to eliminate the xy-term. 
(b) Identify and sketch the graph. 


(c) Draw the graph using a graphing calculator. 


SOLUTION 
(a) To eliminate the xy-term, we rotate the axes through an angle ¢ that satisfies 


A-C 64-36 7 


a: 9 24 
In Figure 5 we sketch a triangle with cot 26 = +. We see that 
cos2¢6=% 


so, using the Half-Angle Formulas, we get 


_ fl+%_ /16_ 4 
cos? 2 25. 5 
“np fe 
i eae ar ea ae 


The Rotation of Axes Formulas then give 
x=4X-2¥ and y=2X +eY 


Substituting into the given equation, we have 
64(§x — HY)? + 96(5X ~ 3Y)GX + $Y) 
+ 36(2X + sY)* — 15(eX — 2Y) + 20(2X + zY) — 25 =0 
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Expanding and collecting like terms, we get 
100X* + 25Y — 25 =0 
—4X?=Y-1 Simplify 
X?=-3(Y -—1) _ Divideby 4 


(b) We recognize this as the equation of a parabola that opens along the negative 
Y-axis and has vertex (0,1) in XY-coordinates. Since 4p = —7, we have p = —¥%, 
so the focus is (0, 72) and the directrix is Y = 7Z. Using 

= cos} 3 = 37° 


we sketch the graph in Figure 6(a). 


y =(-24x - 5 +5,/15x + 10)/18 


2 


=2 
y =(-24x - 5 - 5,/15x + 10)/18 
(b) 


FIGURE 6 
64x? + 96xy + 36y? — 15x + 20y — 25 =0 


(c) To draw the graph using a graphing calculator, we need to solve for y. The given 
> equation is a quadratic equation in y, So we can use the Quadratic Formula to solve 
for y. Writing the equation in the form 


36y? + (96x + 20)y + (64x? — 15x — 25) =0 


we get 


~(96x + 20) + V(96x + 20)? — 4(36)(64x2 — 15x — 25) Quadratic 


2(36) Formula 
—(96x + 20) + V6000x + 4000 
= 5 Expand 
—96x — 20 + 20V 15x + 10 iasid 
= 75 Simplify 
—24x —5 + 5V 15x + 10 ee 
= 18 Simplify 


To obtain the graph of the parabola, we graph the functions 


y =(-24x —5+5V15x+10)/18 and = y= (—24x —5 —5V 15x + 10)/18 


as shown in Figure 6(b). 
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V The Discriminant 


In Examples 3 and 4 we were able to identify the type of conic by rotating the axes. The 
next theorem gives rules for identifying the type of conic directly from the equation, with- 
out rotating axes. 


IDENTIFYING CONICS BY THE DISCRIMINANT 
The graph of the equation 
Ax? + Bxy + Cy? +Dx+Ey+F =0 
is either a conic or a degenerate conic. In the nondegenerate cases, the graph is 


1. aparabola if B? — 4AC =0 
2. an ellipse if B* — 4AC <0 
3. ahyperbola if B? — 4AC > 0 


The quantity B? — 4AC is called the discriminant of the equation. 


PROOF |f we rotate the axes through an angle #, we get an equation of the form 
A'X? + B/XY + C'Y?+D'X +E'Y + F’ =0 
where A’, B’, C’,... are given by the formulas on page 798. A straightforward calcula- 
tion shows that 
(B’)? — 4A'C’ = B? — 4AC 
Thus the expression B ? — 4AC remains unchanged for any rotation. In particular, 
if we choose a rotation that eliminates the xy-term (B’ = 0), we get 
A'X?+C'Y?+D'X +EY +F'=0 


In this case, B? — 4AC = —4A'C’. So B? — 4AC = Oif either A’ or C’ is zero; 

B? — 4AC <Oif A’ and C’ have the same sign; and B? — 4AC > Oif A’ and C’ have 
opposite signs. According to the box on page 792, these cases correspond to the graph of 
the last displayed equation being a parabola, an ellipse, or a hyperbola, respectively. 


In the proof we indicated that the discriminant is unchanged by any rotation; for this 
reason, the discriminant is said to be invariant under rotation. 


EXAMPLE 5 | Identifying a Conic by the Discriminant 
A conic has the equation 

3x? + 5xy — 2y?+x-y+4=0 
(a) Use the discriminant to identify the conic. 


(b) Confirm your answer to part (a) by graphing the conic with a graphing 
calculator. 


SOLUTION 
(a) SinceA = 3,B =5,andC = —2, the discriminant is 
B? — 4AC = 52 — 4(3)(-2) = 49 > 0 
So the conic is a hyperbola. 
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(b) Using the Quadratic Formula, we solve for y to get 


ee De Va = 2x4 33 
4 


We graph these functions in Figure 7. The graph confirms that this is a hyperbola. 


FIGURE 7 
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y =(5x - 1+ 49x? - 2x +33)/4 
5 
—5 


y =(5x - 1- 9x2 - 2x +33)/4 


CONCEPTS 


1, Suppose the x- and y-axes are rotated through an acute angle 
to produce the new X- and Y-axes. A point P in the plane can 
be described by its xy-coordinates (x, y) or its XY-coordinates 


(X, Y). These coordinates are related by the following 


formulas. 
X= X= 
y= A= 


2. Consider the equation 
Ax? + Bxy + Cy? +Dx+Ey+F =0 


(a) In general, the graph of this equation is a 
(b) To eliminate the xy-term from this equation, we rotate 
the axes through an angle ¢ that satisfies 


cot 2d = 
(c) The discriminant of this equation is 


If the discriminantis0,thegraphisa__ 
if itis negative, thegraphis__—; arn 
if itis positive, the graph is 


SKILLS 


3-8 m Determine the XY-coordinates of the given point if the co- 


ordinate axes are rotated through the indicated angle. 
*&3.(11), ¢ = 45° 4. (2,1), ¢ = 30° 

5, (3,-V3), = 60° 6. (2,0), @ = 15° 

7. (0,2), ¢=55° 8. (V2,4V2), 6 =45° 


9-14 m Determine the equation of the given conic in 
XY-coordinates when the coordinate axes are rotated through 
the indicated angle. 


9, x? — 3y* =4, o = 60° 

10. y=(x—1)*,. 6 = 45° 
11 x? — y? =2y, 6 =cos 32 

12. x? + 2y?=16, d=sin +2 

13. x°+2V3xy —y?=4, = 30° 
b= 7/4 


14. xy =x+y, 


15-28 m (a) Use the discriminant to determine whether the graph 
of the equation is a parabola, an ellipse, or a hyperbola. (b) Usea 
rotation of axes to eliminate the xy-term. (c) Sketch the graph. 


15. xy = 8 
16. xy + 4=0 
S17, x2 + 2V3xy — y?+2=0 
18. 13x? + 6 V3xy + 7y’ = 16 
19, 11x? — 24xy + 4y? + 20 =0 
20. 21x? + 10V3xy + 31ly? = 144 
21. V3x? + 3xy =3 
22. 153x? + 192xy + 97y? = 225 
23, x2 + 2xy t+y2+x-y=0 
24. 25x? — 120xy + 144y? — 156x — 65y = 0 
25. 23x? — 6xy + V3x + 3y =0 
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26. 9x? — 24xy + l6y? = 100(x 1 
a aaa ee DISCOVERY = DISCUSSION = WRITING 
27. 52x? + 72xy + 73y* = 40x — 30y + 75 . ; 
37. Matrix Form of Rotation of Axes Formulas 
28. (7x + 24y)? = 600x — 175y + 25 
Let Z, Z’, and R be the matrices 
29-32 m (a) Use the discriminant to identify the conic. x 
~~ (b) Confirm your answer by graphing the conic using a graphing Z= *] Ji = | 
device. y bi 
©.29, 2x? — dxy + 2y2-— 5x -—5 =0 R= a me 
30. x2 — 2xy + 3y2=8 i 
31. 6x2 + Loxy + 3y? — 6y = 36 Show that the Rotation of Axes Formulas can be written as 
= ' P oopel 
32. 9x* — 6xy + y* + 6x — 2y =0 eae a fae 
; : ; 38. Algebraic Invariants A quantity is invariant under rota- 
33. (a) Use ber we . show: shah iie following: caation tion if it does not change when the axes are rotated. It was 
piel yee stated in the text that for the general equation of a conic the 
7x? + 48xy — 7y? — 200x — 150y + 600 = 0 quantity B* — 4AC is invariant under rotation. 
; . : ; . (a) Use the formulas for A’, B’, and C’ on page 798 to prove 
(b) Bit sein NY -cDOnaiiateg Oh We Cemwet Vetbiees that the quantity B? — 4AC is invariant under rotation; 
(c) Find the equations of the asymptotes in XY- and tat 15,/show tat 
xy-coordinates. B? — 4AC = B’? — 4A'C' 
34. (a) Use rotation of axes to show that the following equation (b) Prove that A + C is invariant under rotation. 
represents a parabola. (c) Is the quantity F invariant under rotation? 
2V2(x + y)? = 7x + 9y 39. Geometric Invariants Do you expect that the distance 
. F between two points is invariant under rotation? Prove your an- 
(b) Find the XY- and xy-coordinates of the vertex and focus. : . 
x : Sapte ta VV . ; swer by comparing the distance d(P, Q) and d(P’, Q’) where 
(c)_ Find the equation of the directrix in XY- and xy-coordinates. P’ and Q’ are the images of P and Q under a rotation of axes. 
35. Solve the equations 
x=Xcosd—Ysing 
y=Xsind+Y cos 
for X and Y in terms of x andy. [Hint: To begin, multiply the 
first equation by cos ¢ and the second by sin @, and then add 
the two equations to solve for X.] 
36. Show that the graph of the equation DISCOVERY 


Vet Vy=1 
is part of a parabola by rotating the axes through an angle of 


PROJECT Computer Graphics II 


In this project we investigate how matrices are used to rotate 


images on a computer screen. Y ou can find the project at the 
book companion website: www.stewartmath.com 


45°. [Hint: First convert the equation to one that does not 
involve radicals. ] 


12.6 PoLAR EQuaTIONs oF CoNIcs 


| A Unified Geometric Description of Conics B Polar Equations of Conics 


V A Unified Geometric Description of Conics 


Earlier in this chapter, we defined a parabola in terms of a focus and directrix, but we 
defined the ellipse and hyperbola in terms of two foci. In this section we give a more 
unified treatment of all three types of conics in terms of a focus and directrix. If we place 
the focus at the origin, then a conic section has a simple polar equation. M oreover, in po- 
lar form, rotation of conics becomes a simple matter. Polar equations of ellipses are cru- 
cial in the derivation of K epler’s Laws (see page 792). 
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EQUIVALENT DESCRIPTION OF CONICS 


Let F bea fixed point (the focus), ¢ a fixed line (the directrix), and let e bea 
fixed positive number (the eccentricity). The set of all points P such that the ra- 
tio of the distance from P to F to the distance from P to ¢ is the constant e is a 
conic. That is, the set of all points P such that 


d(P,F) 
d(P, ¢) 


is a conic. The conic is a parabola if e = 1, an ellipse if e < 1, or a hyperbola if 
e>1. 


a PROOF (Ife=1,thend(P,F) =d(P, €), and so the given condition becomes the 
€(Directrix) definition of a parabola as given in Section 12.1. 

Now, suppose e + 1. Let’s place the focus F at the origin and the directrix parallel 
to the y-axis and d units to the right. In this case the directrix has equation x = d and 
is perpendicular to the polar axis. If the point P has polar coordinates (r,@), we see 
from Figure 1 that d(P, F) =r and d(P, €) = d — rcos@. Thus the condition 
F >  d(P,F)/d(P, €) =e, ord(P,F) =e-d(P, €), becomes 

x 


r = e(d — rcosé@) 


le d If we square both sides of this polar equation and convert to rectangular coordinates, 
we get 


x? + y? = e(d — x)? 


FIGURE 1 (1 —e")x? + 2de'% + y? = e7d? Expand and simplify 


sh ed \? y? an, fee Divide by 1 — e? and complete 
1 — e? 1-e (1-e?) the square 


If e <1, then dividing both sides of this equation by e7d*/(1 — e”)? gives an equation of 
the form 


where 


_ —e’d ate ed? b? = e*d? 

1 — e? (1 — e*)? 1 — e? 
This is the equation of an ellipse with center (h, 0). In Section 12.2 we found that the foci 
of an ellipse are a distance c from the center, where c? = a* — b*. In our case 


e“d? 
2 ~— a2 2s 
c*=a*—D ae 
Thus c = e’d/(1 — e”?) = —h, which confirms that the focus defined in the theorem 


(namely the origin) is the same as the focus defined in Section 12.2. It also follows that 


Cc 
GS 
a 


If e > 1, a similar proof shows that the conic is a hyperbola with e = c/a, where 
ce? =a? +b? a 
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V Polar Equations of Conics 


In the proof we saw that the polar equation of the conic in Figure 1 isr = e(d — r cos @). 
Solving for r, we get 
ed 
r= ———_ 
1+ ecosé 


If the directrix is chosen to be to the left of the focus (x = —d), then we get the equation 
r = ed/(1 — ecos 6). If the directrix is parallel to the polar axis (y = d ory = —d), then 
we get sin 6 instead of cos @ in the equation. These observations are summarized in the 
following box and in Figure 2. 


POLAR EQUATIONS OF CONICS 


A polar equation of the form 


ass or pee ie =. 
1+ ecosé l+esing 


represents a conic with one focus at the origin and with eccentricity e. The conic is 
1. aparabolaife = 1 

2. an ellipse ifO <<e<1 

3. ahyperbolaif e > 1 


ya yA yA . yA, 
y=d Directrix Axis 
i= d x= —d ———S——-|-—-— 
Directrix Directrix 
Axis di > di > a > ol > 
F x Axis F Xx F Xx F x 
Axis y=-d Directrix 
____ed = ed a ae ____ed 
ie) Ts coed aa ery (c) 7 1+ esin@ (d) r= emo 


FIGURE 2 The form of the polar equation of a conic indicates the location of the directrix. 


To graph the polar equation of a conic, we first determine the location of the directrix 
from the form of the equation. T he four cases that arise are shown in Figure 2. (The figure 
shows only the parts of the graphs that are close to the focus at the origin. The shape of 
the rest of the graph depends on whether the equation represents a parabola, an ellipse, or 
a hyperbola.) The axis of a conic is perpendicular to the directrix— specifically we have 
the following: 


1. For a parabola the axis of symmetry is perpendicular to the directrix. 
2. For an ellipse the major axis is perpendicular to the directrix. 
3. For a hyperbola the transverse axis is perpendicular to the directrix. 


EXAMPLE 1 | Finding a Polar Equation for a Conic 


Find a polar equation for the parabola that has its focus at the origin and whose directrix 
isthe liney = —6. 
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SOLUTION Using e =1andd = 6 and using part (d) of Figure 2, we see that the po- 
lar equation of the parabola is 


_ 6 
1— sing 
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r 


To graph a polar conic, it is helpful to plot the points for which @ = 0, 7/2, a, 
and 3zr/2. Using these points and a knowledge of the type of conic (which we obtain from 
the eccentricity), we can easily get a rough idea of the shape and location of the graph. 


EXAMPLE 2 | Identifying and Sketching a Conic 
A conic is given by the polar equation 


10 


8 = 2eon6 


(a) Show that the conic is an ellipse, and sketch the graph. 
(b) Find the center of the ellipse and the lengths of the major and minor axes. 


SOLUTION 


(a) Dividing the numerator and denominator by 3, we have 


10 
3 


— 
1 — $cos@ 


Since e = $ < 1, the equation represents an ellipse. For a rough graph we plot the 
points for which @ = 0, 7/2, 7, 37/2 (see Figure 3). 


= 


Wyn Oo] @ 
JEN AYES 


5a 1 Ia 
4, allt os 4 
10 
FIGURE 3 fr = ————— 
3 —2c0s0 


(b) Comparing the equation to those in Figure 2, we see that the major axis is 
horizontal. Thus the endpoints of the major axis are V,(10, 0) and V,(2, zr). 
So the center of the ellipse is at C(4, 0), the midpoint of V,V,. 
The distance between the vertices V, and V, is 12; thus the length of the major 
axis is 2a = 12, so a = 6. To determine the length of the minor axis, we need to 
find b. From page 804 we have c = ae = 6(3) = 4, so 


b? = a2 -—c? = 6? — 4? = 20 
Thus b = V20 = 2/5 =~ 4.47, and the length of the minor axis is 
2b = 4V5 = 8.94, 


© NOW TRY EXERCISES 17 AND 21 a 
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EXAMPLE 3 | Identifying and Sketching a Conic 
A conic is given by the polar equation 


12 
24+ 4siné@ 


(a) Show that the conic is a hyperbola and sketch the graph. 
(b) Find the center of the hyperbola and sketch the asymptotes. 


SOLUTION 
(a) Dividing the numerator and denominator by 2, we have 


_ 6 
1+2sin0 


Since e = 2 > 1, the equation represents a hyperbola. For a rough graph we plot 
the points for which 6 = 0, 7/2, a, 37/2 (see Figure 4). 

(b) Comparing the equation to those in Figure 2, we see that the transverse axis is ver- 
tical. Thus the endpoints of the transverse axis (the vertices of the hyperbola) are 
V,(2, 7/2) and V(—6, 32/2) = V,(6, 7/2). So the center of the hyperbola is 
C(4, 7/2), the midpoint of V,V,. 

To sketch the asymptotes, we need to find a and b. The distance between V, and 
V, is 4; thus the length of the transverse axis is 2a = 4, so a = 2. To find b, we first 
find c. From page 804 we havec = ae = 2-2 = 4,50 


b2=c?-—at = 44-2? =12 


Thus b = V12 = 2 V3 ~ 3.46. Knowing a and b allows us to sketch the central 
box, from which we obtain the asymptotes shown in Figure 4. 


6 r 
0 6 
5 2 
7 6 
| 6 
12 
FIGURE 4 5 = ————_— 
r 2+ 4sin0 
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When we rotate conic sections, it is much more convenient to use polar equations than 
Cartesian equations. We use the fact that the graph of r = f(@ — qa) is the graph of 
r = f(0) rotated counterclockwise about the origin through an angle a@ (see Exercise 61 
in Section 9.2). 


EXAMPLE 4 | Rotating an Ellipse 


Suppose the ellipse of Example 2 is rotated through an angle 7/4 about the origin. Find 
a polar equation for the resulting ellipse, and draw its graph. 
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= 10 SOLUTION We get the equation of the rotated ellipse by replacing @ with @ — 7/4 in 
"3 —2cos(@— 7/4) the equation given in Example 2. So the new equation is 
ul 
i 10 
3 — 2 cos(@ — 7/4) 
We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse has 
5 15 been rotated about the focus at the origin. 
®. NOW TRY EXERCISE 37 a 
—6 
ce WW : 
C= FO eSE In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect 
of varying the eccentricity e. Notice that when e is close to 0, the ellipse is nearly circu- 
FIGURE 5 lar, and it becomes more elongated as e increases. When e = 1, of course, the conic is a 


parabola. As e increases beyond 1, the conic is an ever steeper hyperbola. 


OOO DS, 


e=0.5 e = 0.86 e=1 4 
FIGURE 6 
CONCEPTS SKILLS 
1. All conics can be described geometrically using a fixed point 3-10 = Write a polar equation of a conic that has its focus at the 
' ‘ origin and satisfies the given conditions. 
F called the and a fixed line ¢ called the 


> Ba DS ee ee 
. For a fixed positive number e the set of all - 3. Ellipse, eccentricity 3, directrix x = 3 


points P satisfying 4. Hyperbola, eccentricity $, directrix x = —3 
oa 5, Parabola, directrix y = 2 
6. Ellipse, eccentricity 3, directrix y = —4 
isa Ife =1, the conicisa . 7. Hyperbola, eccentricity 4, directrix r = 5 sec 0 
ife <1,theconicisa____—=—S—S—S and ife > 1, the 8. Ellipse, eccentricity 0.6, directrix r = 2 csc @ 
conic is a . The number e is called the 9. Parabola, vertex at (5, 77/2) 
of the conic. 10. Ellipse, eccentricity 0.4, vertex at (2, 0) 


2. The polar equation of a conic with eccentricity e has one of 
the following forms: 


r= or r= 
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11-16 = Match the polar equations with the graphs labeled I-VI. B= 3 dit pe 5 
Give reasons for your answer. """ 1-2sine "" "3 -—3sin 
6 2 12 12 
11. ¢ = ——__ IZ —— ae pee 
1+ cos¢ 2 — cos @ aa 3+2sin0 et 2+ 3c0s6 
= I 7 HI f 
IV a Vv a Vi a 
2 2 2 
T 


17-20 = A polar equation of a conic is given. (a) Show that the 
conic is a parabola and sketch its graph. (b) Find the vertex and di- 
rectrix and indicate them on the graph. 


25-28 m A polar equation of a conic is given. (a) Show that the 
conic is a hyperbola, and sketch its graph. (b) Find the vertices and 
directrix, and indicate them on the graph. (c) Find the center of the 
hyperbola, and sketch the asymptotes. 


4 3 
e 2 SS ens 
MTT sine 1B 7 y 25nd 25.5 = 8 6. 1 = a 
ew 5 we 7 1+2cos@ 1— 4sin6 
"3+ 3c0s6 "" "5 —5cosé 97,, = 20 28. 1 = 6 
: 2 —3sine , 2+7c0s@ 


21-24 mw A polar equation of a conic is given. (a) Show that the 
conic is an ellipse, and sketch its graph. (b) Find the vertices and 
directrix, and indicate them on the graph. (c) Find the center of the 
ellipse and the lengths of the major and minor axes. 


29-36 m (a) Find the eccentricity and identify the conic. 
(b) Sketch the conic and label the vertices. 


4 8 
e ae oi 8 aa er We a3 ceed 
.21, 7 22. 1 ; 
2—cosé 3 —2sin0 =i 2 oe 10 
12 18 *' 1 cos *T 3 Jsino 
23. 6 = ——__ 24, . = ————__ 6 5 
4+ 3sin6 4+ 3cos@ 33. , = ——_ 34, r= 
2+ sing 2 — 3sine 
7 
33.0 — 36. 1 = : 


2—5sin@ 3+ cosé@ 
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se) 37-40 m A polar equation of a conic is given. (a) Find the eccen- 

~ tricity and the directrix of the conic. (b) If this conic is rotated 
about the origin through the given angle 6, write the resulting 
equation. (c) Draw graphs of the original conic and the rotated 
conic on the same screen. 


mates rae 7 
aot 5- a 0’ 3 
ae ain 7 9 4 
a 2+ 500s ' a a 


. Graph the conicsr = e/(1 — ecos 6) with e = 0.4, 0.6, 0.8, 
and 1.0 on a common screen. How does the value of e affect 
the shape of the curve? 


. (a) Graph the conics 


ed 
(1+ esin@) 


for e = 1 and various values of d. How does the value of 
d affect the shape of the conic? 

(b) Graph these conics for d = 1 and various values of e. 
How does the value of e affect the shape of the conic? 


APPLICATIONS 


43. Orbit of the Earth The polar equation of an ellipse can 
be expressed in terms of its eccentricity e and the length a of 
its major axis. 

(a) Show that the polar equation of an ellipse with directrix 
x = —d can be written in the form 
a(1 — e?) 
r= ——_— 
1 —ecosé 
[Hint: Use the relation a2 = e’d?/(1 — e7)? given in the 
proof on page 804.] 
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(b) Find an approximate polar equation for the elliptical 
orbit of the earth around the sun (at one focus) given that 
the eccentricity is about 0.017 and the length of the major 
axis is about 2.99 x 108 km. 


44. Perihelion and Aphelion The planets move around the 
sun in elliptical orbits with the sun at one focus. The positions 
of a planet that are closest to, and farthest from, the sun are 
called its perihelion and aphelion, respectively. 


Planet 


Perihelion Aphelion 


(a) Use Exercise 43(a) to show that the perihelion distance 
from a planet to the sun is a(1 — e) and the aphelion dis- 
tance is a(1 + e). 

(b) Use the data of Exercise 43(b) to find the distances from 
the earth to the sun at perihelion and at aphelion. 


45. Orbit of Pluto The distance from Pluto to the sun is 
4,43 x 10° km at perihelion and 7.37 x 10° km at aphelion. 
Use Exercise 44 to find the eccentricity of Pluto’s orbit. 


DISCOVERY =DISCUSSION = WRITING 


46. Distance to a Focus When we found polar equations for 
the conics, we placed one focus at the pole. It’s easy to find 
the distance from that focus to any point on the conic. 

Explain how the polar equation gives us this distance. 


47. Polar Equations of Orbits When a satellite orbits the 
earth, its path is an ellipse with one focus at the center of the 
earth. Why do scientists use polar (rather than rectangular) co- 
ordinates to track the position of satellites? [Hint: Your an- 
swer to Exercise 46 is relevant here.] 


1. (a) Give the geometric definition of a parabola. What are the 
focus and directrix of the parabola? 

(b) Sketch the parabola x? = 4py for the case p > 0. Identify 
on your diagram the vertex, focus, and directrix. W hat 
happens if p < 0? 

(c) Sketch the parabola y? = 4px, together with its vertex, fo- 
cus, and directrix, for the case p > 0. What happens if 
p<0? 


2. (a) Give the geometric definition of an ellipse. W hat are the 
foci of the ellipse? 


(b) For the ellipse with equation 


x2 oy? 

az + - = 1 
where a > b > 0, what are the coordinates of the vertices 
and the foci? W hat are the major and minor axes? IIlus- 
trate with a graph. 

(c) Give an expression for the eccentricity of the ellipse in 
part (b). 

(d) State the equation of an ellipse with foci on the y-axis. 


3. (a) Give the geometric definition of a hyperbola. What are the 
foci of the hyperbola? 
(b) For the hyperbola with equation 
x2 y? 

pen! 

what are the coordinates of the vertices and foci? 

W hat are the equations of the asymptotes? W hat is the 

transverse axis? Illustrate with a graph. 
(c) State the equation of a hyperbola with foci on the y-axis. 
(d) What steps would you take to sketch a hyperbola with a 

given equation? 


4. Suppose h and k are positive numbers. W hat is the effect on 
the graph of an equation in x and y if 
(a) x is replaced by x — h? Byx + h? 
(b) y is replaced by y — k? By y + k? 


5. How can you tell whether the following nondegenerate conic 
is a parabola, an ellipse, or a hyperbola? 


Ax? +Cy?+Dx+Ey+F =0 


M EXERCISES 
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6. Suppose the x- and y-axes are rotated through an acute angle 
¢ to produce the X- and Y-axes. Write equations that relate the 
coordinates (x, y) and (X, Y) of a point in the xy-plane and 
XY-plane, respectively. 


7. (a) How do you eliminate the xy-term in this equation? 
Ax? + Bxy + Cy? +Dx +Ey+F =0 


(b) What is the discriminant of the conic in part (a)? How can 
you use the discriminant to determine whether the conic 
is a parabola, an ellipse, or a hyperbola? 


8. (a) Write polar equations that represent a conic with 
eccentricity e. 
(b) For what values of e is the conic an ellipse? A hyperbola? 
A parabola? 


1-8 m Find the vertex, focus, and directrix of the parabola, and 
sketch the graph. 


1, y? = 4x 2.x = py? 

3. x? + 8y =0 4, 2x -—y?=0 

5.x —y?+4y-—2=0 6. 2x? + 6x +5y+10=0 
7. 4x? + 2x = 2y +4 8. x? = 3(x + y) 


9-16 m Find the center, vertices, foci, and the lengths of the major 
and minor axes of the ellipse, and sketch the graph. 


x2 yr x2 aa 
% > +55 = 1 10.75 +971 
11. x? + 4y? = 16 12. 9x? + 4y?=1 

ca) a 2) , Wray 
iam a sia a ag. age 


15. 4x? + 9y? = 36y 16. 2x? + y?=2 + 4(x — y) 


17-24 m Find the center, vertices, foci, and asymptotes of the hy- 
perbola, and sketch the graph. 


x2 y? 7 x2 y’ 7 
eg gS ae ny 
19, x? — 2y?=16 20. x? — 4y?+ 16 =0 
(x+4)?  y? 
an rr 
(x-2 (y +2) 
2. 7. =! 


23. 9y? + 18y = x? + 6x + 18 
24. y? =x? + by 


25-30 m Find an equation for the conic whose graph is shown. 
25. oy, 26. ya 


o| 8’ 


29. 


812 CHAPTER 12 | Conic Sections 


31-42 m Determine the type of curve represented by the 80 mi closer to A than to B. Find the location of the ship. 
equation. Find the foci and vertices (if any), and sketch the graph. (Place A and B on the y-axis with the x-axis halfway between 
2 them. Find the x- and y-coordinates of the ship.) 
aL 5 ty=l 
an ae 
32. + ig 


33. x? -y?+144=0 

34, x? + 6x = 9y? 

35. 4x? + y? = 8(x + y) 

36. 3x — 6(x + y) = 10 

37. x = y* — l6y 

38. 2x? +4=4x + y? 

39, 2x? — 12x + y? + by + 26=0 
40. 36x? — 4y* — 36x — 8y = 31 


41. 9x* + By? — 15x + By + 27=0 53. (a) Draw graphs of the following family of ellipses for 
42. x* + 4y* = 4x + 8 k = 1,2, 4, and 8. 
x2 y? 
43-50 m Find an equation for the conic section with the given 16 +k? = a 1 
properties. 


(b) Prove that all the ellipses in part (a) have the same foci. 
43. The parabola with focus F (0, 1) and directrix y = —1 


44, The ellipse with center C(0, 4), foci F,(0, 0) and F,(0, 8), and 
major axis of length 10 


sx) 54, (a) Draw graphs of the following family of parabolas for 

' k = 4,1, 2, and 4. 

y = kx? 

45. The hyperbola with vertices V(0, +2) and asymptotes 
yoo 

46. The hyperbola with center C(2, 4), foci F ,(2, 1) and F,(2, 7), 
and vertices V,(2, 6) and V,(2, 2) 


(b) Find the foci of the parabolas in part (a). 
(c) How does the location of the focus change as k increases? 


47. The ellipse with foci F,(1, 1) and F,(1, 3), and with one 55-58 = An equation of a conic is given. (a) Use the discriminant 
vertex on the x-axis to determine whether the graph of the equation is a parabola, an 
ellipse, or a hyperbola. (b) Use a rotation of axes to eliminate the 


48. The parabola with vertex V(5, 5) and directrix the y-axis xy-term. (¢) Sketch the graph. 


( 
49. The ellipse with vertices V,(7, 12) and V,(7, —8), and 
(1 


55. x? + dxy + y?=1 
passing through the point P(1, 8) Veo 


56. 5x* — 6xy + 5y* — 8x + By -8 =0 


50. The parabola with vertex V(—1, 0) and horizontal axis of 
symmetry, and crossing the y-axis at y = 2 57. 7x? — 6 V3xy + 13y* — 4V3x — 4y =0 
51. The path of the earth around the sun is an ellipse with the sun 58. 9x? + 24xy + l6y? = 25 


at one focus. The ellipse has major axis 186,000,000 mi and 
eccentricity 0.017. Find the distance between the earth and the 
sun when the earth is (a) closest to the sun and (b) farthest 


=| 59-62 m Use a graphing device to graph the conic. Identify the 


from the sun. ~ type of conic from the graph. 
186,000,000 mi 59. 5x? + 3y? = 60 60. 9x2 — 12y? + 36 =0 
61. 6x + y? — 12y = 30 62. 52x? — 72xy + 73y? = 100 


63-66 = A polar equation of a conic is given. (a) Find the eccen- 
tricity and identify the conic. (b) Sketch the conic and label the 
vertices. 
63. 6 = a 64. r = ssa 
52. A ship is located 40 mi from a straight shoreline. LORAN sta- =aneaie oy eae 
tions A and B are located on the shoreline, 300 mi apart. From 4 12 


the LORAN signals, the captain determines that his ship is ma 1+2sin6 aS 1 — 4cos@ 
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TEST 


1. Find the focus and directrix of the parabola x? = —12y, and sketch its graph. 
2. Find the vertices, foci, and the lengths of the major and minor axes for the ellipse 
ae a 
16 + ae 1. Then sketch its graph. 
2 2 
3. Find the vertices, foci, and asymptotes of the hyperbola e ad 7 = 1. Then sketch its graph. 
4-6 @ Find an equation for the conic whose graph is shown. 
. YA 5. YA 
(-4, 2) 
T > 
O| 9 x 


7-9 m Sketch the graph of the equation. 


7. 
. 9x? — By? + 36x + 64y = 164 


13. 


14, 


16x? + 36y? — 96x + 36y + 9 =0 


. 2x+y?+ 8y¥+8=0 
. Find an equation for the hyperbola with foci (0, +5) and with asymptotes y = +3x. 
. Find an equation for the parabola with focus (2, 4) and directrix the x-axis. 


. A parabolic reflector for a car headlight forms a bow! shape that is 6 in. wide at its 


opening and 3 in. deep, as shown in the figure at the left. H ow far from the vertex should the 
filament of the bulb be placed if it is to be located at the focus? 


(a) Use the discriminant to determine whether the graph of this equation is a parabola, an el- 

lipse, or a hyperbola: 
5x? + 4xy + 2y* = 18 

(b) Use rotation of axes to eliminate the xy-term in the equation. 

(c) Sketch the graph of the equation. 

(d) Find the coordinates of the vertices of this conic (in the xy-coordinate system). 

(a) Find the polar equation of the conic that has a focus at the origin, eccentricity e = 3, and 
directrix x = 2. Sketch the graph. 

(b) What type of conic is represented by the following equation? Sketch its graph. 


3 


r= >—— 
2— sing 
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Many buildings employ conic sections in their design. A rchitects have various reasons for 
using these curves, ranging from structural stability to simple beauty. But how can a huge 
parabola, ellipse, or hyperbola be accurately constructed in concrete and steel? In this 
Focus on Modeling, we will see how the geometric properties of the conics can be used 
to construct these shapes. 


V Conics in Buildings 


In ancient times architecture was part of mathematics, so architects had to be mathemati- 
cians. M any of the structures they built— pyramids, temples, amphitheaters, and irrigation 
projects— still stand. In modern times architects employ even more sophisticated mathe- 
matical principles. The photographs below show some structures that employ conic sec- 
tions in their design. 


Roman A mphitheater in Ceiling of Statuary Hall in the Roof of the Skydome in 
Alexandria, Egypt (circle) U.S. Capitol (ellipse) Toronto, Canada (parabola) 
© Nick Wheeler/CORBIS Architect of the Capitol Walter Schmid/© Stone /Getty Images 


Roof of Washington Dulles Airport McDonnell Planetarium, Attic in La Pedrera, 
(hyperbola and parabola) St. Louis, MO (hyperbola) Barcelona, Spain (parabola) 
© Richard T. Nowitz/CORBIS VisionsofAmerica/Joe Sohm © 0. Alamany & E. Vincens /CORBIS 


Architects have different reasons for using conics in their designs. For example, the 
Spanish architect Antoni Gaudi used parabolas in the attic of La Pedrera (see photo 
above). He reasoned that since a rope suspended between two points with an equally dis- 
tributed load (as in a suspension bridge) has the shape of a parabola, an inverted parabola 
would provide the best support for a flat roof. 


V Constructing Conics 


The equations of the conics are helpful in manufacturing small objects, because a 
computer-controlled cutting tool can accurately trace a curve given by an equation. Butin 
a building project, how can we construct a portion of a parabola, ellipse, or hyperbola that 
spans the ceiling or walls of a building? The geometric properties of the conics provide 
practical ways of constructing them. For example, if you were building a circular tower, 
you would choose a center point, then make sure that the walls of the tower were a fixed 
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distance from that point. Elliptical walls can be constructed using a string anchored at two 
p Circle points, as shown in Figure 1. 
To construct a parabola, we can use the apparatus shown in Figure 2. A piece of string 
of length a is anchored at F and A. The T-square, also of length a, slides along the straight 
C bar L.A pencil at P holds the string taut against the T-square. As the T-square slides to the 
right the pencil traces out a curve. 


Ellipse 
P 


Fy Fo 


FIGURE 1 Constructing a circle 
and an ellipse 


FIGURE 2 Constructing a parabola 


From the figure we see that 
d(F,P) +d(P,A) =a  Thestring is of length a 
d(L,P) + d(P,A) =a —_TheT-square is of length a 
It follows that d(F,P) + d(P,A) = d(L,P) + d(P,A). Subtracting d(P,A) from each 
side, we get 
d(F,P) = d(L, P) 


The last equation says that the distance from F to P is equal to the distance from P to the 
line L. Thus, the curve is a parabola with focus F and directrix L. 

In building projects it is easier to construct a straight line than a curve. So in some 
buildings, such as in the K obe Tower (see Problem 4), a curved surface is produced by us- 
ing many straight lines. We can also produce a curve using straight lines, such as the 
parabola shown in Figure 3. 
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FIGURE 3 Tangent lines to a parabola 


Each line is tangent to the parabola; that is, the line meets the parabola at exactly one 
point and does not cross the parabola. The line tangent to the parabola y = x? at the point 
(a, a’) is 

y = 2ax — a? 


You are asked to show this in Problem 6. The parabola is called the envelope of all such 
lines. 


816 Focus on Modeling 


PROBLEMS 


1. Conics in Architecture The photographs on page 814 show six examples of buildings 
that contain conic sections. Search the Internet to find other examples of structures that em- 
ploy parabolas, ellipses, or hyperbolas in their design. Find at least one example for each 
type of conic. 


2. Constructing a Hyperbola In this problem we construct a hyperbola. The wooden bar 
in the figure can pivot at F,. A string that is shorter than the bar is anchored at F, and at A, 
the other end of the bar. A pencil at P holds the string taut against the bar as it moves coun- 
terclockwise around F ,. 

(a) Show that the curve traced out by the pencil is one branch of a hyperbola with foci at F ; 
and F >. 


(b) How should the apparatus be reconfigured to draw the other branch of the hyperbola? 


Pivot J ¢ 
point "Fy 


3. A Parabolaina Rectangle The following method can be used to construct a 
parabola that fits in a given rectangle. The parabola will be approximated by many short 
line segments. 

First, draw a rectangle. Divide the rectangle in half by a vertical line segment, and label 
the top endpoint V. Next, divide the length and width of each half rectangle into an equal 
number of parts to form grid lines, as shown in the figure below. Draw lines from V to the 
endpoints of horizontal grid line 1, and mark the points where these lines cross the vertical 
grid lines labeled 1. Next, draw lines from V to the endpoints of horizontal grid line 2, and 
mark the points where these lines cross the vertical grid lines labeled 2. Continue in this way 
until you have used all the horizontal grid lines. Now use line segments to connect the points 
you have marked to obtain an approximation to the desired parabola. A pply this procedure to 
draw a parabola that fits into a 6 ft by 10 ft rectangle on a lawn. 


Y : y 
1 ATA 1 H, 
2 2 2 
3 3 3 
321 123 321 123 321 123 


4. Hyperbolas from Straight Lines In this problem we construct hyperbolic shapes us- 
ing straight lines. Punch equally spaced holes into the edges of two large plastic lids. Con- 
nect corresponding holes with strings of equal lengths as shown in the figure on the next 
page. Holding the strings taut, twist one lid against the other. An imaginary surface passing 
through the strings has hyperbolic cross sections. (An architectural example of this is the 


Martin Mette /Shutterstock.com 


line 


Tangent 


ay 
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Kobe Tower in J apan, shown in the photograph.) W hat happens to the vertices of the hyper- 
bolic cross sections as the lids are twisted more? 


5. Tangent Lines to a Parabola_ In this problem we show that the line tangent to the 


parabola y = x? at the point (a, a) has the equation y = 2ax — a’, 

(a) Let m be the slope of the tangent line at (a, a’). Show that the equation of the tangent 
line is y — a* = m(x — a). 

(b) Use the fact that the tangent line intersects the parabola at only one point to show that 
(a, a”) is the only solution of the system. 


a 
y=x? 
(c) Eliminate y from the system in part (b) to get a quadratic equation in x. Show that the 


discriminant of this quadratic is (m — 2a)*. Since the system in part (b) has exactly one 
solution, the discriminant must equal 0. Find m. 


(d) Substitute the value for m you found in part (c) into the equation in part (a), and simpify 
to get the equation of the tangent line. 


. A Cut Cylinder In this problem we prove that when a cylinder is cut by a plane, an el- 


lipse is formed. An architectural example of this is the Tycho Brahe Planetarium in Copen- 
hagen (see the photograph). In the figure, a cylinder is cut by a plane, resulting in the red 
curve. Two spheres with the same radius as the cylinder slide inside the cylinder so that they 
just touch the plane at F, and F ,. Choose an arbitrary point P on the curve, and let Q, and Q, 
be the two points on the cylinder where a vertical line through P touches the “equator” of 
each sphere. 
(a) Show that PF, =PQ,andPF,=PQ,. [Hint: Use the fact that all tangents to a sphere 
from a given point outside the sphere are of the same length. ] 


(b) Explain why PQ, + PQ, is the same for all points P on the curve. 
(c) Show that PF, + PF,is the same for all points P on the curve. 
(d) Conclude that the curve is an ellipse with foci F, and F,. 
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. Find the partial fraction decomposition of the rational function r(x) = 


Consider the following system of equations. 


ea y? = 4y 
x?--2y =0 


(a) Is the system linear or nonlinear? Explain. 

(b) Find all solutions of the system. 

(c) The graph of each equation is a conic section. Name the type of conic section in each 
case. 

(d) Graph both equations on the same set of axes. 

(e) On your graph, shade the region that corresponds to the solution of the system of 
inequalities. 


es y? <4y 
x?-2y <0 


. Find the complete solution of each linear system, or show that no solution exists. 


Xx+ y- z=2 y- z=2 
(a) 4 2x + 3y- 2=5 (b) 4 x + 2y —-3z=3 


3x + 5y+2z=11 3x + By — 82 =7 


. Xavier, Yolanda, and Zacharay go fishing. Yolanda catches as many fish as X avier and 


Zachary put together. Zachary catches 2 more fish than X avier. The total catch for all three 
people is 20 fish. How many did each person catch? 


101 1 4 3 
Lea =|) al aa ; Al c-| 0 2 a o- |i 6 | 
° -1 0 0 Oi 2 

(a) Calculate each of the following, or explain why the calculation can’t be done. 


A+B, C—D, AB, CB, BD, det(B), det(C), det(D) 


(b) Based on the values you calculated for det(C) and det(D), which matrix, C or D, has an 
inverse? Find the inverse of the invertible one. 


. Consider the following system of equations. 


ie —3y=5 

6x — 4y = 0 

(a) Write a matrix equation of the form AX = B that is equivalent to this system. 

(b) Find A~+, the inverse of the coefficient matrix. 

(c) Solve the matrix equation by multiplying each side by A~}. 

(d) Now solve the system using the Cramer’s Rule. Did you get the same solution as in 
part (b)? 


4x +8 
x4 + Ax?’ 


. Find an equation for the parabola with vertex at the origin and focus F (0, 3). 
. Sketch the graph of each conic section, and find the coordinates of its foci. What type of 


conic section does each equation represent? 


6 


2 2_ = —_____ 
(a) 9x* + 4y* = 24y (b) r he Feace 
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9. Find an equation for the conic whose graph is shown. 


10. Use rotation of axes to graph the equation 7x? 


6V3xy + 13y? = 16. 
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13.5 Mathematical Induction 
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FOCUS ON MODELING 
Modeling with Recursive 
Sequences 


A sequence is a list of numbers written in a specific order. For example, the 
height that a bouncing ball reaches after each bounce is a sequence. This 
sequence has a definite pattern; describing the pattern allows us to predict 
the height that the ball reaches after any number of bounces. 


12 
1/4 


iis 
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The amount in a bank account at the end of each month, mortgage payments, 
and the amount of an annuity are also sequences. The formulas that generate 
these sequences drive our economy— they allow us to borrow money to buy 
our dream home closer to graduation than to retirement. In this chapter we 
study these and other applications of sequences. 
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13.1 SEQUENCES AND SUMMATION NOTATION 


Sequences ® Recursively Defined Sequences B® The Partial Sums 
of a Sequence ® Sigma Notation 


Roughly speaking, a sequence is an infinite list of numbers. The numbers in the sequence 
are often written as a;, a2, a3,.... The dots mean that the list continues forever. A simple 
example is the sequence 


5, 10, 15, 20, 20 iced 
ii t t ij t 


ay az a3 aq AB i. @ 
We can describe the pattern of the sequence displayed above by the following formula: 
a, = 5n 


You may have already thought of a different way to describe the pattern— namely, “you 
go from one number to the next by adding 5.” This natural way of describing the sequence 
is expressed by the recursive formula: 


a, =4,-1 +5 


starting with a, = 5. Try substituting n = 1, 2, 3,...in each of these formulas to see how 
they produce the numbers in the sequence. In this section we see how these different ways 
are used to describe specific sequences. 


V Sequences 


Any ordered list of numbers can be viewed as a function whose input values are 1, 2, 
3, ... and whose output values are the numbers in the list. So we define a sequence as 
follows: 


DEFINITION OF A SEQUENCE 


A sequence is a function f whose domain is the set of natural numbers. The 
terms of the sequence are the function values 


F(1), F(2), FB), «+ F(M), 


We usually write a, instead of the function notation f(n). So the terms of the se- 
quence are written as 


hig Coy Gly oo 6 9 Gp oa 6 


The number a, is called the first term, a, is called the second term, and in gen- 
eral, a, iS called the nth term. 


Here is a simple example of a sequence: 
2,4, 6,8, 10,... 


We can write a sequence in this way when it’s clear what the subsequent terms of the se- 

Another way to write thissequenceis | quence are. This sequence consists of even numbers. To be more accurate, however, we 

to use function notation: need to specify a procedure for finding all the terms of the sequence. This can be done by 
a(n) = 2n giving a formula for the nth term a, of the sequence. In this case, 


so a(1) = 2, a(2) = 4, a(3) = 6,... a, = 2n 


it Terms are 
[ decreasing 
+ ° e ‘ Fs 
+ + t + + 
OF 4 3 4 5 6” 
FIGURE 1 
a,h 
1+ e Terms alternate 
+ in sign 
i : 
e 
t + t + tS 
Oy a 2 
Syiel: 


FIGURE 2 
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and the sequence can be written as 
2; 4, 6, & suka 2h) 
1st 2nd 3rd 4th nth 
term term term term term 


Notice how the formula a, = 2n gives all the terms of the sequence. For instance, substi- 
tuting 1, 2, 3, and 4 for n gives the first four terms: 


a,=2-1=2 a=2-2=4 

a,=2-3=6 a,=2-4=8 

To find the 103rd term of this sequence, we use n = 103 to get 
Ay93 = 2-103 = 206 


EXAMPLE 1 | Finding the Terms of a Sequence 
Find the first five terms and the 100th term of the sequence defined by each formula. 
(a) a, =2n-—1 (b) c, =n? -1 


_on (-1)" 
(c) t;, = n+l pn 


SOLUTION To find the first five terms, we substitute n = 1, 2, 3, 4, and 5 in the formula 
for the nth term. To find the 100th term, we substitute n = 100. This gives the following. 


(d) n= 


nth term First five terms 100th term 
(a) 2n-1 1:3).05 1-9 199 
(b) n?-1 0, 3, 8, 15, 24 9999 
(c) n 12345 100 
n+1 2' 3'4'5'6 101 
(a) (-1) i a 
2 2'4' 8'16' 32 2100 


©. NOW TRY EXERCISES 3, 5, 7, AND 9 


In Example 1(d) the presence of (—1)" in the sequence has the effect of making suc- 
cessive terms alternately negative and positive. 
It is often useful to picture a sequence by sketching its graph. Since a sequence is a 
function whose domain is the natural numbers, we can draw its graph in the C artesian plane. 
For instance, the graph of the sequence 


is shown in Figure 1. 


1 


1111 
3° 4° 5' 6 
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Compare the graph of the sequence shown in Figure 1 to the graph of 


Led 


1; 


11 1 


(-1)"? 


2.2 


7 rn 


n eee 


shown in Figure 2. The graph of every sequence consists of isolated points that are not 


connected. 
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Graphing calculators are useful in analyzing sequences. To work with sequences on a 
T1-83, we put the calculator in Seq mode (“sequence” mode) as in Figure 3(a). If we en- 
ter the sequence u(n) = n/(n + 1) of Example 1(c), we can display the terms using the 
TABLE | Command as shown in Figure 3(b). We can also graph the sequence as shown in 
Figure 3(c). 
1.5 
Ploti Plot2 Plot3 n 
nMin=1 : 
\u(n) Bin/(n41) 2 
4 
3) 
6 
7 
n=1 
FIGURE 3 0 15 
u(n) = n/(n + 1) (a) (b) (c) 


Not all sequences can be defined by a 
formula. For example, there is no 
known formula for the sequence of 
prime numbers:* 


2, Be Dy Pd, WB, AF LD, 28, 


Large Prime Numbers 

The search for large primes fascinates 
many people. As of this writing, the 
largest known prime number is 


243 12,609 __ 1 


It was discovered by Edson Smith of 
the Department of Mathematics at 
UCLA. In decimal notation this number 
contains 12,978,189 digits. If it were 
written in full, it would occupy more 
than three times as many pages as this 
book contains. Smith was working with 
a large Internet group known as GIMPS 
(the Great Internet Mersenne Prime 
Search). Numbers of the form 2? — 1, 
where p is prime, are called Mersenne 
numbers and are more easily checked 
for primality than others. That is why 
the largest known primes are of this 
form. 


Finding patterns is an important part of mathematics. Consider a sequence that begins 
1,4,9,16,... 


Can you detect a pattern in these numbers? In other words, can you define a sequence 
whose first four terms are these numbers? The answer to this question seems easy; these 
numbers are the squares of the numbers 1, 2, 3, 4. Thus, the sequence we are looking for 
is defined by a, = n2. However, this is not the only sequence whose first four terms are 
1, 4, 9, 16. In other words, the answer to our problem is not unique (see Exercise 80). In 
the next example we are interested in finding an obvious sequence whose first few terms 
agree with the given ones. 


EXAMPLE 2 | Finding the nth Term of a Sequence 
Find the nth term of a sequence whose first several terms are given. 
(a) 3.324 (b) —2, 4, —8, 16, —32,... 


21 41 6 Brees 
SOLUTION 


(a) We notice that the numerators of these fractions are the odd numbers and the de- 
nominators are the even numbers. Even numbers are of the form 2n, and odd num- 
bers are of the form 2n — 1 (an odd number differs from an even number by 1). So 
a sequence that has these numbers for its first four terms is given by 


2n-—1 
an = 9p 


(b) These numbers are powers of 2, and they alternate in sign, so a sequence that 
agrees with these terms is given by 


a, = (-1)"2" 
You should check that these formulas do indeed generate the given terms. 
®. NOW TRY EXERCISES 25, 27, AND 29 A 


V Recursively Defined Sequences 


Some sequences do not have simple defining formulas like those of the preceding exam- 
ple. The nth term of a sequence may depend on some or all of the terms preceding it. A 
sequence defined in this way is called recursive. Here are two examples. 


* A prime number is a whole number p whose only divisors are p and 1. (By convention, the number 1 is not 
considered prime.) 


ERATOSTHENES (circa 276-195 B.c.) 
was a renowned Greek geographer, 
mathematician, and astronomer. He ac- 
curately calculated the circumference 
of the earth by an ingenious method. 
He is most famous, however, for his 
method for finding primes, now called 
the sieve of Eratosthenes. The method 
consists of listing the integers, begin- 
ning with 2 (the first prime), and then 
crossing out all the multiples of 2, 
which are not prime. The next number 
remaining on the list is 3 (the second 
prime), so we again cross out all multi- 
ples of it. The next remaining number is 
5 (the third prime number), and we 
cross out all multiples of it, and so on. 
In this way all numbers that are not 
prime are crossed out, and the remain- 
ing numbers are the primes. 
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EXAMPLE 3 | Finding the Terms of a Recursively 
Defined Sequence 


Find the first five terms of the sequence defined recursively by a, = 1 and 
a, = 3(a,_1 + 2) 


SOLUTION Thedefining formula for this sequence is recursive. It allows us to find the 
nth term a, if we know the preceding term a,_,. Thus, we can find the second term from 
the first term, the third term from the second term, the fourth term from the third term, and 
SO on. Since we are given the first term a, = 1, we can proceed as follows. 


a, = 3(a, + 2) = 3(1 + 2) = 9 


a3 = 3(a) + 2) = 3(9 + 2) = 33 
ay = 3(a3 + 2) = 3(33 + 2) = 105 
as = 3(a, + 2) = 3(105 + 2) = 321 


Thus the first five terms of this sequence are 


O@sSLOLOQ EB FM 1, 9, 33, 105, 321)... 
ee ®. NOW TRY EXERCISE 13 B 
Gi 32 33 4 BW % GD HB HW 0 
oe Ae e e S 5 qs Note that to find the 20th term of the sequence in Example 3, we must first find all 19 
6 68 64 65 66 G66 68 1 preceding terms. This is most easily done by using a graphing calculator. Figure 4(a) 
DADA BK BE w shows how to enter this sequence on the TI-83 calculator. From Figure 4(b) we see that 
9 9% 63) 84 88 86 97 96 GD 96| the 20th term of the sequence is a.) = 4,649,045,865. 
A 9 B A 96 QI) 96 94 Jo0 
Pitotin Pow 2) iPitots: 
nMin=1 4649045865 
\u€n)=3CuCn-1)+2) 
uCnMin)={1} 
(a) (b) 
FIGURE 4 u(n) = 3(u(n — 1) + 2), u(1) = 1 
EXAMPLE 4 | The Fibonacci Sequence 
Find the first 11 terms of the sequence defined recursively by F; = 1,F, = 1 and 
Fy = Fo-1 + Fy-2 
FIBONACCI (1175-1250) was born in used in Europe in his time. His most famous book, Liber Abaci, ex- 
Pisa, Italy, and was educated in North pounds on the advantages of the Hindu-Arabic numerals. In fact, mul- 
Africa. He traveled widely in the Mediter- tiplication and division were so complicated using Roman numerals 
ranean area and learned the various that a college degree was necessary to master these skills. Interest- 


methods then in use for writing numbers. _ ingly, in 1299 the city of Florence outlawed the use of the decimal 


The Granger Collection, New York 


On returning to Pisa in 1202, Fibonacci 
advocated the use of the Hindu-Arabic 
decimal system, the one we use today, 


over the Roman numeral system that was 


system for merchants and businesses, requiring numbers to be writ- 
ten in Roman numerals or words. One can only speculate about the 
reasons for this law. 
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FIGURE 5 The Fibonacci sequence 
in the branching of a tree 


FIGURE 6 


SOLUTION To findF.,, we need to find the two preceding terms, F ,_, and F,_2. Since 
we are given F , and F 2, we proceed as follows. 


Fz=F,+F,=1+1=2 
Fx=F3+F,=2+1=3 
Fe =Fya+F3=3+2=5 


It's clear what is happening here. Each term is simply the sum of the two terms that pre- 
cede it, so we can easily write down as many terms as we please. Here are the first 11 
terms: 


1 n2; 3, 5;:8, 13,21, 34,55, 89,4 4% 


©. NOW TRY EXERCISE 17 a 


The sequence in Example 4 is called the Fibonacci sequence, named after the 13th cen- 
tury Italian mathematician who used it to solve a problem about the breeding of rabbits (see 
Exercise 79). The sequence also occurs in numerous other applications in nature. (See Fig- 
ures 5 and 6.) In fact, so many phenomena behave like the Fibonacci sequence that one 
mathematical journal, the Fibonacci Quarterly, is devoted entirely to its properties. 


WON: 
N 


5 


21 


13 


34 


Fibonacci spiral Nautilus shell 
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V The Partial Sums of a Sequence 


In calculus we are often interested in adding the terms of a sequence. T his leads to the fol- 
lowing definition. 


THE PARTIAL SUMS OF A SEQUENCE 
For the sequence 
chin cee pcyiaanect nner 
the partial sums are 
$1 = 41 
S) =a, + ay 
$3 =a, +a, + a3 


S,=@a,+a,+a;+ 4, 


Sp =a, +a +a;+°'' +a, 


S, is called the first partial sum, S, is the second partial sum, and so on. S, is 
called the nth partial sum. The sequence S,, S, S3,...,5,,...iS called the se 
quence of partial sums. 


EXAMPLE 5 | Finding the Partial Sums of a Sequence 
Find the first four partial sums and the nth partial sum of the sequence given by a, = 1/2". 
SOLUTION The terms of the sequence are 


est 
2, 4° Bo 
The first four partial sums are 
1 at 
5 “2 
Partial sums of 1 1 3 
; the sequence S.= 5 + 4 = 4 
S 
1 ae i. 1 7 
5° S=atats ~ 8 
yT Ss 1. 1 1. a: ..15 
aT | Sees “9741 et 6 16 
2 
si re ae Notice that in the value of each partial sum, the denominator is a power of 2 and the nu- 
fs Spe merator is one less than the denominator. In general, the nth partial sum is 
OO) 12 3 4 5 28 sy 1 
S, = =1 
2" Z 


FIGURE 7 Graph of the sequence a, 
and the sequence of partial sums S,, The first five terms of a, and S, are graphed in Figure 7. 


©. NOW TRY EXERCISE 37 =a 
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This tells us to 


end with k =n 
This tells - 
us to add > a 


This tells us to 
start with k = 1 


EXAMPLE 6 | Finding the Partial Sums of a Sequence 
Find the first four partial sums and the nth partial sum of the sequence given by 
1 1 


SOLUTION The first four partial sums are 


(0-3) a0] 
(Dod 1] 
sO-DeQ-DeGa) 
(Do Q-D-G-)-G-)-4 


Do you detect a pattern here? Of course. The nth partial sum is 


1 
eS 
©. NOW TRY EXERCISE 39 a 
V Sigma Notation 
Given a sequence 
Ay, Az, 43, ay... 


we can write the sum of the first n terms using summation notation, or sigma notation. 
This notation derives its name from the Greek letter > (capital sigma, corresponding to 
our S for “sum”). Sigma notation is used as follows: 


n 
DOE = in te Cae Caper bin ce) ar eh 
k=1 


The left side of this expression is read, “The sum of a, from k = 1 tok = n.” The letter k 
is called the index of summation, or the summation variable, and the idea is to replace 
k in the expression after the sigma by the integers 1, 2, 3,...,n, and add the resulting ex- 
pressions, arriving at the right side of the equation. 


EXAMPLE 7 | Sigma Notation 
Find each sum. 


5 5] 10 6 
(a) Sk? (b) = (c) Si (d) $2 

k=1 j=3 J i=5 i=1 
SOLUTION 


5 
(a) Sk? = 12 + 2? 4+ 374+ 4? +5? =55 
k=1 


it .41, 147 
5 60 


sum(seq(K?,K,1,5,1)) 

25) 
SUMGSeq Gly S17 Di, 
1))>Frac 


47/60 


FIGURE 8 
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10 
() Si=54+6+74+84+9+10=45 
i=5 
6 
(dd) 2=24+24+24+24+24+2=2 
i=1 
We can use a graphing calculator to evaluate sums. For instance, Figure 8 shows how 


the TI-83 can be used to evaluate the sums in parts (a) and (b) of Example 7. 
®. NOW TRY EXERCISES 41 AND 43 | 


EXAMPLE 8 | Writing Sums in Sigma Notation 
Write each sum using sigma notation. 

(a) 12+ 22? +37+44+59+6+77 

() V3 9/4 OV te TT 


SOLUTION 
(a) Wecan write 


7 
P+ PVePr P+ P4647 = Pk 
k=1 
(b) A natural way to write this sum is 


i 
V3 + V44V54-:°4+ VIT= Di vk 
k=3 


However, there is no unique way of writing a sum in sigma notation. We could also 
write this sum as 


74 
V3 4+V44 V5 4-°°4+ V7 = SVKF3 
k=0 


715 
oF VIVES tec VT = > Ver? 
k=1 


©. NOW TRY EXERCISES 61 AND 63 | 


The Golden Ratio 


The golden ratio is related to the Fibonacci sequence. In fact, it can 


The ancient Greeks considered a line segment to be divided into the be shown by using calculus* that the ratio of two successive Fibonacci 
golden ratio if the ratio of the shorter part to the longer part is the numbers 
same as the ratio of the longer part to the whole segment. Fes 
$$$ ec_— i “‘ —xqcx“o F, 
1 x gets closer to the golden ratio the larger the value of n.Try finding this 


ratio forn = 10. 


Thus the segment shown is divided into the golden ratio if 


1 x 


me ae 


This leads to a quadratic equation whose positive solution is 


14+ V5 
a 


This ratio occurs naturally in many places. For instance, psychological 


= 1.618 


© Clark Dunbar/Corbis 


experiments show that the most pleasing shape of rectangle is one 
whose sides are in golden ratio. The ancient Greeks agreed with thisand —_ *See Principles of Problem Solving 13 at the book companion website: 


built their temples in this ratio. 


www.stewartmath.com 


& 


& 
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The following properties of sums are natural consequences of properties of the real 


numbers. 


PROPERTIES OF SUMS 


Let a;, a2, a3, a4,... and by, bo, b3, by, . . . be sequences. Then for every positive 
integer n and any real number c, the following properties hold. 


PROOF To prove Property 1, we write out the left side of the equation to get 


n 


D (ax + by) = (ar + by) + (a2 + ba) + (a3 + b3) + +++ + (an + by) 


k=1 


Because addition is commutative and associative, we can rearrange the terms on the right 


side to read 


SD (aq + by) = (ay + ay + a3 +++ +,) + (dy + bp + bz + +++ + dy) 
k=1 


Rewriting the right side using sigma notation gives Property 1. Property 2 is proved ina 
similar manner. To prove Property 3, we use the Distributive Property: 


n 
Sica, = Cay + Cap + Cag +++ + Ca, 
k=1 


n 
(ay + a2 +a; +" +a) =e( Say) 
k=1 


CONCEPTS 
1. A sequence is a function whose domain is 
2. The nth partial sum of a sequence is the sum of the first 
terms of the sequence. So for the sequence a, = n? 
the fourth partial sum is S, = + + + 


SKILLS 


3-12 m Find the first four terms and the 100th term of the 
sequence. 


~Bav=nt+l 4. a, =2n+3 


2 
6. an net+ l 
1 


» 5. a, = 


= 


*. 9a,=1+(-1) 


~ 7a, = 


(<1) 1 
n oan n2 

10. a, = (-1)""1" | 
3 


n+1 
ll. a, =n" 12. a, = 


13-18 m Find the first five terms of the given recursively defined 
sequence. 


©2113, a, = 2(a,-1— 2) and a, =3 


a, 
14, aa and a,=—8 
15. a, = 2a,.1.+1 and a,=1 
16. = n =1 
6. a, a and a, 
17, a, =an-1+ a2 and a,=1,a,=2 
18. a, =a,-1 + a,2 +a,-3 and a,;=a,=a,;=1 


19-24 m Use a graphing calculator to do the following. (a) Find 
~ the first 10 terms of the sequence. (b) Graph the first 10 terms of 
the sequence. 


19. a, = 4n + 3 20. a, =n? +n 
12 
21. a, = 22. a, = 4 — 2(-1)" 
23. a, = and a,=2 
An-1 
24. a, =@,-1—@,-2 and a,=1,a,=3 


25-32 m Find the nth term of a sequence whose first several terms 
are given. 


©.25, 2, 4,8, 16,... 26. —4,4,-t.a,... 
©.27. 1,4,7,10,... 28. 5, —25, 125, —625,... 
“229. LidpGm.:- 30.4525)... 

31. 0, 2,0, 2, 0,2,... 32. 1,3,3,4,5,4,... 


33-36 m Find the first six partial sums S,, S,, S3, Sy, Ss, S¢ of the 
sequence. 


33.133, 5) Fas 34,122, 34,4 as 
Ld ft 4 
35. 332 Bee 36. —1,1,-1,1,... 


37-40 m Find the first four partial sums and the nth partial sum of 


the sequence a,. 

2 1 1 

= = a 
«37. a, 30 38. a, a 


©.39.a,= Vn-Vne+l 


40. a, = oo") [Hint: Use a property of logarithms to 


write the nth term as a difference] 


41-48 m Find the sum. 


4 4 
S41. Dk 42. >k? 
k=1 k=1 
34 100 ; 
43. > - 44, S\(-1)! 
k=1 k j=l 
8 : 12 
45. >)[1 + (-)'] 46. >) 10 
i=1 i=4 
5 3 
47, 2" 48. Sv i2' 
k=1 i=1 


10 100 
49. Sk? 50. >) (3k + 4) 
k=1 k=1 
20 ; 15 1 
51. jel + 52. ; 
ya+i ited 
22 100 (=1)" 
53. 5) (-1)"2n 4. >) 
n=0 n=1 n 
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55-60 = Write the sum without using sigma notation. 


55 > vk 56 SS) 
rei "442i 41 
6 9 
57. k+4 58. S\k(k + 3) 
k=0 k=6 
100 n 
59. Sx 60. S\(-1)!*x! 
k=3 j=l 


61-68 = Write the sum using sigma notation. 


©.61.14+24+3+4+4+---+100 
62.2+4+6 ee) 
©. 63, 124 224 324+---4 10? 
pa 1,1 Me ene 1 
2In2 3ln3 41n4 = 51n5 100 In 100 
1 1 1 1 
65. 7919.37 3-41 * 999-1000 
VI v2, v3 va 
66. 2 72 Fy free 4 as 
67, 1+x+x27 4x34... 4 100 
68. 1 — 2x + 3x? — 4x3 + 5x4 +--+ —100x” 


69. Find a formula for the nth term of the sequence 


V2, V2V2, V2V2V2, V2V2V2V2,... 


[Hint: Write each term as a power of 2.] 
. Define the sequence 


gat (cever on ey") 
n V5 Qn 
Use the [Taste | command on a graphing calculator to find 


the first 10 terms of this sequence. Compare to the Fibonacci 
sequence F ,,. 


APPLICATIONS 


71. Compound Interest Julio deposits $2000 in a savings 
account that pays 2.4% interest per year compounded monthly. 
The amount in the account after n months is given by the 
sequence 

0.024 \" 
= + —_— 
A, 2000( 1 D ) 
(a) Find the first six terms of the sequence. 
(b) Find the amount in the account after 3 years. 


72. Compound Interest Helen deposits $100 at the end of 
each month into an account that pays 6% interest per year 
compounded monthly. The amount of interest she has accumu- 
lated after n months is given by the sequence 


1.005" — 1 
l 100( 0.005 a) 


(a) Find the first six terms of the sequence. 
(b) Find the interest she has accumulated after 5 years. 
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73. 


74, 


75. 


76. 


77, 


78. 


Population of a City A city was incorporated in 2004 
with a population of 35,000. It is expected that the population 
will increase at a rate of 2% per year. The population n years 
after 2004 is given by the sequence 


P, = 35,000(1.02)" 


(a) Find the first five terms of the sequence. 
(b) Find the population in 2014. 


Paying off a Debt Margarita borrows $10,000 from her 

uncle and agrees to repay it in monthly installments of $200. 

Her uncle charges 0.5% interest per month on the balance. 

(a) Show that her balance A, in the nth month is given recur- 
sively by A, = 10,000 and 


A, = 1.005A,_; — 200 
(b) Find her balance after six months. 


Fish Farming A fish farmer has 5000 catfish in his pond. 

The number of catfish increases by 8% per month, and the 

farmer harvests 300 catfish per month. 

(a) Show that the catfish population P,, after n months is given 
recursively by P, = 5000 and 


P, = 1.08P,_; — 300 
(b) How many fish are in the pond after 12 months? 


Price of aHouse The median price of a house in Orange 
County increases by about 6% per year. In 2002 the median 
price was $240,000. Let P,, be the median price n years after 
2002. 

(a) Find a formula for the sequence P,,. 

(b) Find the expected median price in 2010. 


Salary Increases A newly hired salesman is promised a 
beginning salary of $30,000 a year with a $2000 raise every 
year. Let S, be his salary in his nth year of employment. 

(a) Find a recursive definition of S,,. 

(b) Find his salary in his fifth year of employment. 


Concentration of a Solution A biologist is trying to 
find the optimal salt concentration for the growth of a certain 
species of mollusk. She begins with a brine solution that has 
4 g/L of salt and increases the concentration by 10% every 
day. Let C, denote the initial concentration and C, the concen- 
tration after n days. 

(a) Find a recursive definition of C,,. 

(b) Find the salt concentration after 8 days. 


13.2 ARITHMETIC SEQUENCES 


79. 


Fibonacci’s Rabbits Fibonacci posed the following prob- 
lem: Suppose that rabbits live forever and that every month 
each pair produces a new pair that becomes productive at age 
2 months. If we start with one newborn pair, how many pairs 
of rabbits will we have in the nth month? Show that the an- 
swer is F,, where F,, is the nth term of the Fibonacci sequence. 


DISCOVERY =DISCUSSION = WRITING 


80. 


81. 


82. 


Different Sequences That Start the Same 
(a) Show that the first four terms of the sequence a, = n’ are 


1,4,9,16,... 

(b) Show that the first four terms of the sequence 

a, =n? + (n — 1)(n — 2)(n — 3)(n — 4) are also 
1,4, 9, 16,... 

(c) Find a sequence whose first six terms are the same as 
those of a, = n? but whose succeeding terms differ from 
this sequence. 

(d) Find two different sequences that begin 


2,4, 8, 16,... 


A Recursively Defined Sequence _ Find the first 40 
terms of the sequence defined by 


an ne 

> if a, isan even number 
Aandi = 

3a, +1 if a, isan odd number 


and a, = 11. Do the same if a, = 25. Make a conjecture about 
this type of sequence. Try several other values for a;, to test 
your conjecture. 


A Different Type of Recursion Find the first 10 terms 
of the sequence defined by 
An = Apa, , + An-a,, 
with 
a,=1 and a,=1 


How is this recursive sequence different from the others in this 
section? 


| Arithmetic Sequences B Partial Sums of Arithmetic Sequences 


In this section we study a special type of sequence, called an arithmetic sequence. 


V Arithmetic Sequences 


Perhaps the simplest way to generate a sequence is to start with a number a and add to it 
a fixed constant d, over and over again. 


20 


0 
FIGURE 1 
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DEFINITION OF AN ARITHMETIC SEQUENCE 
An arithmetic sequence is a sequence of the form 
a, Gl ar Gl, @) ae el, @) ae ste, @) ar Hel, no 


The number a is the first term, and d is the common difference of the sequence. 
The nth term of an arithmetic sequence is given by 


a, =at+(n—1)d 


The number d is called the common difference because any two consecutive terms of 
an arithmetic sequence differ by d. 


EXAMPLE 1 | Arithmetic Sequences 
(a) If a = 2 andd = 3, then we have the arithmetic sequence 
2,2+3,2+6,24+9,... 
or 2,95 Oy LU ein 


Any two consecutive terms of this sequence differ by d = 3. The nth term is 
a, =2 + 3(n— 1). 
(b) Consider the arithmetic sequence 
9,4, -1, -6,-11,... 
Here the common difference is d = —5. The terms of an arithmetic sequence de- 
crease if the common difference is negative. The nth term isa, = 9 — 5(n — 1). 


(c) The graph of the arithmetic sequence a, = 1 + 2(n — 1) is shown in Figure 1. 
Notice that the points in the graph lie on the straight line y = 2x — 1, which has 
sloped = 2. 


©. NOW TRY EXERCISES 5, 9, AND 13 oO 


An arithmetic sequence is determined completely by the first term a and the common 
difference d. Thus, if we know the first two terms of an arithmetic sequence, then we can 
find a formula for the nth term, as the next example shows. 

EXAMPLE 2 | Finding Terms of an Arithmetic Sequence 
Find the first six terms and the 300th term of the arithmetic sequence 
cy eee 


SOLUTION Since the first term is 13, we have a = 13. The common difference is 
d = 7 — 13 = —6. Thus the nth term of this sequence is 


a, = 13 — 6(n —- 1) 
From this we find the first six terms: 
13; 7,145, = 11, =... 
The 300th term is A399 = 13 — 6(299) = —1781. 
©. NOW TRY EXERCISE 27 | 


The next example shows that an arithmetic sequence is determined completely by any 
two of its terms. 
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MATHEMATICS IN 
THE MODERN WORLD 


Fair Division of Assets 
Dividing an asset fairly among a num- 
ber of people is of great interest to 
mathematicians. Problems of this na- 
ture include dividing the national bud- 
get, disputed land, or assets in divorce 
cases. In 1994 Brams and Taylor found a 
mathematical way of dividing things 
fairly. Their solution has been applied 
to division problems in political sci- 
ence, legal proceedings, and other ar- 
eas. To understand the problem, con- 
sider the following example. Suppose 
persons A and B want to divide a prop- 
erty fairly between them. To divide it 
fairly means that both A and B must be 
satisfied with the outcome of the divi- 
sion. Solution: A gets to divide the 
property into two pieces, then B gets to 
choose the piece he or she wants. Since 
both A and B had a part in the division 
process, each should be satisfied. The 
situation becomes much more compli- 
cated if three or more people are in- 
volved (and that’s where mathematics 
comes in). Dividing things fairly in- 
volves much more than simply cutting 
things in half; it must take into account 
the relative worth each person attaches 
to the thing being divided. A story from 
the Bible illustrates this clearly. Two 
women appear before King Solomon, 
each claiming to be the mother of the 
same newborn baby. King Solomon's 
solution is to divide the baby in half! 
The real mother, who attaches far more 
worth to the baby than anyone else 
does, immediately gives up her claim to 
the baby to save the baby’s life. 
Mathematical solutions to fair- 
division problems have recently been 
applied in an international treaty, the 
Convention on the Law of the Sea. If a 
country wants to develop a portion of 
the sea floor, it is required to divide the 
portion into two parts, one part to be 
used by itself and the other by a con- 
sortium that will preserve it for later 
use by a less developed country. The 
consortium gets first pick. 


EXAMPLE 3 | Finding Terms of an Arithmetic Sequence 


The 11th term of an arithmetic sequence is 52, and the 19th term is 92. Find the 1000th 
term. 


SOLUTION To find the nth term of this sequence, we need to find a and d in the formula 
a,=at+(n-—1)d 


From this formula we get 


Since a,, = 52 and ay, = 92, we get the two equations: 


eee 
92 =a + 18d 


Solving this system for a and d, we get a = 2 andd = 5. (Verify this.) Thus the nth term 
of this sequence is 


a, = 2+ 5(n— 1) 
The 1000th term is ajo99 = 2 + 5(1000 — 1) = 4997. 
®. NOW TRY EXERCISE 37 a 


V Partial Sums of Arithmetic Sequences 


Suppose we want to find the sum of the numbers 1, 2, 3, 4,..., 100, that is, 

100 

yk 

k=1 
W hen the famous mathematician C. F. Gauss was a schoolboy, his teacher posed this prob- 
lem to the class and expected that it would keep the students busy for along time. But 
Gauss answered the question almost immediately. His idea was this: Since we are adding 
numbers produced according to a fixed pattern, there must also be a pattern (or formula) 
for finding the sum. He started by writing the numbers from 1 to 100 and then below them 
wrote the same numbers in reverse order. Writing S for the sum and adding corresponding 
terms give 


S= 1+ 2+ 34:::+ 98+ 99+ 100 
§$=100+ 99+ 98+::-+ 3+ 2+ 1 
2S = 101 + 101 + 101 +--+ 101+ 101 +101 
It follows that 25 = 100(101) = 10,100 and so S = 5050. 
Of course, the sequence of natural numbers 1, 2, 3, .. . is an arithmetic sequence (with 
a = 1 andd = 1), and the method for summing the first 100 terms of this sequence can 
be used to find a formula for the nth partial sum of any arithmetic sequence. We want to 


find the sum of the first n terms of the arithmetic sequence whose terms are 
a, =a + (kK — 1)d; that is, we want to find 


S [a + (k - 1d) 
= 


=at+(atd)+(a+2d)+ (a+ 3d) +-:: + [a+(n—1)d] 


Sp 


Using Gauss’s method, we write 

S, = a + (a + d) tod fe ein = 2)d) + la + in — Td] 
S, = [a+ (n—1)d] + [at+(n—2)d] +--+ + (a + d) + a 

2S, = [2a + (n — 1)d] + [2a + (n — 1)d] +--+ + [2a + (n — 1)d] + [2a + (n — 1)d] 
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There are n identical terms on the right side of this equation, so 
2S, = n[2a + (n — 1)d] 
n 
Sa = 7 |2a + (n — 1)d] 


Notice that a, = a + (n — 1)d is the nth term of this sequence. So we can write 


n ata, 
s,= Ba +a +(n- 1d] = af 5 ) 


This last formula says that the sum of the first n terms of an arithmetic sequence is the av- 
erage of the first and nth terms multiplied by n, the number of terms in the sum. We now 
summarize this result. 


PARTIAL SUMS OF AN ARITHMETIC SEQUENCE 
For the arithmetic sequence a, = a + (n — 1)d the nth partial sum 
Sn ae (ae Ol (a 20) (de SOs ja (mn — 1d 


is given by either of the following formulas. 


Te = See = al 2. s,=0(25*2) 


2 2 


EXAMPLE 4 | Finding a Partial Sum of an Arithmetic Sequence 
Find the sum of the first 40 terms of the arithmetic sequence 
3,7,11,15,... 


SOLUTION For this arithmetic sequence, a = 3 and d = 4. Using Formula 1 for the 
partial sum of an arithmetic sequence, we get 


Sao = 2[2(3) + (40 — 1)4] = 20(6 + 156) = 3240 
&®. NOW TRY EXERCISE 43 & 


EXAMPLE 5 | Finding a Partial Sum of an Arithmetic Sequence 
Find the sum of the first 50 odd numbers. 


SOLUTION Theodd numbers form an arithmetic sequence with a = 1 and 

d = 2. The nth term isa, = 1 + 2(n — 1) = 2n — 1, So the 50th odd number is 

As9 = 2(50) — 1 = 99. Substituting in Formula 2 for the partial sum of an arithmetic 
sequence, we get 


ata + 
S50 = 50( 5 ) = 50(? ~°) = 50-50 = 2500 
&. NOW TRY EXERCISE 49 |_| 


EXAMPLE 6 | Finding the Seating Capacity of an Amphitheater 


An amphitheater has 50 rows of seats with 30 seats in the first row, 32 in the second, 34 
in the third, and so on. Find the total number of seats. 
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SOLUTION Thenumbers of seats in the rows form an arithmetic sequence with a = 30 


ay, and d = 2. Since there are 50 rows, the total number of seats is the sum 
a Sso = 7[2(30) + 49(2)]  §, = F[2a + (n ~ 1d] 


= 3950 


<——— Thus the amphitheater has 3950 seats. 
a) 
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EXAMPLE 7 | Finding the Number of Terms in a Partial Sum 
How many terms of the arithmetic sequence 5, 7, 9,... must be added to get 572? 
SOLUTION Weare asked to find n when S, = 572. Substituting a = 5, d = 2, and 
S, = 572 in Formula 1 for the partial sum of an arithmetic sequence, we get 


572 = s[2-5 +(N—1)2] 5, =S[2a+ (1d) 


572 = 5n + n(n — 1) Distributive Property 
0 =n? + 4n — 572 Expand 
0 = (n — 22)(n + 26) Factor 
This gives n = 22 or n = —26. But sincen is the number of terms in this partial sum, we 
must have n = 22. 
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CONCEPTS 9-12 m Find the nth term of the arithmetic sequence with given 
first term a and common difference d. What is the 10th term? 


1. An arithmetic sequence is a sequence in which the 


between successive terms is constant. ®& 9,a=3,d=5 10. a = —6,d = 3 
2. The sequence a, = a + (n — 1)d is an arithmetic sequence in ll. a =3,d = -3 12. a = V3,d = V3 
which a is the first term and d is the ——. SO 13-20 = Determine whether the sequence is arithmetic. If it is 
for the arithmetic sequence a, = 2 + 5(n — 1) the first term is arithmetic, find the common difference. 
_______, and the common differenceis___—— ®.13,5,8,11,14,... 14. 3, 6,9,13,... 
3. True or false? The nth partial sum of an arithmetic sequence is 15. 2, 4,8, 16,... 16. 2, 4,6,8,... 
the average of the first and last terms times n. 
17. 3,3,0, -3,... 18. In 2, In 4, In8,In16,... 
4. True or false? If we know the first and second terms of an vay ah 
arithmetic sequence, then we can find any other term. 19. 2.6, 4.3, 6.0, 7.7,... 20. 3,3) a5) ++ 


21-26 m Find the first five terms of the sequence, and determine 
SKILLS whether it is arithmetic. If it is arithmetic, find the common differ- 
ence, and express the nth term of the sequence in the standard 
forma, =a + (n—1)d. 


5-8 m A sequence is given. (a) Find the first five terms of the se- 


quence. (b) What is the common difference d? (c) Graph the terms 
you found in (a). 21. a, =4+ 7n 22. a, =4+42" 


1 
2 = = a _ = 
~ 5. a, =5 + 2(n — 1) 6. a, = 3 — 4(n — 1) 23. a, Ton 


24. a,=1 +3 
7.a,=3-(n-1) 8. a, = 3(n — 1) 25. a, = 6n — 10 26. a, = 3 + (-1)"n 


27-36 m= Determine the common difference, the fifth term, the nth 


ter 


27, 
29. 
31. 
33. 
35. 
36. 
®. 37, 


38. 


39. 


40. 


41, 
42. 


m, and the 100th term of the arithmetic sequence. 

20 Oy Ulisse 28, 1,5, 9,13,... 

4,9,14,19,... 30. 11,8,5,2,... 

—12, -8, -4,0,... Be Ge ines 

25, 26.5, 28, 29.5,... 34, 15, 12.3, 9.6, 6.9,... 

2,2+5,2+25,2+35,... 
t.=t+:3, -t 6, —t +.9,..2: 


The tenth term of an arithmetic sequence is 3, and the second 
term is . Find the first term. 


The 12th term of an arithmetic sequence is 32, and the fifth 
term is 18. Find the 20th term. 


The 100th term of an arithmetic sequence is 98, and the com- 
mon difference is 2. Find the first three terms. 


The 20th term of an arithmetic sequence is 101, and the com- 
mon difference is 3. Find a formula for the nth term. 


Which term of the arithmetic sequence 1, 4, 7,... iS 88? 


The first term of an arithmetic sequence is 1, and the common 
difference is 4. ls 11,937 a term of this sequence? If so, which 
term is it? 


43-48 m Find the partial sum S, of the arithmetic sequence that 
satisfies the given conditions. 


®.43,a=1,d =2,n=10 44, a =3,d=2,n=12 
45.a=4,d =2,n = 20 46. a = 100,d 5,n=8 
47, a, = 55,d = 12,n = 10 48. a, = 8,a, = 9.5,n =15 
49-54 m@ A partial sum of an arithmetic sequence is given. Find 
the sum. 
©.49,1454+94--.4+ 401 
50. -3 + (-3)+04+34+3+-::+30 
51.0.74+2.74+474+---+ 56.7 
52. -10-9.9-98—-----01 
10 20 
53. 5\(3 + 0.25k) 54. S\(1 — 2n) 
k=0 n=0 


57. 


58. 


. Show that a right triangle whose sides are in arithmetic pro- 
gression is similar to a 3-4-5 triangle. 


. Find the product of the numbers 
101/10 192/10 193/10 494/10 


A sequence is harmonic if the reciprocals of the terms of the 
sequence form an arithmetic sequence. Determine whether the 
following sequence is harmonic: 


1919/10 


nee 
The harmonic mean of two numbers is the reciprocal of the 


average of the reciprocals of the two numbers. Find the har- 
monic mean of 3 and 5. 


. An arithmetic sequence has first term a = 5 and common dif- 
ference d = 2. How many terms of this sequence must be 
added to get 2700? 


60. 
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An arithmetic sequence has first term a, = 1 and fourth term 
a, = 16. How many terms of this sequence must be added to 
get 2356? 


APPLICATIONS 


61. 


62. 


63. 


64. 


~ 65. 


66. 


67. 


Depreciation The purchase value of an office computer is 
$12,500. Its annual depreciation is $1875. Find the value of 
the computer after 6 years. 


Poles in a Pile Telephone poles are being stored in a pile 
with 25 poles in the first layer, 24 in the second, and so on. If 
there are 12 layers, how many telephone poles does the pile 
contain? 


eo°™ 
ooo” 


Salary Increases A man gets ajob with a salary of 
$30,000 a year. He is promised a $2300 raise each subsequent 
year. Find his total earnings for a 10-year period. 


Drive-In Theater A drive-in theater has spaces for 20 
cars in the first parking row, 22 in the second, 24 in the third, 
and so on. If there are 21 rows in the theater, find the number 
of cars that can be parked. 


Theater Seating An architect designs a theater with 15 
seats in the first row, 18 in the second, 21 in the third, and so 
on. If the theater is to have a seating capacity of 870, how 
many rows must the architect use in his design? 


Falling Ball When an object is allowed to fall freely near 
the surface of the earth, the gravitational pull is such that the 
object falls 16 ft in the first second, 48 ft in the next second, 
80 ft in the next second, and so on. 

(a) Find the total distance a ball falls in 6 s. 

(b) Find a formula for the total distance a ball falls in n seconds. 


The Twelve Days of Christmas In the well-known song 
“The Twelve Days of Christmas,” a person gives his sweetheart 
k gifts on the kth day for each of the 12 days of Christmas. The 
person also repeats each gift identically on each subsequent day. 
Thus, on the 12th day the sweetheart receives a gift for the first 
day, 2 gifts for the second, 3 gifts for the third, and so on. Show 
that the number of gifts received on the 12th day is a partial 
sum of an arithmetic sequence. Find this sum. 


DISCOVERY = DISCUSSION = WRITING 


68. 


Arithmetic Means The arithmetic mean (or average) of 
two numbers a and b is 
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Note that m is the same distance from a as from b, so a, m, b (a) Insert two arithmetic means between 10 and 18. 
is an arithmetic sequence. In general, if my, m2,...,M, are (b) Insert three arithmetic means between 10 and 18. 
equally spaced between a and b so that (c) Suppose a doctor needs to increase a patient's dosage of a 
Ss die. Hh es certain medicine from 100 mg to 300 mg per day in five 
Se ae equal steps. How many arithmetic means must be inserted 
is an arithmetic sequence, then m,, m,,..., m, are called k between 100 and 300 to give the progression of daily 
arithmetic means between a and b. doses, and what are these means? 


13.3 GEOMETRIC SEQUENCES 


Geometric Sequences > Partial Sums of Geometric Sequences > What Is an 
Infinite Series? B Infinite Geometric Series 


In this section we study geometric sequences. This type of sequence occurs frequently in 
applications to finance, population growth, and other fields. 


V Geometric Sequences 


Recall that an arithmetic sequence is generated when we repeatedly add a number d to an 
initial term a. A geometric sequence is generated when we start with a number a and re- 
peatedly multiply by a fixed nonzero constant r. 


DEFINITION OF A GEOMETRIC SEQUENCE 
A geometric sequence is a sequence of the form 


By, Blt) ORS, EW, Bo ae 


The number a is the first term, and r is the common ratio of the sequence. The 
nth term of a geometric sequence is given by 


a= on 


The number r is called the common ratio because the ratio of any two consecutive 
terms of the sequence is r. 
EXAMPLE 1 | Geometric Sequences 
(a) If a = 3 andr = 2, then we have the geometric sequence 
3 Bed, a2. Bee. B25 


or 3, 6, 12, 24, 48,... 
Notice that the ratio of any two consecutive terms is r = 2. The nth term is 
ap =2e 


(b) The sequence 
2, —10, 50, —250, 1250,... 


is a geometric sequence with a = 2 andr = —5. Whenr is negative, the terms of 
the sequence alternate in sign. The nth term is a, = 2(—5)""}. 


(c) The sequence 


2 
is a geometric sequence with a = 1 andr = }. Thenth termisa, = 1(3)" 


20 


0 
FIGURE 1 


\ 
° 
\ 
a 
fa : 
} a dll 


5. oS 


ON WIN 


0 1 


FIGURE 2 
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(d) The graph of the geometric sequence a, = ¢: 2" ‘is shown in Figure 1. Notice that 
the points in the graph lie on the graph of the exponential function y = $-2* 7. 


If 0<r <1, then the terms of the geometric sequence ar"? decrease, but if r > 1, then 
the terms increase. (W hat happens if r = 1?) 


©. NOW TRY EXERCISES 5, 9, AND 13 | 


Geometric sequences occur naturally. Here is a simple example. Suppose a ball has 
elasticity such that when it is dropped, it bounces up one-third of the distance it has fallen. 
If this ball is dropped from a height of 2 m, then it bounces up to a height of 2(3) = 3 m. 
On its second bounce, it returns to a height of (3)(3) = § m, and so on (see Figure 2). 
Thus, the height h, that the ball reaches on its nth bounce is given by the geometric 
sequence 


ha = 3G)" = 20) 
We can find the nth term of a geometric sequence if we know any two terms, as the fol- 
lowing examples show. 
EXAMPLE 2 | Finding Terms of a Geometric Sequence 
Find the eighth term of the geometric sequence 5, 15, 45,.... 


SOLUTION To find a formula for the nth term of this sequence, we need to find 
a andr. Clearly, a = 5. To find r, we find the ratio of any two consecutive terms. 
For instance, r = #2 = 3. Thus 


a, = 5(3)"* 
The eighth term is ag = 5(3)® ! = 5(3)’ = 10,935. 


©. NOW TRY EXERCISE 27 | 


EXAMPLE 3 | Finding Terms of a Geometric Sequence 
The third term of a geometric sequence is °%, and the sixth term is “454. Find the fifth term. 


SOLUTION Since this sequence is geometric, its nth term is given by the formula 
a, = ar" +. Thus 


ag = ar? = ar 
de Sar Sar 


From the values we are given for these two terms, we get the following system of 
equations: 


@ = ar? 
i = ar5 
We solve this system by dividing. 
ar> 
ae 
pPaZ Simplify 


r= 3 Take cube root of each side 


Substituting for r in the first equation, &¢ = ar’, gives 


a 
a=7 Solve for a 
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The Granger Collection, New York. All rights reserved 


SRINIVASA RAMANUJAN 
(1887-1920) was born into a poor fam- 
ily in the small town of Kumbakonam 
in India. Self-taught in mathematics, he 
worked in virtual isolation from other 
mathematicians. At the age of 25 he 
wrote a letter to G. H. Hardy, the leading 
British mathematician at the time, list- 
ing some of his discoveries. Hardy im- 
mediately recognized Ramanujan’s ge- 
nius, and for the next six years the two 
worked together in London until 
Ramanujan fell ill and returned to his 
hometown in India, where he died a 
year later. Ramanujan was a genius 
with phenomenal ability to see hidden 
patterns in the properties of numbers. 
Most of his discoveries were written as 
complicated infinite series, the impor- 
tance of which was not recognized un- 
til many years after his death. In the last 
year of his life he wrote 130 pages of 
mysterious formulas, many of which 
still defy proof. Hardy tells the story 
that when he visited Ramanujan in a 
hospital and arrived in a taxi, he re- 
marked to Ramanujan that the cab’s 
number, 1729, was uninteresting. 
Ramanujan replied “No, it is a very in- 
teresting number. It is the smallest 
number expressible as the sum of two 
cubes in two different ways.” 


It follows that the nth term of this sequence is 


an = 73)" 
Thus the fifth term is 
25 = 10"? = 10)! = # 
©. NOW TRY EXERCISE 37 
V Partial Sums of Geometric Sequences 
For the geometric sequence a, ar, ar’, ar>, ar*,..., ar" +,..., thenth partial sum is 


n 
S.= Dartt=a+ar+ar?+are+art+::: 
k=1 


To find a formula for S,, we multiply S, by r and subtract from S,. 


+art? 


S,=atartart+aretaré++::+ar"? 
(Ss; = ar tar? +are?>t+ar¢*+:::+ar "+4 ar" 
S, —rS, =a-—ar" 
So $1 —r) =a(1 — 1") 
a(l — r") 
SM =—7L,)CO FD) 


We summarize this result. 


PARTIAL SUMS OF A GEOMETRIC SEQUENCE 


For the geometric sequence a, = ar" +, the nth partial sum 


S,=atart+ar?+ar?+ar4+-+:++ar™? 
is given by 


1-r" 


EXAMPLE 4 | Finding a Partial Sum of a Geometric Sequence 


Find the sum of the first five terms of the geometric sequence 
1, 0.7, 0.49, 0.343,... 


SOLUTION Therequired sum is the sum of the first five terms of a geometric sequence 


(r #1) 


with a = 1 andr = 0.7. Using the formula for S, with n = 5, we get 


1 — (0.7)° 
1-07 
Thus the sum of the first five terms of this sequence is 2.7731. 

©. NOW TRY EXERCISES 43 AND 47 


S,=1- = 2.7731 


EXAMPLE 5 | Finding a Partial Sum of a Geometric Sequence 


e] 
Find the sum 5° 7(—3)*. 
k=1 


FIGURE 3 
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SOLUTION The given sum is the fifth partial sum of a geometric sequence with first 


term a = 7(—4)! = —4and common ratio r = —4. Thus, by the formula for S, we have 
5 MACY _ 1+ 70 
: 3 1-(-3) 3 8 243 

©. NOW TRY EXERCISE 49 


V What Is an Infinite Series? 
An expression of the form 


oo 
Sa, = ay + ay + a3 t+ ayte 
k=1 


is called an infinite series. The dots mean that we are to continue the addition indefinitely. 
W hat meaning can we attach to the sum of infinitely many numbers? It seems at first that it 
is not possible to add infinitely many numbers and arrive at a finite number. But consider 
the following problem. You have a cake, and you want to eat it by first eating half the cake, 
then eating half of what remains, then again eating half of what remains. This process can 
continue indefinitely because at each stage, some of the cake remains. (See Figure 3.) 


Does this mean that it’s impossible to eat all of the cake? Of course not. Let’s write 
down what you have eaten from this cake: 


tee ee ee ee 

> He 24 8 1G 

This is an infinite series, and we note two things about it: First, from Figure 3 it’s clear 
that no matter how many terms of this series we add, the total will never exceed 1. Sec- 
ond, the more terms of this series we add, the closer the sum is to 1 (see Figure 3). This 
suggests that the number 1 can be written as the sum of infinitely many smaller numbers: 


re er ee | 1 


ee ae a aa ee 
To make this more precise, let’s look at the partial sums of this series: 
1 1 
ae “2 
1 1 3 
og “4 
Lt. 1 7 
—_— + _ 
erg ag 8 
S 1 e 1 Ff 1 £ 15 
‘"2°4°8 16° 16 
and, in general (see Example 5 of Section 13.1), 
1 
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Here is another way to arrive at the 


formula fo 


metric seri 
S =e 
=ad 
=a 


r the sum of an infinite geo- 
es: 


Per at? ar 4 es 
Pla + ar ar? S464) 
+ rS 


Solve the equationS =a +rS forS 


to get 


§$-—rS=a 
(l-—r)S=a 
=..% 
Lf 


Asn gets larger and larger, we are adding more and more of the terms of this series. In- 
tuitively, as n gets larger, S, gets closer to the sum of the series. Now notice that as n gets 
large, 1/2" gets closer and closer to 0. Thus S,, gets close to 1 — 0 = 1. Using the notation 
of Section 4.6, we can write 


S, 21 a no 


In general, if S, gets close to a finite number S as n gets large, we say that the infinite se- 
ries converges (or is convergent). The number S is called the sum of the infinite series. 
If an infinite series does not converge, we say that the series diverges (or is divergent). 


V Infinite Geometric Series 
An infinite geometric series is a series of the form 
a ar ar ar ar ee ar 


We can apply the reasoning used earlier to find the sum of an infinite geometric series. 
The nth partial sum of such a series is given by the formula 
1-r° 
= r#1 

aa or ) 
It can be shown that if |r| < 1, then r" gets close to 0 as n gets large (you can easily con- 
vince yourself of this using a calculator). It follows that S, gets close to a/(1 — r) asn 
gets large, or 


as nN->w 


Sp 


= 
Lo=it 


Thus the sum of this infinite geometric series is a/(1 — r). 


SUM OF AN INFINITE GEOMETRIC SERIES 


If |r| <1, then the infinite geometric series 


Co 
SS ae i sere Se a? ee 
k= 1 


converges and has the sum 


If |r| = 1, the series diverges. 


MATHEMATICS IN THE MODERN WORLD 


Fractals 
Many of the things we and repeating the shape indefinitely according to a given rule. Fractals 
model in this book have have infinite detail; this means the closer you look, the more you see. 
regular predictable shapes. They are also self-similar; that is, zooming in on a portion of the fractal 
But recent advances in yields the same detail as the original shape. Because of their beautiful 
mathematics have made it shapes, fractals are used by movie makers to create fictional landscapes 
possible to model such and exotic backgrounds. 
@ seemingly random or even Although a fractal is a complex shape, it is produced according to 
S chaotic shapes as those ofa _ very simple rules. This property of fractals is exploited in a process of 
e cloud, a flickering flame, a storing pictures on a computer called fractal image compression. In this 
= mountain, or a jagged process a picture is stored as a simple basic shape and a rule; repeating 
>) coastline. The basic tools in the shape according to the rule produces the original picture. This is an 
this type of modeling are extremely efficient method of storage; that’s how thousands of color 
the fractals invented by the mathematician Benoit Mandelbrot. A frac- pictures can be put on a single compact disc. 


tal is a geometric shape built up from a simple basic shape by scaling 
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EXAMPLE 6 | Infinite Series 


Determine whether the infinite geometric series is convergent or divergent. If it is con- 
vergent, find its sum. 


(he te mai+t+(Z)+(Z) + 
5 25 125 5 5 5 
SOLUTION 
(a) This is an infinite geometric series witha = 2 andr = §. Since |r| = |§| <1, the 
series converges. By the formula for the sum of an infinite geometric series we have 
2 5 
Tat 2 
(b) This is an infinite geometric series with a = 1 andr = 4. Since |r| = |2| > 1, the 


series diverges. 


©. NOW TRY EXERCISES 51 AND 55 | 


EXAMPLE 7 | Writing a Repeated Decimal as a Fraction 


Find the fraction that represents the rational number 2.351. 


SOLUTION This repeating decimal can be written as a series: 


23 i 51 2 51 s 51 a 51 
10 1000 100,000 10,000,000 1,000,000,000 
After the first term, the terms of this series form an infinite geometric series with 
a= J and r= a 
1000 100 
Thus the sum of this part of the series is 
5 = sido _ it _ 51.100 —51 
l— a io 1000 99 990 
23, ol. 2520 308 


2 2351 = 75 + 999 990 ~ 165 


©. NOW TRY EXERCISE 63 | 
CONCEPTS 4. (a) The nth partial sum of a geometric sequence a, = ar” ‘is 
1. A geometric sequence is a sequence in which the of given by S, = 


successive terms is constant. ! 
(b) The series 
2. The sequence a, = ar" !is a geometric sequence in which a m 
. . . k-1 1 1 2 ft 3 | a Oe 
is the first term and r is the . So for the aa arar + ar’ + ar” 4 


geometric sequence a, = 2(5)""1 the first termis_—_, 


isaninfinite_____—_—sseries. If |r| < 1, then this 


and the common ratio is ; . . 
series__ ss, and its sumisS = 


3. True or false? If we know the first and second terms of a geo- ; 
metric sequence, then we can find any other term. If |r| = 1, the series 
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SKILLS 


5-8 m= Thenth term of a sequence is given. (a) Find the first five 
terms of the sequence. (b) What is the common ratio r? (c) Graph 
the terms you found in (a). 


©. 5, 


7. 


a, = 5(2)"" 


an = 3(-#)"* 


6. a, = 3(-4)" 
8 a, = 3"? 


9-12 m Find the nth term of the geometric sequence with given 
first term a and common ratio r. What is the fourth term? 


10. a = —6, 
12. a = V3, 


r=3 
r=Vv3 


13-20 m Determine whether the sequence is geometric. If it is 
geometric, find the common ratio. 


®. 13. 


2,4, 8, 16,... 14, 2, 6, 18, 36,... 
3,332. 16. 27, —9,3, -1,... 
by 3rd Bre 18. e7,e4,e% 8... 
1.0, 1.1, 1.21, 1.331,... 203,%%4--: 


21-26 m Find the first five terms of the sequence, and determine 
whether it is geometric. If it is geometric, find the common ratio, 
and express the nth term of the sequence in the standard form 


a, =ar™?, 

21. a, = 2(3)" 22.a,=4+3" 
1 

23. an = a 24. a, = (-1)'2" 

25. a, = In(5""1) 26. a, =n" 


27-36 = Determine the common ratio, the fifth term, and the nth 
term of the geometric sequence. 


27, 
29. 
30. 
31, 


33. 


35. 
© 237, 


38. 


39. 


40. 


41. 


42. 


2,6, 18, 54,... 28. 7, 4,2, %,... 

0.3, —0.09, 0.027, —0.0081,... 

Ve. 2 avis 

144, -12,1,-y,... 32. —8, -2, -3, -j ... 
37827 Cg 

et ee ane a 


1 52/7 54/7 6/7 _ 36. 5 5ctl B2c+1 53c+1 — 


The first term of a geometric sequence is 8, and the second 
term is 4. Find the fifth term. 


The first term of a geometric sequence is 3, and the third term 
is $. Find the fifth term. 


The common ratio in a geometric sequence is 2, and the fourth 
term is 3. Find the third term. 


The common ratio in a geometric sequence is 3, and the fifth 
term is 1. Find the first three terms. 


Which term of the geometric sequence 2, 6, 18,...is 
118,098? 


The second and fifth terms of a geometric sequence are 10 and 
1250, respectively. Is 31,250 a term of this sequence? If so, 
which term is it? 


43-46 m Find the partial sum S, of the geometric sequence that 
satisfies the given conditions. 


©.43.a=5, r=2, n=6 44a=% r=}, n=4 
45. a, = 28, a, = 224, n=6 
46. a, = 0.12, a; = 0.00096, n=4 
47-50 m Find the sum. 
©2471 4+3494-+-- +4 2187 
48.1-5+45-g+°°°-b 
10 ak 5 xf 
“249, > 3(2) 50. > 73) 
= j= 


51-62 m Determine whether the infinite geometric series is 
convergent or divergent. If it is convergent, find its sum. 


© 051, 


53. 


58. 
59. 


60. 


61. 


62. 


11 1 11d 
peg g tage Sieh ee 
i. 4 2 2 4 8 
eae) Bh ge 95. Ags 
3. (3)? (33 
143+ (3) -(3) 3 
1,i1,1 J 1, 
36 © 38 © 310 312 | 
3.3 3 
5 EG 
me ee ee ee ee 
3 — 3(1.1) + 3(1.1)? - 311 +- 
100,10 |, 3 
9 3 " 10 
oe ar core re 
V2°2 272° 40 
1977 6239 ea 


63-68 m Express the repeating decimal as a fraction. 


263. 
66. 
69. 


70. 


0.777... 64. 0.253 
2.1125 67. 0.112 68. 0.123123123... 


If the numbers aj, a2,..., a, form a geometric sequence, then 
a>, a3,..., A, are geometric means between a, and a,. In- 
sert three geometric means between 5 and 80. 


65. 0.030303... 


Find the sum of the first ten terms of the sequence 
a+b,a? + 2b,a? + 3b,a* + 4b,... 


APPLICATIONS 


71, 


Depreciation A construction company purchases a bull- 

dozer for $160,000. Each year the value of the bulldozer de- 

preciates by 20% of its value in the preceding year. Let V, be 

the value of the bulldozer in the nth year. (Letn = 1 be the 

year the bulldozer is purchased.) 

(a) Find a formula for V,. 

(b) In what year will the value of the bulldozer be less than 
$100,000? 


72. 


73. 


74, 


75. 


76. 


77. 


78. 


79. 


Family Tree A person has two parents, four grandparents, 
eight great-grandparents, and so on. How many ancestors does 
a person have 15 generations back? 


Grandfather 

Father mE 
Grandmother 
Grandfather 

M other 
Grandmother 


Bouncing Ball A ball is dropped from a height of 80 ft. 
The elasticity of this ball is such that it rebounds three-fourths 
of the distance it has fallen. How high does the ball rebound 
on the fifth bounce? Find a formula for how high the ball re- 
bounds on the nth bounce. 


Bacteria Culture A culture initially has 5000 bacteria, 
and its size increases by 8% every hour. How many bacteria 
are present at the end of 5 hours? Find a formula for the num- 
ber of bacteria present after n hours. 


Mixing Coolant A truck radiator holds 5 gal and is filled 
with water. A gallon of water is removed from the radiator and 
replaced with a gallon of antifreeze; then a gallon of the mix- 
ture is removed from the radiator and again replaced by a gal- 
lon of antifreeze. This process is repeated indefinitely. How 
much water remains in the tank after this process is repeated 

3 times? 5 times? n times? 


Musical Frequencies The frequencies of musical notes 
(measured in cycles per second) form a geometric sequence. 
Middle C has a frequency of 256, and the C that is an octave 
higher has a frequency of 512. Find the frequency of C two 
octaves below middle C. 


4 2 
4 | 


Bouncing Ball A ball is dropped from a height of 9 ft. 

The elasticity of the ball is such that it always bounces up one- 

third the distance it has fallen. 

(a) Find the total distance the ball has traveled at the instant it 
hits the ground the fifth time. 

(b) Find a formula for the total distance the ball has traveled 
at the instant it hits the ground the nth time. 


Geometric Savings Plan A very patient woman wishes 
to become a billionaire. She decides to follow a simple scheme: 
She puts aside 1 cent the first day, 2 cents the second day, 

4 cents the third day, and so on, doubling the number of cents 
each day. How much money will she have at the end of 30 days? 
How many days will it take this woman to realize her wish? 


St. Ives The following is a well-known children’s rhyme: 

As| was going to St. Ives, 

| met a man with seven wives; 

Every wife had seven sacks; 

Every sack had seven cats; 

Every cat had seven kits; 

Kits, cats, sacks, and wives, 

How many were going to St. Ives? 
Assuming that the entire group is actually going to St. Ives, 
show that the answer to the question in the rhyme is a partial 
sum of a geometric sequence, and find the sum. 


80. 


81. 


82. 


83. 


84. 
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Drug Concentration A certain drug is administered once 
a day. The concentration of the drug in the patient's blood- 
stream increases rapidly at first, but each successive dose has 
less effect than the preceding one. The total amount of the drug 
(in mg) in the bloodstream after the nth dose is given by 


n 
> 50(3)™ 
1 


(a) Find the amount of the drug in the bloodstream after 
n = 10 days. 

(b) If the drug is taken on a long-term basis, the amount in 
the bloodstream is approximated by the infinite series 


S'50(3)**. Find the sum of this series. 
k=1 


Bouncing Ball A certain ball rebounds to half the height 
from which it is dropped. Use an infinite geometric series to 
approximate the total distance the ball travels after being 
dropped from 1 m above the ground until it comes to rest. 


Bouncing Ball _/f the ball in Exercise 81 is dropped from 
a height of 8 ft, then 1 s is required for its first complete 
bounce— from the instant it first touches the ground until it 
next touches the ground. Each subsequent complete bounce re- 
quires 1/\/2 as long as the preceding complete bounce. Use 
an infinite geometric series to estimate the time interval from 
the instant the ball first touches the ground until it stops 
bouncing. 


Geometry The midpoints of the sides of a square of side 1 
are joined to form a new square. This procedure is repeated for 
each new square. (See the figure.) 

(a) Find the sum of the areas of all the squares. 

(b) Find the sum of the perimeters of all the squares. 


Geometry A circular disk of radius R is cut out of paper, 
as shown in figure (a). Two disks of radius R are cut out of 
paper and placed on top of the first disk, as in figure (b), and 
then four disks of radius #R are placed on these two disks, as 
in figure (c). Assuming that this process can be repeated in- 
definitely, find the total area of all the disks. 


(a) (b) (c) 
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85. Geometry A yellow square of side 1 is divided into nine 87. Reciprocals of a Geometric Sequence fa, a,, 
smaller squares, and the middle square is colored blue as a3, ... iS a geometric sequence with common ratio r, show 
shown in the figure. Each of the smaller yellow squares is in that the sequence 
turn divided into nine squares, and each middle square is col- 111 
ored blue. If this process is continued indefinitely, what is the wales 


total area that is colored blue? 
is alSo a geometric sequence, and find the common ratio. 


88. Logarithms of a Geometric Sequence fa), a;, 
a3, ... iS a geometric sequence with a common ratio r > 0 
and a, > 0, show that the sequence 


10g a, 10g az, log az... 


is an arithmetic sequence, and find the common difference. 


89. Exponentials of an Arithmetic Sequence _|f a;, a;, 
a3,...1S an arithmetic sequence with common difference d, 
show that the sequence 


DISCOVERY = DISCUSSION = WRITING 10%; 10") 10" 22: 

86. Arithmetic or Geometric? The first four terms of ase is a geometric sequence, and find the common ratio. 
quence are given. Determine whether these terms can be the 
terms of an arithmetic sequence, a geometric sequence, or DISCOVERY 
neither. Find the next term if the sequence is arithmetic or WEISS Finding Patterns 
alg 5 3 (b) 1,1,3,2 In this project we investigate the process of finding 
i V3 3 3/3, 9. ‘ (d) ; ey i aa patterns in sequences by using “difference sequences.” 
ted 3 =e , aan (f) be ee a4 ‘4 ag You can find the project at the book companion website: 
(9) =3 103s (h) V5, W5, 5, 1 -_ ue www.stewartmath.com 


13.4 MATHEMATICS OF FINANCE 


The Amount of an Annuity ® The Present Value of an Annuity 
> Installment Buying 


M any financial transactions involve payments that are made at regular intervals. For ex- 
ample, if you deposit $100 each month in an interest-bearing account, what will the value 
of your account be at the end of 5 years? If you borrow $100,000 to buy a house, how 
much must your monthly payments be in order to pay off the loan in 30 years? Each of 
these questions involves the sum of a sequence of numbers; we use the results of the pre- 
ceding section to answer them here. 


V The Amount of an Annuity 


An annuity is a sum of money that is paid in regular equal payments. Although the word 
annuity suggests annual (or yearly) payments, they can be made semiannually, quarterly, 
monthly, or at some other regular interval. Payments are usually made at the end of the 
payment interval. The amount of an annuity is the sum of all the individual payments 
from the time of the first payment until the last payment is made, together with all the in- 
terest. We denote this sum by A, (the subscript f here is used to denote final amount). 


EXAMPLE 1 | Calculating the Amount of an Annuity 


Aninvestor deposits $400 every December 15 and J une 15 for 10 years in an account that 
earns interest at the rate of 8% per year, compounded semiannually. How much will bein 
the account immediately after the last payment? 


@ When using interest rates in calcu- 
lators, remember to convert percentages 
to decimals. For example, 8% is 0.08. 


FIGURE 1 
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SOLUTION Weneed to find the amount of an annuity consisting of 20 semiannual pay- 
ments of $400 each. Since the interest rate is 8% per year, compounded semiannually, the 
interest rate per time period is i = 0.08/2 = 0.04. The first payment is in the account for 
19 time periods, the second for 18 time periods, and so on. 

The last payment receives no interest. The situation can be illustrated by the time line 
in Figure 1. 


Time now 1 2 3 9 10 
(years) | i | 
Payment 400 400 400 400 400 400 400 400 400 400 
(dollars) L_— 400(1.04) 
| -4g0(1.04)? 
400(1.04)? 
400(1.04) 
400(1.04)* 
400(1.04)* 
400(1.04)?” 
400(1.04)*8 
400(1.04)9 
The amount A, of the annuity is the sum of these 20 amounts. Thus 
A, = 400 + 400(1.04) + 400(1.04)? + --- + 400(1.04)1° 
But this is a geometric series with a = 400, r = 1.04, and n = 20, so 
a, = 40022048)" _ 41 911.23 
_ 1-104 000" 
Thus the amount in the account after the last payment is $11,911.23. 
®. NOW TRY EXERCISE 3 i 


In general, the regular annuity payment is called the periodic rent and is denoted by R. 
We also let i denote the interest rate per time period and let n denote the number of pay- 
ments. We always assume that the time period in which interest is compounded is equal to 
the time between payments. By the same reasoning asin Example 1, we see that the amount 
A, of an annuity is 


A,=R+R(1+i) + RL +i)? +++: +R +i)" 


Since this is the nth partial sum of a geometric sequence with a = R andr = 1 +i, the 
formula for the partial sum gives 


1-(1 +i)" 1-(1 +i) ,atin-i 
1-(1+i) | =i 7 l 


A;= 


AMOUNT OF AN ANNUITY 


The amount A, of an annuity consisting of n regular equal payments of size R 
with interest rate i per time period is given by 


apa 


A;=R 
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MATHEMATICS IN 
THE MODERN WORLD 


Mathematical Economics 

The health of the global economy is 
determined by such interrelated fac- 
tors as supply, demand, production, 
consumption, pricing, distribution, and 
thousands of other factors. These fac- 
tors are in turn determined by eco- 
nomic decisions (for example, whether 
or not you buy a certain brand of 
toothpaste) made by billions of differ- 
ent individuals each day. How will to- 
day's creation and distribution of 
goods affect tomorrow's economy? 
Such questions are tackled by mathe- 
maticians who work on mathematical 
models of the economy. In the 1940s 
Wassily Leontief, a pioneer in this area, 
created a model consisting of thou- 
sands of equations that describe how 
different sectors of the economy, such 
as the oil industry, transportation, and 
communication, interact with each 
other. A different approach to eco- 
nomic models, one dealing with indi- 
viduals in the economy as opposed to 
large sectors, was pioneered by John 
Nash in the 1950s. In his model, which 
uses game theory, the economy is a 
game where individual players make 
decisions that often lead to mutual 
gain. Leontief and Nash were awarded 
the Nobel Prize in Economics in 1973 
and 1994, respectively. Economic the- 
ory continues to be a major area of 
mathematical research. 


EXAMPLE 2 | Calculating the Amount of an Annuity 


How much money should be invested every month at 12% per year, compounded monthly, 
in order to have $4000 in 18 months? 


SOLUTION Inthis problem i = 0.12/12 = 0.01, A, = 4000, and n = 18. We need to 
find the amount R of each payment. By the formula for the amount of an annuity, 


(1 + 0.01) — 1 


4000 = R 001 


Solving for R, we get 


a — _4000(0.01) 593.998 
(1+001)%-1 7" 


Thus the monthly investment should be $203.93. 
©. NOW TRY EXERCISE 9 | 


V The Present Value of an Annuity 


If you were to receive $10,000 five years from now, it would be worth much less than if 
you got $10,000 right now. This is because of the interest you could accumulate during the 
next five years if you invested the money now. W hat smaller amount would you be will- 
ing to accept now instead of receiving $10,000 in five years? This is the amount of money 
that, together with interest, would be worth $10,000 in five years. The amount that we are 
looking for here is called the discounted value or present value. If the interest rate is 8% 
per year, compounded quarterly, then the interest per time period isi = 0.08/4 = 0.02, and 
there are 4 x 5 = 20 time periods. If we let PV denote the present value, then by the for- 
mula for compound interest (Section 5.1), we have 


10,000 = PV(1 + i)" = PV(1 + 0.02)° 
SO PV = 10,000(1 + 0.02)~2° ~ 6729.713 


Thus in this situation the present value of $10,000 is $6729.71. This reasoning leads to 
a general formula for present value. If an amount A, is to be paid in alump sum n time 
periods from now and the interest rate per time period is i, then its present value A, is 
given by 
Ay = A,;(1 + i)™ 

Similarly, the present value of an annuity is the amount A, that must be invested now 
at the interest rate i per time period to provide n payments, each of amount R. Clearly, A, 
is the sum of the present values of each individual payment (see Exercise 29). A nother 
way of finding A, is to note that A, is the present value of A,: 

a ee 

a sae =re aa 


A, =A,(1 +i)" =R 


THE PRESENT VALUE OF AN ANNUITY 


The present value A, of an annuity consisting of n regular equal payments of size 
R and interest rate i per time period is given by 


a esc 
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EXAMPLE 3 | Calculating the Present Value of an Annuity 


A person wins $10,000,000 in the California lottery, and the amount is paid in yearly in- 
stallments of half a million dollars each for 20 years. W hat is the present value of his win- 
nings? Assume that he can earn 10% interest, compounded annually. 


SOLUTION Since the amount won is paid as an annuity, we need to find its present value. 
Here, i = 0.1, R = $500,000, and n = 20. Thus 


~(1+ 0.1) 
0.1 


1 
A, = 500,000 = 4,256,781.859 


This means that the winner really won only $4,256,781.86 if it were paid immediately. 
©. NOW TRY EXERCISE 11 | 


V Installment Buying 


When you buy a house or a car by installment, the payments that you make are an annu- 
ity whose present value is the amount of the loan. 


EXAMPLE 4 | The Amount of a Loan 


A student wishes to buy a car. She can afford to pay $200 per month but has no money 
for a down payment. If she can make these payments for four years and the interest rate 
is 12%, what purchase price can she afford? 


SOLUTION The payments that the student makes constitute an annuity whose present 
value is the price of the car (which is also the amount of the loan, in this case). Here, we 
havei = 0.12/12 = 0.01, R = 200, andn = 12 x 4 = 48, so 


Laie 1 — (1 + 0.01)~8 
=a 7 = 200 ~ 7594.792 


. 0.01 


Thus the student can buy a car priced at $7594.79. 
©. NOW TRY EXERCISE 19 |_| 


When a bank makes a loan that is to be repaid with regular equal payments R, then the 
payments form an annuity whose present value A, is the amount of the loan. So to find the 
size of the payments, we solve for R in the formula for the amount of an annuity. This 
gives the following formula for R. 


INSTALLMENT BUYING 


If aloan A, is to be repaid in n regular equal payments with interest rate i per 
time period, then the size R of each payment is given by 


iA 


EXAMPLE 5 | Calculating Monthly Mortgage Payments 


A couple borrows $100,000 at 9% interest as a mortage loan on a house. They expect to 
make monthly payments for 30 years to repay the loan. W hat is the size of each payment? 
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SOLUTION The mortgage payments form an annuity whose present value is 
A, = $100,000. Also, i = 0.09/12 = 0.0075, and n = 12 x 30 = 360. We are looking 
for the amount R of each payment. 
From the formula for installment buying, we get 
iA, (0.0075 )(100,000) 


~ To +)" 1 + 0.0075)=300 ~ 804-623 


Thus the monthly payments are $804.62. 
©. NOW TRY EXERCISE 15 | 


R 


We now illustrate the use of graphing devices in solving problems related to install- 
ment buying. 


EXAMPLE 6 | Calculating the Interest Rate from the Size 
of Monthly Payments 


A car dealer sells anew car for $18,000. He offers the buyer payments of $405 per month 
for 5 years. What interest rate is this car dealer charging? 


SOLUTION The payments form an annuity with present value A, = $18,000, R = 405, 
and n = 12 x 5 = 60. To find the interest rate, we must solve for i in the equation 


iA, 
~~ 1-(1 +i)" 
A little experimentation will convince you that it is not possible to solve this equation for 
i algebraically. So to find i, we use a graphing device to graph R as a function of the in- 


terest rate x, and we then use the graph to find the interest rate corresponding to the value 
of R we want ($405 in this case). Since i = x/12, we graph the function 


R 


~ (18,000) 
12 
— + — 
1-(1+4) 
in the viewing rectangle [0.06, 0.16] x [350, 450], as shown in Figure 2. We also graph 
350 the horizontal line R(x) = 405 in the same viewing rectangle. Then, by moving the cur- 
vs oe Aele sor to the point of intersection of the two graphs, we find that the corresponding x-value 
FIGURE 2 is approximately 0.125. Thus the interest rate is about 125%. 
©. NOW TRY EXERCISE 25 | 
13.4 EXERCISES 
CONCEPTS APPLICATIONS 
1. Anannuity is asum of money that is paid in regular equal ©. 3. Annuity Find the amount of an annuity that consists of 


10 annual payments of $1000 each into an account that pays 


payments. The _____ of an annuity is the sum of all the 6% interest per year. 


individual payments together with all the interest. 

4, Annuity Find the amount of an annuity that consists of 
24 monthly payments of $500 each into an account that pays 
8% interest per year, compounded monthly. 


2. The of an annuity is the amount that 
must be invested now at interest rate i per time period to 
provide n payments each of amount R. 


10. 


12. 


13. 


14, 


B 


16. 


17. 


18. 


«19, 


20. 


. Annuity Find the amount of an annuity that consists of 


20 annual payments of $5000 each into an account that pays 
interest of 12% per year. 


. Annuity Find the amount of an annuity that consists of 


20 semiannual payments of $500 each into an account that 
pays 6% interest per year, compounded semiannually. 


. Annuity Find the amount of an annuity that consists of 


16 quarterly payments of $300 each into an account that pays 
8% interest per year, compounded quarterly. 


. Annuity — Find the amount of an annuity that consists of 


40 annual payments of $2000 each into an account that pays 
interest of 5% per year. 


. Saving How much money should be invested every quarter 


at 10% per year, compounded quarterly, to have $5000 in 
2 years? 


Saving How much money should be invested monthly 
at 6% per year, compounded monthly, to have $2000 in 
8 months? 


. Annuity What is the present value of an annuity that con- 


sists of 20 semiannual payments of $1000 at an interest rate of 
9% per year, compounded semiannually? 


Annuity What is the present value of an annuity that con- 
sists of 30 monthly payments of $300 at an interest rate of 8% 
per year, compounded monthly. 


Funding an Annuity How much money must be in- 
vested now at 9% per year, compounded semiannually, to fund 
an annuity of 20 payments of $200 each, paid every 6 months, 
the first payment being 6 months from now? 


Funding an Annuity A 55-year-old man deposits 
$50,000 to fund an annuity with an insurance company. The 
money will be invested at 8% per year, compounded semian- 
nually. He is to draw semiannual payments until he reaches 
age 65. What is the amount of each payment? 


Financing a Car A woman wants to borrow $12,000 

to buy a car. She wants to repay the loan by monthly install- 
ments for 4 years. If the interest rate on this loan is 103% 
per year, compounded monthly, what is the amount of each 
payment? 


Mortgage Whatis the monthly payment on a 30-year 
mortgage of $80,000 at 9% interest? What is the monthly pay- 
ment on this same mortgage if it is to be repaid over a 15-year 
period? 


Mortgage Whatis the monthly payment on a 30-year 
mortgage of $100,000 at 8% interest per year, compounded 
monthly? What is the total amount paid on this loan over the 
30-year period? 


Mortgage Whatis the monthly payment on a 15-year 
mortgage of $200,000 at 6% interest? W hat is the total amount 
paid on this loan over the 15-year period? 


Mortgage Dr. Gupta is considering a 30-year mortgage at 
6% interest. She can make payments of $3500 a month. What 
size loan can she afford? 


Mortgage A couplecan afford to make a monthly mort- 
gage payment of $650. If the mortgage rate is 9% and the cou- 
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ple intends to secure a 30-year mortgage, how much can they 
borrow? 


21. Financing a Car Jane agrees to buy a car for a down pay- 
ment of $2000 and payments of $220 per month for 3 years. If 
the interest rate is 8% per year, compounded monthly, what is 
the actual purchase price of her car? 


22. Financing aRing Mike buys aring for his fiancee by 
paying $30 a month for one year. If the interest rate is 10% per 
year, compounded monthly, what is the price of the ring? 


23. Mortgage A couple secures a 30-year loan of $100,000 at 

93% per year, compounded monthly, to buy a house. 

(a) What is the amount of their monthly payment? 

(b) What total amount will they pay over the 30-year period? 

(c) If, instead of taking the loan, the couple deposits the 
monthly payments in an account that pays 93% interest 
per year, compounded monthly, how much will be in the 
account at the end of the 30-year period? 


24. Mortgage A couple needs a mortgage of $300,000. Their 
mortgage broker presents them with two options: a 30-year 
mortgage at 65% interest or a 15-year mortgage at 53% 
interest. 

(a) Find the monthly payment on the 30-year mortgage and 
on the 15-year mortgage. W hich mortgage has the larger 
monthly payment? 

(b) Find the total amount to be paid over the life of each loan. 
W hich mortgage has the lower total payment over its 
lifetime? 


.25. Interest Rate John buys a stereo system for $640. He 


agrees to pay $32 a month for 2 years. Assuming that interest 
is compounded monthly, what interest rate is he paying? 


. Interest Rate Janet's payments on her $12,500 car are 
$420 a month for 3 years. Assuming that interest is com- 
pounded monthly, what interest rate is she paying on the car 
loan? 


. Interest Rate An item at a department store is priced at 
$189.99 and can be bought by making 20 payments of $10.50. 
Find the interest rate, assuming that interest is compounded 
monthly. 


. Interest Rate A man purchases a $2000 diamond ring for 
a down payment of $200 and monthly installments of $88 for 
2 years. Assuming that interest is compounded monthly, what 
interest rate is he paying? 


DISCOVERY = DISCUSSION = WRITING 


29. Present Value of an Annuity 
(a) Draw atime line as in Example 1 to show that the present 
value of an annuity is the sum of the present values of 
each payment, that is, 


— R i R nl R Pe Be 2) R 
Plsti (1 + i)® 


“ete “i eiye . 
(b) Use part (a) to derive the formula for A, given in the text. 


30. An Annuity That Lasts Forever An annuity in perpe 
tuity is one that continues forever. Such annuities are useful in 
setting up scholarship funds to ensure that the award continues. 
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31. 


(a) Draw atime line (as in Example 1) to show that to set up 
an annuity in perpetuity of amount R per time period, the 
amount that must be invested now is 


R R R R 


Pre] Hy C4 oe 


where i is the interest rate per time period. 


(b) Find the sum of the infinite series in part (a) to show that 


— 


(c) How much money must be invested now at 10% per year, 
compounded annually, to provide an annuity in perpetuity 
of $5000 per year? The first payment is due in one year. 

(d) How much money must be invested now at 8% per year, 
compounded quarterly, to provide an annuity in perpetuity 
of $3000 per year? The first payment is due in one year. 


Amortizing a Mortgage When they bought their house, 
John and Mary took out a $90,000 mortgage at 9% interest, 
repayable monthly over 30 years. Their payment is $724.17 
per month (check this, using the formula in the text). The bank 
gave them an amortization schedule, which is a table show- 
ing how much of each payment is interest, how much goes to- 
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ward the principal, and the remaining principal after each pay- 
ment. The table below shows the first few entries in the amor- 
tization schedule. 


Payment Total Interest | Principal | Remaining 
number | payment | payment | payment principal 


724.17 675.00 49.17 89,950.83 
724.17 674.63 49.54 89,901.29 
724.17 674.26 49,91 89,851.38 
724.17 673.89 50.28 89,801.10 


BWNF 


After 10 years they have made 120 payments and are wonder- 

ing how much they still owe, but they have lost the amortiza- 

tion schedule. 

(a) How much do John and Mary still owe on their mortgage? 
[Hint: The remaining balance is the present value of the 
240 remaining payments.] 

(b) How much of their next payment is interest, and how 
much goes toward the principal? [Hint: Since 
9% + 12 = 0.75%, they must pay 0.75% of the 
remaining principal in interest each month. ] 


| Conjecture and Proof Mathematical Induction 


There are two aspects to mathematics— discovery and proof— and they are of equal im- 
portance. We must discover something before we can attempt to prove it, and we cannot 
be certain of its truth until it has been proved. In this section we examine the relationship 
between these two key components of mathematics more closely. 


V Conjecture and Proof 
Let’s try a simple experiment. We add more and more of the odd numbers as follows: 


l=1 
1+3=4 
1+3+5=9 


1+3+5+7=16 
1+34+5+7+9=25 


W hat do you notice about the numbers on the right side of these equations? They are, in 
fact, all perfect squares. These equations say the following: 


The sum of the first 1 odd number is 12. 
The sum of the first 2 odd numbers is 27. 
The sum of the first 3 odd numbers is 37. 
The sum of the first 4 odd numbers is 4’. 


The sum of the first 5 odd numbers is 5. 


Consider the polynomial 
p(n) =n?—n +41 
Here are some values of p(n): 


p(l) = 41 p(2) = 43 
p(3) = 47 p(4) = 53 
p(5) = 61 p(6) = 71 
p(7) = 83 p(8) = 97 


All the values so far are prime num- 
bers. In fact, if you keep going, you 
will find that p(n) is prime for all nat- 
ural numbers up to n = 40. It might 
seem reasonable at this point to conjec- 
ture that p(n) is prime for every natural 
number n. But that conjecture would be 
too hasty, because it is easily seen that 
p(41) is not prime. This illustrates that 
we cannot be certain of the truth of a 
statement no matter how many special 
cases we check. We need a convincing 
argument— a proof— to determine the 
truth of a statement. 
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This leads naturally to the following question: Is it true that for every natural number n, the 
sum of the first n odd numbers is n?? Could this remarkable property be true? We could try 
a few more numbers and find that the pattern persists for the first 6, 7, 8, 9, and 10 odd num- 
bers. At this point we feel quite sure that this is always true, so we make a conjecture: 


The sum of the first n odd numbers is n2. 


Since we know that the nth odd number is 2n — 1, we can write this statement more pre- 
cisely as 


14+34+54---+(2n-1)=r? 


It is important to realize that this is still a conjecture. We cannot conclude by checking a 
finite number of cases that a property is true for all numbers (there are infinitely many). 
To see this more clearly, suppose someone tells us that he has added up the first trillion 
odd numbers and found that they do not add up to 1 trillion squared. W hat would you tell 
this person? It would be silly to say that you’re sure it’s true because you have already 
checked the first five cases. Y ou could, however, take out paper and pencil and start check- 
ing it yourself, but this task would probably take the rest of your life. The tragedy would 
be that after completing this task, you would still not be sure of the truth of the conjec- 
ture! Do you see why? 

Herein lies the power of mathematical proof. A proof is a clear argument that demon- 
strates the truth of a statement beyond doubt. 


V Mathematical Induction 


Let's consider a special kind of proof called mathematical induction. Here is how it 
works: Suppose we have a statement that says something about all natural numbers n. For 
example, for any natural number n, let P(n) be the following statement: 


P(n): 
Since this statement is about all natural numbers, it contains infinitely many statements; 
we will call them P(1), P(2),.... 


The sum of the first n odd numbers is n2 


P(1): The sum of the first 1 odd number is 1’. 
P(2): Thesum of the first 2 odd numbers is 2”. 
P(3): Thesum of the first 3 odd numbers is 3”, 


How can we proveall of these statements at once? M athematical induction is a clever way 
of doing just that. 

The crux of the idea is this: Suppose we can prove that whenever one of these state- 
ments is true, then the one following it in the list is also true. In other words, 


For every k, if P(k) is true, then P(k + 1) is true. 


This is called the induction step because it leads us from the truth of one statement to the 
truth of the next. Now suppose that we can also prove that 


P(1) is true. 
The induction step now leads us through the following chain of statements: 
P(1) is true, so P (2) is true. 
P(2) is true, so P(3) is true. 
P(3) is true, so P(4) is true. 
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So we see that if both the induction step and P(1) are proved, then statement P(n) is 
proved for all n. Here is a summary of this important method of proof. 


PRINCIPLE OF MATHEMATICAL INDUCTION 


For each natural number n, let P(n) be a statement depending on n. Suppose that 
the following two conditions are satisfied. 


1. P(i)is true: 
2. For every natural number k, if P(k) is true then P(k + 1) is true. 


Then P(n) is true for all natural numbers n. 


To apply this principle, there are two steps: 


Step 1 Prove that P(1) is true. 
Step 2 Assume that P(k) is true, and use this assumption to prove that P(k + 1) is true. 


Notice that in Step 2 we do not prove that P(k) is true. We only show that if P(k) is 
true, then P(k + 1) is also true. The assumption that P(k) is true is called the induction 
hypothesis. 


FOOTIES AT THE INDUCTION STEP 


-O: Ss <5 => of? > x= 


Used by permission. Courtesy of Andrejs Dunkels, Sweden. 


©1979 National Council of Teachers of Mathematics. 


We now use mathematical induction to prove that the conjecture that we made at the 
beginning of this section is true. 


EXAMPLE 1 | A Proof by Mathematical Induction 
Prove that for all natural numbers n, 
14+434+5+---4+(2n-1) =r’ 
SOLUTION LetP(n) denote the statementl +3+5+---+(2n-1)=n% 


Step 1 We need to show that P(1) is true. But P(1) is simply the statement that 1 = 17, 
which is of course true. 


Step 2 We assume that P(k) is true. Thus our induction hypothesis is 
14+34+5+4:::+(2k—1) =k? 
We want to use this to show that P(k + 1) is true, that is, 
14+345+4+---+(2k-—1) + [2k +1) - 1) =(k +1) 


[Note that we get P(k + 1) by substituting k + 1 for each n in the statement 
P(n).] We start with the left side and use the induction hypothesis to obtain the 
right side of the equation: 


This equals k* by the induction 


hypothesis 


k(k + 1) 
2 
induction hypothesis 


This equals 


by the 
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LoS 34242 = 1) ae ak 1] 
=[14+3+5+-+:4+ (2k —1)] + [2k +1) -1] Group the first k terms 


=k? + [2k +1) -1] Induction hypothesis 
=k? + [2k+2-1] Distributive Property 
=k?+2k+1 Simplify 

=(k + 1) Factor 


Thus P(k + 1) follows from P(k), and this completes the induction step. 
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Having proved Steps 1 and 2, we conclude by the Principle of M athematical Induction 
that P(n) is true for all natural numbers n. 
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EXAMPLE 2 | A Proof by Mathematical Induction 


Prove that for every natural number n, 


n(n + 1) 


a ae 


Step 1 Weneed to show that P(1) is true. But P(1) says that 


and this statement is clearly true. 


Step 2 Assume that P(k) is true. Thus our induction hypothesis is 


k(k + 1) 
2 
We want to use this to show that P(k + 1) is true, that is, 


1+24+34++-+k= 


(k + 1)[(k +1) +1] 
2 


So we start with the left side and use the induction hypothesis to obtain the 
right side: 


1+2+34+:+::+k+(k+1)= 


142+34:::+k+(k+1) 


=[14+2+3+-::+k])+(k-+1) Group the first k terms 


k(k + 1) 
ga + (k + 1) Induction hypothesis 
k 
=k+n(£+1) Factork +1 
=(k + »(* : *) Common denominator 


= Writek +2ask+1+1 


Thus P(k + 1) follows from P(k), and this completes the induction step. 


SOLUTION LetP(n) be the statement] +2+3+---+n=n(n + 1)/2. We want 
to show that P(n) is true for all natural numbers n. 
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Having proved Steps 1 and 2, we conclude by the Principle of M athematical Induction 
that P(n) is true for all natural numbers n. 
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The following box gives formulas for the sums of powers of the first n natural num- 
bers. These formulas are important in calculus. Formula 1 is proved in Example 2. The 
other formulas are also proved by using mathematical induction (see Exercises 6 and 9). 


SUMS OF POWERS 


It might happen that a statement P (n) is false for the first few natural numbers but true 
from some number on. For example, we might want to prove that P(n) is true forn = 5. 
Notice that if we prove that P(5) is true, then this fact, together with the induction step, 
would imply the truth of P(5), P(6), P(7),.... The next example illustrates this point. 


EXAMPLE 3 | Proving an Inequality by Mathematical Induction 
Prove that 4n < 2" forall n = 5. 
SOLUTION LetP(n) denote the statement 4n < 2°. 
Step 1 P(5) is the statement that 4-5 < 2°, or 20 < 32, which is true. 
Step 2 Assume that P(k) is true. Thus our induction hypothesis is 
4k < 2k 


Wage Pie > 2) by replacing. By We want to use this to show that P(k + 1) is true, that is, 
k + 1 in the statement P(n). 


4(k + 1) <2? 


BLAISE PASCAL (1623-1662) is mechanical adding machine. In 1647, after writing a major treatise 
considered one of the most versatile on the conic sections, he abruptly abandoned mathematics because 
minds in modern history. He was a writer _he felt that his intense studies were contributing to his ill health. He 
and philosopher as well as a gifted devoted himself instead to frivolous recreations such as gambling, 
6 mathematician and physicist.Among his _ but this only served to pique his interest in probability. In 1654 he 
a contributions that appear in this book miraculously survived a carriage accident in which his horses ran off 
2 are Pascal's triangle and the Principle of a bridge. Taking this to be a sign from God, Pascal entered a 
< Mathematical Induction. monastery, where he pursued theology and philosophy, writing his 
3 Pascal's father, himself a mathemati- famous Pensées. He also continued his mathematical research. He 
© cian, believed that his son should not valued faith and intuition more than reason as the source of truth, 
study mathematics until he was 15 or declaring that “the heart has its own reasons, which reason cannot 
16. But at age 12, Blaise insisted on learning geometry and proved know.” 


most of its elementary theorems himself. At 19 he invented the first 
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So we start with the left-hand side of the inequality and use the induction hy- 
pothesis to show that it is less than the right-hand side. For k = 5 we have 


A(k +1) = 4k +4 


Distributive Property 


<2*44 Induction hypothesis 
<2*+4k Because 4 < 4k 
<2 + 2k Induction hypothesis 
=922° 

= Property of exponents 


Thus P(k + 1) follows from P(k), and this completes the induction step. 


Having proved Steps 1 and 2, we conclude by the Principle of M athematical Induction 
that P(n) is true for all natural numbers n = 5. 
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CONCEPTS 


1. Mathematical induction is a method of proving that a statement 


P(n) is true for all 
that _ 


numbers n. In Step 1 we prove 


is true. 


2. Which of the following is true about Step 2 in a proof by 
mathematical induction? 
(i) We prove “P(k + 1) is true.” 
(ii) We prove “If P(k) is true, then P(k + 1) is true.” 


SKILLS 


3-14 m Use mathematical induction to prove that the formula is 
true for all natural numbers n. 


©. 3024446 2n = n(n + 1) 
n(3n — 1) 
41+4+7 (an - 2) =——, 
n(i3n+7 
~*~. 5.5 8 11 + (3n + = ( ; ) 
6.1 #2434 ee ee Cee) 
6 
n(n+1)(n+ 2 
7, 1-2 49-343-4 mene i ) 
n(n + 1)(2n+7 
8.1-3+2-44+3-5 ‘ine ye ) 


a 


. 2 
2 


n(n + 1)? 
23 33 or = ) 
33 + 53 (2n — 1)? = n°(2n? — 1) 
4+ 6 (2n)? = 2n’(n + 1)? 
Se ee ee eee 
1:2 2:3 3-4 n(n +1) (n+1) 
21-24+2-22?4+3-24 4-244 + n-2h 
= 2[1 + (n — 1)2"] 
2 LH 242% 42554 2% 1=2"-1 


. Show that n? + nis divisible by 2 for all natural numbers n. 
» Show that 5" — 1 is divisible by 4 for all natural numbers n. 
. Show that n? — n + 41 is odd for all natural numbers n. 


. Show that n? — n + 3 is divisible by 3 for all natural 


numbers n. 


. Show that 8" — 3” is divisible by 5 for all natural numbers n. 
. Show that 3°" — 1 is divisible by 8 for all natural numbers n. 
. Prove that n < 2° for all natural numbers n. 

. Prove that (n + 1)? < 2n? for all natural numbers n = 3. 

. Prove that if x > —1, then (1 + x)" = 1 + nx for all natural 


numbers n. 


. Show that 100n <n? forall n = 100. 
. Leta, = 3a, and a, = 5. Show that a, = 5 - 3"? for all nat- 


ural numbers n. 
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26. A sequence is defined recursively by a,,; = 3a, — 8 and 
a, = 4. Find an explicit formula for a,, and then use mathemat- 
ical induction to prove that the formula you found is true. 


27. Show that x — y is a factor of x" — y" for all natural numbers n. 


(Hint: xk? — yk? = xx — y) + (KE — yy] 
28. Show that x + y is a factor of x2"-+ + y2"~? for all natural 
numbers n. 


29-33 m F,, denotes the nth term of the Fibonacci sequence dis- 
cussed in Section 13.1. Use mathematical induction to prove the 
statement. 


29. F, is even for all natural numbers n. 


30.F,+F,+F3+:--+F, =Fra.-1 
BL FP+FS+F34+-°- + FF =F Fy 
32. F, + F; F ona = Fan 

33. For all n = 2, 


F alee Fy 
1 0 F, Fay 


34, Leta, be the nth term of the sequence defined recursively by 


1 


aiet Tag 
n 


and let a, = 1. Find a formula for a, in terms of the Fibonacci 
numbers F ,,. Prove that the formula you found is valid for all 
natural numbers n. 


35. LetF,, be the nth term of the Fibonacci sequence. Find and 
prove an inequality relating n and F,, for natural numbers n. 


36. Find and prove an inequality relating 100n and n?, 


DISCOVERY = DISCUSSION = WRITING 


37. True or False? Determine whether each statement is true 
or false. If you think the statement is true, prove it. If you 
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38. 


think it is false, give an example in which it fails. 
(a) p(n) = n* —n + 11is prime for all n. 

(b) n*>n forall n = 2. 

(c) 22°*! + 1 is divisible by 3 for alln = 1. 

(d) n?=(n + 1)? foralln =2. 

(e) n° — nis divisible by 3 for all n = 2. 

(f) n? — 6n? + 11n is divisible by 6 for all n = 1. 


All Cats Are Black? What is wrong with the following 
“proof” by mathematical induction that all cats are black? Let 
P(n) denote the statement “In any group of n cats, if one cat 
is black, then they are all black.” 


Step 1 The statement is clearly true for n = 1. 


Step 2 Suppose that P(k) is true. We show that P(k + 1) 
is true, 

Suppose we have a group of k + 1 cats, one of 
whom is black; call this cat “Tadpole.” Remove some 
other cat (call it “Sparky”) from the group. We are 
left with k cats, one of whom (Tadpole) is black, so 
by the induction hypothesis, all k of these are black. 
Now put Sparky back in the group and take out Tad- 
pole. We again have a group of k cats, all of whom— 
except possibly Sparky— are black. Then by the in- 
duction hypothesis, Sparky must be black too. So all 
k + 1 cats in the original group are black. 


Thus by induction P(n) is true for all n. Since everyone has 
seen at least one black cat, it follows that all cats are black. 


ah BD Im 
2/2 


Expanding (a + b)" B® The Binomial Coefficients > The Binomial Theorem 
> Proof of the Binomial Theorem 


An expression of the form a + b is called a binomial. Although in principle it’s easy to 
raise a + b to any power, raising it to a very high power would be tedious. In this section 
we find a formula that gives the expansion of (a + b)" for any natural number n and then 
prove it using mathematical induction. 
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V Expanding (a + b)” 
To find a pattern in the expansion of (a + b)", we first look at some special cases. 
(at+b)'=at+b 


(a + b)? = a? + 2ab + b? 

(a + b)? = a? + 3a7b + 3ab? + b? 

(a + b)* = a* + 4a*b + 6a*b? + 4ab? + b4 

(a +b)? = a° + 5a‘b + 10a*b? + 10a2b? + 5ab4 + b° 


The following simple patterns emerge for the expansion of (a + b)". 


1. There aren + 1 terms, the first being a" and the last being b". 


2. The exponents of a decrease by 1 from term to term, while the exponents of b in- 
crease by 1. 


3. The sum of the exponents of a and b in each term is n. 


For instance, notice how the exponents of a and b behave in the expansion of (a + b)°. 


The exponents of a decrease: 
(a +b) = 2% + sab! + 10d? + 103%? + 5a? b* + b® 
The exponents of bincrease: 
(at+b)>=a>+ sath 102% 10a’ + sat 9° 


With these observations we can write the form of the expansion of (a + b)" for any nat- 
ural number n. For example, writing a question mark for the missing coefficients, we have 


(a + b)® = a8 + Qa’b + Rae? + Mab? + Ratb* + Bath? + Bah® + Mab’ + b® 
To complete the expansion, we need to determine these coefficients. To find a pattern, let's 


write the coefficients in the expansion of (a + b)’ for the first few values of n in a trian- 
gular array as shown in the following array, which is called Pascal’s triangle 


(a + b)? 1 

(a + b)! 1 1 

(a + b)? 1 2 1 

(a + b)? ‘TT -Gy 3 1 

(a + b)* 1 @ © @ 1 
(a+b) i 4 oS 5 1 


The row corresponding to (a + b)° is called the zeroth row and is included to show the sym- 
metry of the array. The key observation about Pascal’s triangle is the following property. 


KEY PROPERTY OF PASCAL’S TRIANGLE 


Every entry (other than a 1) is the sum of the two entries diagonally above it. 
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OO From this property itis easy to find any row of Pascal’s triangle from the row above it. 
What we now call Pascal’s triangle For instance, we find the sixth and seventh rows, starting with the fifth row: 
appears in this Chinese document by 
Chu Shikie, dated 1303. The title reads (a + b)° 3 oe 7s i 4 1 
“The Old Method Chart of the Seven (a & b)é 1 6 gv ta he ta i 1 
Multiplying Squares.” The triangle was % 2S SS SS SS 
rediscovered by Pascal (see page 856). (a oe b)’ 1 7 21 35 35 21 7 1 


To see why this property holds, let’s consider the following expansions: 


(a + b)§ = a5 + 5a + 10a? + + Gab® +b° 
ng 
(a + b)® = a® + 6a%b + 15a‘b? + 20a%? + G5a2b") + 6ab> + b® 


We arrive at the expansion of (a + b)® by multiplying (a + b)° by (a + b). Notice, for 
instance, that the circled term in the expansion of (a + b)° is obtained via this multipli- 
cation from the two circled terms above it. We get this term when the two terms above it 
are multiplied by b and a, respectively. Thus its coefficient is the sum of the coefficients 
of these two terms. We will use this observation at the end of this section when we prove 
the Binomial Theorem. 

Having found these patterns, we can now easily obtain the expansion of any binomial, 
at least to relatively small powers. 


EXAMPLE 1 | Expanding a Binomial Using Pascal’s Triangle 
Find the expansion of (a + b)’ using Pascal's triangle. 


SOLUTION The first term in the expansion is a’, and the last term is b’. Using the fact 
that the exponent of a decreases by 1 from term to term and that of b increases by 1 from 
term to term, we have 


(a + b)? =a’ + Ba®b + Barb? + Bath? + Pa%b* + Bab? + Pab® + b’ 
The appropriate coefficients appear in the seventh row of Pascal's triangle. Thus 
(a +b)? =a’ + 7a% + 21a°b? + 35a*b? + 35a°b* + 21a*b> + 7ab® + b’ 
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EXAMPLE 2 | Expanding a Binomial Using Pascal's Triangle 
Use Pascal’s triangle to expand (2 — 3x)°. 


SOLUTION Wefind the expansion of (a + b)° and then substitute 2 for a and —3x for 
b. Using Pascal’s triangle for the coefficients, we get 


(a +b)? =a° + 5a‘b + 10a*b? + 10a2b? + 5ab4 + b° 
Substituting a = 2 and b = —3x gives 
(2 — 3x)? = (2)° + 5(2)*(—3x) + 10(2)?(—3x)? + 10(2)*(—3x)? + 5(2)(—3x)* + (—3x)? 
= 32 — 240x + 720x? — 1080x? + 810x* — 243x° 
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V The Binomial Coefficients 


Although Pascal’s triangle is useful in finding the binomial expansion for reasonably 
small values of n, it isn’t practical for finding (a + b)" for large values of n. The reason 
is that the method we use for finding the successive rows of Pascal’s triangle is recursive. 
Thus, to find the 100th row of this triangle, we must first find the preceding 99 rows. 


4! =1-2-3-4 = 24 

7! =1-2+3-4-5-6-7 = 5040 

10! = 1-2-3-4-5-6+7+8-9-10 
= 3,628,800 


SECTION 13.6 | The Binomial Theorem 861 


We need to examine the pattern in the coefficients more carefully to develop a formula 
that allows us to calculate directly any coefficient in the binomial expansion. Such a for- 
mula exists, and the rest of this section is devoted to finding and proving it. However, to 
state this formula, we need some notation. 

The product of the first n natural numbers is denoted by n! and is called n factorial. 


tl) Meebo) =O bh 


We also define 0! as follows: 


o!=1 


This definition of 0! makes many formulas involving factorials shorter and easier to write. 


THE BINOMIAL COEFFICIENT 


Let n and r be nonnegative integers with r < n. The binomial coefficient is de- 
noted by (”) and is defined by 


EXAMPLE 3 | Calculating Binomial Coefficients 
(a) (2) Ot 2345-6 -7-8-9 
4) 49-4)! 415! (1-2-3-4)(1-2+3-4-5) 


6-7-8-9 
T2634 oe 
(b) eS) _ 100! _ 1-2.3-—-+97- 98- 99-100 
3 3!(100 — 3)! (1-2-3)(1-2.3-—-97) 
98 - 99-100 
= =r = 161,700 
me ey _ 100! _ 1-2-3-——~97-98-99- 100 
97 971(100 — 97)! (1-243 97)(1- 2-3) 
98 - 99-100 
= eo _ 161,700 
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Although the binomial coefficient (?) is defined in terms of a fraction, all the results of 
Example 3 are natural numbers. In fact, (") is always a natural number (see Exercise 54). 
Notice that the binomial coefficients in parts (b) and (c) of Example 3 are equal. This is a 
special case of the following relation, which you are asked to prove in Exercise 52. 
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To see the connection between the binomial coefficients and the binomial expansion of 
(a + b)", let’s calculate the following binomial coefficients: 


(=? G)-s G)-e G)-™ G)-2 Ge 


These are precisely the entries in the fifth row of Pascal’s triangle. In fact, we can write 
Pascal’s triangle as follows. 


@) G) G) G) @ &) 
G) G) G) oo. 


To demonstrate that this pattern holds, we need to show that any entry in this version of 
Pascal’s triangle is the sum of the two entries diagonally above it. In other words, we must 
show that each entry satisfies the key property of Pascal's triangle. We now state this prop- 
erty in terms of the binomial coefficients. 


KEY PROPERTY OF THE BINOMIAL COEFFICIENTS 
For any nonnegative integers r and k withr Sk, 


wenn 


Notice that the two terms on the left-hand side of this equation are adjacent entries in 
the kth row of Pascal’s triangle and the term on the right-hand side is the entry diagonally 
below them, in the (k + 1)st row. Thus this equation is a restatement of the key property 
of Pascal’s triangle in terms of the binomial coefficients. A proof of this formula is out- 
lined in Exercise 53. 


V The Binomial Theorem 
We are now ready to state the Binomial Theorem. 


THE BINOMIAL THEOREM 


i n n n (al n N-2p2 ae 
(a + b) @: + (2) n+ (3)a lo)? ar 


B. Sanerson/Photo Researchers 


SIR ISAAC NEWTON (1642-1727) is 
universally regarded as one of the gi- 
ants of physics and mathematics. He is 
well known for discovering the laws of 
motion and gravity and for inventing 
calculus, but he also proved the Bino- 
mial Theorem and the laws of optics, 
and he developed methods for solving 
polynomial equations to any desired 
accuracy. He was born on Christmas 
Day, a few months after the death of his 
father. After an unhappy childhood, he 
entered Cambridge University, where 
he learned mathematics by studying 
the writings of Euclid and Descartes. 

During the plague years of 1665 
and 1666, when the university was 
closed, Newton thought and wrote 
about ideas that, once published, in- 
stantly revolutionized the sciences. Im- 
bued with a pathological fear of criti- 
cism, he published these writings only 
after many years of encouragement 
from Edmund Halley (who discovered 
the now-famous comet) and other 
colleagues. 

Newton's works brought him enor- 
mous fame and prestige. Even poets 
were moved to praise; Alexander Pope 
wrote: 


Nature and Nature’s Laws 
lay hid in Night. 

God said, “Let Newton be” 
and all was Light. 


Newton was far more modest 
about his accomplishments. He said, “! 
seem to have been only like a boy play- 
ing on the seashore ... while the great 
ocean of truth lay all undiscovered be- 
fore me.” Newton was knighted by 
Queen Anne in 1705 and was buried 
with great honor in Westminster 
Abbey. 
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We prove this theorem at the end of this section. First, let's look at some of its appli- 
cations. 
EXAMPLE 4 | Expanding a Binomial Using the Binomial Theorem 
Use the Binomial Theorem to expand (x + y)’. 
SOLUTION By the Binomial Theorem, 


coat (Spee (Perens ar 


Verify that 


It follows that 
(x + y)* = x4 + 4x3y + 6x*y? + dxy? + y4 
& NOW TRY EXERCISE 25 | 


EXAMPLE 5 | Expanding a Binomial Using the Binomial Theorem 
Use the Binomial Theorem to expand (Vx — 1)°®. 


SOLUTION We first find the expansion of (a + b)® and then substitute Vx for a and 
—1 for b. Using the Binomial Theorem, we have 


8 8 8 8 8 
8 8 7 6h 2 5,3 4p 4 
(a + b) (5) + (fj + (ae + ($e +(f)e% 
5 an (5 )e @ (5 )e° 
+ (Z)ars + (Fare + (ab? + (3p 


Verify that 


So 
(a + b)® = a® + Ba’b + 28a%? + 56a°b? + 70a‘b* + 56a°b° 

+ 28a*b® + 8ab’ + b® 

Performing the substitutions a = x¥/* and b = —1 gives 

(Vx — 1)8 = (x¥/?)8 + 8(x4/2)(—1) + 28(x4/)6(—1)? + 56(x4/)5(-1)? 

+ 70(x1)4(—1)4 + 56(x4/2)3(—1)5 + 28(x"/2)2(—-1)8 
+ 8(x!/?)(—1)7 + (-1)8 

This simplifies to 

(Vx — 1) = x4 — 8x7? + 28x? — 56x59? + 70x? — 56x37 + 28x — 8x42 +1 
®. NOW TRY EXERCISE 27 iz 


The Binomial Theorem can be used to find a particular term of a binomial expansion 
without having to find the entire expansion. 
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GENERAL TERM OF THE BINOMIAL EXPANSION 


The term that contains a' in the expansion of (a + b)" is 


( n Jaron 
i =F 


EXAMPLE 6 | Finding a Particular Term in a Binomial Expansion 


Find the term that contains x° in the expansion of (2x + y)?%. 


SOLUTION The term that contains x° is given by the formula for the general term with 
a = 2x,b =y, n = 20, andr = 5. So this term is 


20 Sh 20! 20! 15). 15 
(33) b 151(20 — 15)! (2x)>*yP = 4515 751 51oe y> = 496,128x*y 
©. NOW TRY EXERCISE 39 ia 


EXAMPLE 7 | Finding a Particular Term in a Binomial Expansion 


10 
Find the coefficient of x® in the expansion of (x + :) 


SOLUTION Both x? and 1/x are powers of x, so the power of x in each term of the ex- 
pansion is determined by both terms of the binomial. To find the required coefficient, we 
first find the general term in the expansion. By the formula we havea = x’, b = 1/x, and 
n = 10, so the general term is 


2 )or(2)""= (alt Joverr= et Je 
Thus the term that contains x® is the term in which 
3r —-10 =8 
r= 


So the required coefficient is 


©. NOW TRY EXERCISE 41 a 


V Proof of the Binomial Theorem 
We now give a proof of the Binomial Theorem using mathematical induction. 
PROOF LetP(n) denote the statement 


n_ n n n n-1 n n—2p, 2 arr n n-1 n n 
@ +by= (9) +(e n+(3)a be + ("a +(*)p 


Step 1 Weshow that P(1) is true. But P(1) is just the statement 


(@+b)'=(f)at+ (7 )pt=12 +tb=a +p 


which is certainly true. 
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Step 2 Weassume that P(k) is true. Thus our induction hypothesis is 


(a + b)k = @E + (F Jai + @ay treet (, i , abi + (fo 


We use this to show that P(k + 1) is true. 
(a + b)k* = (a + b)[(a + b)*] 


=(a+ 0)| (Jat + (Sap + (Satay? feet ¢ . ab + (for acs 
= (fat + (F)as + (Satay? feet (, ‘ abi + (for 
+ Co) i (f Jas + (5 aay? Bonk e ‘ abi # (for ele 
ab + (Sar th? +. + (, 5 Jains (; 
oe | eames (ee 
be) + ew 
wet (Ea) + Cpe Ge tht 


Using the key property of the binomial coefficients, we can write each of the 
expressions in square brackets as a single binomial coefficient. Also, writing 
the first and last coefficients as (31) and ({*t) (these are equal to 1 by Exer- 
cise 50) gives 


(a +b)? = (" : yb + (" "att + (" i" "atin aot a (" 7 an’ + € : tot 


But this last equation is precisely P(k + 1), and this completes the 
induction step. 


k k+1 Distributive 
abe + @ Property 


: Op. a. 
0 


Having proved Steps 1 and 2, we conclude by the Principle of M athematical Induction 


that the theorem is true for all natural numbers n. @ 
CONCEPTS 3. The binomial coefficients can be calculated directly by using 
1. An algebraic expression of the forma + b, which consists of a diese a _ ae (5) = . 
sum of two terms, is called a 


4. To expand (a + b)", we can use the Theorem. 


Using this theorem, we find 


2. We can find the coefficients in the expansion of (a + b)" 
from the nth row of triangle. So 
(a + b)* = Ma* + Ma%b + Ma’b? + Mab? + Mb? 
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SKILLS 
5-16 m Use Pascal’s triangle to expand the expression. 

1 4 

®. 5. (x+y)? 6. (2x + 1)4 rp € + ;) 

8. (x — y)> 9. (x — 1) 10. (Va + Vb)° 
11. (x’y — 1)5 12. (1+ V2)§ ©.13. (2x — 3y)? 
V4. (1 + x3)3 15. (2 = vi) 16. (2 - x) 
17-24 m Evaluate the expression. 

*. 17. (3) 18. (5) © 219, ea 
a(3) a ()G) = G)G) 
(6) + (2) (2) (3) + @) +) 

# (3)-G)+G)-G)*G@)-G) 


25-28 m Use the Binomial Theorem to expand the expression. 


®. 25. 
®.27. 


29. 
30. 
31. 
32. 


(x + 2y)4 


0-3) 


Find the first three terms in the expansion of (x + 2y)”°, 


26. (1 — x)5 


28. (2A + B2)4 


Find the first four terms in the expansion of (x1? + 1). 
Find the last two terms in the expansion of (a2? + a4)’, 
Find the first three terms in the expansion of 


1 40 
a) 
X 


. Find the middle term in the expansion of (x? + 1)?®. 
. Find the fifth term in the expansion of (ab — 1)*°. 

. Find the 24th term in the expansion of (a + b)*. 

. Find the 28th term in the expansion of (A — B)%°. 

. Find the 100th term in the expansion of (1 + y)}°. 
. Find the second term in the expansion of 


1 25. 
Pas 
ae 


. Find the term containing x* in the expansion of (x + 2y)*°. 
. Find the term containing y?in the expansion of (V2 + y)*. 


. Find the term containing b® in the expansion of (a + b*). 
. Find the term that does not contain x in the expansion of 


1 8 
(sx + x) 


43-46 m Factor using the Binomial Theorem. 


43. 


x4 + Ax3y + 6x2y? + dxy? + y4 


45. 
46. 


+ 10(x — 1)? + 5(x-1) +1 
8a? + 12a*b + Gab? + b? 


x8 + dx®y + 6x4y? + 4x7y3 + y4 


47-52 m Simplify using the Binomial Theorem. 


47. 


49. 


50. 


51. 


52. 


53. 


54, 


(x + hj? — x3 (x +h) — x! 
h us, h 
Show that (1.01)!0° > 2. [Hint: Note that 


(1.01)? = (1 + 0.01), and use the Binomial Theorem 
to show that the sum of the first two terms of the expansion 
is greater than 2.] 


Show that @ = land i) =1, 
0 n 
n n 

Show tat (4) = (, 7 :) =n 

Show that (") -( i 
r n-r 


In this exercise we prove the identity 


(2+ Q-C7%) 


(a) Write the left-hand side of this equation as the sum of two 
fractions. 

(b) Show that a common denominator of the expression that 
you found in part (a) isr!(n —r + 1)!. 

(c) Add the two fractions using the common denominator in 
part (b), simplify the numerator, and note that the resulting 
expression is equal to the right-hand side of the equation. 


) forO<r<n. 


Prove that (7) is an integer for all n and forO =r <n, 
[Suggestion: Use induction to show that the statement is true 
for all n, and use Exercise 53 for the induction step. ] 


APPLICATIONS 


55. 


56. 


Difference in Volumes of Cubes The volume ofa 
cube of side x inches is given by V(x) = x3, so the volume of 
a cube of side x + 2 inches is given by V(x + 2) = (x + 2)% 
Use the Binomial Theorem to show that the difference in vol- 
ume between the larger and smaller cubes is 6x? + 12x + 8 
cubic inches. 


Probability of Hitting a Target The probability that 
an archer hits the target is p = 0.9, so the probability that he 
misses the target is q = 0.1. It is known that in this situation 
the probability that the archer hits the target exactly r times in 
n attempts is given by the term containing p’ in the binomial 
expansion of (p + q)". Find the probability that the archer hits 
the target exactly three times in five attempts. 


DISCOVERY =DISCUSSION = WRITING 


57. 


Powers of Factorials Which is larger, (100!)*” or 
(101!)#°°? [Hint: Try factoring the expressions. Do they have 
any common factors?] 


58. Sums of Binomial Coefficients Add each of the first 
five rows of Pascal's triangle, as indicated. Do you see a 
pattern? 


1+1=2 
1+2+1=8 
1+3+3+1=E 


14+44+64+4+4+1=8 
1+5+10+10+5+1=? 


On the basis of the pattern you have found, find the sum of the 


nth row: 


aa en) 


Prove your result by expanding (1 + 1)" using the Binomial 
Theorem. 
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59. Alternating Sums of Binomial Coefficients Find 
the sum 


(3) G)+G)- +o) 


by finding a pattern as in Exercise 58. Prove your result by 
expanding (1 — 1)" using the Binomial Theorem. 


1. (a) What is a sequence? 
(b) What is an arithmetic sequence? Write an expression for 
the nth term of an arithmetic sequence. 
(c) What is a geometric sequence? Write an expression for 
the nth term of a geometric sequence. 


2. (a) Whatis a recursively defined sequence? 
(b) What is the Fibonacci sequence? 


3. (a) What is meant by the partial sums of a sequence? 

(b) If an arithmetic sequence has first term a and common 
difference d, write an expression for the sum of its first n 
terms. 

(c) If a geometric sequence has first term a and common 
ratio r, write an expression for the sum of its first 
n terms. 

(d) Write an expression for the sum of an infinite geometric 


series with first term a and common ratio r. For what val- 


ues of r is your formula valid? 


MEXERCISES 


n 
4. (a) Write the sum Sa, without using sigma notation. 
k=1 


(b) Write b, + b, + b; + +++ +b, using sigma notation. 


5. Write an expression for the amount A, of an annuity consisting 
of n regular equal payments of size R with interest rate i per 
time period. 


6. State the Principle of M athematical Induction. 


7. Write the first five rows of Pascal’s triangle. How are the 
entries related to each other? 


8. (a) What does the symbol n! mean? 
(b) Write an expression for the binomial coefficient (?). 
(c) State the Binomial Theorem. 
(d) Write the term that contains a‘ in the expansion of 
(a +b)’ 


1-6 m Find the first four terms as well as the tenth term of the se- 
quence with the given nth term. 


n? i 
1. a, nod 2. an (-1) n 
(-1)" +1 n(n + 1) 

3 an = n3 4 ay = 2 


7-10 m= A sequence is defined recursively. Find the first seven 
terms of the sequence. 


7. a, =a,-1 + 2n-1, a, =1 


An-1 
8. a, = . , a=1 


9. a, =a,1+ 2a, a, =1,a,=3 


10. a, = V3a,-1 a, = V3 
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11-14 m» The nth term of a sequence is given. 
(a) Find the first five terms of the sequence. 
(b) Graph the terms you found in part (a). 
(c) Find the fifth partial sum of the sequence. 
(d) Determine whether the series is arithmetic or geomet- 
ric. Find the common difference or the common ratio. 


5 

11, a, = 2n+5 12. an = 55 
3" n 
13. An = dnst 14, a,= 4-5 


15-22 = The first four terms of a sequence are given. Determine 
whether they can be the terms of an arithmetic sequence, a geo- 
metric sequence, or neither. If the sequence is arithmetic or geo- 
metric, find the fifth term. 


15, 5, 5.5, 6, 6.5,... 16. V2,2V2,3V2,4Vv2,... 

17.t-3,t-2,t-1t,... 18 V2,2,2V2,4,... 

19. t3,t2,t,1,... 20. 1, —3,2, -3,... 
3112 11 

21, 4'2'3'/9' 22. aly aout 


23. Show that 3, 6i, -12, —24i, ... is a geometric sequence, and 
find the common ratio. (Herei = V—1) 


24, Find the nth term of the geometric sequence 2, 2 + 2i, 4i, 
—4+ 4), -8,...(Herei = V—-1,) 


25. The sixth term of an arithmetic sequence is 17, and the fourth 
term is 11. Find the second term. 


26. The 20th term of an arithmetic sequence is 96, and the com- 
mon difference is 5. Find the nth term. 


27. The third term of a geometric sequence is 9, and the common 
ratio is 3. Find the fifth term. 


28. The second term of a geometric sequence is 10, and the fifth 
term is 4322, Find the nth term. 


29. A teacher makes $32,000 in his first year at Lakeside School 
and gets a 5% raise each year. 
(a) Find a formula for his salary A, in his nth year at this 
school. 
(b) List his salaries for his first 8 years at this school. 


30. A colleague of the teacher in Exercise 29, hired at the same 
time, makes $35,000 in her first year, and gets a $1200 raise 
each year. 

(a) Whatis her salary A, in her nth year at this school? 

(b) Find her salary in her eighth year at this school, and com- 
pare it to the salary of the teacher in Exercise 29 in his 
eighth year. 


31. A certain type of bacteria divides every 5 s. If three of these 
bacteria are put into a petri dish, how many bacteria are in the 
dish at the end of 1 min? 


32. If a;, a2, a3,... and b,, b., b3,... are arithmetic sequences, 
show that a, + b,, a, + b2, a3 + b3,... is also an arithmetic 
sequence. 


33. If a;, a2, a3,... and bj, b2, b3,... are geometric sequences, 
show that a,b, a2b2, a3b3, . .. is also a geometric sequence. 


34. (a) If a,, a2, a3,...iS an arithmetic sequence, is the sequence 
a, +2,a,+2,a;+2,... arithmetic? 
(b) If a;, a2, a3,... iS a geometric sequence, is the sequence 
5a,, 5a, 5a3,.. . geometric? 


35. Find the values of x for which the sequence 6, x, 12, ...is 
(a) arithmetic (b) geometric 


36. Find the values of x and y for which the sequence 2, x, y, 
Vp ee tS 
(a) arithmetic (b) geometric 


37-40 m Find the sum. 


6 4 

37. > (k +1) 38. 5 
k=3 at 
6 5 

39: (ke 2* 40. 53"? 
k=1 m=1 


41-44 m Write the sum without using sigma notation. Do not 
evaluate. 


10 100 4 

41, S(k — 1) 42, > 
1 j=2) — 
50 3k 10 

43. Pern 44, Si" 
1 2 n=l 


45-48 m= Write the sum using sigma notation. Do not evaluate. 

45.3+6+9+12+.-.4+99 

46. 17+ 27+ 327 +--+ +100? 

47. 1-23 +2-244+3-22+ 4-24... 
1 al 1 1 

ED "3-4" * 999-1000 


+ 100-210 


49-54 m Determine whether the expression is a partial sum of an 
arithmetic or geometric sequence. Then find the sum. 


49. 1+ 0.9 + (0.9)? +--+ + (0.9) 
50.34+37+44+---+10 

51. V5 +2V54+3V5 +--+: + 100V5 
52.4434 14+44-+-4+33 


54. $75)" 


k=0 


53. $34)" 
n=0 


55-60 = Determine whether the infinite geometric series is con- 
vergent or divergent. If it is convergent, find its sum. 


55.1-2+4-%4+°-°: 
56. 0.1 + 0.01 + 0.001 + 0.0001 +-:-. 
57. 5 — 5(1.01) + 5(1.01)? — 5(1.01)? +: 


1 1 1 
gs a 
9 9\? 9\3 
0, -1+2-(4) +(4) 
60. a + ab? + ab* + ab® + » |b] <1 


61. The first term of an arithmetic sequence is a = 7, and the 
common difference is d = 3. How many terms of this se- 
quence must be added to obtain 325? 


62. The sum of the first three terms of a geometric series is 52, 
and the common ratio is r = 3. Find the first term. 


63. A person has two parents, four grandparents, eight great- 
grandparents, and so on. What is the total number of a per- 
son's ancestors in 15 generations? 


64. Find the amount of an annuity consisting of 16 annual pay- 
ments of $1000 each into an account that pays 8% interest per 
year, compounded annually. 


65. How much money should be invested every quarter at 12% 
per year, compounded quarterly, in order to have $10,000 in 
one year? 


66. What are the monthly payments on a mortgage of $60,000 at 
9% interest if the loan is to be repaid in 
(a) 30 years? (b) 15 years? 


67-69 m= Use mathematical induction to prove that the formula is 
true for all natural numbers n. 


7 n(3n — 1) 
2 


1 1 1 _ 1 on 
(2n—1)(2n+1) 2n+1 


67.1+4+7+-+:++ (n- 2) 
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0: (1-2)(4 (0) (rd) on 


70. Show that 7" — 1 is divisible by 6 for all natural numbers n. 


71. Let a,., = 3a, + 4 and a, = 4. Show that a, = 2-3" — 2 for 
all natural numbers n. 


72. Prove that the Fibonacci number F ,,, is divisible by 3 for all 
natural numbers n. 


73-76 m Evaluate the expression. 
5\/5 10 10 

73. (3)(3) m (3) (6) 

»(t) (ile) 
75. ( 76. 

> k > k/\8 —k 
77-80 m Expand the expression. 
77. (A — B)3 78. (x + 2)° 
79. (1 — x2) 80. (2x + y)* 
81. Find the 20th term in the expansion of (a + b)”*. 
82. Find the first three terms in the expansion of (b~2? + b¥/)?0, 


83. Find the term containing A ® in the expansion of (A + 3B)*°. 
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1, Find the first six terms and the sixth partial sum of the sequence whose nth term is 
a, = 2n*—n. 


2. A sequence is defined recursively by a,.; = 3a, — n, a, = 2. Find the first six terms of 
the sequence. 
3. An arithmetic sequence begins 2, 5, 8, 11, 14,.... 
(a) Find the common difference d for this sequence. 
(b) Find a formula for the nth term a, of the sequence. 
(c) Find the 35th term of the sequence. 
4. A geometric sequence begins 12, 3, 3/4, 3/16, 3/64,.... 
(a) Find the common ratio r for this sequence. 
(b) Find a formula for the nth term a, of the sequence. 
(c) Find the tenth term of the sequence. 
5. The first term of a geometric sequence is 25, and the fourth term is 4. 
(a) Find the common ratio r and the fifth term. 
(b) Find the partial sum of the first eight terms. 
6. The first term of an arithmetic sequence is 10, and the tenth term is 2. 
(a) Find the common difference and the 100th term of the sequence. 
(b) Find the partial sum of the first ten terms. 
7. Leta,, a5, a3,... be a geometric sequence with initial term a and common ratio r. Show that 


at, a5, a4, ... iS also a geometric sequence by finding its common ratio. 
8. Write the expression without using sigma notation, and then find the sum. 
5 6 
(a) (1 —n’) {b). S(=1)'2 
n=1 n=3 
9. Find the sum. 
li 4¢y@¢ 24 oe 
fa) stgtgtget + gn 
1 1 1 
(b) 1 + sin oe 


10. Use mathematical induction to prove that for all natural numbers n, 


n(n + 1)(2n + 1) 
6 


Pe Pe Beanies Sane 


11. Expand (2x + y’)°. 
12. Find the term containing x? in the binomial expansion of (3x — 2)*°. 


13. A puppy weighs 0.85 Ib at birth, and each week he gains 24% in weight. Let a, be his weight 
in pounds at the end of his nth week of life. 
(a) Find a formula for a,. 
(b) How much does the puppy weigh when he is six weeks old? 
(c) Is the sequence aj, a2, a3, . . . arithmetic, geometric, or neither? 
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FOCUS ON MODELING 


Modeling with Recursive Sequences 


M any real-world processes occur in stages. Population growth can be viewed in stages— 
each new generation represents a new stage in population growth. Compound interest is 
paid in stages— each interest payment creates a new account balance. M any things that 
change continuously are more easily measured in discrete stages. For example, we can 
measure the temperature of a continuously cooling object in one-hour intervals. In this 
Focus we learn how recursive sequences are used to model such situations. In some cases 
we can get an explicit formula for a sequence from the recursion relation that defines it 
by finding a pattern in the terms of the sequence. 


V Recursive Sequences as Models 


Suppose you deposit some money in an account that pays 6% interest compounded 
monthly. The bank has a definite rule for paying interest: At the end of each month the 
bank adds to your account 3% (or 0.005) of the amount in your account at that time. L et’s 
express this rule as follows: 


amount at the end of _ amount at the end of + 0.005 x amount at the end of 
this month ~ last month last month 


Using the Distributive Property, we can write this as 


amount at the end of _ 1.005 x amount at the end of 
this month — last month 


To model this statement using algebra, let A, be the amount of the original deposit, let A; 
be the amount at the end of the first month, let A, be the amount at the end of the second 
month, and so on. So A, is the amount at the end of the nth month. Thus 


A, = 1.005A,_ 


We recognize this as a recursively defined sequence— it gives us the amount at each stage 
in terms of the amount at the preceding stage. 


0.005A,,— 


Ao A, Ay Ay-1 


To find a formula for A,, let’s find the first few terms of the sequence and look for a 
pattern. 


A, = 1.005A, 

A, = 1.005A, = (1.005)7Ay 

A3 = 1.005A, = (1.005)?Ay 

A, = 1.005A; = (1.005)*Ay 
We see that in general, A, = (1.005)"Ao. 
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EXAMPLE 1 | Population Growth 


A certain animal population grows by 2% each year. The initial population is 5000. 
(a) Find a recursive sequence that models the population P,, at the end of the nth year. 
(b) Find the first five terms of the sequence P ,,. 

(c) Find a formula for P,,. 


SOLUTION 


(a) Wecan model the population using the following rule: 
population at the end of this year = 1.02 x population at the end of last year 


Algebraically, we can write this as the recursion relation 


P, = 1.02P,_; 
(b) Since the initial population is 5000, we have 
Py = 5000 


P, = 1.02P, = (1.02)5000 
P, = 1,02P, = (1.02)5000 
P; = 1.02P, = (1.02)25000 
P, = 1.02P; = (1.02)*5000 


(c) We see from the pattern exhibited in part (b) that P, = (1.02)"5000. (Note that P, 
is a geometric sequence, with common ratio r = 1.02.) | 


EXAMPLE 2 | Daily Drug Dose 
A patient is to take a 50-mg pill of acertain drug every morning. It is known that the body 
eliminates 40% of the drug every 24 hours. 


(a) Find a recursive sequence that models the amount A, of the drug in the patient’s 
body after each pill is taken. 


(b) Find the first four terms of the sequence A,,. 
(c) Find aformula for A,. 


(d) How much of the drug remains in the patient's body after 5 days? How much will 
accumulate in his system after prolonged use? 


SOLUTION 
(a) Each morning, 60% of the drug remains in his system, plus he takes an additional 
50 mg (his daily dose). 


amount of drug this 
morning 


amount of drug 


= Obes yesterday morning 


+ 50 mg 


05% 2 
o-oo 
Coe) 


Oe TR en 
J-6-0 0 0 0°00 0/0 
Ce) 


Lovo ocon fo. 
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We can express this as a recursion relation 
A, = 0.6A,-; + 50 
(b) Since the initial dose is 50 mg, we have 
Ay = 50 
A, = 0.6Ay + 50 = 0.6(50) + 50 
A, = 0.6A,; + 50 = 0.6[0.6(50) + 50] + 50 
= 0.67(50) + 0.6(50) + 5 
= 50(0.6? + 0.6 + 1) 
A3 = 0.6A, + 50 = 0.6[0.67(50) + 0.6(50) + 50] + 50 
= 0.67(50) + 0.67/50) + 0.6(50) + 50 
= 50(0.6? + 0.67 + 0.6 + 1) 
(c) From the pattern in part (b) we see that 
A, = 50(1 + 0.6 + 0.62 +--+ + 0.6") 


0 
0 


~ 50 i=" Partial sum of a geometric 
sequence (page 840) 


=125(1— 0.61) Simplify 


(d) To find the amount remaining after 5 days, we substitute n = 5 and get 
As = 125(1 — 0.6°*!) ~ 119 mg. 
To find the amount remaining after prolonged use, we let n become large. Asn 
gets large, 0.6" approaches 0. That is, 0.6" — 0 as n —> co (see Section 5.1). So as 
n— oo, 


A, = 125(1 — 0.6"*1) + 125(1 — 0) = 125 
Thus after prolonged use the amount of drug in the patient’s system approaches 


125 mg (see Figure 1, where we have used a graphing calculator to graph the 
sequence). 


150 
Plot iPilot2 Pots 
nMin=0 
xu(n)=125(1-.6*(n4+1)) 
0 16 
Enter sequence Graph sequence 
FIGURE 1 
| 
PROBLEMS 


1. Retirement Accounts Many college professors keep retirement savings with TIAA, the 
largest annuity program in the world. Interest on these accounts is compounded and credited 
daily. Professor Brown has $275,000 on deposit with TIAA at the start of 2011 and receives 
3.65% interest per year on his account. 

(a) Find a recursive sequence that models the amount A, in his account at the end of the nth 
day of 2011. 
(b) Find the first eight terms of the sequence A,,, rounded to the nearest cent. 


(c) Find a formula for A,. 
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2. Fitness Program Sheila decides to embark on a swimming program as the best way to 
maintain cardiovascular health. She begins by swimming 5 min on the first day, then adds 
13 min every day after that. 


(a) Find a recursive formula for the number of minutes T,, that she swims on the nth day of 
her program. 


(b) Find the first 6 terms of the sequence T,,. 

(c) Find a formula for T,. What kind of sequence is this? 

(d) On what day does Sheila attain her goal of swimming at least 65 min a day? 
(e) What is the total amount of time she will have swum after 30 days? 


— 


— 


3. Monthly Savings Program Alice opens a savings account that pays 3% interest per 
year, compounded monthly. She begins by depositing $100 at the start of the first month and 
adds $100 at the end of each month, when the interest is credited. 


(a) Find a recursive formula for the amount A, in her account at the end of the nth month. 
(Include the interest credited for that month and her monthly deposit.) 


(b) Find the first five terms of the sequence A,,. 


(c) Use the pattern you observed in (b) to find aformula for A,. [Hint: To find the pattern 
most easily, it’s best not to simplify the terms too much.] 


(d) How much has she saved after 5 years? 


— 


4. Stocking a Fish Pond A pond is stocked with 4000 trout, and through reproduction the 
population increases by 20% per year. Find a recursive sequence that models the trout popu- 
lation P,, at the end of the nth year under each of the following circumstances. Find the trout 
population at the end of the fifth year in each case. 


(a) The trout population changes only because of reproduction. 

(b) Each year 600 trout are harvested. 

(c) Each year 250 additional trout are introduced into the pond. 

(d) Each year 10% of the trout are harvested, and 300 additional trout are introduced into 
the pond. 


5. Pollution A chemical plant discharges 2400 tons of pollutants every year into an adjacent 
lake. Through natural runoff, 70% of the pollutants contained in the lake at the beginning of 
the year are expelled by the end of the year. 


(a) Explain why the following sequence models the amount A,, of the pollutant in the lake at 
the end of the nth year that the plant is operating. 


A, = 0.30A,-1 + 2400 
(b) Find the first five terms of the sequence A,. 
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(c) Find a formula for A,. 

(d) How much of the pollutant remains in the lake after 6 years? How much will remain 
after the plant has been operating a long time? 

(e) Verify your answer to part (d) by graphing A, with a graphing calculator for n = 1 to 
n= 20. 


6. Annual Savings Program Ursula opens a one-year CD that yields 5% interest per 
year. She begins with a deposit of $5000. At the end of each year when the CD matures, she 
reinvests at the same 5% interest rate, also adding 10% to the value of the CD from her other 
savings. (So for example, after the first year her CD has earned 5% of $5000 in interest, for a 
value of $5250 at maturity. She then adds 10%, or $525, bringing the total value of her re- 
newed CD to $5775.) 


(a) Find a recursive formula for the amount U,, in Ursula’s CD when she reinvests at the end 
of the nth year. 


(b) Find the first five terms of the sequence U ,. Does this appear to be a geometric sequence? 
(c) Use the pattern you observed in (b) to find a formula for U,. 
(d) How much has she saved after 10 years? 


Annual Savings Program Victoria opens a one-year CD with a 5% annual interest 
yield at the same time as her friend Ursula in Problem 6. She also starts with an initial de- 
posit of $5000. However, Victoria decides to add $500 to her CD when she reinvests at the 
end of the first year, $1000 at the end of the second, $1500 at the end of the third, and so on. 


(a) Explain why the recursive formula displayed below gives the amount V, in Victoria’s CD 
when she reinvests at the end of the nth year. 


V, = 1.05V,-; + 500n 


(b) Using the Seq (“sequence”) mode on your graphing calculator, enter the sequences 
U,, and V, as shown in the figure. Then use the | TABLE | command to compare the two 
sequences. For the first few years, Victoria seems to be accumulating more savings than 
Ursula. Scroll down in the table to verify that Ursula eventually pulls ahead of 
Victoria in the savings race. In what year does this occur? 


Pot Poti 2s Pilots: 
,u(n) B 1.05 u(n — 1) 
cho} ot] WGA = 4) 
u(nMin) & {5000} 


wn) 1.05 v(n - 1) 
+500 n 
v(nMin) & {5000} 


Entering the sequences Table of values of the sequences 


=| 8. Newton's Law of Cooling A tureen of soup at a temperature of 170°F is placed ona 

; table in a dining room in which the thermostat is set at 70°F. The soup cools according to 
the following rule, a special case of Newton's Law of Cooling: Each minute, the temperature 
of the soup declines by 3% of the difference between the soup temperature and the room 
temperature. 


(a) Find a recursive sequence that models the soup temperature T,, at the nth minute. 


(b) Enter the sequence T,, in your graphing calculator, and use the] TABLE | command to find 
the temperature at 10-min increments from n = 0 to n = 60. (See Problem 7(b).) 


(c) Graph the sequence T,. W hat temperature will the soup be after a long time? 


. Logistic Population Growth Simple exponential models for population growth do not 
take into account the fact that when the population increases, survival becomes harder for 
each individual because of greater competition for food and other resources. We can get a 
more accurate model by assuming that the birth rate is proportional to the size of the popula- 
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tion, but the death rate is proportional to the square of the population. Using this idea, re- 
searchers find that the number of raccoons R, on a certain island is modeled by the following 
recursive sequence: 


Population at end = Number of 
of year births 


R, =R,-1 + 0.08R,-; — 0.0004(R, 1), Ry = 100 


Population at beginning Number of 
of year deaths 


Here, n represents the number of years since observations began, R , is the initial population, 
0.08 is the annual birth rate, and 0.0004 is a constant related to the death rate. 


(a) Use the| TABLE | command on a graphing calculator to find the raccoon population for 
each year fromn =1ton = 7. 


(b) Graph the sequence R,,. What happens to the raccoon population as n becomes large? 
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COUNTING AND PROBABILITY 


14.1 Counting Principles 


14.2 Permutations and 
Combinations 


14.3 Probability 
14.4 Binomial Probability 
14.5 Expected Value 


FOCUS ON MODELING 
The Monte Carlo Method 


In the preceding chapters we modeled real-world situations using precise rules, 
such as equations or functions. But many of our everday activities are not 
governed by precise rules; rather, they involve randomness and uncertainty. 

In this chapter we'll learn how to model random events using probability. 

A basic example of a random event is a coin toss. Let’s say we toss a coin 
hoping to get “heads.” Of course it’s impossible to predict whether the coin 
will show heads or tails. But the situation is not hopeless— if we toss the 
coin many times, it will show heads about half the time. So even though we 
can’t predict the result of a single toss, we can predict the result of many 
tosses. We say that the probability of heads is 5. 


K nowing how to calculate probability is an indispensable skill for decision 
making in business, industry, government, and scientific research. For 
example, what is a fair price to pay to insure your house against lightning? 
Lightning striking a house is arandom event, just like tossing a coin. So 
insurance companies must insure many houses, and they must do their 
probability homework carefully to make certain that the premiums they 
collect are more than what they expect to pay out. 
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14.1 COUNTING PRINCIPLES 


| Using the Fundamental Counting Principle 


V The Fundamental Counting Principle 


Suppose that three towns— Ashbury, Brampton, and Carmichael— are located in such a 
way that two roads connect Ashbury to Brampton and three roads connect Brampton to 


Carmichael. 
ee Pp Brampton 
px 
py 
Carmichael 
pz 
gx How many different routes can one take to travel from Ashbury to Carmichael via 
Brampton? The key to answering this question is to consider the problem in stages. At the 
ad first stage— from A shbury to Brampton— there are two choices. For each of these choices 
qz there are three choices at the second stage— from Brampton to Carmichael. T hus the num- 


ber of different routes is 2 x 3 = 6. These routes are conveniently enumerated by a tree 
FIGURE 1 Tree diagram diagram as in Figure 1. 
The method that we used to solve this problem leads to the following principle. 


FUNDAMENTAL COUNTING PRINCIPLE 


Suppose that two events occur in order. If the first can occur in m ways and the 


second in n ways (after the first has occurred), then the two events can occur in 
order inm x n ways. 


There is an immediate consequence of this principle for any number of events: If 
E,,E>,...,E, are events that occur in order and if E, can occur in n, ways, E, inn, ways, 
and so on, then the events can occur in order inn, X np X ++» X ny, ways. 


V Using the Fundamental Counting Principle 


In the following examples we illustrate how the Fundamental Counting Principle is 
used. 


EXAMPLE 1 | Using the Fundamental Counting Principle 


Anice-cream store offers three types of cones and 31 flavors. How many different single- 
scoop ice-cream cones is it possible to buy at this store? 


SOLUTION There are two choices: type of cone and flavor of ice cream. At the first 
stage we choose a type of cone, and at the second stage we choose a flavor. We can think 
of the different stages as boxes: 


PEN 


Stagel:Type Stage 2: 
of Cone Flavor 


PERSI DIACONIS (b. 1945) is cur- 
rently professor of statistics and mathe- 
matics at Stanford University in Califor- 
nia. He was born in New York City into a 
musical family and studied violin until 
the age of 14. At that time he left home 
to become a magician. He was a magi- 
cian (apprentice and master) for ten 
years. Magic is still his passion, and if 
there were a professorship for magic, 
he would certainly qualify for such a 
post! His interest in card tricks led him 
to a study of probability and statistics. 
He is now one of the leading statisti- 
cians in the world. With his unusual 
background he approaches mathemat- 
ics with an undeniable flair. He says, 
“Statistics is the physics of numbers. 
Numbers seem to arise in the world in 
an orderly fashion. When we examine 
the world, the same regularities seem 
to appear again and again.” Among his 
many original contributions to mathe- 
matics is a probabilistic study of the 
perfect card shuffle. 


"G YS, Minois © 


, 
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The first box can be filled in three ways, and the second can be filled in 31 ways: 


Stage 1 Stage 2 


Thus by the Fundamental Counting Principle there are 3 x 31 = 93 ways of choosing a 
single-scoop ice-cream cone at this store. 
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EXAMPLE 2 | Using the Fundamental Counting Principle 

In a certain state, automobile license plates display three letters followed by three digits. 
How many such plates are possible if repetition of the letters 

(a) is allowed? (b) is not allowed? 


SOLUTION 


(a) There are six choices, one for each letter or digit on the license plate. As in the 
preceding example, we sketch a box for each stage: 


26 | 26 | 26 | 10 | 10 | 10 


Letters Digits 

At the first stage we choose a letter (from 26 possible choices); at the second stage 
we choose another letter (again from 26 choices); at the third stage we choose an- 
other letter (26 choices); at the fourth stage we choose a digit (from 10 possible 
choices); at the fifth stage we choose a digit (again from 10 choices); and at the 
sixth stage, we choose another digit (10 choices). By the Fundamental Counting 
Principle the number of possible license plates is 


26 X 26 X 26 X 10 x 10 x 10 = 17,576,000 


(b) If repetition of letters is not allowed, then we can arrange the choices as follows: 


— 


26 | 25 | 24 | 10 | 10 | 10 


Letters Digits 


At the first stage, we have 26 letters to choose from, but once the first letter has been 
chosen, there are only 25 letters to choose from at the second stage. Once the first two 
letters have been chosen, 24 letters are left to choose from for the third stage. The dig- 
its are chosen as before. Thus the number of possible license plates in this case is 


26 X 25 X 24 x 10 x 10 x 10 = 15,600,000 
® NOW TRY EXERCISE 23 | 


EXAMPLE 3 | Using Factorial Notation 


In how many different ways can a race with six runners be completed? A ssume that there 
is no tie. 


& 
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SOLUTION There are six possible choices for first place, five choices for second place 
(since only five runners are left after first place has been decided), four choices for third 
place, and so on. So by the Fundamental Counting Principle the number of different ways 
in which this race can be completed is 


6x5x4x3x2x1=6! = 720 


Factorial notation is explained on ®&. NOW TRY EXERCISE 9 g 


page 861. 


14.1 EXERCISES 


CONCEPTS 


1. The Fundamental Counting Principle says that if one event can 


10. 


Seating Order |n how many ways can five people be 
seated in a row of five seats? 


occur in m ways and a second event can occur in n ways, then 11. Restaurant Meals A restaurant offers the items listed in 
the two events can occur in order in___ X ____ ways. Soif the table. How many different meals consisting of a main 
you have two choices for shoes and three choices for hats, then course, a drink, and a dessert can be selected at this restaurant? 
the number of different shoe-hat combinations you can wear is 

x = Main courses | Drinks Desserts 

2. The Fundamental Counting Principle also applies to three or Chicken Iced tea Ice cream 
more events in order. So if you have 2 choices for shoes, 5 Beef Apple juice | Layer cake 
choices for pants, 4 choices for shirts, and 3 choices for hats, Lasagna Cola Blueberry pie 
then the number of different shoe-pants-shirt-hat outfits you Quiche Ginger ale 

: Coffee 
can wear is x x x = 
12. Lining Up Books In how many ways can five different 
APPLICATIONS mathematics books be placed next to each other on a shelf? 

3. Ice-Cream Cones A vendor sells ice cream from a cart on 13. Multiple Routes TownsA, B, C, and D are located in 
the boardwalk. He offers vanilla, chocolate, strawberry, and such a way that there are four roads from A to B, five roads 
pistachio ice cream, served in either a waffle, sugar, or plain from B to C, and six roads from C to D. How many routes are 
cone. How many different single-scoop ice-cream cones can there from town A to town D via towns B and C? 
soubuyctrometnis vendor? 14. Birth Order = |na family of four children, how many differ- 

4, Three-Letter Words How many three-letter “words” ent boy-girl birth-order combinations are possible? (The birth 
(strings of letters) can be formed by using the 26 letters of the orders BBBG and BBGB are different.) 
alphabet if repetition of letters en 3 ae ee 
(a) is allowed? (b) is not allowed? 15. Flipping a Coin A coin is flipped five times, and the re- 

sulting sequence of heads and tails is recorded. How many 

5. Three-Letter Words How many three-letter “words” such sequences are possible? 

(strings of letters) can be formed by using the letters WXYZ if 
repetition of letters 16. Rolling a Pair of Dice A red die and a white die are rolled, 
(a) is allowed? (b) is not allowed? and the numbers that show are recorded. How many different out- 
; ; comes are possible? (The singular form of the word dice is die.) 
6. Horse Race Eight horses are entered in a race. 
(a) How many different orders are possible for completing 
the race? 
(b) In how many different ways can first, second, and third 
places be decided? (Assume that there is no tie.) 

7. Multiple-Choice Test A multiple-choice test has five LU 
questions with four choices for each question. In how many . 5 ; ; oe 
different ways can the test be completed? 17. Rolling Three Dice A red die, a blue die, and a white die 

are rolled, and the numbers that show are recorded. How many 

8. Phone Numbers Telephone numbers consist of seven different outcomes are possible? 
digits; the first digit cannot be 0 or 1. How many telephone ee . 
numbers are possible? 18. Picking Cards Two cards are chosen in order from a 


. Running a Race 


In how many different ways can a 
race with five runners be completed? (Assume that there 
isno tie) 


deck. In how many ways can this be done if 

(a) the first card must be a spade and the second must be a 
heart? 

(b) both cards must be spades? 


19, 


21, 


22. 


*. 23. 


25. 


26. 


27. 


Choosing Outfits A girl has 5 skirts, 8 blouses, and 12 
pairs of shoes. How many different skirt-blouse-shoes outfits 
can she wear? (Assume that each item matches all the others, 
so she is willing to wear any combination.) 


. ID Numbers A company’s employee !D number system 


consists of one letter followed by three digits. How many dif- 
ferent |D numbers are possible with this system? 


ID Numbers A company has 2844 employees. Each em- 
ployee is to be given an ID number that consists of one letter 
followed by two digits. Is it possible to give each employee a 
different ID number using this scheme? Explain. 


Pitchers and Catchers An all-star baseball team has a 
roster of seven pitchers and three catchers. How many pitcher- 
catcher pairs can the manager select from this roster? 


License Plates Standard automobile license plates in 
California display a nonzero digit, followed by three letters, 
followed by three digits. How many different standard plates 
are possible in this system? 


[1 CALIFORNIA -* 


2NEH341 


Combination Lock A combination lock has 60 different 
positions. To open the lock, the dial is turned to a certain 
number in the clockwise direction, then to a number in the 
counterclockwise direction, and finally to a third number in the 
clockwise direction. If successive numbers in the combination 
cannot be the same, how many different combinations are 
possible? 


True-False Test A true-false test contains ten questions. 
In how many different ways can this test be completed? 


Ordering a Car An automobile dealer offers five models. 
Each model comes in a choice of four colors, three types of 
stereo equipment, with or without air conditioning, and with or 
without a sunroof. In how many different ways can a customer 
order an auto from this dealer? 


Classifications The registrar at a certain university clas- 
sifies students according to a major, minor, year (1, 2, 3, 4), and 
sex (M, F). Each student must choose one major and either one 
or no minor from the 32 fields taught at this university. How 
many different student classifications are possible? 


28. 


29, 


31 


32. 


33. 


35. 


36. 


37. 


. Seating Arrangements 
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Monograms How many monograms consisting of three 
initials are possible? 


License Plates A state has registered 8 million automo- 
biles. To simplify the license plate system, a state employee 
suggests that each plate display only two letters followed by 
three digits. Will this system create enough different license 
plates for all the vehicles that are registered? 


. License Plates A state license plate design has six places. 


Each plate begins with a fixed number of letters, and the re- 
maining places are filled with digits. (For example, one letter 
followed by five digits, two letters followed by four digits, and 
so on.) The state has 17 million registered vehicles. 

(a) The state decides to change to a system consisting of one 
letter followed by five digits. Will this design allow for 
enough different plates to accommodate all the vehicles 
that are registered? 

(b) Find a system that will be sufficient if the smallest possi- 
ble number of letters is to be used. 


Class Executive |n how many ways can a president, vice 
president, and secretary be chosen from a class of 30 students? 


Class Executive |n how many ways can a president, vice 
president, and secretary be chosen from a class of 20 females 
and 30 males if the president must be a female and the vice 
president must be a male? 


Committee Officers A senate subcommittee consists of 
ten Democrats and seven Republicans. In how many ways can 
a chairman, vice chairman, and secretary be chosen if the 
chairman must be a Democrat and the vice chairman must be a 
Republican? 


Social Security Numbers Social Security numbers con- 
sist of nine digits, with the first digit between 0 and 6, inclu- 
sive. How many Social Security numbers are possible? 


Five-Letter Words Five-letter “words” are formed using 
the letters A,B, C, D, E, F, G. How many such words are pos- 
sible for each of the following conditions? 

(a) No condition is imposed. 

(b) No letter can be repeated in a word. 

(c) Each word must begin with the letter A. 

(d) The letter C must be in the middle. 

(e) The middle letter must be a vowel. 


Palindromes How many five-letter palindromes are possi- 
ble? (A palindrome is a string of letters that reads the same 
backward and forward, such as the string XCZCX.) 


Names of Variables A certain computer programming 
language allows names of variables to consist of two charac- 
ters, the first being any letter and the second being any letter 
or digit. How many names of variables are possible? 


. Code Words How many different three-character code 


words consisting of letters or digits are possible for the follow- 
ing code designs? 

(a) The first entry must be a letter. 

(b) The first entry cannot be zero. 


In how many ways can four 

men and four women be seated in a row of eight seats for the 

following situations? 

(a) The women are to be seated together, and the men are to 
be seated together. 

(b) They are to be seated alternately by gender. 
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40. Arranging Books = |n how many ways can five different 


mathematics books be placed on a shelf if the two algebra 
books are to be placed next to each other? 


as 
7) 
2) 
= 
* 
x 
< 


41. Arranging Books Eight mathematics books and three 


chemistry books are to be placed on a shelf. In how many 
ways can this be done if the mathematics books are next to 
each other and the chemistry books are next to each other? 


. Three-Digit Numbers  Three-digit numbers are formed 
using the digits 2, 4, 5, and 7, with repetition of digits al- 
lowed. How many such numbers can be formed if 

(a) the numbers are less than 700? 

(b) the numbers are even? 

(c)_ the numbers are divisible by 5? 


43. 


Three-Digit Numbers How many three-digit odd num- 
bers can be formed using the digits 1, 2, 4, and 6 if repetition 
of digits is not allowed? 


DISCOVERY =DISCUSSION = WRITING 


44, 


45. 


Pairs of Initials Explain why in any group of 677 people, 
at least two people must have the same pair of initials. 


Area Codes Until recently, telephone area codes in the 
United States, Canada, and the Caribbean islands were chosen 
according to the following rules: (i) The first digit cannot be 0 
oral, and (ii) the second digit must bea 0 oral. Butin 1995 
the second rule was abandoned when the area code 360 was in- 
troduced in parts of western Washington State. Since then, 
many other new area codes that violate Rule (ii) have come 
into use, although Rule (i) still remains in effect. 

(a) How many area code + telephone number combinations 
were possible under the old rules? (See Exercise 8 for a 
description of local telephone numbers.) 

(b) How many area code + telephone number combinations 
are now possible under the new rules? 

(c) Why do you think it was necessary to make this change? 

(d) How many area codes that violate Rule (ii) are you 
personally familiar with? 


14.2 PERMUTATIONS AND COMBINATIONS 


Permutations of 
three colored squares 


Permutations ® Distinguishable Permutations > Combinations > Problem 
Solving with Permutations and Combinations 


In this section we single out two important special cases of the Fundamental Counting 
Principle: permutations and combinations. 


V Permutations 


A permutation of a set of distinct objects is an ordering of these objects. For example, 
some permutations of the letters ABCDWXYZ are 


XAYBZWCD ZAYBCDWX DBWAZXYC YDXAWCZB 


How many such permutations are possible? Since there are eight choices for the first po- 
sition, seven for the second (after the first has been chosen), six for the third (after the first 
two have been chosen), and so on, the Fundamental Counting Principle tells us that the 
number of possible permutations is 


8xX7x6x5x4x3X2xX1 = 40,320 


This same reasoning with 8 replaced by n leads to the following observation: 


The number of permutations of n objects is n!. 
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How many permutations consisting of five letters can be made from these same eight 
letters? Some of these permutations are 


XYZWC AZDWX AZXYB WDXZB 


Again, there are eight choices for the first position, seven for the second, six for the third, 
five for the fourth, and four for the fifth. B y the Fundamental Counting Principle the num- 
ber of such permutations is 


8x7x6x5 x 4= 6720 


In general, if a set has n elements, then the number of ways of ordering r elements from 
the set is denoted by P(n,r) and is called the number of permutations of n objects 
taken rat a time 

We have just shown that P(8,5) = 6720. The same reasoning that was used to find 
P(8,5) will help us find a general formula for P(n, r). Indeed, there are n objects and r 
positions to place them in. Thus there are n choices for the first position, n — 1 choices 
for the second, n — 2 choices for the third, and so on. The last position can be filled in 
n —r + 1 ways. By the Fundamental Counting Principle, 


P(n,r) =n(n — 1)(n — 2)++-(n -~r +1) 
This formula can be written more compactly by using factorial notation: 
P(n,r) =n(n —1)(n — 2)++:(n-r +1) 
n(n —1)(n — 2)---(n-~r +1)(n—1r)---3-2-1 n! 


(n—r)+++3-2-1 (n —r)! 


PERMUTATIONS OF 7 OBJECTS TAKEN s AT A TIME 


The number of permutations of n objects taken r at a time is 


n! 


NOS ray 


EXAMPLE 1 | Finding the Number of Permutations 


A club has nine members. In how many ways can a president, vice president, and secre- 
tary be chosen from the members of this club? 


SOLUTION Weneed the number of ways of selecting three members, in order, for the 
positions of president, vice president, and secretary from the nine club members. This 
number is 


| | 
oy 79% 8% 7 = 504 
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P(9, 3) = 


EXAMPLE 2 | Finding the Number of Permutations 


From 20 raffle tickets in a hat, four tickets are to be selected in order. The holder of the 
first ticket wins a car, the second a motorcycle, the third a bicycle, and the fourth a skate- 
board. In how many different ways can these prizes be awarded? 
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0000000000 
0000000000 


0000000000 


SOLUTION Theorder in which the tickets are chosen determines who wins each prize. 
So we need to find the number of ways of selecting four objects, in order, from 20 ob- 
jects (the tickets). This number is 

20! 20! 
(20-4)! 16! 
®. NOW TRY EXERCISE 33 | 


P(20, 4) = = 20 x 19 x 18 x 17 = 116,280 


V Distinguishable Permutations 


If we have a collection of ten balls, each a different color, then the number of permuta- 
tions of these balls is P(10, 10) = 10!. If all ten balls are red, then we have just one dis- 
tinguishable permutation because all the ways of ordering these balls look exactly the 
same. In general, in considering a set of objects, some of which are of the same kind, then 
two permutations are distinguishable if one cannot be obtained from the other by inter- 
changing the positions of elements of the same kind. For example, if we have ten balls, of 
which six are red and the other four are each a different color, then how many distin- 
guishable permutations are possible? The Key point here is that balls of the same color are 
not distinguishable. So each rearrangement of the red balls, keeping all the other balls 
fixed, gives essentially the same permutation. Since there are 6! rearrangements of the red 
balls for each fixed position of the other balls, the total number of distinguishable permu- 
tations is 10!/6!. The same type of reasoning gives the following general rule: 


DISTINGUISHABLE PERMUTATIONS 


If a set of n objects consists of k different kinds of objects with n, objects of the 
first kind, n, objects of the second kind, n3 objects of the third kind, and so on, 
wheren, +n, +++: +n, =n, then the number of distinguishable permutations 


of these objects is 


n! 
ny! ng!ngl---n, 


EXAMPLE 3 | Finding the Number of Distinguishable 
Permutations 


Find the number of different ways of placing 15 balls in a row given that 4 are red, 3 are 
yellow, 6 are black, and 2 are blue. 


SOLUTION Wewantto find the number of distinguishable permutations of these balls. 
By the formula this number is 
15! 
4! 3! 6! 2! = 6,306,300 


©. NOW TRY EXERCISE 39 a 


Suppose we have 15 wooden balls in a row and four colors of paint: red, yellow, black, 
and blue. In how many different ways can the 15 balls be painted in such a way that we 
have 4 red, 3 yellow, 6 black, and 2 blue balls? A little thought will show that this num- 
ber is exactly the same as that calculated in Example 3. This way of looking at the prob- 
lem is somewhat different, however. Here we think of the number of ways to partition 
the balls into four groups, each containing 4, 3, 6, and 2 balls to be painted red, yellow, 
black, and blue, respectively. The next example shows how this reasoning is used. 


In Section 13.6 we denoted C(n, r) by 
(7), but it is customary to use the 
notation C(n, r) in the context of 
counting. For an explanation of why 
these are the same, see Exercise 82. 
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EXAMPLE 4 | Finding the Number of Partitions 


Fourteen construction workers are to be assigned to three different tasks. Seven workers 
are needed for mixing cement, five for laying bricks, and two for carrying the bricks to 
the brick layers. In how many different ways can the workers be assigned to these tasks? 


SOLUTION We need to partition the workers into three groups containing 7, 5, and 
2 workers, respectively. This number is 


14! 
7! 5! 2! 
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= 72,072 


V Combinations 


When finding permutations, we are interested in the number of ways of ordering elements 
of aset. In many counting problems, however, order is not important. For example, a poker 
hand is the same hand, regardless of how it is ordered. A poker player who is interested in 
the number of possible hands wants to know the number of ways of drawing five cards from 
52 cards, without regard to the order in which the cards of a given hand are dealt. We now 
develop a formula for counting in situations such as this, in which order doesn’t matter. 

A combination of r elements of a set is any subset of r elements from the set (without 
regard to order). If the set has n elements, then the number of combinations of r elements is 
denoted by C(n, r) and is called the number of combinations of n elements taken rata 
time. 

For example, consider a set with the four elements, A, B, C, and D. The combinations 
of these four elements taken three at a time are 


ABC ABD ACD BCD 
The permutations of these elements taken three at a time are 
ABC ABD ACD BCD 
ACB ADB ADC BDC 
BAC BAD CAD CBD 
BCA BDA CDA CDB 
CAB DAB DAC DBC 
CBA DBA DCA DCB 


We notice that the number of combinations is a lot fewer than the number of permutations. 
In fact, each combination of three elements generates 3! permutations. So 
P(4, 3) 4! 


ea ah a 


In general, each combination of r objects gives rise to r! permutations of these objects. 
Thus 


P(n,r) _ n! 
r! rin —r)! 


C(n,r) = 


COMBINATIONS OF 2 OBJECTS TAKEN r AT A TIME 
The number of combinations of n objects taken r at a time is 


n! 
ri(n — r)! 


C(n,r) = 
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RONALD GRAHAM., born in Taft, 
California, in 1935, is considered the 
world’s leading mathematician in the 
field of combinatorics, the branch of 
mathematics that deals with counting. 
For many years Graham headed the 
Mathematical Studies Center at Bell 
Laboratories in Murray Hill, New Jersey, 
where he solved key problems for the 
telephone industry. During the Apollo 
program, NASA needed to evaluate 
mission schedules so that the three as- 
tronauts aboard the spacecraft could 
find the time to perform all the 
necessary tasks. The number of ways to 
allot these tasks was astronomical— 
too vast for even a computer to sort 
out. Graham, using his knowledge of 
combinatorics, was able to reassure 
NASA that there were easy ways of 
solving their problem that were not 
too far from the theoretically best pos- 
sible solution. Besides being a prolific 
mathematician, Graham is an accom- 
plished juggler (he has been on stage 
with the Cirque du Soleil and is a past 
president of the International Jugglers 
Association). Several of his research pa- 
pers address the mathematical aspects 
of juggling. He is also fluent in Man- 
darin Chinese and Japanese and once 
spoke with former President Jiang of 
China in his native language. 


The key difference between permutations and combinations is order. If we are inter- 
ested in ordered arrangements, then we are counting permutations; but if we are con- 
cerned with subsets without regard to order, then we are counting combinations. Compare 
Examples 5 and 6 below (in which order doesn’t matter) with Examples 1 and 2 (in which 
order does matter). 


EXAMPLE 5 | Finding the Number of Combinations 


A club has nine members. In how many ways can a committee of three be chosen from 
the members of this club? 


SOLUTION Weneed the number of ways of choosing three of the nine members. Or- 
der is not important here, because the committee is the same no matter how its members 
are ordered. So we want the number of combinations of nine objects (the club members) 
taken three at a time. This number is 


9! 9! 9x8x7 
39-3)! 316! 3x2x1_ 
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C(9, 3) = 84 


EXAMPLE 6 | Finding the Number of Combinations 


From 20 raffle tickets in a hat, four tickets are to be chosen at random. The holders of the 
winning tickets are to be awarded free trips to the Bahamas. In how many ways can the 
four winners be chosen? 


SOLUTION Weneed to find the number of ways of choosing four winners from 20 en- 
tries. The order in which the tickets are chosen doesn’t matter, because the same prize is 
awarded to each of the four winners. So we want the number of combinations of 20 ob- 
jects (the tickets) taken four at a time. This number is 


20! 20! 20x 19x 18 x 17 
ait 4\(20 — 4)! = 4!16! 4x3x2x1 sa 
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If aset S has n elements, then C(n, k) is the number of ways of choosing k elements 
from S, that is, the number of k-element subsets of S. Thus the number of subsets of S of 
all possible sizes is given by the sum 


C(n, 0) + C(n, 1) + C(n, 2) + +++ + C(n,n) = 2" 
(See Section 13.6, Exercise 56, where this sum is discussed.) 


A set with n elements has 2” subsets. 


EXAMPLE 7 | Finding the Number of Subsets of a Set 


A pizza parlor offers the basic cheese pizza and a choice of 16 toppings. How many dif- 
ferent kinds of pizza can be ordered at this pizza parlor? 


SOLUTION Weneed the number of possible subsets of the 16 toppings (including the 
empty set, which corresponds to a plain cheese pizza). Thus 22° = 65,536 different piz- 
zas can be ordered. 
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We could have first chosen the four un- 
ordered members of the committee— in 
C(20, 4) ways— and then the three 
officers from the remaining 16 mem- 
bers, in P(16, 3) ways. Check that this 
gives the same answer. 
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V Problem Solving with Permutations and Combinations 


The crucial step in solving counting problems is deciding whether to use permutations, 
combinations, or the Fundamental Counting Principle. In some cases the solution of a 
problem may require using more than one of these principles. Here are some general 
guidelines to help us decide how to apply these principles. 


GUIDELINES FOR SOLVING COUNTING PROBLEMS 


1. Fundamental Counting Principle. When consecutive choices are being 
made, use the Fundamental Counting Principle. 


2. Does the Order Matter? W hen we want to find the number of ways of pick- 


ing r objects from n objects, we need to ask ourselves, “Does the order in 
which we pick the objects matter?” 


If the order matters, we use permutations. 
If the order doesn’t matter, we use combinations. 


EXAMPLE 8 | A Problem Involving Combinations 
A group of 25 campers contains 15 women and 10 men. In how many ways can a scout- 
ing party of 5 be chosen if it must consist of 3 women and 2 men? 


SOLUTION Three women can be chosen from the 15 women in the group in C(15, 3) 
ways, and two men can be chosen from the 10 men in the group in C(10, 2) ways. Thus 
by the Fundamental Counting Principle the number of ways of choosing the scouting 
party is 


C(15, 3) x C(10,2) = 455 x 45 = 20,475 
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EXAMPLE 9 | A Problem Involving Permutations 
and Combinations 


A committee of seven— consisting of a chairman, a vice chairman, a secretary, and four 
other members— is to be chosen from a class of 20 students. In how many ways can this 
committee be chosen? 


SOLUTION Inchoosing the three officers, order is important. So the number of ways 
of choosing them is 
P(20, 3) = 6840 


Next, we need to choose four other students from the 17 remaining. Since order doesn’t 
matter in this case, the number of ways of doing this is 


C(17, 4) = 2380 


Thus by the Fundamental Counting Principle the number of ways of choosing this com- 
mittee is 


P(20, 3) x C(17, 4) = 6840 x 2380 = 16,279,200 


©. NOW TRY EXERCISE 65 | 


888 CHAPTER 14 | Counting and Probability 


EXAMPLE 10 | A Group Photograph 


Twelve employees at a company picnic are to stand in a row for a group photograph. In 
how many ways can this be done if 


(a) Jane and J ohn insist on standing next to each other? 
(b) Jane and J ohn refuse to stand next to each other? 


nnntah it 


Jane John 

(a) Since the order in which the people stand is important, we use permutations. But 
we can’t use the formula for permutations directly. Since J ane and J ohn insist on 
standing together, let’s think of them as one object. Thus we have 11 objects to 
arrange in a row, and there are P(11, 11) ways of doing this. For each of these 
arrangements there are two ways of having J ane and J ohn stand together: J ane-] ohn 
or John-J ane. Thus by the Fundamental Counting Principle the total number of 
arrangements is 


2 x P(11, 11) = 2 x 11! = 79,833,600 


(b) There are P(12, 12) ways of arranging the 12 people. Of these, 2 x P(11, 11) have 
Jane and J ohn standing together (by part (a)). All the rest have J ane and J ohn stand- 
ing apart. So the number of arrangements with J ane and J ohn apart is 


P(12, 12) — 2 x P(11, 11) = 12! — 2 x 11! = 399,168,000 
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CONCEPTS 


1. True or false? In counting combinations, order matters. 


11-16 = Find the number of distinguishable permutations of the 
given letters. 


2. True or false? In counting permutations, order matters. eee de aie 
3. True or false? For a set of n distinct objects, the number of ase PEEED TA. APC ODDEE 
different combinations of these objects is more than the num- 15. XXYYYZZZZ 16. XXYYZZZ 


ber of different permutations. 


4. True or false? If we havea set with five distinct objects, then 


17-22 m Evaluate the expression. 


the number of different ways of choosing two members of this 17. C(8, 3) 18. C(9, 2) 19. C(11, 4) 
set is the same as the number of ways of choosing three 20. C(10, 5) 21. C(100, 1) 22. C(99, 3) 
members. 
APPLICATIONS 
SKILLS 
: 23-36 m These problems involve permutations. 
5-10 m Evaluate the expression. 
©. 23. Class Officers In how many different ways can a presi- 
5. P(8, 3) 6. P(9, 2) 7, P(1L, 4) dent, vice president, and secretary be chosen from a class of 
8. P(10, 5) 9, P(100, 1) 10. P(99, 3) 15 students? 


24. Contest Prizes In how many different ways can first, 


second, and third prizes be awarded in a game with eight con- 


testants? 


25. Seating Arrangements |n how many different ways 
can six of ten people be seated in a row of six chairs? 


26. Seating Arrangements = |n how many different ways 
can six people be seated in a row of six chairs? 


27. Three-Letter Words How many three-letter “words” can 


be made from the letters FGHIJ K? (Letters may not be 
repeated.) 


28. Letter Permutations How many permutations are possi- 


ble from the letters of the word LOVE? 
29. Three-Digit Numbers How many different three-digit 


whole numbers can be formed by using the digits 1, 3, 5, and 


7 if no repetition of digits is allowed? 
30. Piano Recital A pianist plans to play eight pieces at a 


recital. In how many ways can she arrange these pieces in the 


program? 


31. Running a Race_ In how many different ways can 
a race with nine runners be completed, assuming that there 
is no tie? 


32. Signal Flags A ship carries five signal flags of different 
colors. How many different signals can be sent by hoisting 


exactly three of the five flags on the ship’s flagpole in different 


orders? 


©. 33. Contest Prizes In how many ways can first, second, and 
third prizes be awarded in a contest with 1000 contestants? 


34. Class Officers |n how many ways can a president, vice 
president, secretary, and treasurer be chosen from a class of 
30 students? 


35. Seating Arrangements = |n how many ways can five stu- 
dents be seated in a row of five chairs if J ack insists on sitting 


in the first chair? 


36. Seating Arrangements |n how many ways can the stu- 


dents in Exercise 35 be seated if J ack insists on sitting in the 
middle chair? 


37-44 mw These problems involve distinguishable permutations. 


37. Arrangements = |n how many ways can two blue marbles 


and four red marbles be arranged in a row? 


38. Arrangements = |n how many different ways can five red 
balls, two white balls, and seven blue balls be arranged in 
a row? 


©. 39. Arranging Coins |n how many different ways can four 
pennies, three nickels, two dimes, and three quarters be 
arranged in a row? 
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40. Arranging Letters |n how many different ways can the 
letters of the word ELEEMOSYNARY be arranged? 


41. Distributions A man bought three vanilla ice-cream 
cones, two chocolate cones, four strawberry cones, and five 
butterscotch cones for his 14 chidren. In how many ways can 
he distribute the cones among his children? 


42. Room Assignments When seven students take a trip, 
they find a hotel with three rooms available: a room for one 
person, a room for two people, and a room for three people. In 
how many different ways can the students be assigned to these 
rooms? (One student has to sleep in the car.) 


. 43. Work Assignments Eight workers are cleaning a large 


house. Five are needed to clean windows, two to clean the 
carpets, and one to clean the rest of the house. In how many 
different ways can these tasks be assigned to the eight 
workers? 


44. Jogging Routes A jogger jogs every morning to his 
health club, which is eight blocks east and five blocks north of 
his home. He always takes a route that is as short as possible, 
but he likes to vary it (see the figure). How many different 
routes can he take? [Hint: The route shown can be thought 
of as ENNEEENENEENE, where E is East and N is North.] 


cont com cat eae eandtealthclup ia 
cod a ad ME 


Hone se 


45-58 m These problems involve combinations. 


45. Choosing Books |n how many ways can three books be 
chosen from a group of six different books? 


46. Pizza Toppings |n how many ways can three pizza top- 
pings be chosen from 12 available toppings? 


©.47, Committee |n how many ways can a committee of three 


members be chosen from a club of 25 members? 


48. Choosing a Group §|n how many ways can six people be 
chosen from a group of ten? 


49. Draw Poker Hands a) 
How many different five-card 
hands can be dealt from a | 
deck of 52 cards? 


50. Stud Poker Hands How many different seven-card hands 
can be picked from a deck of 52 cards? 


©.51. Choosing Exam Questions A student must answer 


seven of the ten questions on an exam. In how many ways can 
she choose the seven questions? 
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52. 


53. 


61, 


62. 


. Choosing Clothing 
. Field Trip 
. Field Trip 
. Field Trip 


. Lottery 


Three-Topping Pizzas A pizza parlor offers a choice of 
16 different toppings. How many three-topping pizzas are 
possible? 


Violin Recital A violinist has practiced 12 pieces. In how 
many ways can he choose eight of these pieces for a recital? 


If awoman has eight skirts, in how 
many ways can she choose five of these to take on a weekend trip? 


In how many ways can seven students from a 
class of 30 be chosen for a field trip? 


In how many ways can the seven students in Ex- 
ercise 55 be chosen if J ack must go on the field trip? 


In how many ways can the seven students in Ex- 
ercise 55 be chosen if Jack is not allowed to go on the field trip? 


In the 6/49 lottery game, a player picks six numbers 
from 1 to 49. How many different choices does the player have? 


. Subsets A set has eight elements. 


(a) How many subsets containing five elements does this 
set have? 
(b) How many subsets does this set have? 


. Travel Brochures A travel agency has limited numbers of 


eight different free brochures about A ustralia. The agent tells 
you to take any that you like but no more than one of any 
kind. In how many different ways can you choose brochures 
(including not choosing any)? 


Hamburgers A hamburger chain gives their customers a 
choice of ten different hamburger toppings. In how many dif- 
ferent ways can a customer order a hamburger? 


To Shop or Not to Shop = Each of 20 shoppers in a shop- 
ping mall chooses to enter or not to enter the Dressfastic cloth- 
ing store. How many different outcomes of their decisions are 
possible? 


63-79 m Solve the problem using the appropriate counting 
principle(s). 


- 63. 


- 65. 


66. 


Choosing a Committee A class has 20 students, of 

whom 12 are females and 8 are males. In how many ways can 

a committee of five students be picked from this class under 

each condition? 

(a) No restriction is placed on the number of males or fe- 
males on the committee. 

(b) No males are to be included on the committee. 

(c) The committee must have three females and two males. 


. Doubles Tennis From a group of ten male and ten female 


tennis players, two men and two women are to face each other 
in amen-versus-women doubles match. In how many different 
ways can this match be arranged? 


Choosing a Committee A committee of six is to be 
chosen from a class of 20 students. The committee is to con- 
sist of a president, a vice president, and four other members. 
In how many different ways can the committee be picked? 


Choosing a Group Sixteen boys and nine girls go ona 
camping trip. In how many ways can a group of six be se- 
lected to gather firewood, given the following conditions? 
(a) The group consists of two girls and four boys. 

(b) The group contains at least two girls. 


67. 


68. 


69. 


70. 


® 71 


72. 


73. 


74, 


75. 


76. 


®.77. 


78. 


79. 


Dance Committee A school dance committee is to con- 
sist of two freshmen, three sophomores, four juniors, and five 
seniors. If six freshmen, eight sophomores, twelve juniors, and 
ten seniors are eligible to be on the committee, in how many 
ways can the committee be chosen? 


Casting a Play A group of 22 aspiring thespians contains 
10 men and 12 women. For the next play the director wants to 
choose a leading man, a leading lady, a supporting male role, a 
supporting female role, and eight extras— three women and five 
men. In how many ways can the cast be chosen? 


Hockey Lineup A hockey team has 20 players, of whom 
12 play forward, six play defense, and two are goalies. In how 
many ways can the coach pick a starting lineup consisting of 

three forwards, two defense players, and one goalie? 


Choosing a Pizza _ A pizza parlor offers four sizes of 
pizza (small, medium, large, and colossus), two types of crust 
(thick and thin), and 14 different toppings. How many differ- 
ent pizzas can be made with these choices? 


Arranging a Class Picture |n how many ways can ten 
students be arranged in a row for a class picture if J ohn and 
Jane want to stand next to each other and Mike and M olly also 
insist on standing next to each other? 


Arranging a Class Picture |n how many ways can the 
ten students in Exercise 71 be arranged if M ike and M olly in- 
sist on standing together but J ohn and J ane refuse to stand 
next to each other? 


Seating Arrangements = |n how many ways can four 
men and four women be seated in a row of eight seats for each 
of the following arrangements? 

(a) The first seat is to be occupied by a man. 

(b) The first and last seats are to be occupied by women. 


Seating Arrangements = |n how many ways can four 
men and four women be seated in a row of eight seats for each 
of the following arrangements? 

(a) The women are to be seated together. 

(b) The men and women are to be seated alternately by gender. 


Selecting Prizewinners From agroup of 30 contestants, 
6 are to be chosen as semifinalists, then 2 of those are chosen as 
finalists, and then the top prize is awarded to one of the finalists. 
In how many ways can these choices be made in sequence? 


Choosing a Delegation Three delegates are to be cho- 
sen from a group of four lawyers, a priest, and three profes- 
sors. In how many ways can the delegation be chosen if it 
must include at least one professor? 


Choosing a Committee |n how many ways can a com- 
mittee of four be chosen from a group of ten if two people 
refuse to serve together on the same committee? 


Geometry Twelve dots are drawn on a page in such a way 
that no three are collinear. How many straight lines can be 
formed by joining the dots? 


Parking Committee A five-person committee consisting 
of students and teachers is being formed to study the issue of 
student parking privileges. Of those who have expressed an in- 
terest in serving on the committee, 12 are teachers and 14 are 
students. In how many ways can the committee be formed if at 
least one student and one teacher must be included? 


DISCOVERY = DISCUSSION = WRITING 


80. Complementary Combinations Without performing 
any calculations, explain in words why the number of ways of 
choosing two objects from ten objects is the same as the num- 
ber of ways of choosing eight objects from ten objects. In gen- 


eral, explain why 
C(n,r) = C(n,n —r) 


81. An Identity Involving Combinations Kevin has ten 
different marbles, and he wants to give three of them to Luke 
and two to M ark. In how many ways can he choose to do this? 
There are two ways of analyzing this problem: He could first 


pick three for Luke and then two for Mark, or he could first 


pick two for Mark and then three for Luke. Explain how these 


two viewpoints show that 
C(10, 3)-C(7, 2) = C(10, 2) -C(8, 3) 
In general, explain why 
C(n,r)-C(n — r,k) = C(n,k)-C(n — k, r) 


14.3 PROBABILITY 


SECTION 14.3 | Probability 891 


82. Why Is (7) the Same as C(n,r)?_ This exercise explains 


why the binomial coefficients (?) that appear in the expansion 
of (x + y)" are the same as C(n, 1), the number of ways of 
choosing r objects from n objects. First, note that expanding a 
binomial using only the Distributive Property gives 


(x+y)? =(k + y)(K + y) 
= (xX + y)x + (x + yy 
= XX + xy + yx + yy 
(x + y)? = (XK + y)(xx + xy + yx + yy) 
= XXX + xxXy + XyX + xyy + YXX 
+ yxy + yyx + yyy 


(a) Expand (x + y)° using only the Distributive Property. 

(b) Write all the terms that represent xy? together. These are 
all the terms that contain two x's and three y’s. 

(c) Note that the two x's appear in all possible positions. C on- 
clude that the number of terms that represent xy? is C (5, 2). 

(d) In general, explain why (7) in the Binomial Theorem is 
the same as C(n, r). 


What Is Probability? B Calculating Probability by Counting B The Union 
of Events B The Union of Mutually Exclusive Events B® The Intersection 


of Independent Events 


Can random events be modeled by using algebra? It might seem that this is not possible, 
but we'll see that when a random event is repeated many times, certain patterns emerge. 
These patterns are modeled by using probability. 

Let's look at a simple example. We roll a die, and we're hoping to get a “two.” 
Of course, it’s impossible to predict what number will show up. But here’s the key idea: 
If we roll the die many many times, the number 2 will show up about one-sixth of 
the time. This is because each of the six numbers, 1, 2, 3, 4, 5, and 6, is equally likely to 
show up, so the “two” will show up about a sixth of the time. If you try this experiment, 
you will see that it actually works! We will say that the probability (or chance) of getting 


a “two” is é. 


If we pick a card from a 52-card deck, what are the chances that it is an ace? Again, 
each card is equally likely to be picked. Since there are four aces, the probability (or 


chance) of picking an ace is <5. 


Probability plays a key role in many of the sciences. A remarkable example of the use 
of probability is Gregor M endel’s discovery of genes (which he could not see) by apply- 
ing probabilistic reasoning to the patterns that he saw in inherited traits. 
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The mathematical theory of probability 
was first discussed in 1654 in a series of 
letters between Pascal (see page 856) 
and Fermat (see page 143). Their corre- 
spondence was prompted by a ques- 
tion raised by the experienced gambler 
the Chevalier de Méré. The Chevalier 
was interested in the equitable distrib- 
ution of the stakes of an interrupted 
gambling game (see Problem 3, 

page 914). 


V What Is Probability? 


To discuss probability, let’s begin by defining some terms. An experiment is a process, 
such as tossing a coin or rolling a die, that gives definite results, called the outcomes of 
the experiment. For tossing a coin, the possible outcomes are “heads” and “tails”; for 
rolling a die, the outcomes are 1, 2, 3, 4, 5, and 6. The sample space of an experiment is 
the set of all possible outcomes. If we let H stand for heads and T for tails, then the sam- 
ple space of the coin-tossing experiment is S = {H, T}. 

The table lists some experiments and the corresponding sample spaces. 


Experiment Sample space 

Tossing a coin {H, T} 

Rolling adie {1,.2, 3,4, 5,6} 
Tossing a coin twice and observing {HH, HT, TH, TT} 

the sequence of heads and tails 

Picking a card from a deck {a.¥, ¢ | 

and observing the suit 

Administering a drug to three patients {RRR, RRN, RNR, RNN, 
and observing whether they recover (R) NRR, NRN, NNR, NNN$ 
or not (N ) 


We will be concerned only with experiments for which all the outcomes are equally 
likely. We already have an intuitive feeling for what this means. When we toss a perfectly 
balanced coin, heads and tails are equally likely outcomes in the sense that if this 
experiment is repeated many times, we expect that about as many heads as tails will 
show up. 

In any given experiment we are often concerned with a particular set of outcomes. We 
might be interested in a die showing an even number or in picking an ace from a deck of 
cards. Any particular set of outcomes is a subset of the sample space. This leads to the fol- 
lowing definition: 


DEFINITION OF AN EVENT 


If S is the sample space of an experiment, then an event is any subset of the sam- 
ple space. 


EXAMPLE 1 | Events in a Sample Space 


If an experiment consists of tossing a coin three times and recording the results in order, 
the sample space is 


S = {HHH,HHT, HTH, THH, TTH, THT, HTT, TTT 


The event E of showing “exactly two heads” is the subset of S that consists of all outcomes 
with two heads. Thus 


E = {HHT,HTH, THH} 
The event F of showing “at least two heads” is 
F = {HHH, HHT, HTH, THH } 


and the event of showing “no heads” is G = {TTT}. 
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MATHEMATICS IN 
THE MODERN WORLD 


Fair Voting Methods 

The methods of mathematics have re- 
cently been applied to problems in the 
social sciences. For example, how do 
we find fair voting methods? You may 
ask, “What is the problem with how we 
vote in elections?” Well, suppose candi- 
dates A, B, and C are running for presi- 
dent. The final vote tally is as follows: A 
gets 40%, B gets 39%, and C gets 21%. 
So candidate A wins. But 60% of the 
voters didn’t want A. Moreover, suppose 
you voted for C, but you dislike A so 
much that you would have been will- 
ing to change your vote to B to avoid 
having A win. Suppose most of the vot- 
ers who voted for C feel the same way 
you do. Then we have a situation in 
which most of the voters prefer B over 
A, but A wins. Is that fair? 

In the 1950s Kenneth Arrow showed 
mathematically that no democratic 
method of voting can be completely 
fair; he later won a Nobel Prize for his 
work. Mathematicians continue to work 
on finding fairer voting systems. The 
system that is most often used in fed- 
eral, state, and local elections is called 
plurality voting (the candidate with the 
most votes wins). Other systems include 
majority voting (if no candidate gets a 
majority, a runoff is held between the 
top two vote-getters), approval voting 
(each voter can vote for as many candi- 
dates as he or she approves of), prefer- 
ence voting (each voter orders the can- 
didates according to his or her 
preference), and cumulative voting 
(each voter gets as many votes as there 
are candidates and can give all of his or 
her votes to one candidate or distribute 
them among the candidates as he or 
she sees fit). This last system is often 
used to select corporate boards of 
directors. Each system of voting has 
both advantages and disadvantages. 
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Weare now ready to define the notion of probability. Intuitively, we know that rolling 
a die may result in any of six equally likely outcomes, so the chance of any particular out- 
come occurring is 4. What is the chance of showing an even number? Of the six equally 
likely outcomes possible, three are even numbers. So it is reasonable to say that the 
chance of showing an even number is 2 = 3. This reasoning is the intuitive basis for the 
following definition of probability: 


DEFINITION OF PROBABILITY 


Let S be the sample space of an experiment in which all outcomes are equally 
likely, and let E be an event. The probability of E, written P(E), is 


n(E) _ number of elements in E 
n(S) number of elements in S 


P(E) = 


Notice that 0 = n(E) < n(S), so the probability P(E) of an event is anumber between 
0 and 1, that is, 


0<P(E)<1 


The closer the probability of an event is to 1, the more likely the event is to happen; 
the closer to 0, the less likely. If P(E) = 1, then E is called the certain event; and if 
P(E) = 0, then E is called the impossible event. 


EXAMPLE 2 | Finding the Probability of an Event 


A coin is tossed three times, and the results are recorded. What is the probability of get- 
ting exactly two heads? At least two heads? No heads? 


SOLUTION By theresults of Example 1 the sample space S of this experiment contains 
eight outcomes, and the event E of getting “exactly two heads” contains three outcomes, 
{HHT, HTH, THH}, so by the definition of probability, 


Similarly, the event F of getting “at least two heads” has four outcomes, {HHH, HHT, 
HTH, THH }, so 
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V Calculating Probability by Counting 


To find the probability of an event, we do not need to list all the elements in the sample 
space and the event. What we do need is the number of elements in these sets. T he count- 
ing techniques that we learned in the preceding sections will be very useful here. 


EXAMPLE 3 | Finding the Probability of an Event 


A five-card poker hand is drawn from a standard deck of 52 cards. What is the probabil- 
ity that all five cards are spades? 
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SOLUTION Theexperiment here consists of choosing five cards from the deck, and the 
sample space S consists of all possible five-card hands. Thus the number of elements in 
the sample space is 


52! 
n(S) = C(52,5) = 5162 — 5)! 2,598,960 
The event E that we are interested in consists of choosing five spades. Since the deck con- 
— tains only 13 spades, the number of ways of choosing five spades is 
n(E) = C(13,5) = ae 1287 
i 51(13 — 5)! 
Thus the probability of drawing five spades is 
n(E) 1287 
TS n(S) 2,598,960 see 
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W hat does the answer to Example 3 tell us? Since 0.0005 = ggg, this means that if you 
play poker many, many times, on average you will be dealt a hand consisting of only 
spades about once in every 2000 hands. 


EXAMPLE 4 | Finding the Probability of an Event 


A bag contains 20 tennis balls, of which four are defective. If two balls are selected at ran- 
dom from the bag, what is the probability that both are defective? 


SOLUTION The experiment consists of choosing two balls from 20, so the number of 
elements in the sample space S is C(20, 2). Since there are four defective balls, the num- 
ber of ways of picking two defective balls is C(4, 2). Thus the probability of the event E 
of picking two defective balls is 

n(E)  C(4,2) 6 


re) = s)  C@a2) iso 
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The complement of an event E is the set of outcomes in the sample space that is not 
in E. We denote the complement of an event E by E’. We can calculate the probability of 
E’ using the definition and the fact that n(E’) = n(S) — n(E): 

mE’) n(S)—n(E) n(S)__ n(E) PE 
“7S —mS) SS) GS) _ 


PROBABILITY OF THE COMPLEMENT OF AN EVENT 


Let S be the sample space of an experiment and E an event. Then 
Pies) P(E 


This is an extremely useful result, since it is often difficult to calculate the probability 
of an event E but easy to find the probability of E’, from which P(E ) can be calculated 
immediately by using this formula. 


1 


= 1-— P(E) wehave 
P(E’), 


Since P(E’) 
PEVei= 


E F 


FIGURE 1 
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EXAMPLE 5 | Finding the Probability of the Complement 
of an Event 


Anurn contains 10 red balls and 15 blue balls. Six balls are drawn at random from the 
urn. What is the probability that at least one ball is red? 


SOLUTION LetE be the event that at least one red ball is drawn. It is tedious to count 
all the possible ways in which one or more of the balls drawn are red. So let's consider 
E’, the complement of this event— namely, that none of the balls that are chosen is red. 
The number of ways of choosing 6 blue balls from the 15 blue balls is C(15, 6); the num- 
ber of ways of choosing 6 balls from the 25 balls is C(25, 6). Thus, 


n(E’) (15, 6) 5005 13 


a n(S) (25,6) 177,100 460 
By the formula for the complement of an event we have 
, 13. 447 
P(E) =1-— P(E’) =1 460 > 460 ~ 2! 
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V The Union of Events 


If E and F are events, what is the probability that E or F occurs? The word or indicates 
that we want the probability of the union of these events, that is, E U F. So we need to 
find the number of elements in E U F. If we simply added the number of elements in E 
to the number of elements in F, then we would be counting the elements in the overlap 
twice; once in E and once in F. So to get the correct total, we must subtract the number 
of elements in E MF (see Figure 1). Thus 


n(E UF) =n(E) + n(F) — n(E NF) 


Using the formula for probability, we get 


P(E UF) = = 


We have proved the following: 


PROBABILITY OF THE UNION OF TWO EVENTS 


If E and F are events in a sample space S, then the probability of E or F is 


P(E UF) = P(E) + P(F) — P(E NF) 


EXAMPLE 6 | The Probability of the Union of Events 


W hat is the probability that a card drawn at random from a standard 52-card deck is ei- 
ther a face card or a spade? 


SOLUTION WeletE and F denote the following events: 
E: The card is a face card. 


F: The card is a spade. 
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There are 12 face cards and 13 spades in a 52-card deck, so 


Face cards Spades 
12 13 
PE) =o and P(F) = 5S 
Since three cards are simultaneously face cards and spades, we have 
3 
P(E MF) = 5D 


Thus by the formula for the probability of the union of two events we have 
P(EUF)=P(E) +P(F) —P(E mF) 
12 #13 #3 ~«2d2 
+ 
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V The Union of Mutually Exclusive Events 


Two events that have no outcome in common are said to be mutually exclusive (see 
Figure 2). For example, in drawing a card from a deck, the events 


E: Thecard isan ace. 


F: Thecard is a queen. 


are mutually exclusive because a card cannot be both an ace and a queen. 


. a If E and F are mutually exclusive events, then E  F contains no elements. Thus 
P(E MF) = 0,50 
FIGURE 2 
PEW FT) = PE) +P )=—PE nF) 
= P(E) + PF) 
We have proved the following formula: 
PROBABILITY OF THE UNION OF MUTUALLY EXCLUSIVE EVENTS 
If E and F are mutually exclusive events in a sample space S, then the probability 
of E or F is 
P(E UF) = P(E) + P(F) 
There is a natural extension of this formula for any number of mutually exclusive events: 
If E,,E>,...,E, are pairwise mutually exclusive, then 
Sevens P(Ey UE, U 49+ UE) = P(E) SP (Es) = +2: = P(E,) 


EXAMPLE 7 | The Probability of the Union 
of Mutually Exclusive Events 


Face cards 


A card is drawn at random from a standard deck of 52 cards. W hat is the probability that 
the card is either a seven or a face card? 


SOLUTION LetE and F denote the following events. 


K@ Q¢ J 
K¥ QV JY 
Ke Q& J& 
K# Q4@ J4 


E: Thecardisaseven. 


F: Thecard is a face card. 


Number of Probability that 
peopleina at least two have 
group the same birthday 

5 0.02714 

10 0.11695 

15 0.25290 

20 0.41144 

22 0.47569 

23 0.50730 

24 0.53834 

25 0.56870 

30 0.70631 

35 0.81438 

40 0.89123 

50 0.97037 
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Since a card cannot be both a seven and a face card, the events are mutually exclusive. We 
want the probability of E or F, in other words, the probability of E U F. By the formula, 
4 12 4 
PEUT) = PE) PR =oo 9 =a, 
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V The Intersection of Independent Events 


We have considered the probability of events joined by the word or, that is, the union of 
events. Now we study the probability of events joined by the word and— in other words, 
the intersection of events. 

When the occurrence of one event does not affect the probability of another event, we 
say that the events are independent. For instance, if a balanced coin is tossed, the prob- 
ability of showing heads on the second toss is 3, regardless of the outcome of the first toss. 
So any two tosses of a coin are independent. 


PROBABILITY OF THE INTERSECTION OF INDEPENDENT EVENTS 


If E and F are independent events in a sample space S, then the probability of E 


and F is 
le (oe ee Ede) 


EXAMPLE 8 | The Probability of Independent Events 


A jar contains five red balls and four black balls. A ball is drawn at random from the jar and 
then replaced; then another ball is picked. What is the probability that both balls are red? 


SOLUTION Theevents are independent. The probability that the first ball is red is 2. The 
probability that the second is red is also 3. Thus the probability that both balls are red is 


©. NOW TRY EXERCISE 55 | 


EXAMPLE 9 | The Birthday Problem 
W hat is the probability that in a class of 35 students, at least two have the same birthday? 


SOLUTION  Itisreasonable to assume that the 35 birthdays are independent and that each 
day of the 365 days in a year is equally likely as a date of birth. (We ignore February 29.) 

Let E be the event that two of the students have the same birthday. It is tedious to list 
all the possible ways in which at least two of the students have matching birthdays. So we 
consider the complementary event E ’, that is, that no two students have the same birthday. 
To find this probability, we consider the students one at a time. The probability that the 
first student has a birthday is 1, the probability that the second has a birthday different 
from the first is és, the probability that the third has a birthday different from the first two 
is 32, and so on. Thus 


P(E’) = 1-395 +365" 305° °° 365 ~ 0.186 
So P(E) = 1— P(E’) ~ 1 — 0.186 = 0.814 
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M ost people are surprised that the probability in Example 9 is so high. For this rea- 
son this problem is sometimes called the “birthday paradox.” The table in the margin 
gives the probability that two people in a group will have the same birthday for groups 


of various sizes. 


CONCEPTS 
1. The set of all possible outcomes of an experiment is called the 
. A subset of the sample space is called an 


2. The sample space for the experiment of tossing two coins is 
S ={HH, , 
one head” isE = {HH, 


F }, and the event “getting at least 
; }. So the probability of 
n____) 


getting at least one head is P(E) = = 


n(____) 


3. If the intersection of two events E and F is empty, then the 


events are called . So in drawing a card 
from a deck, the event E of “getting a heart” and the event F of 


“getting a spade” are 


4. If the occurrence of an event E does not affect the probability 
of the occurrence of another event F, then the events are called 


. So in tossing a coin, the event E of “getting heads 
on the first toss” and the event F of “getting heads on the 


second toss” are 


SKILLS 


©. 5. An experiment consists of rolling a die. List the elements in 


the following sets. 

(a) The sample space 

(b) The event “getting an even number” 

(c) The event “getting a number greater than 4” 


6. An experiment consists of tossing a coin and drawing a card 
from a deck. 
(a) How many elements does the sample space have? 
(b) List the elements in the event “getting heads and an ace.” 
(c) Listthe elements in the event “getting tails and a face card.” 
(d) List the elements in the event “getting heads and a spade.” 


7. An experiment consists of tossing a coin twice. 
(a) Find the sample space. 
(b) Find the probability of getting heads exactly two times. 
(c) Find the probability of getting heads at least one time. 
(d) Find the probability of getting heads exactly one time. 


8. An experiment consists of tossing a coin and rolling adie. 
(a) Find the sample space. 
(b) Find the probability of getting heads and an even number. 
(c) Find the probability of getting heads and a number greater 
than 4. 
(d) Find the probability of getting tails and an odd number. 


9-10 m A die is rolled. Find the probability of the given event. 


9. (a) The number showing is a six. 
(b) The number showing is an even number. 
(c) The number showing is greater than five. 


10. (a) The number showing is a two or a three. 
(b) The number showing is an odd number. 
(c) The number showing is a number divisible by 3. 


11-12 mw A card is drawn randomly from a standard 52-card deck. 
Find the probability of the given event. 


11. (a) The card drawn is a king. 
(b) The card drawn is a face card. 
(c) The card drawn is not a face card. 


12. (a) The card drawn is a heart. 
(b) The card drawn is either a heart or a spade. 
(c) The card drawn is a heart, a diamond, or a spade. 


13-14 m A ball is drawn randomly from a jar that contains five 
red balls, two white balls, and one yellow ball. Find the probability 
of the given event. 


13. (a) A red ball is drawn. 
(b) The ball drawn is not yellow. 
(c) A black ball is drawn. 


14, (a) Neither a white nor yellow ball is drawn. 
(b) A red, white, or yellow ball is drawn. 
(c) The ball that is drawn is not white. 


15. A drawer contains an unorganized collection of 18 socks. Three 
pairs are red, two pairs are white, and four pairs are black. 
(a) If one sock has been drawn at random from the drawer, 
what is the probability that it is red? 
(b) Once a sock has been drawn and discovered to be red, 
what is the probability of drawing another red sock to 
make a matching pair? 


16. A child's game has a spinner as shown in the figure. Find the 
probability of the given event. 
(a) The spinner stops on an even number. 
(b) The spinner stops on an odd number or a number greater 
than 3. 


17. 


18. 


A letter is chosen at random from the word 
EXTRATERRESTRIAL. Find the probability of the given event. 
(a) The letter T is chosen. 

(b) The letter chosen is a vowel. 

(c) The letter chosen is a consonant. 


A pair of dice is rolled, and the numbers showing are 

observed. 

(a) List the sample space of this experiment. 

(b) Find the probability of getting a sum of 7. 

(c) Find the probability of getting a sum of 9. 

(d) Find the probability that the two dice show doubles (the 
same number). 

(e) Find the probability that the two dice show different 
numbers. 

(f) Find the probability of getting a sum of 9 or higher. 


19-22 m A poker hand, consisting of five cards, is dealt from a 
standard deck of 52 cards. Find the probability that the hand con- 
tains the cards described. 


®. 19, 
. Five face cards 


24, 


26. 


Five hearts 20. Five cards of the same suit 


. Anace, king, queen, jack, and ten of the same suit (royal flush) 
. Two balls are picked at random from a jar that contains three 


red and five white balls. Find the probability of the following 
events. 

(a) Both balls are red. 

(b) Both balls are white. 


Three CDs are picked at random from a collection of 12 CDs 
of which four are defective. Find the probability of the follow- 
ing events. 

(a) All three CDs are defective. 

(b) All three CDs are functioning properly. 


. A five-card poker hand is drawn from a standard 52-card deck. 


Find the probability that at least one card is a spade. 


A five-card poker hand is drawn from a standard 52-card deck. 
Find the probability that at least one card is a face card. 


APPLICATIONS 


27. 


28. 


29. 


Four Siblings A couple intends to have four children. As- 
sume that having a boy and having a girl are equally likely 
events. 

(a) List the sample space of this experiment. 

(b) Find the probability that the couple has only boys. 

(c) Find the probability that the couple has two boys and 

two girls. 

Find the probability that the couple has four children of 
the same sex. 

Find the probability that the couple has at least two girls. 


(d 


—_- =F 


(e 


Bridge Hands_ What is the probability that a 13-card 
bridge hand consists of all cards from the same suit? 


Roulette AnAmerican roulette wheel has 38 slots; two 
slots are numbered 0 and 00, and the remaining slots are num- 
bered from 1 to 36. Find the probability that the ball lands in 
an odd-numbered slot. 


30. 


31, 


32. 


33. 


34, 


35. 


36. 


37. 


38. 
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Making Words A toddler has wooden blocks showing the 
letters C, E, F, H, N, and R. Find the probability that the child 
arranges the letters in the indicated order. 

(a) In the order FRENCH 

(b) In alphabetical order 


Lottery |n the 6/49 lottery game, a player selects six num- 
bers from 1 to 49. What is the probability of picking the 
six winning numbers? 


An Unlikely Event The president of a large company 
selects six employees to receive a special bonus. He claims 
that the six employees are chosen randomly from among the 
30 employees, of whom 19 are women and 11 are men. W hat 
is the probability that no woman is chosen? 


Guessing onaTest An exam has ten true-false ques- 
tions. A student who has not studied answers all ten questions 
by just guessing. Find the probability that the student correctly 
answers the given number of questions. 

(a) All ten questions (b) Exactly seven questions 


Quality Control To control the quality of their product, the 
Bright-Light Company inspects three light bulbs out of each 
batch of ten bulbs manufactured. If a defective bulb is found, 
the batch is discarded. Suppose a batch contains two defective 
bulbs. What is the probability that the batch will be discarded? 


Monkeys Typing Shakespeare An often-quoted ex- 

ample of an event of extremely low probability is that a mon- 

key types Shakespeare's entire play Hamlet by randomly strik- 

ing keys on a typewriter. Assume that the typewriter has 48 

keys (including the space bar) and that the monkey is equally 

likely to hit any key. 

(a) Find the probability that such a monkey will actually cor- 
rectly type just the title of the play as his first word. 

(b) What is the probability that the monkey will type the 
phrase “To be or not to be” as his first words? 


Making Words A monkey is trained to arrange wooden 
blocks in a straight line. He is then given six blocks showing 
the letters A,E,H, L, M, T. What is the probability that he will 
arrange them to spell the word HAMLET? 


Making Words A monkey is trained to arrange wooden 
blocks in a straight line. She is then given 11 blocks showing 
the letters A,B, B,1,1,L,0,P,R,T, Y. What is the probability 
that the monkey will arrange the blocks to spell the word 
PROBABILITY? 


Horse Race_ Eight horses are entered in a race. Y ou ran- 
domly predict a particular order for the horses to complete the 
race. What is the probability that your prediction is correct? 
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39. Genetics Many genetic traits are controlled by two genes, 
one dominant and one recessive. In Gregor M endel’s original 
experiments with peas, the genes controlling the height of the 
plant are denoted by T (tall) and t (short). The geneT is domi- 
nant, so a plant with the genotype (genetic makeup) TT or Ttis 
tall, whereas one with genotype tt is short. By a statistical 
analysis of the offspring in his experiments, M endel concluded 
that offspring inherit one gene from each parent and that each 
possible combination of the two genes is equally likely. If each 
parent has the genotype Tt, then the following chart gives the 
possible genotypes of the offspring: 


Parent 2 
T t 
T TT Tt 
Parent 1 Tt tt 


Find the probability that a given offspring of these parents will 
be (a) tall or (b) short. 


40. Genetics Refer to Exercise 39. M ake a chart of the possi- 
ble genotypes of the offspring if one parent has genotype Tt 
and the other has tt. Find the probability that a given offspring 
will be (a) tall or (b) short. 


SKILLS 


41-42 m Determine whether the events E and F in the given 
experiment are mutually exclusive. 


41. The experiment consists of selecting a person at random. 
(a) E: The person is male. 
F: The person is female. 
(b) E: The person is tall. 
F: The person is blond. 


42. The experiment consists of choosing at random a student from 
your class. 
(a) E: The student is female. 
F: The student wears glasses. 
(b) E: The student has long hair. 
F: The student is male. 


43-44 mw A dieis rolled, and the number showing is observed. 
Determine whether the events E and F are mutually exclusive. 
Then find the probability of the eventE UF. 


~ 43. (a) E: The number is even. 
F: Thenumber is odd. 
(b) E: The number is even. 

F: The number is greater than 4. 


44, (a) E: Thenumber is greater than 3. 
F: The number is less than 5. 

(b) E: The number is divisible by 3. 
F: The number is less than 3. 


45-46 m A card is drawn at random from a standard 52-card deck. 


Determine whether the events E and F are mutually exclusive. 
Then find the probability of the eventE UF. 


45. (a) E: Thecardisa face card. 
F: The card is a spade. 
(b) E: The card is a heart. 
F: The card is a spade. 


46. (a) E: Thecard isaclub. 

F: The card is aking. 

(b) E: The card is an ace. 
F: The card is a spade. 


47-48 m Refer to the spinner shown in the figure. Find the proba- 
bility of the given event. 


47. (a) The spinner stops on red. 
(b) The spinner stops on an even number. 
(c) The spinner stops on red or an even number. 


48. (a) The spinner stops on blue. 
(b) The spinner stops on an odd number. 
(c) The spinner stops on blue or an odd number. 


APPLICATIONS 


49. Roulette AnAmerican roulette wheel has 38 slots. Two of 
the slots are numbered 0 and 00, and the rest are numbered 
from 1 to 36. Find the probability that the ball lands in an odd- 
numbered slot or ina slot with a number higher than 31. 


50. Making Words A toddler has eight wooden blocks show- 
ing the lettersA,E,1,G,L,N,T, and R. What is the probabil- 
ity that the child will arrange the letters to spell one of the 
words TRIANGLE or INTEGRAL? 


51. Choosing a Committee A committee of five is chosen 
randomly from a group of six males and eight females. What 
is the probability that the committee includes either all males 
or all females? 


52. Lottery In the 6/49 lottery game a player selects six num- 
bers from 1 to 49. What is the probability of selecting at least 
five of the six winning numbers? 


53. Marbles ina Jar A jar contains six red marbles num- 
bered 1 to 6 and ten blue marbles numbered 1 to 10. A marble 
is drawn at random from the jar. Find the probability that the 
given event occurs. 

(a) The marble is red. 

(b) The marble is odd-numbered. 

(c) The marble is red or odd-numbered. 
(d) The marble is blue or even-numbered. 


SKILLS 

54. A coin is tossed twice. LetE and F be the following events: 
E: The first toss shows heads. 
F: The second toss shows heads. 


(a) Are the events E and F independent? 
(b) Find the probability of showing heads on both tosses. 


©.55, 


A die is rolled twice. LetE and F be the following events: 
E: The first roll shows a six. 
F: Thesecond roll shows a six. 


(a) Are the events E and F independent? 
(b) Find the probability of showing a six on both rolls. 


56-57 m Spinners A and B shown in the figure are spun at the 
same time. 


56. 


57, 


58. 


59. 


60. 


Spinner A 
(a) Are the events “spinner A stops on red” and “spinner B 
stops on yellow” independent? 


Find the probability that spinner A stops on red and 
spinner B stops on yellow. 


(b 


— 


(a) Find the probability that both spinners stop on purple. 
(b) Find the probability that both spinners stop on blue. 


A die is rolled twice. What is the probability of showing a one 
on both rolls? 


A die is rolled twice. What is the probability of showing a one 
on the first roll and an even number on the second roll? 


A card is drawn from a deck and replaced, and then a second 

card is drawn. 

(a) What is the probability that both cards are aces? 

(b) What is the probability that the first is an ace and the 
second is a spade? 


APPLICATIONS 


61. 


62. 


63. 


Roulette A roulette wheel has 38 slots. Two slots are num- 
bered 0 and 00, and the rest are numbered 1 to 36.A player 
places a bet on a number between 1 and 36 and wins if a ball 
thrown into the spinning roulette wheel lands in the slot with 
the same number. Find the probability of winning on two con- 
secutive spins of the roulette wheel. 


Making Words A researcher claims that she has taught a 
monkey to spell the word MONKEY using the five wooden let- 
tersE,0,K,M,N, Y. If the monkey has not actually learned 
anything and is merely arranging the blocks randomly, what is 
the probability that he will spell the word correctly three con- 
secutive times? 


Snake Eyes What is the probability of rolling “snake eyes” 
(double ones) three times in a row with a pair of dice? 
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65. 
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68. 


69. 


70. 
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Lottery [nthe 6/49 lottery game, a player selects six num- 
bers from 1 to 49 and wins if he or she selects the winning 
six numbers. W hat is the probability of winning the lottery 
two times in a row? 


Balls ina Jar jarA contains three red balls and four white 
balls. Jar B contains five red balls and two white balls. Which 
one of the following ways of randomly selecting balls gives 
the greatest probability of drawing two red balls? 

(i) Draw two balls from jar B. 

(ii) Draw one ball from each jar. 
(iii) Put all the balls in one jar, and then draw two balls. 


Slot Machine A slot machine has three wheels. Each 

wheel has 11 positions: a bar and the digits 0, 1, 2,...,9. 
When the handle is pulled, the three wheels spin indepen- 
dently before coming to rest. Find the probability that the 

wheels stop on the following positions. 

(a) Three bars 

(b) The same number on each wheel 

(c) At least one bar 


A Birthday Problem Find the probability that in a group 
of eight students at least two people have the same birthday. 


A Birthday Problem What is the probability that in a 
group of six students at least two have birthdays in the same 
month? 


Combination Lock A student has locked her locker with 
a combination lock, showing numbers from 1 to 40, but she 
has forgotten the three-number combination that opens the 
lock. To open the lock, she decides to try all possible combi- 
nations. If she can try ten different combinations every minute, 
what is the probability that she will open the lock within one 
hour? 


Committee Membership A mathematics department 

consists of ten men and eight women. Six mathematics faculty 

members are to be selected at random for the curriculum 

committee. 

(a) What is the probability that two women and four men are 
selected? 

(b) What is the probability that two or fewer women are 
selected? 

(c) What is the probability that more than two women are 
selected? 
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71. Class Photo Twenty students are arranged randomly ina 74, The “Oldest Son or Daughter” Phenomenon Poll 
row for a class picture. Paul wants to stand next to Phyllis. your class to determine how many of your male classmates are 
Find the probability that he gets his wish. the oldest sons in their families and how many of your female 


classmates are the oldest daughters in their families. You will 
most likely find that they form a majority of the class. Explain 
why a randomly selected individual has a high probability of 
being the oldest son or daughter in his or her family. 


72. Class Photo Eight boys and 12 girls are arranged in a row. 
W hat is the probability that all the boys will be standing at one 
end of the row and all the girls at the other end? 


DISCOVERY = DISCUSSION = WRITING DISCOVERY 


73. The “Second Son” Paradox Mrs. Smith says, “I have iL =Small Samples, Big Results 
two children. The older one is named William.” Mrs. J ones 
replies, “One of my two children is also named William.” For 
each woman, list the sample space for the genders of her chil- 
dren, and calculate the probability that her other child is also a 
son. Explain why these two probabilities are different. 


In this project we do simple experiments to get information 


about a large population using only small samples. You can 
find the project at the book companion website: 
www.stewartmath.com 


14.4 BINOMIAL PROBABILITY 


| Binomial Probability 
A coin is weighted so that the probability of heads is 3. What is the probability of getting 


exactly two heads in five tosses of this coin? Since the tosses are independent, the proba- 
bility of getting two heads followed by three tails is 


()G)G)G)- G)G) 


Heads Tails Tails 


Heads Tails 


But this is not the only way we can get exactly two heads. The two heads could occur, for 
example, on the second toss and the last toss. In this case the probability is 


(3))G)G)G)- @) G) 


Tails Tails Heads 


Heads Tails 


In fact, the two heads could occur on any two of the five tosses. Thus there are C (5, 2) ways 
in which this can happen, each with probability ($)°(3)°. It follows that 


2 3 
P(exactly 2 heads in 5 tosses) = C(5, (2) (3) = 0.164609 


V Binomial Probability 


The probabilities that we have just calculated are examples of binomial probabilities. In gen- 
eral, a binomial experiment is one in which there are two outcomes, which we call “suc- 
cess” and “failure.” In the coin-tossing experiment described above, “success” is getting 
“heads,” and “failure” is getting “tails.” The following box tells us how to calculate the prob- 
abilities associated with binomial experiments when we perform them many times. 
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BINOMIAL PROBABILITIES 


An experiment has two possible outcomes, S and F (called “success” and “fail- 
ure”), with P(S) = pand P(F) = q = 1 — p. The probability of getting exactly 


r successes in n independent trials of the experiment is 


P(r successes inn trials) = C(n,r)p'q"" 


The name binomial probability is appropriate because C(n, r) is the same as the bino- 
mial coefficient (1) (see Exercise 82 on page 891). 


EXAMPLE 1 | Rolling a Die 


A fair die is rolled 10 times. Find the probability of each event. 
(a) Exactly 2 rolls are sixes. 

(b) At most 1 roll is a six. 

(c) Atleast 2 rolls are sixes. 


SOLUTION Weinterpret “success” as getting a six and “failure” as not getting a six. 
Thus P(S) = ¢ and P(F ) = 2. Since each roll of the die is independent from the others, 
we can use the formula for binomial probability with n = 10, p = §, andq =. 


(a) P(exactly 2 are sixes) = C(10, 2)(2)’(2)° ~ 0.29071 
(b) The statement “at most 1 roll is a six” means that 0 or 1 roll is asix. So 


P(at most 1 roll isa six) = P(0 or1 roll is asix) Meaning of “at most” 
= P(Oroll isasix) + P(1 roll is asix) P(A or B) =P(A) +P(B) 
1 0 5 10 1 1 5 9 7 
= C(10, 0 (=) (2) + c(10,1)(=) (2) Binomial probability 
=~ 0.161506 + 0.323011 Calculator 
= 0.484517 


(c) The statement “at least 2 rolls are sixes” means that 2 or more rolls are sixes. In- 
stead of adding the probabilities that 2, 3, 4, 5, 6, 7, 8, 9, or 10 are sixes (which is a 
lot of work), it’s easier to find the probability of the complement of this event. The 
complement of “2 or more are sixes” is “O or Lis asix.” So 


P(2 or more are sixes) = 1 — P(Oorlisasix) P(E) =1 — P(E’) 
~1 — 0.484517 From part (b) 
= 0.515483 
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EXAMPLE 2 | Testing a Drug for Effectiveness 


A certain viral disease is known to have a mortality rate of 80%. A drug company has de- 

veloped a drug that it claims is an effective treatment for the disease. In clinical tests, the 

drug is administered to ten people suffering from the disease; seven of them recover. 

(a) What is the probability that seven or more of the patients would have recovered 
without treatment? 


(b) Does the drug appear to be effective? 
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SOLUTION 


(a) The probability of dying from the disease is 80%, or 0.8, so the probability of 
recovery (“success”) is 1 — 0.8 = 0.2. We must calculate the probability that 7, 8, 
9, or 10 of the patients would recover without treatment. 


P(7 out of 10 recover) = C(10, 7)(0.2)’(0.8)? ~ 0.0007864 
P(8 out of 10 recover) = C(10, 8)(0.2)°(0.8)? ~ 0.0000737 
P(9 out of 10 recover) = C(10, 9)(0.2)9(0.8)! ~ 0.0000041 
P(10 out of 10 recover) = C(10, 10)(0.2)'°(0.8)° ~ 0.0000001 
Adding these probabilities, we find 
P(7 or more recover) ~ 0.0008643 


(b) The probability that seven or more patients would have recovered spontaneously is 
less than 0.001, or less than 75 of 1%. Thus it is very unlikely that this happened 
just by chance. We conclude that the drug is most likely effective. 
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It's often helpful to know the most likely outcome when a binomial experiment is per- 
formed repeatedly. For example, suppose we flip a balanced coin eight times? W hat is the 
number of heads that is most likely to show up? To find out, we need to find the proba- 
bility of getting no heads, one head, two heads, and so on. 


0 8 
Number of heads | Probability P(0 head) = c.0)(3) (3) = 0.003906 
0 0.003906 Wtya\? 
1 0.031250 = = =) x 
5 0.109375 P(1 head) = c@.n(3) (3) 0.03125 
3 0.218750 1\2/1\6 
4 0.273438 P(2 heads) = c(@.2)() (3) = 0.109375 
5 0.218750 2 2 
6 0.109375 apis ; 
+ 0.031250 The probabilities for any number of heads (from 0 to 8) are shown in the table. A bar 
8 0.003906 graph of these probabilities is shown in Figure 1. From the graph we see that the event 
with greatest probability is four heads and four tails. 


0.3 

0.25 

0.2 

Probability 0.15 
0.1 

0.05 

0 


FIGURE 1 


14.4 EXERCISES 


CONCEPTS 2. If a binomial experiment has probability p of success, then the 


1. A binomial experiment is one in which there are exactly probability of failure is . The probability of getting 
; exactly r successes inn trials of this experiment is 
outcomes. One outcome is called , and the 
C(__,. _)paa—p)®. 


other is called 


SKILLS 


3-14 m Five independent trials of a binomial experiment with 
probability of success p = 0.7 and probability of failure q = 0.3 
are performed. Find the probability of each event. 


3. 
5. 
7. 
9. 
11. 
13. 


Exactly two successes 4. Exactly three successes 


No successes 6. All successes 
Exactly one success 8. Exactly one failure 
At least four successes , At least three successes 
. At most two failures 


14, 


At most one failure 


At least two successes At most three failures 


APPLICATIONS 


15. 


16. 


17. 


18. 


19. 


20. 


Rolling Dice Six dice are rolled. Find the probability that 
two of them show a four. 


Archery Anarcher hits his target 80% of the time. If he 
shoots seven arrows, what is the probability of each event? 
(a) Henever hits the target. 

(b) He hits the target each time. 

(c) Hehits the target more than once. 

(d) Hehits the target at least five times. 


Television Ratings According to a ratings survey, 40% 
of the households in a certain city tune in to the local evening 
TV news. If ten households are visited at random, what is the 
probability that four of them will have their television tuned to 
the local news? 


Spread of Disease Health authorities estimate that 10% 
of the raccoons in a certain rural county are carriers of rabies. 
A dog is bitten by four different raccoons in this county. W hat 
is the probability that he was bitten by at least one rabies 
carrier? 


Blood Type About 45% of the population of the United 

States and Canada have Type O blood. 

(a) If a random sample of ten people is selected, what is the 
probability that exactly five have Type O blood? 

(b) What is the probability that at least three of the random 
sample of ten have Type O blood? 


Handedness _ A psychologist needs 12 left-handed sub- 

jects for an experiment, and she interviews 15 potential sub- 

jects. A bout 10% of the population is left-handed. 

(a) What is the probability that exactly 12 of the potential 
subjects are left-handed? 

(b) What is the probability that 12 or more are left-handed? 
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22. 


23. 


24, 


25. 


26. 


27. 
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Germination Rates A certain brand of tomato seeds has 

a 0.75 probability of germinating. To increase the chance that 

at least one tomato plant per seed hill germinates, a gardener 

plants four seeds in each hill. 

(a) What is the probability that at least one seed will germi- 
nate in a given hill? 

(b) What is the probability that two or more seeds will germi- 
nate in a given hill? 

(c) What is the probability that all four seeds will germinate 
in a given hill? 


Genders of Children Assume that for any given live hu- 

man birth, the chances that the child is a boy or a girl are 

equally likely. 

(a) What is the probability that in a family of five children a 
majority are boys? 

(b) What is the probability that in a family of seven children a 
majority are girls? 


Genders of Children The ratio of male to female births 

is in fact not exactly one-to-one. The probability that a 

newborn turns out to be a male is about 0.52.A family has 

ten children. 

(a) What is the probability that all ten children are boys? 

(b) What is the probability all are girls? 

(c) What is the probability that five are girls and five are 
boys? 


Education Level |n acertain county 20% of the popula- 

tion have a college degree. A jury consisting of 12 people is 

selected at random from this county. 

(a) What is the probability that exactly two of the jurors have 
a college degree? 

(b) What is the probability that three or more of the jurors 
have a college degree? 


Defective Light Bulbs The DimBulb Lighting Company 
manufactures light bulbs for appliances such as ovens and re- 
frigerators. Typically, 0.5% of their bulbs are defective. From 
a crate with 100 bulbs, three are tested. Find the probability 
that the given event occurs. 

(a) All three bulbs are defective. 

(b) One or more bulbs is defective. 


Quality Control An assembly line that manufactures 
fuses for automotive use is checked every hour to ensure the 
quality of the finished product. Ten fuses are selected ran- 
domly, and if any one of the ten is found to be defective, the 
process is halted and the machines are recalibrated. Suppose 
that at a certain time 5% of the fuses being produced are actu- 
ally defective. W hat is the probability that the assembly line is 
halted at that hour’s quality check? 


Sick Leave The probability that a given worker at Dyno 
Nutrition will call in sick on a Monday is 0.04. The packaging 
department has eight workers. What is the probability that two 
or more packaging workers will call in sick next M onday? 
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28. 


29. 


30. 


31. 


32. 


33. 


Political Surveys |n acertain county, 60% of the voters 
are in favor of an upcoming school bond initiative. If five vot- 
ers are interviewed at random, what is the probability that ex- 
actly three of them will favor the initiative? 


Pharmaceuticals A drug that is used to prevent motion 
sickness is found to be effective about 75% of the time. Six 
friends, prone to seasickness, go on a Sailing cruise, and all 
take the drug. Find the probability of each event. 

(a) None of the friends gets seasick. 

(b) All of the friends get seasick. 

(c) Exactly three get seasick. 

(d) At least two get seasick. 


Reliability of a Machine A machine that is used in a 
manufacturing process has four separate components, each of 
which has a 0.01 probability of failing on any given day. If 
any component fails, the entire machine breaks down. Find the 
probability that on a given day the indicated event occurs. 

(a) The machine breaks down. 

(b) The machine does not break down. 

(c) Only one component does not fail. 


Genetics Huntington's disease is a hereditary ailment 
caused by a recessive gene. If both parents carry the gene but 
do not have the disease, there is a 0.25 probability that an off- 
spring will fall victim to the condition. A newly wed couple 
find through genetic testing that they both carry the gene (but 
do not have the disease). If they intend to have four children, 
find the probability of each event. 

(a) At least one child gets the disease. 

(b) At least three of the children get the disease. 


Selecting Cards Three cards are randomly selected from 
a standard 52-card deck, one at a time, with each card replaced 
in the deck before the next one is picked. Find the probability 
of each event. 

(a) All three cards are hearts. 

(b) Exactly two of the cards are spades. 

(c) None of the cards is a diamond. 

(d) Atleast one of the cards is a club. 


Smokers and Nonsmokers The participants at a math- 
ematics conference are housed dormitory-style, five to a room. 
Because of an oversight, conference organizers forgot to ask 
whether the participants are smokers. In fact, it turns out that 


34, 


35. 


36. 


30% are smokers. Find the probability that Fred, a nonsmok- 
ing conference participant, will be housed with 

(a) Exactly one smoker 

(b) One or more smokers 


Telephone Marketing A mortgage company advertises 

its rates by making unsolicited telephone calls to random num- 

bers. About 2% of the calls reach consumers who are inter- 

ested in the company’s services. A telephone consultant can 

make 100 calls per evening shift. 

(a) What is the probability that two or more calls will reach 
an interested party in one shift? 

(b) How many calls does a consultant need to make to ensure 
at least a 0.5 probability of reaching one or more inter- 
ested parties? [Hint: Use trial and error.] 


Effectiveness of aDrug A certain disease has a mortal- 

ity rate of 60%. A new drug is tested for its effectiveness 

against this disease. Ten patients are given the drug, and eight 

of them recover. 

(a) Find the probability that eight or more of the patients 
would have recovered without the drug. 

(b) Does the drug appear to be effective? (Consider the drug 
effective if the probability in part (a) is 0.05 or less.) 


Hitting a Target An archer normally hits the target with 

probability of 0.6. She hires a new coach for a series of spe- 

cial lessons. A fter the lessons she hits the target in five out of 

eight attempts. 

(a) Find the probability that she would have hit five or more out 
of the eight attempts before her lessons with the new coach. 

(b) Did the new coaching appear to make a difference? (Con- 
sider the coaching effective if the probability in part (a) is 
0.05 or less.) 


DISCOVERY = DISCUSSION = WRITING 


37. 


Probability 0.15 


Most Likely Outcome (Balanced Coin) A balanced 
coin is tossed nine times, and the number of heads is ob- 
served. The bar graph below shows the probabilities of getting 
any number of heads from 0 to 9. (Compare this graph to the 
one on page 904.) 

(a) Find the probabilities of getting exactly one head, exactly 
two heads, and so on, to confirm the probabilities given by 
the graph. 

(b) What is the most likely outcome (the number of heads 
with the greatest probability of occurring)? 

(c) If the coin is tossed 101 times, what number of heads has 
the greatest probability of occurring? What if the coin is 
tossed 100 times? 


0.3 
0.25 
0.2 


0.1 
0.05 


SECTION 14.5 | Expected Value 907 


38. Most Likely Outcome (Unbalanced Coin) An un- 03 
balanced coin has a 0.7 probability of showing heads. The 
coin is tossed nine times, and the number of heads is ob- 0.25 
served. The bar graph shows the probabilities of getting any 0.2 
number of heads from 0 to 9. a 
(a) Find the probabilities of getting exactly one head, exactly Propebllity. 0: 
two heads, and so on, to confirm the probabilities given by 0.1 
the graph. 0.05 
(b) What is the most likely outcome(s) (the number of heads 0 
with the greatest probability of occurring)? Compare your 0 1 


results to those in Exercise 37(b). 


14.5 EXxpecTED VALUE 


| Expected Value 


In the game shown in Figure 1, you pay $1 to spin the arrow. If the arrow stops in a red 
region, you get $3 (the dollar you paid plus $2); otherwise, you lose the dollar you paid. 
If you play this game many times, how much would you expect to win? Or lose? To an- 
swer these questions, let’s consider the probabilities of winning and losing. Since three of 
the regions are red, the probability of winning is 4 = 0.3, and the probability of losing is 
i; = 0.7. Remember, this means that if you play this game many times, you expect to win 
“on average” three out of ten times. Suppose you play the game 1000 times. Then you 
would expect to win 300 times and lose 700 times. Since we win $2 or lose $1 in each 
game, our expected payoff in 1000 games is 
2(300) + (—1)(700) = —100 

So the average expected return per game is za5o = —0.1. In other words, we expect to 
lose, on average, 10 cents per game. Another way to view this average is to divide each 
side of the preceding equation by 1000. Writing E for the result, we get 


- — 20300) + (=1)(700) 
1000 


300 700 
= 2( sao) + (17990 
= 2(0.3) + (—1)(0.7) 
Thus the expected return, or expected value, per game is 


FIGURE 1 


E = a;Pp; + appp 


where a, is the payoff that occurs with probability p, and a, is the payoff that occurs with 
probability p.. 


V Expected Value 


The above example leads us to the following definition. 


DEFINITION OF EXPECTED VALUE 


A game gives payoffs a,, a2,..., a, with probabilities p,, p2,..., Pn. The 


expected value (or expectation) E of this game is 
E = aiPi + a2P2 + +** + anPp 


& 
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The expected value is an average expectation per game if the game is played many 
times. In general, E need not be one of the possible payoffs. In the preceding example the 
expected value is —10 cents, but notice that it’s impossible to lose exactly 10 cents in any 
given game. 

EXAMPLE 1 | Finding an Expected Value 
A die is rolled, and you receive $1 for each point that shows. What is your expectation? 


SOLUTION Each face of the die has probability 2 of showing. So you get $1 with prob- 
ability g, $2 with probability , $3 with probability 4, and so on. Thus the expected value 


is 
1 1 1 1 i. 1 21 
e =1(7) +2(2) +3(2) + 4(2) +5(2) +6(2) - 235 
This means that if you play this game many times, you will make, on average, $3.50 per 


game. 
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EXAMPLE 2 | Finding an Expected Value 


In M onte Carlo the game of roulette is played on a wheel with slots numbered 0,1, 2,..., 
36. The wheel is spun, and a ball dropped in the wheel is equally likely to end up in any 
one of the slots. To play the game, you bet $1 on any number other than zero. (For ex- 
ample, you may bet $1 on number 23.) If the ball stops in your slot, you get $36 (the $1 
you bet plus $35). Find the expected value of this game. 


SOLUTION You gain $35 with probability +, and you lose $1 with probability 38. Thus 


1 36 
E (35)35 + ( 1) =~ —0.027 
In other words, if you play this game many times, you would expect to lose 2.7 cents on 
every dollar you bet (on average). Consequently, the house expects to gain 2.7 cents on 
every dollar that is bet. This expected value is what makes gambling very profitable for 
the gaming house and very unprofitable for the gambler. 
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CONCEPTS 


1. If a game gives payoffs of $10 and $100 with probabilities 0.9 
and 0.1, respectively, then the expected value of this game is 


E.= x 0.9 + x 0.1. 


2. If you played the game in Exercise 1 many times, then you 
would expect your average payoff per game to be about 


$_ 


SKILLS 


3-12 m Find the expected value (or expectation) of the games 
described. 


« 3. Mike wins $2 if acoin toss shows heads and $1 if it shows tails. 


10. 


. Jane wins $10 if a die roll shows a six, and she loses $1 
otherwise. 
. The game consists of drawing a card from a deck. You win 


$100 if you draw the ace of spades or lose $1 if you draw any 
other card. 


. Tim wins $3 if a coin toss shows heads or $2 if it shows tails. 


. Carol wins $3 if a die roll shows a six, and she wins $0.50 
otherwise. 


. A coin is tossed twice. Albert wins $2 for each heads and must 
pay $1 for each tails. 


. A dieis rolled. Tom wins $2 if the die shows an even number, 
and he pays $2 otherwise. 


A card is drawn from a deck. You win $104 if the card is an 
ace, $26 if itis a face card, and $13 if itis the eight of clubs. 


11. A bag contains two silver dollars and eight slugs. You pay 50 
cents to reach into the bag and take a coin, which you get to keep. 


12. A bag contains eight white balls and two black balls. J ohn 
picks two balls at random from the bag, and he wins $5 if he 
does not pick a black ball. 


APPLICATIONS 


.13. Roulette |n the game of roulette as played in Las Vegas, 
the wheel has 38 slots. Two slots are numbered 0 and 00, and 
the rest are numbered 1 to 36. A $1 bet on any number other 
than 0 or 00 wins $36 ($35 plus the $1 bet). Find the expected 
value of this game. 


14. Sweepstakes A sweepstakes offers a first prize of 
$1,000,000, second prize of $100,000, and third prize of 
$10,000. Suppose that two million people enter the contest and 
three names are drawn randomly for the three prizes. 

(a) Find the expected winnings for a person participating in 
this contest. 
(b) Is it worth paying a dollar to enter this sweepstakes? 


15. AGame of Chance _ A box contains 100 envelopes. Ten 
envelopes contain $10 each, ten contain $5 each, two are “un- 
lucky,” and the rest are empty. A player draws an envelope 
from the box and keeps whatever is in it. If a person draws an 
unlucky envelope, however, he or she must pay $100. What is 
the expectation of a person playing this game? 


16. Combination Lock A safe containing $1,000,000 is 
locked with a combination lock. You pay $1 for one guess at 
the six-digit combination. If you open the lock, you get to 
keep the million dollars. What is your expectation? 


17. Gambling on Stocks An investor buys 1000 shares of a 


19. 


20. 


21, 


22. 
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a watermelon. When a quarter is placed in the machine and the 
handle is pulled, the three wheels spin independently and come to 
rest. When three watermelons show, the payout is $5; otherwise, 
nothing is paid. W hat is the expected value of this game? 


Lottery 1|na6/49 lottery game, a player pays $1 and selects 
six numbers from 1 to 49. Any player who has chosen the six 
winning numbers wins $1,000,000. Assuming that this is the 
only way to win, what is the expected value of this game? 


A Game of Chance A bag contains two silver dollars and 
six slugs. A game consists of reaching into the bag and draw- 
ing acoin, which you get to keep. Determine the “fair price” 
of playing this game, that is, the price at which the player can 
be expected to break even if he or she plays the game many 
times (in other words, the price at which the player's expecta- 
tion is zero). 


A Game of Chance A game consists of drawing a card 
from a deck. You win $13 if you draw an ace. What is a “fair 
price” to pay to play this game? (See Exercise 20.) 


Lightning Insurance An insurance company has deter- 
mined that in a certain region the probability of lightning 
striking a house in a given year is about 0.0003, and the aver- 
age cost of repairs of lightning damage is $7500 per incident. 
The company charges $25 per year for lightning insurance. 
(a) What is the company’s expected value for the net income 
from each lightning insurance policy? 
(b) If the company has 450,000 lightning damage policies, 
what is the company’s expected yearly income from light- 
ning insurance? 


DISCOVERY = DISCUSSION = WRITING 


; : an 23. The Expected Value of a Sweepstakes Contest A 
esas i a share. ae jaa i ine aera magazine clearinghouse holds a sweepstakes contest to sell 
met eae se epee bale to $20 eae 0.1 and t e subscriptions. If you return the winning number, you win 
probability that it will fall to $la share is 0.9. If the only cri- $1,000,000. You have a 1-in-20-million chance of winning, but 
pelos rot ig oo a this stock was we expected value your only cost to enter the contest is a first-class stamp to mail 
of Nef profit, did.sie Maka Wise Inyesmnent the entry. Use the current price of a first-class stamp to calcu- 
18. Slot Machine A slot machine has three wheels, and each late your expected net winnings if you enter this contest. Is it 
wheel has 11 positions: the digits 0, 1, 2,..., 9 and the picture of worth entering the sweepstakes? 
CHAPTER 14 | REVIEW 
mCONCEPT CHECK 
1. What does the Fundamental Counting Principle say? (b) How many combinations are there of n elements taken r 
. ; er ; at a time? 
2. (a) What is a permutation of a set of distinct objects? : . 
(b) How many permutations are there of n objects? (c) How many subsets does a set with n elements have? 
(c) How many permutations are there of n objects taken r at a 4. In solving a problem involving picking r objects from n 
time? objects, how do you know whether to use permutations or 
(d) What is the number of distinguishable permutations of n combinations? 
objects if there are k different kinds of objects with n, 5. (a) What is meant by the sample space of an experiment? 


objects of the first kind, n, objects of the second kind, and 
so on? 


3. (a) What is a combination of r elements of a set? 


(b) W hat is an event? 
(c) Define the probability of an event E in a sample space S. 
(d) What is the probability of the complement of E? 
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6. 


(a) What are mutually exclusive events? 

(b) If E and F are mutually exclusive events, what is the 
probability of the union of E and F? What if E and F are 
not mutually exclusive? 


(a) What are independent events? 


(b) If E and F are independent events, what is the probability 
of the intersection of E and F? 


M EXERCISES 


8. An experiment has two outcomes, S and F, with P(S) = p and 
P(F ) = q. The experiment is performed n times. 
(a) What type of probability is associated with this 
experiment? 
(b) What is the probability that S occurs exactly r times? 


9. Suppose that a game gives payoffs aj, a:,..., a, with proba- 
bilities py, P2,..., Pn. What is the expected value of the game? 
W hat is the significance of the expected value? 


10. 


11. 


12. 


13. 


. A coin is tossed, adie is rolled, and a card is drawn from a 


deck. How many possible outcomes does this experiment 
have? 


. How many three-digit numbers can be formed by using the 


digits 1, 2, 3, 4, 5, 6 if repetition of digits 
(a) is allowed? (b) is not allowed? 


. (a) How many different two-element subsets does the set 


{A,E, 1,0, U } have? 
(b) How many different two-letter “words” can be made by 
using the letters from the set in part (a)? 


. An airline company overbooks a particular flight and seven 


passengers are “bumped” from the flight. If 120 passengers are 
booked on this flight, in how many ways can the airline 
choose the seven passengers to be bumped? 


. A quiz has ten true-false questions. In how many different ways 


can a student earn a score of exactly 70% on this quiz? 


. A test has ten true-false questions and five multiple-choice 


questions with four choices for each. In how many ways can 
this test be completed? 


. If you must answer only eight of ten questions on a test, how 


many ways do you have of choosing the questions you will omit? 


. Anice-cream store offers 15 flavors of ice cream. The spe- 


cialty is a banana split with four scoops of ice cream. If each 
scoop must be a different flavor, how many different banana 
splits may be ordered? 


. A company uses a different three-letter security code for each 


of its employees. W hat is the maximum number of codes this 
security system can generate? 


A group of students determines that they can stand in a row 
for their class picture in 120 different ways. How many stu- 
dents are in this class? 


A coin is tossed ten times. In how many different ways can the 
result be three heads and seven tails? 


TheYukon Territory in Canada uses a license-plate system for 
automobiles that consists of two letters followed by three 
numbers. Explain how we can know that fewer than 700,000 
autos are licensed in the Yukon. 


A group of friends have reserved a tennis court. They find that 
there are ten different ways in which two of them can play a 
singles game on this court. How many friends are in this group? 


. A pizza parlor advertises that they prepare 2048 different types 


of pizza. How many toppings does this parlor offer? 


15. In Morse code, each letter is represented by a sequence of dots 
and dashes, with repetition allowed. How many letters can be 
represented by using M orse code if three or fewer symbols are 
used? 


16. The genetic code is based on the four nucleotides adenine (A), 
cytosine (C), guanine (G), and thymine (T). These are con- 
nected in long strings to form DNA molecules. For example, a 
sequence in the DNA may look like CAGTGGTACC....The 
code uses “words,” all the same length, that are composed of 
the nucleotidesA, C, G, and T. Itis known that at least 20 dif- 
ferent words exist. What is the minimum word length neces- 
sary to generate 20 words? 


17. Given 16 subjects from which to choose, in how many ways 
can a student select fields of study as follows? 
(a) A major and a minor 
(b) A major, a first minor, and a second minor 
(c) A major and two minors 


18. (a) How many three-digit numbers can be formed by using 
the digits 0, 1,..., 9? (Remember, a three-digit number 
cannot have 0 as the leftmost digit.) 

(b) If anumber is chosen randomly from the set {0, 1, 2,..., 
1000}, what is the probability that the number chosen is a 
three-digit number? 


19-20 = An anagram of a word is a permutation of the letters 
of that word. For example, anagrams of the word triangle include 
griantle, integral, and tenalgir. 


19. How many anagrams of the word TRIANGLE are possible? 


20. How many anagrams are possible from the word 
MISSISSIPPI? 


21. A committee of seven is to be chosen from a group of ten men 
and eight women. In how many ways can the committee be 
chosen using each of the following selection requirements? 
(a) No restriction is placed on the number of men and women 
on the committee. 

(b) The committee must have exactly four men and three 
women. 

(c) Susie refuses to serve on the committee. 

(d) Atleast five women must serve on the committee. 

(e) At most two men can serve on the committee. 

(f) The committee is to have a chairman, a vice chairman, 
a secretary, and four other members. 


22. The U.S. Senate has two senators from each of the 50 states. 
In how many ways can a committee of five senators be chosen 
if no state is to have two members on the committee? 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


31, 


32. 


33. 


. A jar contains ten red balls labeled 0, 1, 2,..., 9 and five 
white balls labeled 0, 1, 2, 3, 4. If a ball is drawn from the jar, 
find the probability of the given event. 

(a) The ball is red. 

(b) The ball is even-numbered. 

(c) The ball is white and odd-numbered. 
(d) The ball is red or odd-numbered. 


If two balls are drawn from the jar in Exercise 23, find the 
probability of the given event. 

(a) Both balls are red. 

(b) One ball is white and the other is red. 

(c) Atleast one ball is red. 

(d) Both balls are red and even-numbered. 

(e) Both balls are white and odd-numbered. 


A coin is tossed three times in a row, and the outcomes of 
each toss are observed. 

(a) Find the sample space for this experiment. 

(b) Find the probability of getting three heads. 

(c) Find the probability of getting two or more heads. 

(d) Find the probability of getting tails on the first toss. 


A shelf has ten books: two mysteries, four romance novels, 
and four mathematics textbooks. If you select a book at ran- 
dom to take to the beach, what is the probability that it turns 
out to be a mathematics text? 


A die is rolled, and a card is selected from a standard 52-card 
deck. What is the probability that both the die and the card 
show a Six? 


Find the probability that the indicated card is drawn at random 
from a 52-card deck. 

(a) Anace 

(b) An ace or a jack 

(c) An ace or a spade 

(d) A red ace 


A card is drawn from a 52-card deck, adie is rolled, and a 
coin is tossed. Find the probability of each outcome. 

(a) The ace of spades, a six, and heads 

(b) A spade, asix, and heads 

(c) A face card, a number greater than 3, and heads 


Two dice are rolled. Find the probability of each outcome. 
(a) The dice show the same number. 
(b) The dice show different numbers. 


Four cards are dealt from a standard 52-card deck. Find the 
probability that the cards are 

(a) all kings 

(b) all spades 

(c) all the same color 


In the “numbers game” lottery a player picks a three-digit 
number (from 000 to 999), and if the number is selected in the 
drawing, the player wins $500. If another number with the 
same digits (in any order) is drawn, the player wins $50. J ohn 
plays the number 159. 

(a) What is the probability that he will win $500? 

(b) What is the probability that he will win $50? 


In aTV game show, a contestant is given five cards with a 
different digit on each and is asked to arrange them to match the 
price of a brand-new car. If she gets the price right, she wins the 
car. W hat is the probability that she wins, assuming that she 
knows the first digit but must guess the remaining four? 


34, 
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36. 


37. 


38. 


39. 


40. 
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42. 
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A pizza parlor offers 12 different toppings, one of which is an- 
chovies. If a pizza is ordered at random, what is the probabil- 
ity that anchovies is one of the toppings? 


A drawer contains an unorganized collection of 50 socks; 

20 are red and 30 are blue. Suppose the lights go out so that 

K athy can’t distinguish the color of the socks. 

(a) What is the minimum number of socks K athy must take 
out of the drawer to be sure of getting a matching pair? 

(b) If two socks are taken at random from the drawer, what is 
the probability that they make a matching pair? 


A volleyball team has nine players. In how many ways can a 
starting lineup be chosen if it consists of two forward players 
and three defense players? 


Zip codes consist of five digits. 

(a) How many different zip codes are possible? 

(b) How many different zip codes can be read when the enve- 
lope is turned upside down? (An upside-down 9 is a 6; 
and 0, 1, and 8 are the same when read upside down.) 

(c) What is the probability that a randomly chosen zip code 
can be read upside down? 

(d) How many zip codes read the same upside down as right 
side up? 


In the Zip+4 postal code system, zip codes consist of nine digits. 

(a) How many different Zip+4 codes are possible? 

(b) How many different Zip+4 codes are palindromes? (A 
palindrome is a number that reads the same from left to 
right as right to left.) 

(c) What is the probability that a randomly chosen Zip+4 
code is a palindrome? 


Let N = 3,600,000. (Note that N = 273255.) 

(a) How many divisors does N have? 

(b) How many even divisors does N have? 

(c) How many divisors of N are multiples of 6? 

(d) What is the probability that a randomly chosen divisor of 
N is even? 


A fair die is rolled eight times. Find the probability of each 
event. 

(a) A six occurs four times. 

(b) An even number occurs two or more times. 


Pacific chinook salmon occur in two varieties: white-fleshed 
and red-fleshed. It is impossible to tell without cutting the fish 
open whether it is the white or red variety. A bout 30% of chi- 
nooks have white flesh. An angler catches five chinooks. Find 
the probability of each event. 

(a) All are white. 

(b) All are red. 

(c) Exactly two are white. 

(d) Three or more are red. 


Two dice are rolled. J ohn gets $5 if they show the same num- 
ber, or he pays $1 if they show different numbers. What is the 
expected value of this game? 


Three dice are rolled. J ohn gets $5 if they all show the same 
number; he pays $1 otherwise. What is the expected value of 
this game? 


44. Mary will win $1,000,000 if she can name the 13 original 


states in the order in which they ratified the U.S. Constitution. 
Mary has no knowledge of this order, so she makes a guess. 
W hat is her expectation? 
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. Alice and Bill have four grandchildren, and they have three framed pictures of each grand- 


child. They wish to choose one picture of each grandchild to display on the piano in their liv- 
ing room, arranged from oldest to youngest. In how many ways can they do this? 


. A hospital cafeteria offers a fixed-price lunch consisting of a main course, a dessert, and a 


drink. If there are four main courses, three desserts, and six drinks to pick from, in how many 
ways can a customer select a meal consisting of one choice from each category? 


. An Internet service provider requires its customers to select a password consisting of four 


letters followed by three digits. Find how many such passwords are possible in each of the 
following cases: 


(a) Repetition of letters and digits is allowed. 
(b) Repetition of letters and digits is not allowed. 


. Over the past year, J ohn has purchased 30 books. 


(a) In how many ways can he pick four of these books and arrange them, in order, on his 
nightstand bookshelf? 


(b) In how many ways can he choose four of these books to take with him on his vacation at 
the shore? 


. A commuter must travel from Ajax to Barrie and back every day. Four roads join the two 


cities. The commuter likes to vary the trip as much as possible, so she always leaves and 
returns by different roads. In how many different ways can she make the round-trip? 


. A pizza parlor offers four sizes of pizza and 14 different toppings. A customer may choose 


any number of toppings (or no topping at all). How many different pizzas does this parlor 
offer? 


. Ananagram of aword is a rearrangement of the letters of the word. 


(a) How many anagrams of the word LOVE are possible? 
(b) How many different anagrams of the word KISSES are possible? 


. A board of directors consisting of eight members is to be chosen from a pool of 30 candi- 


dates. The board is to have a chairman, a treasurer, a secretary, and five other members. In 
how many ways can the board of directors be chosen? 


. One card is drawn from a deck. Find the probability of each event. 


(a) The card is red. 

(b) The card is a king. 

(c) The card is a red king. 

A jar contains five red balls, numbered 1 to 5, and eight white balls, numbered 1 to 8.A ball 
is chosen at random from the jar. Find the probability of each event. 

(a) The ball is red. 

(b) The ball is even-numbered. 

(c) The ball is red or even-numbered. 


Three people are chosen at random from a group of five men and ten women. What is the 
probability that all three are men? 


Two dice are rolled. W hat is the probability of getting doubles? 

In a group of four students, what is the probability that at least two have the same astrologi- 
cal sign? 

An unbalanced coin is weighted so that the probability of heads is 0.55. The coin is tossed 
ten times. 

(a) What is the probability of getting exactly 6 heads? 

(b) What is the probability of getting fewer than 3 heads? 


You are to draw one card from a deck. If it is an ace, you win $10; if itis aface card, you 
win $1; otherwise, you lose $0.50. W hat is the expected value of this game? 


FOCUS ON MODELING 


The Monte Carlo Method 


Contestant: “Oh no, what should | do?” 


A good way to familiarize ourselves with a fact is to experiment with it. For instance, to 
convince ourselves that the earth is a sphere (which was considered a major paradox at 
one time), we could go up in a space shuttle to see that it is so; to see whether a given 
equation is an identity, we might try some special cases to make sure there are no obvi- 
ous counterexamples. In problems involving probability, we can perform an experiment 
many times and use the results to estimate the probability in question. In fact, we often 
model the experiment on a computer, thereby making it feasible to perform the experi- 
ment a large number of times. This technique is called the M onte Carlo method, named 
after the famous gambling casino in M onaco. 


EXAMPLE 1 | The Contestant’s Dilemma 


InaTV gameshow, a contestant chooses one of three doors. Behind one of them is a valu- 
able prize; the other two doors have nothing behind them. A fter the contestant has made 
her choice, the host opens one of the other two doors— one that he knows does not con- 
ceal a prize— and then gives her the opportunity to change her choice. 

Should the contestant switch or stay, or does it matter? In other words, by switching 
doors, does she increase, decrease, or leave unchanged her probability of winning? At 
first, it may seem that switching doors doesn’t make any difference. After all, two doors 
are left— one with the prize and one without— so it seems reasonable that the contestant 
has an equal chance of winning or losing. But if you play this game many times, you will 
find that by switching doors, you actually win about § of the time. 

The authors modeled this game on a computer and found that in one million games the 
simulated contestant (who always switches) won 667,049 times— very close to $ of the 
time. Thus it seems that switching doors does make a difference: Switching increases 
the contestant’s chances of winning. This experiment forces us to reexamine our reason- 
ing. Here is why switching doors is the correct strategy: 


1. When the contestant first made her choice, she had a} chance of winning. If 
she doesn’t switch, no matter what the host does, her probability of winning 
remains 3. 

2. If the contestant decides to switch, she will switch to the winning door if she had 
initially chosen a losing one or to a losing door if she had initially chosen the 
winning one. Since the probability of having initially selected a losing door is 3, 
by switching the probability of winning then becomes $. 


We conclude that the contestant should switch, because her probability of winning is 4 
if she switches and 3 if she doesn’t. Put simply, there is a much greater chance that she 
initially chose a losing door (since there are more of these), so she should switch. | 


An experiment can be modeled by using any computer language or programmable cal- 
culator that has a random-number generator. This is a command or function (usually 
called Rnd or Rand) that returns a randomly chosen number x with 0 s x < 1. In thenext 
example we see how to use this to model a simple experiment. 


EXAMPLE 2 | Monte Carlo Model of a Coin Toss 


When a balanced coin is tossed, each outcome— “heads” or “tails”—has probability >. 
This doesn't mean that if we toss a coin several times, we will necessarily get exactly half 
heads and half tails. We would expect, however, the proportion of heads and of tails to get 
closer and closer to } as the number of tosses increases. To test this hypothesis, we could 
toss a coin a very large number of times and keep track of the results. But this is a very 
tedious process, so we will use the M onte Carlo method to model this process. 

To model acoin toss with a calculator or computer, we use the random-number gener- 
ator to get a random number x such that 0 = x < 1. Because the number is chosen ran- 
domly, the probability that it lies in the first half of this interval (0 = x < 3) is the same 
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PROGRAM:HEADTAIL 
:05J/ :0->K 
:For{n, 1,100) 
:rand>X 
rint(2X)>Y 
rJ+01-Y)>J 
=K+Y>K 

> END 
:Disp"HEADS=",J 
Disp" TALILS=",K 


FIGURE 1 Relative frequency 
of “heads” 


as the probability that it lies in the second half (> = x < 1). Thus we could model the out- 
come “heads” by the event that 0 =< x < } and the outcome “tails” by the event that 
fex<l, 

An easier way to keep track of heads and tails is to note that if 0 = x < 1, then 
0 = 2x < 2, and so [2x], the integer part of 2x, is either 0 or 1, each with probability 3. 
(On most programmable calculators, the function Int gives the integer part of a number.) 
Thus we could model “heads” with the outcome “0” and “tails” with the outcome “1” 
when we take the integer part of 2x. The program in the margin models 100 tosses of a 
coin on the T 1-83 calculator. The graph in Figure 1 shows what proportion p of the tosses 
have come up “heads” after n tosses. As you can see, this proportion settles down near 0.5 
as the number n of tosses increases— just as we hypothesized. 


Heads 
0.5 


Number of tosses 


In general, if a process has n equally likely outcomes, then we can model the process 
using a random-number generator as follows: If our program or calculator produces the 
random number x, with 0 = x < 1, then the integer part of nx will be a random choice 
from the n integers 0,1, 2,...,n — 1. Thus we can use the outcomes 0,1, 2,...,n —1 
as models for the outcomes of the actual experiment. 


PROBLEMS 


1. Winning Strategy |nagame show like the one described in Example 1, a prize is con- 
cealed behind one of ten doors. After the contestant chooses a door, the host opens eight los- 
ing doors and then gives the contestant the opportunity to switch to the other unopened door. 


(a) Play this game with a friend 30 or more times, using the strategy of switching doors 
each time. Count the number of times you win, and estimate the probability of winning 
with this strategy. 


(b) Calculate the probability of winning with the “switching” strategy using reasoning simi- 
lar to that in Example 1. Compare with your result from part (a). 


2. Family Planning A couple intend to have two children. W hat is the probability that they 
will have one child of each sex? The French mathematician D’Alembert analyzed this prob- 
lem (incorrectly) by reasoning that three outcomes are possible: two boys, or two girls, or 
one child of each sex. He concluded that the probability of having one of each sex is 3, mis- 
takenly assuming that the three outcomes are equally likely. 


(a) Model this problem with a pair of coins (using “heads” for boys and “tails” for girls), or 
write a program to model the problem. Perform the experiment 40 or more times, count- 
ing the number of boy-girl combinations. Estimate the probability of having one child of 
each sex. 


(b) Calculate the correct probability of having one child of each sex, and compare this with 
your result from part (a). 


3. Dividing a Jackpot A game between two players consists of tossing a coin. Player A 
gets a point if the coin shows heads, and player B gets a point if it shows tails. The first 
player to get six points wins an $8000 jackpot. As it happens, the police raid the place when 
player A has five points and B has three points. After everyone has calmed down, how 


PROGRAM:PI 

:0—>P 
sFor(N,1,1000) 
:rand>X:rand—>yY 
>P+((X2+Y2)<1)—P 
:End 

Disp “PI 1S 
APPROX",4*P/N 
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should the jackpot be divided between the two players? In other words, what is the probabil- 
ity of A winning (and that of B winning) if the game were to continue? 

The French mathematicians Pascal and Fermat corresponded about this problem, and both 
came to the same correct conclusion (though by very different reasonings). Their friend 
Roberval disagreed with both of them. He argued that player A has probability } of winning, 
because the game can end in the four waysH, TH, TTH, TTT, and in three of these, A wins. 
Roberval’s reasoning was wrong. 


(a) Continue the game from the point at which it was interrupted, using either a coin or a 
modeling program. Perform this experiment 80 or more times, and estimate the probabil- 
ity that player A wins. 


(b) Calculate the probability that player A wins. Compare with your estimate from part (a). 


. Long or Short World Series? _|n the World Series the top teams in the National 


League and the American League play a best-of-seven series; that is, they play until one 
team has won four games. (No tie is allowed, so this results in a maximum of seven games.) 
Suppose the teams are evenly matched, so the probability that either team wins a given game 
IS 5. 

(a) Use acoin or a modeling program to model a World Series, in which “heads” represents 
awin by TeamA and “tails” represents a win by Team B. Perform this experiment at 
least 80 times, keeping track of how many games are needed to decide each series. Esti- 
mate the probability that an evenly matched series will end in four games. Do the same 
for five, six, and seven games. 


(b) What is the probability that the series will end in four games? Five games? Six games? 
Seven games? Compare with your estimates from part (a). 

(c) Find the expected value for the number of games until the series ends. [Hint: This will 
be P(four games) x 4 + P(five) x 5 + P(six) X 6 + P(seven) x 7.] 


. Estimating z_ In this problem we use the M onte Carlo method to estimate the value 


of a. The circle in the figure has radius 1, so its area is z, and the square has area 4. If we 
choose a point at random from the square, the probability that it lies inside the circle will be 


area of circle = 7 


areaof square 4 
The M onte Carlo method involves choosing many points inside the square. Then we have 


number of hitsinside circle = a 
number of hits inside square 4 


Thus 4 times this ratio will give us an approximation for zr. 

To implement this method, we use a random-number generator to obtain the coordinates 
(x, y) of a random point in the square and then check to see whether it lies inside the circle 
(that is, we check if x2 + y* <1). Note that we need to use only points in the first quadrant, 
since the ratio of areas is the same in each quadrant. The program in the margin shows a way 
of doing this on the T1-83 calculator for 1000 randomly selected points. 

Carry out this M onte Carlo simulation for as many points as you can. How do your results 
compare with the actual value of 7? Do you think this is a reasonable way to get a good ap- 
proximation for 7? 
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The “contestant’s dilemma’ problem dis- 
cussed on page 913 is an example of 
how subtle probability can be. This prob- 
lem was posed in a nationally syndicated 
column in Parade magazine in 1990.The 
correct solution was presented in the 
column, but it generated considerable 
controversy, with thousands of letters ar- 
guing that the solution was wrong. This 
shows how problems in probability can 
be quite tricky. Without a lot of 
experience in probabilistic thinking, it’s 
easy to make a mistake. Even great 
mathematicians such as D’Alembert and 
Roberval (see Problems 2 and 3) made 
mistakes in probability. Professor David 
Burton writes in his book The History of 
Mathematics, “Probability theory 
abounds in paradoxes that wrench the 
common sense and trip the unwary.” 


6. Areas of Curved Regions The Monte Carlo method can be used to estimate the area 


under the graph of a function. The figure below shows the region under the graph of 

f(x) = x?, above the x-axis, between x = 0 and x = 1. If we choose a point in the square 
at random, the probability that it lies under the graph of f(x) = x? is the area under the 
graph divided by the area of the square. So if we randomly select a large number of points 
in the square, we have 


number of hits under graph —_ area under graph 


number of hitsin square area of square 


Modify the program from Problem 5 to carry out this M onte Carlo simulation and approxi- 
mate the required area. 


. 
. 
eet, 


. 
. 
. 

° 
ee 


2% 


7. Random Numbers Choose two numbers at random from the interval [0,1). What is the 


probability that the sum of the two numbers is less than 1? 
(a) Use aM onte Carlo model to estimate the probability. 


(b) Calculate the exact value of the probability. [Hint: Call the numbers x and y. Choos- 
ing these numbers is the same as choosing an ordered pair (x, y) in the unit square 
{(x, y)]0 = x < 1,0 sy < 1}. What proportion of the points in this square corresponds 
to x + y being less than 1?] 


Ue ea eee CHAPTERS 13 and 14 


1. For each sequence, find the seventh term and the 20th term. 
(a) ee 
2n7 +1 
Oo aed 
(c) The arithmetic sequence with initial term a = + and common difference d = 3. 


(d) The geometric sequence with initial term a = 12 and common ratio r = 2. 
(e) The sequence defined recursively by a, = 0.01 anda, = —2a,_. 


2. Calculate the sum. 
(a) 2+3+1+24+24+84+--4+374+4 
(b)3+9+274+814+-:-+ 3% 
2.5 
(e) > or 
n=0 2 
(d)6+2+5+3+3+84 
3. Mary and Kevin buy a vacation home for $350,000. They pay $35,000 down and take out a 


15-year mortgage for the remainder. If their annual interest rate is 6%, how much will their 
monthly mortgage payment be? 


4. A sequence is defined inductively by a, = 1 anda, = a,_; + 2n — 1. Use mathematical 
induction to prove that a, = n2. 


ul 


. (a) Use the Binomial Theorem to expand the expression (2x — 3)°. 
(b) Find the term containing x’ in the binomial expansion of (2x — 3). 


a 


When students receive their e-mail accounts at Oldenburg University they are assigned a ran- 
domly selected password, which consists of three letters followed by four digits (for exam- 
ple, ABC1234). 


(a) How many such passwords are possible? 
(b) How many passwords consist of three different letters followed by four different digits? 


(c) The system administrator decides that in the interest of security, no two passwords can 
contain the same set of letters and digits (regardless of the order), and no character can 
be repeated in a password. W hat is the maximum number of users the system can accom- 
modate under these rules? 


be 


Toftree is a game in which players roll three dice and receive points based on the outcome. 
Find the probability of each of the following outcomes. 


(a) All three dice show the same number. 
(b) All three dice show an even number. 
(c) The sum of the numbers showing is 15. 
8. An alumni association holds a “Vegas night” at its annual homecoming event. At one booth, 
participants play the following dice game: The player pays a fee of $5, rolls a pair of dice, 


and then gets back $15 if both dice show the same number or $7 if the dice show numbers 
that differ by one (such as 2 and 3, or 5 and 4). What is the expected value of this game? 


yo 


A weighted coin has probability p of showing heads and q = 1 — p of showing tails when 

tossed. 

(a) Find the binomial expansion of (p + q)>. If this coin is tossed five times in a row, 
what event has the probability represented by the term in this binomial expansion that 
contains p3? 

(b) If the probability of heads is 3, find the probability that in five tosses of the coin there are 
2 heads and 3 tails. 
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10. An insect species has white wings that, when closed, cover the insect’s back, like the wings of 
a ladybug. Some individual insects have black spots on their wings, arranged randomly, with 


a total of one to five spots. The probability that a randomly selected insect has n spots is ()", 
wheren = 1, 2, 3, 4, or 5. 


5 
(a) What event has probability 5‘ (7)"? Calculate this sum. 
n=1 


(b) What is the probability that a randomly selected insect has no spots? 


aaa eee Calculations and Significant Figures 


M ost of the applied examples and exercises in this book involve approximate values. F or 
example, one exercise states that the moon has a radius of 1074 miles. This does not mean 
that the moon’s radius is exactly 1074 miles but simply that this is the radius rounded to 
the nearest mile. 

One simple method for specifying the accuracy of a number is to state how many signifi 
cant digits it has. The significant digits in a number are the ones from the first nonzero digit 
to the last nonzero digit (reading from left to right). Thus, 1074 has four significant digits, 
1070 has three, 1100 has two, and 1000 has one significant digit. This rule may sometimes 
lead to ambiguities. For example, if a distance is 200 km to the nearest kilometer, then the 
number 200 really has three significant digits, not just one. This ambiguity is avoided if we 
use scientific notation— that is, if we express the number as a multiple of a power of 10: 


2.00 x10? 


W hen working with approximate values, students often make the mistake of giving a 
final answer with more significant digits than the original data. This is incorrect because 
you cannot “create” precision by using a calculator. The final result can be no more ac- 
curate than the measurements given in the problem. For example, suppose we are told that 
the two shorter sides of a right triangle are measured to be 1.25 and 2.33 inches long. By 
the Pythagorean Theorem, we find, using a calculator, that the hypotenuse has length 


V1.25? + 2.33? ~ 2.644125564 in. 


But since the given lengths were expressed to three significant digits, the answer cannot 
be any more accurate. We can therefore say only that the hypotenuse is 2.64 in. long, 
rounding to the nearest hundredth. 

In general, the final answer should be expressed with the same accuracy as the least- 
accurate measurement given in the statement of the problem. The following rules make 
this principle more precise. 


RULES FOR WORKING WITH APPROXIMATE DATA 


1. When multiplying or dividing, round off the final result so that it has as many 
significant digits as the given value with the fewest number of significant digits. 


2. When adding or subtracting, round off the final result so that it has its last 


significant digit in the decimal place in which the least-accurate given value 
has its last significant digit. 


3. When taking powers or roots, round off the final result so that it has the same 
number of significant digits as the given value. 


As an example, suppose that a rectangular table top is measured to be 122.64 in. by 
37.3 in. We express its area and perimeter as follows: 
Area = length x width = 122.64 x 37.3 ~ 4570 in? Hike significant 
Perimeter = 2(length + width) = 2(122.64 + 37.3) ~ 319.9 in. — Tenths digit 


@ Note that in the formula for the perimeter, the value 2 is an exact value, not an approxi- 
mate measurement. It therefore does not affect the accuracy of the final result. In general, 
if a problem involves only exact values, we may express the final answer with as many 
significant digits as we wish. 

Note also that to make the final result as accurate as possible, you should wait until the 
last step to round off your answer. If necessary, use the memory feature of your calcula- 
tor to retain the results of intermediate calculations. 
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4L.2V5 43.V4 45.2V5 47.33 49. x? 51. 16b34 
1 3 2y"3 
53. w? 55. 4atb 57.5 59. —~ 61. 4st* 63. —— 
4y ys 
1 x 
65. 67. apioyion 69. y?? 71. 10x79? 73, 2st!¥® 75. x 
xi/4yt/4 
7. 19.5 81. y" a3. (a)? wy 2? 
vD 
4 
(.) 3V3_ 85. (a) i () 27 (0) 4/16 
aha SS\3 WA 
87. (a Y* (b) . () . 89. 41.3mi SL (a) Yes 


(b) 3292 ft’ 


SECTION P.5 = PAGE 31 


1. (a), (c) 2. like, 11x? +x +5 3. like, x? + 8x? -5x+2 
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m 31 m6 2Y 9 623v7 wm 228 8316 mi;No 85. 49 ft, 168 ft, and 175 ft 87. 132.6 ft 
‘ 2 . =. 3 
V5+1 SECTION 1.6 = PAGE 111 
AL j 3,3 N | soluti 47. 
5. Sa ere ea uney 2 L (a) < (b) = © <= @> 2 (a Tre (b) False 
8+ V14 3 {4} 5 {V2,2,4} 7. {44 & {-2, -1,2, 4} 
—_———— N | solut —0.248, 0.2 
10 51L No real solution 53. —0.248, 0.259 UL (-00, J] B. (4,00) 
55. No real solution 5/7. —0.985, 2.828 
59, t — = V0 + agh ax —2h + V4h2 + 2A 2 : 
g 2 15. (—00, 2] 7. (—0o, —3) 
—(a +b — 2c) + Va? + b? + 4c? — 2ab —————— 
63.5 = 5 a 
-1 19. [1, 00) 21. (7, 00) 
65.2 67.1 @. Norealsolution 7L2 73. s 
I 16 
.1,1++ Mk =+20 719 and36 BL 25 ftby 3s Tt 
a 23. (—oo, —18) 2. (—co, —1] 
83. 60 ftby 40 ft 85. 48cm 87. 13 in. by 13 in. —$——— 
89. 120 ft by 126 ft 91 50 mi/h (or 240 mi/h) 93% 6 km/h =e 7 " 
95. 4.245 a (a) After 1s and13s (b) Never (c) 25ft 27. (=3,=1) 29. (2,6) 
(d) After1;s (@ After2;s 99 (a) After 17 yr, onJan.1, 
2019 (b) After 18.612 yr, on Aug. 12, 2020 3 =I 2 6 
101. 30 ft; 120 ft by 180 ft 103 Irene 3h, Henry 43h ; oa 
105. 215,000 mi 3L [3,5) 33. (3, 7] 
SECTION 1.4 = PAGE 94 2 ? 5 t 
L-1 23;4 3 (3-4 (b)9+16=25 43-4 35. (—2, 3) 37. (—co, —4] U [0, 00) 
5. Real part 5, imaginary part -7 7. Real part —4, imaginary 5 : ‘ : ; 
part —} 9, Real part 3, imaginary partO LL Real part 0, imag- - 2 =f . 
inary part —3 13. Real part V3, imaginary part2 15.5 —i - cos tt 1 
7.3+5| 192-2) 2-19+4 2-448) [3,8] me eet a 
2. 30+10i 27. -33-56i 2027-8 3L-i 33.1 te faa I T 
2 
35.-i 37.$+%) 39,-54+12i 41 -4+2) 432-4 eee ie aneae 
45. -i 47.51 49-6 5L (3+ V5) +(3- V5)i 532 ae Corer One) 
55. -iV2 57. +71 5Q2+i GL -1+2i -l 4 3 6 
a 22 3) wih of 323i 47. (-2,2) 9. (—o0, -2] U [1,3] 
= : 2 2 2 1 3 
, —° — 7L 123i 
BL (—co, —2) U (-2, 4) 53. [-1, 3] 
SECTION 1.5 = PAGE 102 = a - ee 
L (a) 0,4 (b) factor 2 (a) V2x = —x (bp 2x = x? 
(©) 0,2 (d) 0 3 quadratic; x + 1; W?- 5W +6 =0 Fee) erro) ate ee eee) 


4. quadratic; x*; W2+7W-8=0 5 0,+4 = xj $ 


7. —$<x=<4 7x<-2orx>7 79. (a) x= + 
2a — 


b 8L 68 =F =< 86 


83. More than 200 mi 85. Between 12,000 mi and 14,000 mi 
87. (a) —}P + °° (b) From $215 to $290 

89. Distances between 20,000 km and 100,000 km 

9L From0sto3s 93. Between 0 and 60 mi/h 

95. Between 20 and 40 ft 


SECTION 1.7 = PAGE 116 

L3,-3 2[-3,3] 3 (-co,-3],[3,00) 4& (a) <3 

(b) >3 5 +6 7%+5 91,5 IL-45,-35 13 -4,3 

1. -3,-1 1-8-2 9-39 W-3},-j; BI[-44] 
25. (—0o, —$) U (J,00) 27 [2,8] 2% (00, —2] U [0, 00) 

BL (—0o, -7] U[-3,00o) 33 [13,17] 35 (—4,8) 

37. (—6.001, —5.999) 39(-6,2) 42 [-3,3] 

43. (—00, —3) U (3,00) 45. [-4, -1] U [1,4] 

47. ( 5s 7) U(-7,-3) 49. |x| <3 SL |x-—7)=5 

53. |x| <2 55. |x| >3 57. (a) |x — 0.020| = 0.003 

(b) 0.017 = x = 0.023 


CHAPTER 1 REVIEW = PAGE 117 ; 
153455 2% 9-6 WO B+12 6 +—— 


WW 
7. V3 x=2A-y Zt 5 2. -5 25. -27 
27. 625 29 Nosolution 3L 2,7 33 -1,3 35.0, +3 
gy, =I = = 4. +3 421 453,11 
47. —2,7 49. 20 |b raisins, 30 |b nuts 
BL }(V329 — 3) ~ 3.78 mi/h 53. 12cm, 16cm 
55. 23 ftby 46 ftby 8ft 57. —-3—91 5% 19+ 40i 
a = 63 i 6. (2 + 2V3) + (2 —2V3)i_ OF +4) 
6. -3+i 7L +4, +4 323i 


Answers to Chapter 1 Focus on Modeling A5 


75. (—3, 00) 77. (-3, -1] 
79. —6) U (2, co) a ~1) ; 
ai 2) ~ see : 
87. ar ; — | | 
ee ‘ate 1) 


CHAPTER 1 TEST ® PAGE 119 


L(a5 (b) -} (9 512 (d) 2c=,/E 3. 150 km 


4(a5-4i (b)1-6i (07+3i (d) -3+4 (i 
-2+iv2 
2 

(d) 1,16 (8 0,+4 (f) 3,2 & 50 ftby 120ft 
7. (@) (—3,3]  (b) (0,1) U (2,00) (9 (1,5) (d) [-4, -1) 
8 41°F to50°F &9Os=x=4 


(f) 2V2-—8i 5 (a) -3,4 (b) (c) No solution 


FOCUS ON MODELING # PAGE 123 
L (a) C = 5800 + 265n (b) C =575n 


(o) n Purchase Rent 
12 8,980 6,900 
24 12,160 13,800 
36 15,340 20,700 
48 18,520 27,600 
60 21,700 34,500 
72 24,880 41,400 


(d) 19 months 3. (a) C = 8000 + 22x 
(b) R = 49x (co) P = 27x — 8000 (d) 297 
5. (a) Design 2 (b) Design 1 


7. (a) 3 
Minutes used | PlanA | PlanB | PlanC 
500 $30 $40 $60 
600 $80 $70 $70 
700 $130 $100 $80 
800 $180 $130 $90 
900 $230 $160 $100 
1000 $280 $190 $110 
1100 $330 $220 $120 


(b) A = 30 + 0.50(x — 500), B = 40 + 0.30(x — 500), 

C = 60 + 0.10(x — 500) (ce) 550 minutes: A = $55, B = $55, 
C = $65; 975 minutes: A = $267.50, B = $182.50, C = $107.50; 
1200 minutes: A = $380, B = $250, C = $130 

(d) (i) 550 minutes (ii) 575 minutes 


A6 = Answers to Selected Exercises and Chapter Tests 


CHAPTER 2 29. (a) 31 (a) 
Ya 
SECTION 2.1 = PAGE 129 , { 
1 (3,-5) 2 B& V(c—a)? + (d — b)?; 10 : i (11,6) 
(-1,3) a+ (7,3) 
a (8) a6) er eee : . 5 
2 7 a (ea al Sa ee er ane eer | i oe 
5. Yh 7. YA = = 
(-4, 5)@ 5 | e (4,5) 2 I 
(-2, 3)e © (2, 3) | 
> ooo a > (b) V74 (Od 3, ) (b) 5 (od) (9, 3) 
5 ‘1 5 x =, | 5 x 3 (a) 35. 74 
e e { yA yf 
4.55) 4,25) = me aie Pal 
9. 1 i | 
ya yk ras oa OL t—-4-4+-+4 7 + = ee oe 4+ 
5+ 54 1) i ae oe 
T | (i di 
+ | i (-3, -4) @ + t 
T i || 5+ + €(1,-3) DS,-3) 
hash . L if “al 
y Lt (b) 10 (¢) (0, 0) 
| im | 37. Trapezoid, area = 9 
—S+ 5+ 
Il ya 
B 15. Pil 
yA yh T Dic 
a\ 
1 Wee) eg a et T =e 
t + oo 3 “Of A 3 B x 
ic sith+e 1, | [ae al 
-5 A. a ag Ua 5 —s i[} 
t + il 
t f if 
“y a5 
- ‘a 39. A(6,7) 41 Q(-1,3) 45. (b) 10 49 (0, —4) 
: BL (1,3) 53 (2, —3) 
A Ya 


| 
wv 
bis 
ie) 
xy 
| 
& 
So 
- 
#Y 
| 4 
wn 
eS] 
}—+_+—+-—> 
~ 
See 
tat 
BY 


2L (a) VI3 (b) (3,1) 2% (a) 10 (b) (1,0) 


25. (a) 27. (a) 
y »: 
(4, 18) 
(6, 16) x 
8 $(0. 8) 6 
-» 0. 8 x 6 0. 6 x 
: (i ods 57. (a) 5 (b) 31; 25 (© Points P and Q must be on either the 


same street or the same avenue. 
(b) 10 (©) (3, 12) (b) 25 (9 G 6) 


Answers to Section 2.2 A7 


59. (66, 45); the y-value of the midpoint is the pressure experienced 27. x-intercepts +2, 29. x-intercept 0, 
by the diver at a depth of 66 ft. y-intercept 2 y-intercept 0 


YA 


SECTION 2.2 = PAGE 138 


L 2;3;No 2 (a)y;x;-1 (b) x y;} 3 (1,2);3 
4. (a) (a, —b) (b) (—a, b) ( (-a,—-b) 5. No, no, yes 


HY 


7. No, yes, yes 9 Yes,no, y@S TS 
11 x-intercept 0, 13. x-intercept 4, 
y-intercept 0 y-intercept 4 


y 


: 3L x-intercepts +4, 33. x-intercept 0, 
of 2 y-intercept 4 y-intercept 0 


bad 


15. x-intercept 3, T7. x-intercepts +1, 
y-intercept —6 y-intercept 1 


35. x-intercept 0, 
> y-intercept 0 


19. x-intercept 0, 21 x-intercepts +3, 
y-intercept 0 y-intercept —9 


YA 


BY 


37. x-intercepts 0, 4; y-intercept 0 
T 39. x-intercepts —2, 2; y-intercepts —4, 4 
AL. x-intercept 3; y-intercept —3 
43. x-intercepts +3; y-intercept —9 
45. x-intercepts +2; y-intercepts +2 47. None 
49, (0,0), 3 5L (3,0), 4 


Ya yA 
25. x-intercept 0, 
y-intercept 0 


Ya 


A8 Answers to Selected Exercises and Chapter Tests 


53. (—3, 4),5 


y+ ( e=9 SAX +y?=65 
x— 2) +(y—5)?=25 6L(x-7)?+(y +3)? =9 
?+(y-2)=4 6. (1,-2),2 67. (2, -5),4 


BY 
«Y 


77. Symmetry about y-axis 7 Symmetry about origin 
8L Symmetry about x-axis, y-axis, and origin 
83. 


Ya Ya 


ya va 
2+ 7] 
i at. 
yp » 
/ \ 
— es { — > 
2 2 * -4 Weg 2 | 4 a 
Wee y 
a || a 
x 
-4 


OL 127 9B. (a) 14%, 6%, 2% (b) 1975-1976, 1978-1982 
(c) Decrease, increase (d) 14%, 1% 


SECTION 2.3 = PAGE 147 


Lx 2above 3 (a)x=—1,0,1,3 (b) [—1,0] U [1,3] 
4 (a)x=1,4 (b) (1,4) 5S (c) Z%(c) & (c) 


1L LB. 
400 20 
: 
—10 -10 
15. 17. 
5 2000 
50 en 
20 20 
J 
=I 2000 
19. 2L 
100 5 
4 6 NY] 
3 5 
; | U 
—50 =I 


23. No 25. Yes, 2 
27. 29. 


BL -4 333% 35. 4+4V2~+5.7 37. Nosolution 
39.25,-25 4L54+2W5~7.99,5-2W5 ~2.01 

43. 3.00, 4.00 45. 1.00, 2.00, 3.00 47. 1.62 

49. —1.00,0.00,1.00 5L0,2,3 534 552.55 

57. —2.05,0,1.05 59. [—2.00, 5.00] 

6L (—co, 1.00] U [2.00, 3.00] €%& (—1.00, 0) U (1.00, co) 
6. (—co,0) 67 (-1,4) 6 [-1,3] 71 0,0.01 

73. (a) 


b= 


0 100 


(b) 67 mi 


SECTION 2.4 = PAGE 159 

Ly;x2 2(a3 (b)3 @-3} ZRy-2=3(x-1) 
4. (a) 0;y =3 (b) Undefined; x=2 55 2G % -5 
w-$ 13 -2,3,3,-; Bxt+y-4=0 

7. 3x—2y-6=0 19. 5x-y—-7=0 

2L 2x —-3y+19=0 235x+y—11=0 

25. 3x—-y-2=0 27. 3x-y-3=0 QWy=5 


Answers to Section 2.5 AQ 


3Lx+2y+11=0 3Rx=-1 35.5x-2y+1=0 6L x—-y—3=0 6. (b) 4x —-3y—24=0 6 16,667 ft 
37. x-y+6=0 67. (a) 8.34; the slope represents the increase in dosage for a one- 
39. (a) year increase in age. (b) 8.34 mg 

69. (a) yA 


12000 + 


9000 + 


6000 + 


3000 


0 500 1000 1500 © 

(b) 3x — 2y + 8=0 

4L They all have the same slope. (b) The slope represents production cost per toaster; the 
y-intercept represents monthly fixed cost. 

7L (a) t= 5n+45 (b) 76°F 

73. (a) P = 0.434d + 15, where P is pressure in Ib/in? and d is 
depth in feet 


(b) » 
43. They all have the same x-intercept. 
5 m=1.5 > 
m=0.75 o| 5 i 
m=0.25 
m=0 
v2  Scase (c) The slope is the rate of increase in water pressure, and the 
y-intercept is the air pressure at the surface. (d) 196 ft 
mee 75. (a) C = 1d + 260 (b) $635 
= ae (c) The slope represents cost per mile. 
47. -3,0 yh 
1000+ 
: af 
| oe 
500+ 
a5 0 5 x F 
2 ale 
0 a me 


(d) The y-intercept represents monthly fixed cost. 


SECTION 2.5 = PAGE 165 


L directly proportional; proportionality 

2. inversely proportional; proportionality 

3. directly proportional; inversely proportional 

Axy BT=kk ABv=kz BAy=kst We=kw 


13. V = klwh 1B R =k y= WR=12/ 


2L M =15x/y 23 W=360/r2 25 C =16lwh 

27. 5 =500/Vt 29. (a) F =kx (b)8 (c) 32N 

3L (a) C =kpm (b) 0.125 (©) $57,500 33 (a) P =ks? 
(b) 0.012 (c) 324 35.0.7dB 374 3&%53mi/h 

AL (a) R = kL/d? (b) 0.002916 (QR ~ 1370 

43. (a) 160,000 (b) 1,930,670,340 45. 36 Ib 


47. (a) f -t (b) Halves it 


A10 Answers to Selected Exercises and Chapter Tests 


CHAPTER 2 REVIEW # PAGE 168 
L (a) yh 
° 003, 7) 
+P(0, 3) 
if 
aa oki. 


(b) 5 (©) (3,5) 


ay es 4 5. 
(d) m = 3; point-slope: y — 7 = 3(x — 3); 
slope-intercept: y = $x + 3; y 
3 
=” 
(Seabememe Meter aes 
7.B & (x +5)? +(y + 1)? = 26 
1L (a) Circle (b) Center (—1, 3), radius 1 


Ya 


(3, 7) Sp tt 


1B. (a) No graph 
15. 


3. (a) (b) 289 (cd) (-1, -6) 
Yah 
PC-6,2) 4 
aaa: Oat * 
© Q(4, -14) 


(d) m = —2,  point-slope: y + 14 = —2(x — 4); 
slope-intercept: y = —&x — #; 


ey 


Answers to Chapter 2 Test A11 


23. (c) (-3, 1); 2 
Ya 
a 
+—t va +—+ = 
25. (a) Symmetry about y-axis (b) x-intercepts —3, 3, 3. (a) symmetry about x-axis; x-intercept 4; y-intercepts —2, 2 
y-intercept 9 27. (a) Symmetry about y-axis (bb) x-intercept 0; 
y-intercepts 0,2 29. (a) Symmetry about x- and y-axes and the 7 
origin (b) x-intercepts —4, 4; no y-intercept 
3L 3. 
10 10 a 
—3 6 
—2 8 
4. = (b) No symmetry; x-intercept 2; y-intercept 2 


Ya 
35. -1,7 37. —2.72, —1.15, 1.00, 2.87 39 [1,3] 


4L (—1.85, —0.60) U (0.45, 2.00) 

43. (a) y= 2x +6 (b) 2x-y+6=0 4 (a y=%x-*¥ 
(b) 2x — 3y —-16=0 42 (a)x=3 (b)x-3=0 

49. (a) y = 2x +2 (b) 2x —5y +3=0 SL (a) y = —2x 
(b) 2x + y = 0 53 (a) The slope represents the amount the 
spring lengthens for a one-pound increase in weight. The S-inter- 
cept represents the unstretched length of the spring. (b) 4 in. 
55. M =8z 57. (a)! =k/d? (b) 64,000 (©) 160 candles 
59. 11.0 mi/h GL F = 0.000125q,q, 63% x*+ y? = 169, 


5x — 12y + 169 =0 4. (a) x-intercept 5; y-intercept —3 
(b) 4 
CHAPTER 2 TEST = PAGE 170 T 
L (a) va 
T 217, 5) 
at 
im t 3 tt a 
*P(1, —3) 

(b) 10 (0 (4.1) @4 @y=—x+4 (y=x-3 Wi (-3 
(f) (x — 4)? + (y-— 1)? =25 5. (a) 3x +y-—3=0 (b) 2x+3y-—12=0 
2. (a) (0,0); 5 (b) (3, 0); 3 6. (a) 4°C (b) 7% 


y Ya 


BY 


(c) The slope is the rate of change in temperature, the x-intercept 
is the depth at which the temperature is 0°C, and the T-intercept is 
the temperature at ground level. 


A12 Answers to Selected Exercises and Chapter Tests 


7. (a) —2.94, —0.11, 3.05 (b) [—-1.07, 3.74] 9. (a) vA 
8 (a) M =kwh2/L (b) 400 (©) 12,000 Ib ee 
o 75 
FOCUS ON MODELING @ PAGE 176 . 70 : 
L (a) am 3 65 \ Regression line 
180 Regression line : ee 
_ > 55 é 
& 170 $ 
4 O| “7920 1940 1960 1980 2000 © 
= 160 
ee (b) y = 0.2708x — 462.9 (c) 80.3 years 
$s: 11 (a) Men: y = —0.1703x + 64.61, 
| = pa ie : ned women y = —0.2603x + 78.27; x represents years since 1900 
emur length (cm) vr (b) 2052 
(b) y = 1.8807x + 82.65 (o 191.7 cm sot ° 
3. (a) vA : 70 
8 60 
5 50 
2 Be 
0 2 40. 60. +80 100 ~ 
Years since 1900 
o'4 6 8 124 16 © ANSWERS TO CUMULATIVE REVIEW TEST 
Diameter (in.) FOR CHAPTERS 1 AND 2 ® PAGE 181 


1 $8000 2 (a) -}+3i (b)10 a dy 2+i1¥3 


9 
5 
(b) y = 6.451x — 0.1523 (ce) 116 years 3. (a) -2 (b)-16 (9-16 (241% (@ +2, +21 


5. (a) > (f) —1.75, 2.75 
_ 4. (a) [3, 00) (b) (—00, —4) U (2, 00) 
= Regression line a es 
= 150] 1 = ° 
—_ (9 [-3, 1] (d) (3, 0) 
2 1004 at 1 3 
: + 2 
5 : 5. (a) 
504 15 
0 30 60. 70 80 90 * 
Temperature (°F) 
| i 
(b) y = 4.857x — 220.97 (c) 265 chirps/min = 
7. (a) at (b) -2,-1,2,3 (9 -25x=-land2?=x<3 


6 (a) V194 ~ 13.93 (b) y = -3x + 8 
O«-3'+(y-H? =F @My=x+2 Oy=-z 
7. (a) (b) C(3, 0), 3 


YA 


Mosquito positive rate (%) 


[ > 0 10 * 
0! 10 20 30 40 50 60 70 80 90 100 * 


Flow rate (%) 


(b) y = —0.168x + 19.89 (©) 8.13% 


& (a) y = —2x +6 (b) (x + 3)? + (y — 4)? = 25 
9% 8mi/n 10. (a) S = 187.5x*  (b) $18,750.00 (c) 18 years 


CHAPTER 3 


SECTION 3.1 = PAGE 191 


L value 2 domain, range 3. (a) f andg 
(b) f(5) = 10,g(5) =0 4 (a)square, add 3 


by) xy |lol2iale 


fy |19/ 7 | 3 | 7 


5. f(x) = 2(x + 3) 7% f(x) = (x — 5)? 9 Square, then add 2 
11 Subtract 4, then divide by 3 


B. 1 ~ subtract 1, L- 0 Bb. x £00) 
—| take square root -—~ —— 


(input) (output) _ 


1; 8 
~ subtract 1, lL I 0 2 
=| take square root [~ 1 0 
~—<= ae 
Bae aL 


2 


5 2 


17. 3,3, -6, -3,94 19% 3, -3,2,2a+1,-2a+1,2a+2b+1 


3 

1 11-a2-a 

37 '3'1lt+a’ 

4,10, —2, 3V2, 2x? + 7x + 1, 2x? - 3x -4 


, undefined 


6, 2, 1,2, 2|x|, 202 +1) 27 4,1,1,2,3 
8,-2,-1,0,-1 BL x?2+4x+5,x?4+6 
x7+4,x?4+8x+16 35. 3a+2,3(at+h) + 2,3 

a ath 1 
id aad ae tl'ath+1'(a+h+1)(a+1) 
AL 3 — 5a + 4a2,3 —5a — 5h 4+ 4a? + Bah + 4h2, -5 + 8a + 4h 
43. (—00, 00) 45. [-1,5] 4% {x|x #3} 4% {x|x #4] 
BL [5,00) 5% (—co,co) 5& (3,00) 5% [—-2,3) U(3,c0) 
59. (—co, 0] U[6,00) GL (4,00) 63 (3, 00) 


xX 2 
65. (a) f(x) = 373 
(b) () yh 
x | £0 . 
2) 3 
4 2 
a 
a| 3 


67. (a) T(x) = 0.08x 
(b) 


Te) 


0.16 
0.32 
0.48 
0.64 


OnRN!] &X 


Answers to Section 3.1 A13 


69. (a) C(10) = 1532.1, C(100) = 2100 (b) The cost of pro- 
ducing 10 yd and 100 yd (ce) C(0) = 1500 ZL (a) 50,0 
(b) V(0) is the volume of the full tank, and V(20) is the volume 
of the empty tank, 20 minutes later. 


Oy VOX) 
0 50 
5 | 28.125 
10 | 125 
15:| 3125 
20 0 


73. (a) v(0.1) = 4440, (0.4) = 1665 
(b) Flow is faster near central axis. 


(Q 2 v(v) 
0 | 4625 
0.1 | 4440 
0.2 | 3885 
0.3 | 2960 
0.4 | 1665 
0.5 0 


75. (a) 8.66 m, 6.61 m, 4.36 m 
(b) It will appear to get shorter. 
77. (a) $90, $105, $100, $105 
(b) Total cost of an order, including shipping 
15(40 —x) if0<x<40 
79. (a) F(x) = 40 if40 <x =<65 
15(x — 65) ifx > 65 
(b) $150, $0, $150 (ce) Fines for violating the speed limits 
8L r 


850 


Population 
(x 1000) 800 


750 


700 


FEF oer Orr DTD ar Tr ET > 
1985 1990 1995 2000 t 
Years 


A14 Answers to Selected Exercises and Chapter Tests 


SECTION 3.2 = PAGE 201 


Lf(x),x?+2,10,10 23 3.3 
4(alV (b) Il (I! (d) Ill 


=5 ol 5 * ~ 
ri 
29. (a) (b) 
5 
oe 5 
25 -10 
(c) (d) 
20 100 
-10 = 10 
ue LAE 
[: 
5 —100 


Graph (c) is the most appropriate. 


31 (a) (b) 


2 ifx >2 


5L (a) Yes (b) No (c) Yes (d) No 

53. Function, domain [—3, 2], range[—2, 2] 55 Nota function 
57. Yes 52.No 6L No GB Yes @&. Yes 67. Yes 

69. (a) (b) 


—2 ifx<-2 
49. f(x)=4x if-2sxs2 


(c) If c > 0, then the graph of f(x) = x? + c is the same as the 
graph of y = x? shifted upward c units. If c < 0, then the graph of 
f(x) = x? + c is the same as the graph of y = x? shifted down- 
ward c units. 


71 (a) (b) 


Answers to Section 3.3 A15 


(©) If c > 0, then the graph of f(x) = (x — c)? is the same as the 
graph of y = x? shifted to the right c units. If c < 0, then the 
graph of f(x) = (x — c)? is the same as the graph of y = x? 
shifted to the left c units. 

73. (a) (b) 


(©) Graphs of even roots are similar to \’x; graphs of odd roots 
are similar to \/x. Asc increases, the graph of y = ¥/x becomes 
steeper near 0 and flatter when x > 1. 

7S. f(x) = —gx -3, -2 5x54 

77. f(x) = V9 -%?, -3 =x 53 

79. 


0.005 


10 Jt i 100 
0 


_ J 6 + 0.10x 0 <x = 300 
81. (a) E(x) = e + 0.06(x — 300), x > 300 


(b) & (oltars) 


; foaes 
Ol 100 x (kWh) 


0.44 if0<x<l 
0.61 ifl<x=2 


PO 098 it2<2=3 
0.95 if3<x=<=35 
P (dollars) 
0.90 a= 
0.50 a 


0.10 
bot a 
1 23 4 X02) 


SECTION 3.3 = PAGE 210 


La 4 2x,y, [1,6], [1,7] 

3. (a) increase, [1,2], [4,5] (b) decrease, [2, 4], [5, 6] 
4. (a) largest, 7, 2 (b) smallest, 2, 4 

5. (a) 1, -1,3,4 (b) Domain [—3, 4], range[—1, 4] 
(Xd -3,2,4 (dd) -3 =x =2andx =4 

7. (a) 3,2, —2,1,0 (b) Domain [—4, 4], range [—2, 3] 


A16 Answers to Selected Exercises and Chapter Tests 


9. (a) 


(b) Domain (—cx, oo), 
range (—oo, oo) 
B. (a) 


(b) Domain (—cx, oo), 
range (—oo, 4] 
17. (a) 


3 


i 


-1 


rey 


(b) Domain [1, oo), 
range [0, co) 

19. (a) [—1, 1], [2,4] 

21. (a) [—2, -1], [1,2] 

23. (a) 


—10 


(b) Increasing on [2.5, co); 
decreasing on (—co, 2.5] 
27. (a) 


; 
| 


(b) Increasing on 
(—co, —1.55], [0.22, co); 
decreasing on [—1.55, 0.22] 


3 


V1 
wn 


=3 


11 (a) 


5 


0 1 1 1 Ll 5 


(b) Domain [1, 3], 
range {4} 
15. (a) 


4.8 


4.75 4.75 
J 


—0.8 


(b) Domain [—4, 4}, 
range (0, 4] 


(b) [1, 2] 


(b) [—3, —2], [-1, 1], [2, 3] 
25. (a) 


20 


‘| | 
| 


(b) Increasing on (—oco, —1], 
[2, co); decreasing on[—1, 2] 
29. (a) 


—25 


(b) Increasing on [0, oo); 
decreasing on (—oo, 0] 


3L (a) Local maximum 2 when x = 0; local minimum —1 when 
X = —2, local minimum 0 when x = 2. (b) Increasing on 


[—2, 0] U [2, 00); decreasi 


ng on (—oo, —2] U [0, 2] 


33. (a) Local maximum 0 when x = 0; local maximum 1 when 
X = 3, local minimum —2 when x = —2, local minimum —1 when 
X=1  (b) Increasing on [—2, 0] U [1, 3]; decreasing on 

(-oo, —2] U [0,1] U [3,0c0) 35 (a) Local maximum ~ 0.38 
when x ~ —0.58; local minimum ~ —0.38 when x = 0.58 

(b) Increasing on (—oo, —0.58] U [0.58, oo); decreasing on 
[—0.58, 0.58] 37. (a) Local maximum ~ 0 when x = 0; local 
minimum ~ —13.61 when x ~ —1.71, local minimum ~ —73.32 
when x = 3.21 (b) Increasing on [—1.71, 0] U [3.21, oo); de- 
creasing on (—co, —1.71] U [0, 3.21] 39. (a) Local maximum 
=~ 5.66 when x ~ 4.00 (b) Increasing on (—oo, 4.00]; decreasing 
on [4.00, 6.00] 41 (a) Local maximum ~ 0.38 when 

Xx = —1.73; local minimum ~ —0.38 when x = 1.73 

(b) Increasing on (—oco, —1.73] U [1.73, co]; decreasing on 
[—1.73, 0) U (0, 1.73] 43. (a) 500 MW, 725 MW 

(b) Between 3:00 a.m. and 4:00 a.m. (€) Just before noon 

45. (a) Increasing on [0, 30] U [32, 68]; decreasing on [30, 32] 
(b) He went on a crash diet and lost weight, only to regain 

it again later. 47. (a) Increasing on [0, 150] U [300, oo); 
decreasing on [150, 300] (b) Local maximum when x = 150; 
local minimum when x = 300 49, Runner A won the race. All 
runners finished. Runner B fell but got up again to finish second. 
51 (a) 


480 


Tiiiiriiiiriiir/ 399 


100 
(b) Increases 53. 20 mi/hn 55. r ~ 0.67 cm 
SECTION 3.4 = PAGE 219 


100 miles f(b) = fl@). | 251 _ 
2 hours oom 2 b—a ad 5 
4. (a) secant (b)3 53 7.-? 93 W5 B60 
1 —2 i 
15. 12+ 3h IT. 7 a 5G 2h), 21 (a) 2 


23. —0.25 ft/day 25. (a) 245 persons/yr 

(b) —328.5 persons/yr (ce) 1997-2001 (d) 2001-2006 

27. (a) 7.2 units/yr (b) 8 units/yr (ce) —55 units/yr 

(d) 2000-2001, 2001-2002 29, First 20 minutes: 4.05°F/min, 
next 20 minutes: 1.5°F /min; first interval 


SECTION 3.5 = PAGE 229 


L (a) up $= (b) left 2 (a) down (b) right 3. (a) x-axis 

(b) y-axis 4& (a) ll (b) IV (SD! (III 5& (a) Shift 
downward 5 units (b) Shift to the right 5 units 7. (a) Reflect in 
the x-axis (b) Reflect in the y-axis 9. (a) Reflect in the x-axis, 
then shift upward 5 units (bb) Stretch vertically by a factor of 3, 
then shift downward 5 units LL (a) Shift to the left 1 unit, 
stretch vertically by a factor of 2, then shift downward 3 units 

(b) Shift to the right 1 unit, stretch vertically by a factor of 2, then 
shift upward 3 units 13. (a) Shrink horizontally by a factor of 4 
(b) Stretch horizontally by a factor of 4 15 (a) Shift to the left 2 
units (b) Shift upward 2 units 7. (a) Shift to the left 

2 units, then shift downward 2 units (b) Shift to the right 2 units, 
then shift upward 2 units 


Answers to Section 3.5 A17 


19. (a) (b) 

\E/ 
+—+—t—+ > i +—+——+ > fae pg > 
(c) (d) 


45. f(x) =X? +3 47. f(x) = Vx +2 
49, f(x) = |x-3) +1 SL f(x) =V-x+1 
53. f(x) = 2(x — 3)? - 2 5B g(x) = (x — 2) 
57. g(X) = |X +1] +2 5M g(x) = -VX +2 
6L (a) 3 (b)1 (2 (d)4 
63. (a) (b) 

il a Fal 

4 + i OA + ee 
(9 (d) 

YA 


) (f) 
YA Yh 
a 
7 1 
+ [NX t +—t 4 Ol Zax > 


A18 Answers to Selected Exercises and Chapter Tests 


65. (a) 


(b) 


7L 4 (a) (b) 


-4 : | 
\ 


fA 
© 4 @) 


For part (b) shift the graph in 
(a) to the left 5 units; for part 
(c) shift the graph in (a) to the 
left 5 units and stretch verti- 
cally by a factor of 2; for part 
(d) shift the graph in (a) to the 
left 5 units, stretch vertically 
by a factor of 2, and then shift 
upward 4 units. 


For part (b) shrink the graph 
in (a) vertically by a factor of 
3; for part (c) shrink the graph 
in (a) vertically by a factor of 
§ and reflect in the x-axis; for 
part (d) shift the graph in (a) 
to the right 4 units, shrink ver- 
tically by a factor of 4, and 
then reflect in the x-axis. 


The graph in part (b) is 
shrunk horizontally by a 
factor of 5 and the graph in 
part (c) is stretched by a 
factor of 2. 


77. Neither 


8L Neither 


83. (a) (b) 


BY 
BY 


85. To obtain the graph of g, reflect in the x-axis the part of the 
graph of f that is below the x-axis. 
87. (a) (b) 


89. (a) Shift upward 4 units, shrink vertically by a factor of 0.01 
(b) Shift to the right 10 units; g(t) = 4 + 0.01(t — 10)? 


SECTION 3.6 = PAGE 238 
L 8, -2, 15,2 2 f(g(x)),12 3. Multiply by 2, then add 1; 
Add 1, then multiply by 2 4 x + 1, 2x, 2x + 1, 2(x + 1) 

Bf + g)(X) =x 4x 
(f — g)(X) = -X° + x 
(fg)(x) = x° — 3x’, (00, 00); 


(Zea x2 , (—00, 0) U (0, 00) 


3, (—co, co); 


3, (—00, co); 


7. (f + 9)(X) 4—+V1+x,[-1,2]; 
(f — g)(X) 4— x? Lo GE | 
(fg)(x) = V—x8 — x? + 4x + 4, [-1, 2]; 


6x + 8 
9 (f+ 9)%) = soa 


—2x + 8 
sz +=): 
(F — 9%) = gk # 4x #0; 


Xx #—-4,x #0; 


=> X # -4,x #0; 
x 


f x+4 a 
( Joo x 1X 4x #0 


®Y 


AD 


2L (a) 1 (b) —-23 23. (a) —11 (b) —-119 
2. (a) —3x2 +1 = (b) —9x? + 30x — 23 
27.4 22.5 314 

33. (f © g)(x) = 8x + 1, (—c«, 0); 
(9° f)(x) = 8x + 11, (—00 
(g °g)(X) = 16x — 5, (00, 00) 
35. (f °g)(x) = (x + 1), (00, 00); 


Pt 1, (00,00) F °F)0) = X 


, (—00, 00); 


1 2 
37. (f° 9)(%) = gp #2 Ge NX) = + 4x 40; 


(f° f)(x) =x, x # 0, (g °.g)(X) = 4x + 12, (co, ov) 
39. (f °.g)(X) = [2x + 3], (—00, 00); 
(9° f)(X) = 2X] + 3, (—00, 00); (f° f)(x) = 
(g °g)(X) = 4k + 9, (—00, 00) 

1 2x 


|X|, (00, 00); 


2x — 
AL (fe9)(X) = Sx #0 9° AK) =x 
° x =a ft ue 
(Fe A) = 5p gik LK 4 Wi 
(9 °g)(X) = 4x — 3, (—00, co) 

1 X41 
AB. (f°9)(X) = ik # “LX #0; 9° NW) = 


K# Lx #0:(F2 AW) = 5a Kt a 
(geg)(X) = Xx #0 
45. (fegeh)(x)=Vx-1-1 


00); (f° f)(X) = 4x + 9, (co, 00); 


Answers to Section 3.7. A19 


41. (fog oh)(x) =(VE-5)* +1 


49. 9(x) =x — 9, f(x) =” 

BL g(x) = x2, f(x) = x/(x + 4) 

53. 9(x) = 1 — x°, f(x) = |x| 

55. h(x) = x7, g(x) =x +1, f(x) =1/x 
57. h(x) = Vx, g(x) =4 +x f(x) =x? 
59, R(x) = 0.15x — 0,000002x? 


GL (a) g(t) = 60t (b) f(r) = ar? () (feg)(t) = 3600at? 
63. A(t) = 167t? 6% (a) f(x) = 0.9x (b) g(x) = x — 100 
( (f °g)(x) = 0.9x — 90, (g ° f)(x) = 0.9x — 100, feg: 
first rebate, then discount, g ° f: 

first discount, then rebate, g © f is the better deal 


SECTION 3.7 = PAGE 246 

L different, Horizontal Line 2 (a) one-to-one, g(x) = x? 

(b) g(x) = x4? 3. (a) Take the cube root, subtract 5, a 
1/3 _ 

divide the result by 3. (b) f(x) = (3x + 5)?, f-*(x) = “ 

4. (a) False (b) True 5.No 7% Yes 9&No IL Yes 

BYes 15.No 17No IR9No 2L (a2 (3 Bl 

37. f(x) = 3% - 1) oe ear 


AL f(x) = WA5 — x) 4 f(x) = (1/x) -2 
a5. fa)= 7 a. pH) = es 
49. f(x) = (5x — 1)/(2x + 3) 
BL f(x) = x(x? — 2),x=0 
(x) 
(x) 
(x) 
(x) 


(b) 


(co) #-1(x) = 3x + 6) 


63. (a) (b) 
ya yA 
Sy Way te = 0 = 
-[+ -1 


A20 Answers to Selected Exercises and Chapter Tests 


65. Not one-to-one 67. One-to-one 


20 


aa is 


—20 


69. Not one-to-one 


5 
—10 


7L (a) fx) =x -2 


(b) 4 
-4 


—4 -4 


7 xX=0,f (x) = V4—-x 7.x = -2,h-'x) = Vx -2 
79. 


10 


8L (a) f(x) = 500 + 80x (b) f-4(x) = a(x — 500), the 
number of hours worked as a function of the fee 
(c) 9; if he charges $1220, he worked 9h 


t 

18,500 
from the central axis the velocity is 30 
85. (a) F-4(x) = 3(x — 32); the Celsius temperature when the 
Fahrenheit temperature is x (b) F ~1(86) = 30; when the 
temperature is 86°F, itis 30°C 

_ f0.1x ifO0 = x = 20,000 
Sha) AX) = ee + 0.2(x — 20,000) if x > 20,000 


-y., _ J 10x if0 <x =< 2000 
tb) FQ) = ee + 5x ifx > 2000 
If you pay x euros (€) in taxes, your income is f~1(x). 
(c) f-*(10,000) = € 60,000 
89. f +(x) = 3(x — 7).A pizza costing x dollars has f +(x) 
toppings. 


83. (a) v {(t) 0.25 (b) 0.498; at a distance 0.498 


CHAPTER 3 REVIEW # PAGE 250 
L f(x) =x?-—5 3. Add 10, then multiply the result by 3. 


> 1 x | 909 


5 
0 
=3 
—4 
3 


WNrF OF 


7. (a) C(1000) = 34,000, C(10,000) = 205,000 (b) The costs 

of printing 1000 and 10,000 copies of the book (c) C(0) = 5000; 
fixed costs 9 6, 2,18,a*— 4a + 6,a*+ 4a + 6, x? — 2x +3, 
4x? — 8x + 6, 2x? — 8x +10 IL (a) Nota function 

(b) Function (c¢) Function, one-to-one (d) Nota function 

3B. Domain [ —3, oo), range [0, co) 15, (—o0, oo) 

7. [—4,00) 19 {x|x # —2,—-1,0} ZL (-oo, -1] U [1,4] 
2B. 2B. 


RY 


4L No 43. Yes 45. (iii) 


47. 49. 
250 2 
—10 10 
—30 5 
—20 2, 
5L [—2.1, 0.2] U [1.9, 00) 
53. 10 Increasing on (—co, 0], 


[2.67, co); decreasing on 
(0, 2.67] 


3(3 + h) 
the populations in 1995 and 2005 (b) 203 people/yr; average 
annual population increase GL (a) 3,3 (b) Yes, because it is a 
linear function 63. (a) Shift upward 8 units (b) Shift to the left 
8 units (ce) Stretch vertically by a factor of 2, then shift upward 
Lunit (d) Shift to the right 2 units and downward 2 units 
(@ Reflectin y-axis (f) Reflect in y-axis, then in x-axis 
(g) Reflect in x-axis (h) Reflect inline y = x 
65. (a) Neither (b) Odd (c) Even (d) Neither 
67. g(—1) = —7 @. 68 ft ZL Local maximum ~ 3.79 when 
X = 0.46; local minimum ~ 2.81 when x ~ —0.46 


55.5 57. 59. (a) P(10) = 5010, P(20) = 7040; 


7. (a) (f + g)(X) =x? — 6x + 6 
(b) (f — g)(x) =x? -2 

(QO (fg)(x) = —3x? + 13x? — 18x + 8 
(d) (f/9)(x) = 0° — 3x + 2)/(4 — 3x) 
(8 (fog)(X) = 9x? — 15x + 6 

(f) (9° f)(x) = —3x? + 9x -— 2 


Answers to Chapter 3 Test A21 


77. (f °g)(x) = —3x? + 6x — 1, (—co, oo); 
(g ° f(x) 9x? + 12x — 3, (—00, 00); 


(f° f)(X) = 9x — 4, (—co, 00); 

(g °g)(Xx) x" + 4x3 — 6x? + 4x, (—00, 00) 
79. (fegeh\(x)=1+ Vx SL Yes 8 No 
85. No a7. x) = *2* 


89. f(x) = Vx-1 
91 (a), (b) 


(CS f(x) = Vx +4 


CHAPTER 3 TEST ® PAGE 253 


L (a) and (b) are graphs of functions, (a) is one-to-one 
2 (a) 2/3, V6/5, Va/(a— 1) (b) [-1, 0) U (0, «) 
3. (a) f(x) = (x - 2)? 


(b) | x | 09 (9 


y 


PWNrF OF 
Oo 


(d) By the Horizontal Line Test; take the cube root, then add 2 

(Q@ f(x) = x43 +2 A (a) R(2) = 4000, R(4) = 4000; total 

sales revenue with prices of $2 and $4 

(b) 5000 Revenue increases until price 
reaches $3, then decreases 


0 


(c) $4500; $3 5.5 
6. (a) (b) 


A22 Answers to Selected Exercises and Chapter Tests 


7. (a) Shift to the right 3 units, then shift upward 2 units 21 (b) A(x) = x(2400 — 2x) (c) 600 ft by 1200 ft 

(b) Reflect in y-axis 23. (a) f(w) = 8w + 7200/w 

8 (a) 3,0 (b) a (b) Width along road is 30 ft, length is 40 ft (c) 15 ft to 60 ft 
i / 25, (a) A(x) = 15x - ("= 2 


al (b) Width ~ 8.40 ft, height of rectangular part ~ 4.20 ft 
27. (a) A(x) = x? + 48/x (b) Height ~ 1.44 ft, width ~ 2.88 ft 
ey Ss 29, (a) A(x) = 2+ (b) 10 m by 10m 
31. (b) To point C, 5.1 mi from B 


9. (a) (fog)(x) = — 3 +1 bh) Gof) = 2-2 
()2 (d)2 (A Yegeg)(xX) =x-9 

IDA) FH) =F = CHAPTER 4 
(b) yh 


SECTION 4.1 = PAGE 271 


L square 2 (a) (h,k) (b) upward, minimum 

(c) downward, maximum 

3. upward, (3, 5), 5, minimum 

4. downward, (3, 5), 5, maximum 

5. (a) (3,4) (b) 4 (DR, (-~, 4] 

7. (a) (1,—-3) (b) -3 (OP R, [-3, 0) 

9. (a) f(x) = (x — 3)?-9 UL @) f(x) = Ax +3? -3 


a (a) Domain (0, 6} range[1, 7] : (b) Vertex (3, 9) (b) Vertex (—3, —3) 

(b) (C) ; x-intercepts 0, 6 x-intercepts 0, —3, 
y-intercept 0 y-intercept 0 
(c) (9 

‘ = a 
4 x 
TP. (a) 20 (b) No 
-4 4 
13. (a) f(x) = (x + 2)? — 
(b) Vertex (—2, —-1), ee —1, —3, y-intercept 3 
(c) YA 
—30 

(c) Local minimum ~ —27.18 when x ~ —1.61; 

local maximum ~ —2.55 when x = 0.18; 

local minimum ~ —11.93 when x ~ 1.43. (d) [—27.18, 00) 

(e) Increasing on [ —1.61, 0.18] U [1.43, co); decreasing on Lo 

(—oo, 1.61] U [0.18, 1.43] _ 

FOCUS ON MODELING @ PAGE 260 , 

= 15. (a) f(x) = —(x — 3)° + 13 

L A(w) = 3 >0 3 V(w >0 

5 ue ae _ ane Q<x os a0 w (b) Vertex (3, 13); x-intercepts 3 + 13; y-intercept 4 

7. A(x) = (V3/4)x2, x > 0 (c) y 

9. (A) = VA/7,A >0 

IL S(x) = 2x? + 240/x,x > 0 6 

13. D(t) = 25t,t=0 

15. A(b) =bV4—b,0<b<4 Te x 

17. A(h) = 2hV100 — h?7,0<h<10 


19. (b) p(x) =x(19-x) (2 95,95 


Answers to Section 4.2 A23 


17. (a) f(x) = 2(x +1)? +1 BL (a) h(x) = —(x + 3)? +3 
(b) Vertex (—1, 1); no x-intercept; y-intercept 3 (b) yA 
(Q) Yh a 


RY 


(Q Maximum h(—3) = 3 
19. (a) f(x) = 2-5)? +7 33. Minimum f(—3) =3 35. Maximum f(—3.5) = 185.75 
(b) Vertex (5, 7); no x-intercept; y-intercept 57 37. Minimum (0.6) = 15.64 39. Minimum h(—2) = —8 
() > AL Maximum f(—1) =% 4B f(x) = 2x? — 4x 
i \/ 45. (—00, 00), (—00,1] 47. (—00, 00), [- 3, 00) 
I 49. (a) —4.01 (b) —4.011025 


5L Local maximum 2; local minima —1, 0 
53. Local maxima 0, 1; local minima —2, —1 
55. Local maximum ~ 0.38 when x ~ —0.58; 
= a a eee local minimum ~ —0.38 when x ~ 0.58 
2 2 * 57. Local maximum ~ 0 when x = 0; local minimum ~ —13.61 
when x ~ —1.71; local minimum ~ —73.32 when x =~ 3.21 
21. (a) f(x) = —4(x ad 2)’ + 19 ‘ ; 59, Local maximum ~ 5.66 when x ~ 4.00 
(b) Vertex (—2, 19); x-intercepts —2 + 5-V19; y-intercept 3 6L Local maximum ~ 0.38 when x ~ —1.73; 
(c) yA local minimum ~ —0.38 when x =~ 1.73 @&% 25ft 
t 65. $4000, 100 units 67. 30 times 9. 50 trees per acre 
7L 600 ft by 1200 ft 73. Width 8.40 ft, height of rectangular 
part 4.20 ft 75. (a) f(x) = x(1200 — x) (b) 600 ft by 600 ft 
77. (a) R(x) = x(57,000 — 3000x) (b) $9.50 (cd $19.00 


SECTION 4.2 = PAGE 285 


Lil 2 (a) (ii) (b) (iv) 3 (a), (c) 4 (a) 
5. (a) ya (b) 


YA 


(b) 


(Q 
(Q) Minimum f(—1) = —2 (c) Minimum f(1) = —2 
27. (a) f(x) = —(x +3) +4 20 (a) g(x) = 3(K - 2)? +1 
(b) (32 vA (b) hy 
104 
— { 7. (a) (b) 
3 x 
720 x 
% 


(©) Maximum f(—3) = 7 (Q Minimum g(2) = 1 


®Y 


A24 Answers to Selected Exercises and Chapter Tests 


(9) 


Ql] WV BVI 
. 37. P(x) = (x — 2)Ax2 + 2x + 4) 


41. yoo a X00, Yoo a X— —oco 

By->o a X—> +00 

4. yo a X>0,Y>-co a X>-—oo 

47. (a) x-intercepts 0, 4; y-intercept0 (b) (2, 4) 

49. (a) x-intercepts —2, 1; y-intercept -1 (b) (—1, —2), (1, 0) 
5L 30 


—50 


local maximum (4, 16) 


—30 —30 
local maximum (—2, 25), local minimum (—3, —27) 
local minimum (2, —7) 
57. 10 
x 3 3 


=5 


local maximum (—1, 5), 
local minimum (1, 1) 


Answers to Section 4.4 A25 


59. One local maximum, no local minimum 7. (x? + 3)(x? — x — 3) + (7x + 11) 

6L One local maximum, one local minimum 31 1 15 
cial 9x+14+— > W2x-=+— 4 

63. One local maximum, two local minima X+3 9 9y] 

65. No local extrema yd 

67. One local maximum, two local minima 13. 2x*-x+1+4+ 


+4 


In answers 15-37 the first polynomial given is the quotient, and the 
second is the remainder. 

15.x—2,-16 7 2x*-1,-2 19x+2,8x-1 

2L 3x+1,7%x-5 2%3x*+1,0 2x-2,-2 

oe eae tee 29, x? +2,-3 3L x?-3x+1,-1 
33. x4 + x34 4x24 4x +4,-2 3B 2x? 4 4x, 1 

37. x? + 3x 9,0 38 -3 4112 43% —-7 45. —483 


Increasing the value of c Increasing the value of c 
: 47.2159 49.4 5L -8.279 57 -1+ V6 
stretches the graph oe moves the graph up. BO x? —3x2—-x+3 GL x4 — 8x2 4 14x24 8x — 15 


ee fe 63. —3x? + 3x2 + 3x —9 & (x +.1)(x — 1)(x - 2) 
0 v4 ag 67. (x + 2) — 1)? 


SECTION 4.4 = PAGE 302 


Lap dy, 1, #4, 4, 4} 42, 2325, 49, 8 8 210, 28 
21,3,5;0 3 True 4 False 5. +1,+3 7 +1, +2, +4, 
G5 1, 27,4545 2227 IL (a) 1,23 
1 1 3 
Increasing the value of c causes a deeper dip in the graph in the (b) 1, hs 13. (a) ee 1+2,27 (b) -2,1,3 
fourth quadrant and moves the positive x-intercept to the right. BG. —2, 1; P(x) = (x + 2) — 1) 
75. (a) yh 17. —1, 2; P(x) = (x + 1)(x — 2) 1% 2; P(x) = (x — 2) 
i 2L —1, 2,3; P(x) = (x + 1)(x — 2)(x — 3) 
23. —3, -1,1; P(x) = (x + 3)(x +: 1)(x - 1) 
25. +1, + 2; P(x) = (x — 2)(x + 2)(x — I(x +1) 
27. —4, —2, -1,1; P(x) = (x + 4)(K + 2)(x — YK +1) 
29, +2, +3: P(x) = (x — 2)(x + 2)(2x — 3)(2x + 3) 
BL +2,1,3;P(x) = (x — 2)(x + 2)(x — 3)3x — 1) 
(b) Three (c) (0, 2), (3, 8), (—2, —12) 33-1, +3, P(X) = (K+ 12x — 12x +1) 
77. (d) P(x) = Po(x) + P(x), where Po(x) = x° + 6x? — 2x and 35. —3,3, 1; P(x) = (x — 1)(2x + 3)(2x — 1) 
P(x) = —-x°45 5 3, ; : 
79. (a) Two local extrema 10 37. —3, —1, 3) P(x) = (x + 1)(2x + 5)(2x — 3) 
39, —5, 3,5; P(x) = (2x — 1)(5x — 2)(2x + 1) 
AL —1,4,2; P(x) = (x + 1)(x — 2)°(2x - 1) 


43. —3, —2,1, 3; P(x) = (x + 3)(x + 2)°(x — 1)(x - 3) 
45. —1, —3, 2,5; P(x) = (x + 1)%x — 2)(x — 5)(3x + 1) 
-12 
3+ VB 1+ V5 
BL (a) 26 blenders (b) No; $3276.22 47. —2,-1+ V2 4B. -1,4, 


83. (a) V(x) = 4x? — 120x? + 800x  (b) 0<x<10 5a 3, i* V3 55. -1,-}, -3 + VI0 
(C) Maximum volume ~ 1539.6 cm? 2 
57. (a) —2, 2, 3 (b) Ya 


1600 


0 10 


SECTION 4.3 = PAGE 293 


L quotient, remainder 2 (a) factor (b) k 
3 (x + 3)(3x-—4) +8 5 (2x — 3)(x2- 1) -3 


A26 Answers to Selected Exercises and Chapter Tests 


59. (a) —5,2 (b) 


6L (a) —1,2 


63. (a) —1,2 


65. 1 positive, 2 or 0 negative; 3 or 1 real 
1 negative; 2 real 


67. 1 positive, 
69. 2 or 0 positive, 0 negative; 3 or 1 real (since 
0 is a zero but is neither positive nor negative) 75. 3, —2 


77. 3,-1 7% -2,3,+1 BSL +3,+V5 8% -2,1,3,4 
89. -2,2,3 OL —3,-1,1,4 9% —1.28,1.53 95 —1.50 
99. 11.3 ft OL (a) It began to snow again. (b) No 

(c) J ust before midnight on Saturday night 108. 2.76m 

105. 88 in. (or 3.21 in.) 


SECTION 4.5 = PAGE 313 

L5,-2,3,1 2 (a x-—a (b) (x—a)™ Bo 
4a-—bi 5 (a) 0,+2i (b) x(x — 2i)(x + 2i) 

7. (a 0,1 +i (b) x(x —1-i)x-1+1) 

9. (a) +i (b) (x — i)*(x +i)? 

IL (a) +2, +2i (b) (x — 2)(x + 2)(x — 2i)(x + 2i) 
13. (a) -2,1+iVv3 (b) 

(x + 2)(x — 1 -iV3)(x — 1+ iV3) 

15. (a) +1,3 + 51-3, -3 + GiV3 

(b) (x — 1)(x + 1)(x — 5 - Gi V3)(x — 5 + Gi V3) Xx 
(43 = FI V8)e to + FIV3) 


In answers 17-33 the factored form is given first, then 
the zeros are listed with the multiplicity of each in parentheses. 
17. (x — 5i)(x + 5i); £5) (1) 


19. [x — (-1 + i)][x — (-1 -i)}; -1 +i(1), -1-i(@) 


2L x(x — 2i)(x + 2i); 0 (1), 21 (1), —2i (1) 

23. (x — 1)(x + 1)(x — i)(x + 1); 1(2), -1(1),1 (1), -1 (2) 

25. 16(x — 3x + 3)(x — Fi)(x + 31); 30), 30). ), -F@) 
27. (x + 1)(x — 3i)(x + 3i); -—1(2), 3i (1), —3i (1) 


29, (x — i)?(x + 1)? 1 (2), -i (2) 
BL (x — 1)(x + 1)(x — 2i)(x + 21); 1(1), -1 (1), 2i (1), -2i (1) 
Ba x(x — i V3)(x + i-V3)%; 0 (1), 1-V3 (2), -1-V3 (2) 


BB. P(x) =x?-2x+2 37. Q(x) =x? — 3x? + 4x — 12 
39, P(x) =x? — 2x? +x-2 

AL R(x) = x* — 4x3 + 10x? — 12x +5 

43. T(x) = 6x* — 12x? + 18x? — 12x + 12 

a5. —2, +2i 7.2183 49. 2,1 =1N3 

SL -3,-1+iv2 53% -2,1,+3) 55.1, +2i, +i v3 


57. 3 (multiplicity 2), +2i 59 —} (multiplicity 2), +i 
6L 1 (multiplicity 3), +31 G@& (a) (x — 5)(x? + 4) 
(b) (x — 5)(x — 2i)(x + 21) 6& (a) (x — 1)(x + :1)(X? + 9) 


(b) (x — 1)(K + 1)(x — 3i)(x + 3) 
67. (a) (x — 2)(x + 2)(x? — 2x + 4)(x? + 2x + 4) 
(b) (x — 2)(x + 2)[x — (1 + i-V3)][x - (1 -iV3)] x 


[X + (1 + i V3)][x + (1 —iV3)] ©9. (a) 4 real 
(b) 2 real, 2 imaginary (co 4 imaginary 


SECTION 4.6 = PAGE 326 


L-ow,o 22 3-12 4} 5-23 61 
7. (a) —3, —19, —199, —1999; 5, 21, 201, 2001; 
1.2500, 1.0417, 1.0204, 1.0020; 0.8333, 0.9615, 0.9804, 0.9980 
(b) r(X) >-0co as X27 F(X) +00 as X>2* 
(c) Horizontal asymptote y = 1 
9. (a) —22, —430, —40,300, —4,003,000; 
10, —370, —39,700, —3,997,000; 
0.3125, 0.0608, 0.0302, 0.0030; 
0.2778, —0.0592, —0.0298, —0.0030 
(b) r(x) >-co as X27 1X) +-co as X27 
(c) Horizontal asymptote y = 0 
IL x-intercept 1, y-intercept —; 13 x-intercepts —1, 2; 
y-intercept 15. x-intercepts —3, 3; no y-intercept 
17. x-intercept 3, y-intercept 3, vertical x = 2; horizontal y = 2 
19, x-intercepts —1, 1; y-intercept 3: vertical x = —2, X = 2; 
horizontal y= 1 2L Vertical x = 2; horizontal y = 0 
23. Horizontal y = 0 


25. Vertical x = 3,x = —1; horizontal y = 3 
27. Vertical x = 3, x = —2; horizontal y = 3 
29. Vertical x = 0; horizontal y = 3 

3L Vertical x = 1 


33. yh 


x-intercept 1 
y-intercept —2 
vertical x = —2 
horizontal y = 4 
domain {x| x # —2} 
range {y|y # 4} 


x-intercept $ 


y-intercept 5 

vertical xX = —7 
horizontal y = —3 
domain {x| x # —7} 


range {y| y # —3} 


y-intercept 2 
vertical x = 3 
horizontal y = 0 
domain {x | x # 3} 
range {y | y > 0} 


x-intercept 2 
y-intercept 2 

vertical x = —1,x =4 
horizontal y = 0 
domain {x |x # —1, 4} 
range R 


y-intercept —1 

vertical x = —1,x = 6 
horizontal y = 0 

domain {x|x # —1, 6} 

range {y|y = —0.5 ory > 0} 


x-intercept —2 
y-intercept —? 

vertical x = —4,x =2 
horizontal y = 0 
domain {x |x # —4, 2} 
range R 


“Y ! 


Answers to Section 4.6 


x-intercepts —2, 1 
y-intercept 3 

vertical x = —1,x =3 
horizontal y = 1 
domain {x|x # —1, 3} 
range R 


x-intercept 1 
y-intercept 1 

vertical x = —1 
horizontal y = 1 
domain {x |x # —1} 
range {y| y = 0} 


x-intercepts —6, 1 
y-intercept 2 

vertical x = —3,x =2 
horizontal y = 2 
domain {x| x # —3, 2} 
range R 


x-intercepts —2, 3 
vertical x = —3,x =0 
horizontal y = 1 
domain {x |x # —3, 0} 
range IR 


y-intercept —2 

vertical x = —1,x =3 
horizontal y = 3 
domain {x |x # —1, 3} 


A27 


range {y|y = —l5ory=2.4} 


x-intercept 1 

vertical x = 0, x = 3 
horizontal y = 0 
domain {x | x # 0, 3} 
range R 


A28 Answers to Selected Exercises and Chapter Tests 


6. yh oy slanty =x +2 79. 10 vertical x = 1 
| vertical x = 2 x-intercept 0 
y-intercept 0 
a ' local minimum (1.4, 3.1) 
| end behavior: y = x? 
-5 
8L 100 vertical x = 3 
slanty = x — 2 x-intercepts 1.6, 2.7 
vertical x = 0 y-intercept —2 
= > local maxima(—0.4, —1.8), 
(2.4, 3.8), 
Sal local minima (0.6, —2.3), 
(3.4, 54.3) 


end behavior y = x? 


83. (a) 4000 (b) It levels off at 3000. 


slanty =x+8 
vertical x = 3 
0 30 


85. (a) 2.50 mg/L (b) It decreasesto0. ( 16.61h 
87. 5000 If the speed of the train ap- 


proaches the speed of sound, 

then the pitch increases 
slanty =x+1 indefinitely (a sonic boom). 
vertical x = 2,x = —2 


0 400 


CHAPTER 4 REVIEW # PAGE 329 
L (a f(x) =(x + 2)? -3 3. (a) g(x) = —(x — 4)? +17 
(b) re (b) Yh 


vertical x = —3 


vertical x = 2 5. Minimum f(-1) = —7_ 7. 68 feet 
9. ya 1L 


vertical x = —1.5 
x-intercepts 0, 2.5 
y-intercept 0, local 
maximum (—3.9, —10.4) 
local minimum (0.9, —0.6) 
end behavior: y = x — 4 


“Y 


15. (a) 0 (multiplicity 3), 2 (multiplicity 2) 
(by yy 


Lal 


17. 10 x-intercepts —2.1, 0.3, 1.9 
y-intercept 1 

local maximum (—1.2, 4.1) 
local minimum (1.2, —2.1) 


) Yoo aS Xoo 
=H “ Yoo aS X—~—oOo 
30 


x-intercepts —0.1, 2.1 
y-intercept — 
local minimum (1.4, —14.5) 


- 3 Yoo a X00 


Yoo a X—>—oo 


21 (a) S = 13.8x(100 — x’) 
(c) 6000 


VN 


In answers 23-29 the first polynomial given is the quotient, and 
the second is the remainder. 

2.x-—1,3 25. x? + 3x + 23,94 

27. x? — 5x? + 17x — 83, 422 29, 2x — 3,12 

3L 3 35.8 37. (a) +1, +2, +3, +6, +9, +18 

(b) 2 or 0 positive, 3 or 1 negative 

39. (a) —4, 0, 4 41 (a) —2,0 (multiplicity 2), 1 
(b) yh (b) yh 


(b) 0=x=10 
(d) 5.8 in. 


Answers to Chapter 4 Review A29 


43. (a) —2, -1, 2,3 45. (a) —},1 
(b) yh (b) 


RY 


Sal 2 


47. 4x3 — 18x2 + 14x + 12 49, No; since the complex conju- 
gates of imaginary zeros will also be zeros, the polynomial would 
have 8 zeros, contradicting the requirement that it have degree 4. 
5L -3,1,5 53. —1 + 2i, —2 (multiplicity 2) 
55. +2, 1 (multiplicity 3) 5% +2,+1+iv3 


59. 1,3, 2 eu 6L x= —05,3 6% x~ —0.24, 4.24 
65. 2, P(x) = (x — 2)? + & +2) 
67. Ya 69. Yh 
Io} 
+ 0.25 
a 
-6 o} 6 


x-intercept 3 
y-intercept —0.5 
vertical x = —3 
=e ‘0 horizontal y = 0.5 
no local extrema 


PB. 30 x-intercept — 
y-intercept — 
vertical x = —1,x =2 
-6 6 
slantty=x+1 
a local maximum 
3 (0.425, —3.599) 


local minimum (4.216, 7.175) 


77. (—2, 28), (1, 26), (2, 68), (5, 770) 


A30 Answers to Selected Exercises and Chapter Tests 


CHAPTER 4 TEST ™ PAGE 332 (e) x? -—2x-5 


60 
L fx) =(x-3P - 42 4 
f / 10 10 
+ | 
; fy +> | 
| . = 


FOCUS ON MODELING ™ PAGE 335 
L (a) y = —0.275428x? + 19.7485x — 273.5523 
2. Minimum f(—3) = —3 3. (a) 2500 ft (b) 1000 ft (b) 2 


/ 
25 
ys 46 


(c) 35.85 Ib/in? 

3. (a) y = 0.00203708x3 — 0.104521x? + 1.966206x + 1.45576 
5. (a) x2 +.2x2 42,9 (b) x2 42x27 43,8 (b) 2 
6 (a) +1, +3, 43,43 (b) 20x - 3)(x — ZK +) 
() -1,5 7,3 (d) YA 


“Y 


*Y 


o 30 
(c) 43 vegetables (d) 2.0s 


5. (a) Degree 2 
(b) y = —16.0x? + 51.8429x + 4.20714 


48 
7. (a) 7+i (b)-1-5i ()18+i (d) %— Hi 
(1 (f)6-21 &3,-14i & (K—1)%\x — 2i)(x + 2i) 
1O. x* + 2x? + 10x? + 18x + 9 
11 (a) 4, 2, or 0 positive; 0 negative 
(c) 0.17, 3.93 80 0 3.1 
0 


“y 


43 5 (c) 0.3sand2.9s (d) 46.2 ft 
80 CHAPTER 5 
(d) Local minimum (2.8, —70.3) SECTION 5.1 = PAGE 345 
12 (a)r,u (b)s (ds (d) ” L 5;3,1,25, 15,625 2 (alll (b)! (Il (div 
i 3. (a) downward (b) right 4 principal, interest rate per year, 
oT number of times interest is compounded per year, number of years, 


amount after t years; $112.65 5, 2.000, 7.103, 77.880, 1.587 
7. 0.885, 0.606, 0.117, 1.837 
9. yh 


Answers to Section 5.2 31 


13. yA 


(2, 5.07) 


*Y 


RY 


ar 


(b) The graph of g is steeper than that of f. 


25 


(iii) 10° The graph of f ultimately increases 
much more quickly than that of g. 


7 (b) 1.2, 22.4 
it 43. e=4 ¢=2 The larger the value of c, 
ae a ~ > eo the more rapidly the 
¢=0.5 — graph increases. 
c= 0.25 
33. R, (1, 00), y=1 
3 3 


Ya YA 


45. (a) Increasing on (—co, 0.50]; decreasing on [0.50, co) 

(b) (0,1.78] 47. (a) 1500+ 2' (b) 25,165,824,000 

49. $5203.71, $5415.71, $5636.36, $5865.99, $6104.98, $6353.71 
51. (a) $11,605.41 (b) $13,468.55 (c) $15,630.80 

53, (a) $519.02 (b) $538.75 (c) $726.23 55. $7678.96 

57. 8.30% 


SECTION 5.2 = PAGE 350 

1. natural; 2.71828 2. principal, interest rate per year, number of 
years; amount after t years; $112.75 

3. 20.085, 1.259, 2.718, 0.135 


A32 Answers to Selected Exercises and Chapter Tests 


17. (a) 


(b) The larger the value of a, 
the wider the graph. 


19. Local minimum ~ (0.27, 1.75) 

21. (a) 13 kg (b) 6.6 kg 

23. (a) 0 (b) 50.6 ft/s, 69.2 ft/s 

(c) 100 (d) 80 ft/s 


0 100 


25. (a) 100 (b) 482, 999, 1168 (c) 1200 


27. (a) 11.79 billion, 11.97 billion 
(b) (c) 12 billion 


14 


29. $7213.18, $7432.86, $7659.22, $7892.48, $8132.84, $8380.52 
31, (a) $2145.02 (b) $2300.55 (c) $3043.92 33. (a) $768.05 
(b) $769.22 (c) $769.82 (d) $770.42 35. (a) is best. 
37. (a) A(t) = 5000e°°* (bb) 30000 


(c) After 17.88 yr 


SECTION 5.3 = PAGE 360 
1. 10* 


x | 103] 102} 10!) 10°} 10-2} 10-2] 10-3 | 102/ 
logx | 3 2 1 0 —1 —2| —3 


Nie 


2. 9 1,0, —1, 2,3 
3. (a) logs125 = 3 (b) 5?=25 4. (a) Ill (b) Il (c) | 


(d) IV 
5. 
Logarithmic form Exponential form 

logs8 = 1 Bp = £3 
log,64 = 2 8? = 64 
logg4 = 3 p73 = 4 
loo, UZ = 3 8? = 512 
logeg = —1 ca 
logger = —2 8° = a 


7. (a) 5° =25 (b) 5°=1 9 (a) 842 =2 (b) 23 =} 
11. (a) eX =5 (b) ce =y 13. (a) log,125 = 3 

(b) log; 0.0001 = —4 15. (a) loggs = —1 (b) log,3 = —3 
17. (a) In2 =x (b) Iny=3 19. (a) 1 (b) 0 (c) 2 

21. (a) 2 (b) 2 (c) 10 23. (a) -3 (b) 5 (c) -1 

25. (a) 37 (b) 8 (c) V5 27. (a) —} (b) 4 (c) -1 
29. (a) 32 (b) 4 31. (a) 5 (b) 27 33. (a) 100 (b) 25 
35. (a) 2. (b) 4 37. (a) 0.3010 (b) 1.5465 (c) —0.1761 
39. (a) 1.6094 (b) 3.2308 (c) 1.0051 

41, y 43. y 


Answers to Section 5.4 A33 


45. y =l0g;x 47. y=logox 49. | 79. The graph of f grows more slowly than g. 
51.0 yy 53. (4, 00),R, xX = 4 81. (a). lee 
| Neti 


100 
J 


-1 


(b) The graph of f(x) = log(cx) is the graph of f(x) = log(x) 
shifted upward log c units. 
83. (a) (1,00) (b) f(x) = 10” 


85. (a) f(x) = io, =~} (b) (0,1) 87. 2602 yr 


89. 11.5 yr,9.9yr,8.7 yr 91. 5.32, 4.32 


SECTION 5.4 = PAGE 367 


1. sum; log;25 + log;125 =2 +3 

2. difference; log;25 — log,;125 = 2 — 3 
3. times; 10 - logs 25 

4. (a) 2logx + logy — logz 


2. 
(b) log () 
log 12 


5. 10, e; Change of Base; log;12 = eat = 1.277 


6. True 7.3 92 11.3 13.3 15.200 17.4 
19. 1+1og,x 21. log,x + log,(x — 1) 

23. 1010g6 25. log,A +210g,B 27. log3x + $log3y 
29. jlog,(x? +1) 31. 3(Ina + Inb) 

33. 3logx + 4logy — 6 logz 


63. (—3, 00) 65. (—o0, -1) U(1, 00) 67. (0, 2) 


69. 1 domain (—1, 1) ' 
vertical asymptotes x = 1, 35. log.x + loga(x? + 1) — zlog,(x? — 1) 
-2 2 x=-1 37. Inx + 5(Iny —Inz) 39. ;log(x? + y?) 
ar local maximum (0, 0) 41. Ylog(x? + 4) — log(x? + 1) — 2 log(x? — 7)] 
| | 43. 3Inx + 5 |lm(x — 1) — In(3x +4) 45. log; 160 
- 47. logy(AB/C?) 49, log( C=” 
71. 3 domain (0, 00) OG) e100 arg 
vertical asymptote x = 0 pao 3 
ol 3 no maximum or minimum obs In(ox so +o) 
53. on; 7 5) 55. 2.321928 57. 2.523719 
= 59. 0.493008 61. 3.482892 
63. 2 
73. 1 domain (0, co) 
7 2 vertical asymptote x = 0 4 a 
horizontal asymptote y = 0 
local maximum 
= (2.72, 0.37) + 
-3 
69. (a) P =c/WW* (b) 1866, 64 
2. (fog)(x) = Qet1 (—0o, oo); (g ° f)(X) = 2X4 1, (00, oo) 71, (a) M = —-2,5 log B + 2.5 log Bo 
71. (f° g)(X) = log2 (x = 2), (2, 00); 
(9 ° f)(X) = log, x — 2, (0, 00) 


A34 Answers to Selected Exercises and Chapter Tests 


SECTION 5.5 = PAGE 376 


1. (a) e* = 25 (b) x =In25 (c) 3.219 
2. (a) log 3(x — 2)=logx (b) 3(x—-2)=x (ce) 3 
3. 13979 5. —0.9730 7. —0.5850 9. 1.2040 11. 0.0767 
13. 0.2524 15, 1.9349 17. —43.0677 19. 2.1492 
21. 6.2126 23. —2.9469 25. —2.4423 27. 14.0055 
29. In2 ~ 0.6931,0 31. 4In3 ~ 0.5493 33. +1 35. 0,4 
37. e!° ~ 22026 39.0.01 41.9 43.-7 45.5 47.5 
49.3 51.4 53.6 55.3 57. 1/5 ~ 0.4472 59, 2.21 
61. 0.00, 1.14 63. —0.57 65. 0.36 
67.2<x<4or7<x<9 69 log2<x<log5 

-i., _ |Inx ie ae 
71. f ) = s4n9 73. f(x) = 2% +1 
75. (a) $6435.09 (b) 8.24 yr 77. 6.33 yr 79, 8.15 yr 
81. 13 days 83. (a) 7337 (b) 1.73 yr 85. (a) P = Pye * 
(b) 56.47 kPa 87. (a) t= —AIn(1 — #l) (b) 0.2185 


SECTION 5.6 = PAGE 388 

1. (a) n(t) = 10-27/3 (b) 1.05 x 108 (c) After 14.9h 

3. (a) 3125 (b) 317,480 

(C) 2» caittions) , 
1.0 
0.8 
0.6 


0.4 


+ + + + + _ 
9 10 20 30 40 50 # (years) 


t + t + on 
| 2007 2009 2011 2013 * 


7. (a) 233 million (b) 181 million 


9. (a) n(t) = 112,000-2'8 (b) n(t) = 112,000e%8 
(€) x (millions), (d) In the year 2045 


1.0 
0.8 
0.6 


0.4 


11. (a) 20,000 (b) n(t) = 20,000e°2°* (c) About 48,000 
(d) 2017 13. (a) n(t) = 8600e°!°" (b) About 11,600 
(c) 4.6h 15. (a) n(t) = 29.76e°°93* million 

(b) 53.5 yr (c) 38.55 million 17. (a) m(t) = 22-2-¥26 
(b) m(t) = 22e7°433 (c) 3.9mg (d) 463.4 yr 

19. 18yr 21. 149h 23. 3560 yr 


25. (a) 210°F (b) 153°F (c) 28 min 

27. (a) 137°F = (b) 116 min 

29. (a) 2.3 (b) 3.5 (c) 83 

31. (a) 10°7>M = (b) 3.2x10-7M 

33. 4.8=pH =6.4 35. log 20 ~1.3 37. Twice as intense 
39. 8.2 41. 73dB 43. (b) 106 dB 


CHAPTER 5 REVIEW = PAGE 391 


1. 0.089, 9.739, 55.902 3, 11.954, 2.989, 2.518 
5. R, (0, 00), y = 0 7. R, (3,00), y =3 


YA YA 


17. (—00, }) 19. (—co, —2) U (2,00) 21. 229 = 1024 

23. 10” =x 25. log,64=6 27. log74=x 29.7 31. 45 
33.6 35. -3 37.5 39.2 41.92 43. 3 

45. logA +2logB +3logC 47. 3In(x? — 1) — In(x? + 1)] 
49. 2 logsx + $log5(1 — 5x) — 5 logs(x? — x) 


51. log 96 53. | (oo) 55. | ( = ) 
ne Oe GPa ye aie Vx? 44 

57.5 59. 2.60 61. —-1.15 63. —4,2 

65. —15 67.3 69. 0.430618 

71. 2.303600 

vertical asymptote 

X= =S2 

horizontal asymptote 

y = 2.72 

no maximum or minimum 


75. 1s vertical asymptotes 
x=-1,x=0,x=1 
local maximum 


: | ~ (—0.58, —0.41) 


-1.5 


77, 2.42 79. 0.16 <x < 3.15 

81. Increasing on (—co, 0] and [ 1.10, oo), decreasing on [0, 1.10] 
83. 1.953445 85. —0.579352 87. log, 258 

89. (a) $16,081.15 (b) $16,178.18 (c) $16,197.64 

(d) $16,198.31 91. 1.83 yr 93. 4.341% 

95. (a) n(t) = 30e° (b) 55 (c) 19 yr 97. (a) 9.97 mg 
(b) 1.39 x 10° yr 99. (a) n(t) = 150e~ °° (bh) 97.0 mg 
(c) 2520 yr 101. (a) n(t) = 1500e°!' (b) 7940 

103. 7.9, basic 105. 8.0 


CHAPTER 5 TEST ™ PAGE 394 
1. (a) R, (4, 00), y = 4 


HY 


2. (a) log,25 = 2x (b) 2 =A_ 3. (a)36 (b)3 (c) 3 
(d) 3 (e)3 (f) 2 4 Flog(x +2 


) — 4log x — log(x? + 4)] 
\/2_\4 
5. ine) 6. (a) 4.32 (b) 0.77 (c) 5.39 (d) 2 


7. (a) n(t) = 1000627944 
(b) 22,627 (c) 13h 
(d) ys 


12t 
8. (a) A(t) = 12,000( 1 He ee) 


(b) $14,195.06 (c) 9.249 yr 
9. (a) A(t) = 3e°°° = (b) 0.048 g (c) after 3.6 min 
10. 1995 times more intense 


FOCUS ON MODELING ® PAGE 401 
1, (a) 290 


1780 2020 
0 


Answers to Cumulative Review Test for Chapters 3, 4, and5 A35 


(b) y = ab‘, where a = 1.180609 x 10°, b = 1.0204139, and 
y is the population in millions in the yeart (c) 515.9 million 
(d) 207.8 million (e) No 
3. (a) Yes (b) Yes, the scatter plot appears linear. 

RS 


(c) In E = 4.551436 + 0.092383t, where t is years since 1970 and 
E is expenditure in billions of dollars 

(d) E = 94.76838139e*, where a = 0.0923827621 

(e) 3478.5 billion dollars 

5. (a) |, = 22.7586444, k = 0.1062398 

(b) 14 (c) 47.3 ft 


| | 


7. (a) S = 0,14A°% 
(b) 8 (c) 4 species 


| 
0 550 


9, (a) 12 


(b) 


5 
| | 
3 


(c) Exponential function 

(d) y = ab” where a = 0.057697 and b = 1.200236 
11, (a) y= 1+ ae where a = 49.10976596, 

b = 0.4981144989, and c = 500.855793 (b) 10.58 days 


CUMULATIVE REVIEW TEST FOR 
CHAPTERS 3,4, AND 5 = PAGE 405 


1. (a) (—00, 00) =(b) [—4, 00) (€) 12, 0, 0, 2, 23, undefined 
(d) x2?-4, Vx +6,-4+h? (e) 3 
(f) fog =x+4 Vx +4, gf |X 


2|, f(g(12)) = 0, 


g(f(12)) = 10 (g) g(x) =x?-4,x=0 


A36 Answers to Selected Exercises and Chapter Tests 


2. (a) 4,4, 4,0,1 (b) 


3. (a) f(x) = —2(x — 2)? +13 (b) Maximum 13 
(c) (d) Increasing on (—oo, 2]; 
decreasing on [2, oo) 

(e) Shift upward 5 units 
(f) Shift to the left 3 units 


#Y 


4. f,Dig,C;r,A;s,F;h,B;k,E 
5. (a) HD, 2,4, EB, eh (b) 2, 4, -3 
(c) P(x) = 2(x — 2)(x — 4)(x +3) (d) 


6. (a) 1 (multiplicity 2); —1,1 +i, 1 — i (multiplicity 1) 
(b) Q(x) = (« — 1)°(K + 1K -—1-i1)K-1+i) 
(c) Q(x) = (x — 1)°(x + 1)? — 2x + 2 


ny 


7. x-intercepts 0, —2; y-intercept 0; horizontal asymptote y = 3; 


vertical asymptotes x = 2 andx = —1 


9. (a) —4 (b) 5logx + 5 log(x — 1) 


log(2x — 3) 

10. (a) 4 (b) In2,In4 11. (a) $29,396.15 

(b) After 6.23 years (c) 12.837 years 

12, (a) P(t) = 1202 (b) 917 (c) After 49.8 months 


CHAPTER 6 


SECTION 6.1 = PAGE 414 


1, (a) arc, 1 (b) 7/180 (c) 180/a7 2. (a) ra (b) 4r20 
3. 27/5 ~ 1.257 rad 5. —7/4 ~ —0.785 rad 

7. —5a/12 ~ -1.309 rad 9. 67 ~ 18.850 rad 

11. 87/15 ~ 1.676 rad 13, 7/24~0.131 rad 15. 210° 


» —225° 
. 18° 25, —24° 
» 11/4, 1927/4, —5ar/4, — 1327/4 

. 77/4, 1577/4, —977/4, -177/4 33. Yes 35. Yes 37. Yes 
. 13° 41. 30° 43. 280° 45. 57/6 47. 7 49. 7/4 
.557/9~ 19.2 53.4 55. 4mi 
» 36/7 ~11.459m_ 61. (a) 35.45 (b) 25 63. 50 m? 
.4m 67. 6cm? 69, 13.9 mi 
» 1.6 million mi 
» (a) 907 rad/min (b) 14407 in./min ~ 4523.9 in./min 


19. 540/7 ~171.9° 21. —216/m ~ —68.8° 
27. 410°, 770°, —310°, —670° 


57. 2 rad ~ 114.6° 


71. 3307 mi ~ 1037 mi 


75. 1.15mi 77. 360z in? ~ 1130.97 in? 


81. 327/15 ft/s ~ 6.7 ft/s 83. 1039.6 mi/h 85. 2.1 m/s 
87. (a) 107 cm ~ 31.4cm (b) 5cm (c) 3.32 cm 
(d) 86.8 cm? 


SECTION 6.2 = PAGE 422 


1, (a) 


opposite 


adjacent 


hypotenuse 


(b) opposite adjacent opposite eae 
hypotenuse’ hypotenuse’ adjacent 
2. sin 0, Cos 6, tan @ 
3. sin@ = 4, cos @ = 2, tan@ = §, csc @ = 7, Sec O = 3, Coto =} 


5. sind = #, cos @ = @, tang 


40 — 41 — 41 
91 CSCO = go, SECO = 9, 


cot = % 
7. sin@ = 2V13/13, cos @ = 3/13/13, tan @ = 4, 
csc 9 = V13/2, sec 8 = V13/3, cote = 3 


9. (a) 334/34, 334/34 (b) 3,2 
11. 
17. 
19, 


21. 


(c) V34/5, V34/5 
38 13, 13-V3/2 15. 16.51658 
X = 28cos 0, y = 28 sind 


cos @ = 4, tana = 3, csc @ j 


5 
hh cot 6 3 


5 
3, SEC 0 


sin@ = V2/2, cos@ = V2/2, tane = 1, 


csc 9 = V2, sec 0 = V2 


23. 


1 


sin@ = 3V5/7, cos @ = 3, tand = 35/2, 


csc 6 = 7/5/15, cot @ = 2/5/15 


7 <I 
2 
ae 


Answers to Section 6.6 A37 


25. (1 + V3)/2 69. (a) 10 (b) 0.946 rad or 54° 


31, 


16,/2 ~ 22.63 


0 


SECTION 6.4 = PAGE 441 

1. (a) [-1, 1], [-7/2, 7/2] (b) [-1,1], [0, 7] 

(c) R, (~7/2, 7/2) 2 (a) tp (b) wy (c) & 3. (a) a/b 
(b) 57/6 (c) —7/4 5. (a) —7/6 (b) 7/3 (ce) 7/6 
7. 0.46677 9, 1.82348 11. 1.24905 13. Undefined 
15. 36.9° 17. 34.7° 19, 34.9° 21, 30°, 150° 

23. 44.4°,135.6° 25. 45.6° 27.¢ 29.2 31.7 

33. V1 —x? 35, x/V1— x? 37. 72.5°, 19 ft 

39. (a) h=2tan@ (b) 6 =tan-*(h/2) 

41. (a) 6 =sin-\h/680) (b) 6 = 0.826 rad 

43. (a) 54.1° (b) 48.3°, 32.2°, 24.5°. The function sin? is 


39. sin 6 ~ 0.45, cos 6 = 0.89, tan 9 = 0.50, csc 6 = 2.24, 
sec dé ~ 1.12, cot@= 2.00 41. 230.9 43. 63.7 : . ; 
45. x=10tandsind 47. 1026 ft 49. (a) 2100 mi (b) No undefined for values outside the interval [—1, 1]. 
51. 19ft 53. 345 ft 55, 415 ft,152 ft 57. 2570 ft 

59. 5808 ft 61. 91.7 millionmi 63. 3960 mi 65. 0.723 AU SECTION 6.5 = PAGE 447 


sinA sinB- sinC 


SECTION 6.3 = PAGE 433 eo ee ee ee ene 
1. y/r, x/r, y/x 2. quadrant, positive, negative, negative 7, 44 9. ZC = 114°,a ~51,b ees 11. ZA = 44°, 

3. (a) 30° (b) 30° (c) 30° «5, (a) 45° (b) 90° (c) 75° ZB = 68°,a~ 8.99 13. ZC = 62°,a ~ 200, b = 242 

7. (a) 7/4 (b) z/6 (c) 7/3 9 (a) 27/7 (b) 0.40 (c) 1.4 7 


11.5613, —V3/2 15. -V3 17.1 19. —V3/2 
21. V3/3 23. V3/2 25. -1 27.5 29.2 31. -1 
33. Undefined 35. Ill 37. IV 


39. tang = —V/1 — cos’6/cos 6 
41, cos@ = V1 — sin’a 
43. secd = —V/1 + tan’@ 


45. cos 0 = baie pee eeel pote 4 15. 2B = 85°,a~5,c~9 
47. sind = —5,cosd =<, CSC 0 = —3, SCC O = 7, COLO = —3 
49. sing = 5, cos@ = V3/2, tang = V3/3, 

sec 9 = 2V/3/3, cota = V3 

51. sing = 3V5/7, tané = —3V/5/2, csc 6 = 7V5/15, 
sec @ = —3, cota = —2V5/15 


53. (a) 3/2, V3 (b) 3, V3/4 (c) 7, 0.88967 55. 19.1 17. ZA = 100°, a ~ 89,c ~ 71 C 
57. 66.1° 59. (47/3) — V3 ~ 2.46 > 
63. (b) 
44 
6 20° 60° 80° 85° 
1922 9145 29,944 60,351 4 — 
65. (a) A(@) = 400 sin @ cos 8 19. 2B ~ 30°, ZC ~ 40°,c ~ 19 21, No solution 
(b) 300 23. ZA, ~ 125°, ZC, ~ 30°, a, = 49; 


ZA, ~ 5°, ZC, ~ 150°, a, ~ 5.6 25. No solution 
27. ZA, ~ 57.2°, ZB, ~ 93.8°, b, ~ 30.9; 
ZA, ~ 122.8°, ZB, ~ 28.2°, b, ~ 14.6 
29. (a) 91.146° (b) 14.427° 33. (a) 1018 mi (b) 1017 mi 
35. 219 ft 37.55.9m 39. 175ft 41. 192m 
0 a 43. 0.427 AU, 1.119 AU 


(c) width = depth ~ 14.14 in, SECTION 6.6 = PAGE 454 
67. (a) 9-V3/4 ft ~ 3.897 ft ie ft = 0.5625 ft 1. a? +b?—2abcosC 2 S55,SAS 3,289 5. 47 


Dyes eRe to Ae? it 7. 29.89 9.15 11 ZA ~ 39.4°, 2B ~ 20.6, c ~ 24.6 


A38 Answers to Selected Exercises and Chapter Tests 


13. ZA ~ 48°, 2B = 79°, c = 3.2 

15. ZA ~ 50°, ZB = 73°, ZC ~ 57° 

17. ZA, ~ 83.6°, ZC, ~ 56.4°, a, = 193; 

ZA, =~ 16.4°, ZC, ~ 123.6, a, ~ 54.9 19, No such triangle 
21.2 23. 25.4 25. 89.2° 27. 24.3 29.54 31. 26.83 
33. 5.33 35. 40.77 37. 3.85cm? 39. 2.30mi 41. 23.1 mi 
43. 2179 mi 45. (a) 62.6 mi (b) S18.2°E 47. 96° 

49. 211 ft 51. 3835 ft 53. $165,554 


CHAPTER 6 REVIEW ™ PAGE 457 

1. (a) 7/3 (b) 17/6 (c) —32/4 (d) — 7/2 

3. (a) 450° (b) —30° (c) 405° (d) (558/m)° ~ 177.6° 
5.8m 7. 82ft 9 0.619 rad ~ 35.4° 11, 18,151 ft? 

13. 3007 rad/min ~ 942.5 rad/min, 

7539.8 in./min = 628.3 ft/min 

15. sing = 5/V74, cos 0 = 7/V74, tan @ = 3, 

csc 9 = V74/5, sec 9 = V74/7, cota =? 

17. x ~ 3.83,y ~ 3.21 19 x ~2.92,y ~ 3.11 

21. A = 70°,a ~ 2.819, b ~ 1.026 

23. A ~ 16.3°,C = 73.7°,c = 24 

25. a =coté,b =csc@ 27. 48m 29. 1076mi 31. —V2/2 
33.1 35. -V3/3 37. —V2/2 39. 2V3/3 41. —-V3 

43. sing = 4, cos@ 3, tane = —¥, 
csc = 3, seco = —¥, cota=—-% 45. 60° 

47. tan@ = —V/1 — cos’6/cos 0 

49. tan?@ = sin’@/(1 — sin’@) 

51. sing = V7/4, cos 6 = 7, csc 9 = 4V7/7, coto = 3V7/7 
53, cos = —4, tan@ = —3, csc @ = 3, seco = —3, cota = —3 
55. —V5/5 57.1 59% 7/3 61. 2/21 63. x/V1+ x? 
65. 6 = cos (x/3) 67. 5.32 69. 148.07 71. 9.17 

73. 54.1° or 125.9° 75. 80.4° 77. 77.3mi 79. 3.9 mi 

81. 32.12 


CHAPTER 6 TEST = PAGE 461 


1. 11/6, —37/4 2. 240°, —74.5° 

3. (a) 2407 rad/min ~ 753.98 rad/min 

(b) 12,063.7 ft/min = 137 mi/h 4. (a) V2/2 

(b) V3/3 (c) 2 (d) 1 5. (26 + 6V13)/39 

6. a = 24sind@,b =24cos@ 7. (4 — 3V2)/4 

.- 9 tand=—Vsec29—1 10. 19.6 ft 

11. (a) 6 = tan-\(x/4) (b) 6 = cos-\(3/x) 12, % 

13. 9.1 14. 2505 15.84 16.19.55 17. 78.6° 18. 40.2° 
19, (a) 15.3m? (b) 24.3m_ 20. (a) 129.9° (b) 44.9 

21, 554 ft 


FOCUS ON MODELING # PAGE 464 


1.6141 mi 3. 14.3m_ 5. (c) 2349.8 ft 
7. 91.9 ft 128.0 ft 


149.5 ft 


CHAPTER 7 


SECTION 7.1 = PAGE 473 


1. (a) (0,0),1 (b) x2+y2=1 (ce) (i) 0 (ii) O (iii) 0 
(iv) 0 2. (a) terminal (b) (0, 1), (—1, 0), (0, —1), (1, 0) 
.-¢ LW. -2V2/3 13. 3V5/7 15. P (2) 

17. P(—V5/3,3) 19. P(— V2/3, -V7/3) 

21. t = 7/4, (V2/2, V2/2); t = 7/2, (0,1); 

t = 32/4, (— V2/2, V2/2); t = a, (-1,0); 

t = 50/4, (—V2/2, —V2/2); t = 32/2, (0, -1); 

t = 72/4, aie —~V/2/2); t = 27, (1,0) 

23. (0,1) 25. (— V3/2,3) 27. (3, —V3/2) 

29. (—3, V3/2) 31 (—V2/2, -V2/2) 

33, (a) (—5,5) (b) (5, —§) (c) (—3,-§) (A) (8,8) 

35. (a) 7/4 (b) 7/3 (c) 7/3 (d) a/6 

37. (a) 27/7 (b) 27/9 (c) 7-3 ~0.14 (d) 27-5 ~1.28 
39, (a) 7/3 (b) {3 V3/2) 

41, (a) 7/4. (b) (— V2/2, V2/2) 

43. (a) 7/3 (b) ( 
45. (a) 7/4 (b) (— 
47. (a) 7/6 (b) (— 

49. (a) 7/3 (b) (3, V3/2) 51, (a) 7/3 (b) (—3, —-V3/2) 
53. (0.5, 0.8) 55. (0.5, —0.9) 


SECTION 7.2 = PAGE 482 


Lyx%yxk 21,1 3t=7/4,sint = V2/2, cost = V2/2; 
t= 7/2, sint = 1, cost = 0; t = 37/4, 

sint = V2/2, cost = — V2/2; 

t=7,sint =0, cost 1; t = 52/4, 

sint = — V2/2, cost = — V2/2; t = 3a7/2, sint = —1, 
cost = 0; t = 77/4, sint = — V2/2, cost = V2/2; 
t=27,sint=0,cost=1 

5. (a) V3/2 (b) -1/2 (c) —V3 

7. (a) —1/2 (b) —1/2 (c) -1/2 

9. (a) —V2/2 (b) —V2/2 (c) V2/2 

11. (a) V3/2 (b) 23/3 (ce) V3/3 

13. (a) —1 (b) 0 (c) 0 

15. (a) 2. (b) —2-V3/3 (ce) 2 

17. (a) —V3/3 (b) V3/3 (ce) —V3/3 

19, (a) V2/2 (b) —V2 (c) -1 

21. (a) —1 (b) 1 (c) —1 23. (a) 0 (b) 1 (c) 0 
25. sin0 = 0, cos 0 = 1, tan0 = 0, sec 0 = 1, 

others undefined 

27. sin w = 0, cos 7 = —1, tan aw = 0, Sec 7 = —1, 
others undefined 

29. 22,3 31 —VI1I1/4, V5/4, —V55/5 

33. V13/7, —6/7, -V13/6 35. —13.—i 3 37. 35 — Sy 20 
39. (a) 0.8 (b) 0.84147 41. (a) 0.9 (b) 0.93204 
43. (a) 1 (b) 1.02964 45. (a) —0.6 (b) —0.57482 
47, Negative 49. Negative 51. || 53. Il 


55. sint = V1 — cos’t 

57. tant = (sint)/V1 — sin’t 
59, sect = — V1 + tan’t 

61. tant = Vsec’*t — 1 


-},—V3/2) 
V2/2, -V2/2) 
V3/2, —3) 


638. tan’t = (sin’t)/(1 — sin’t) 

65. cost = —%, tant= —}, csct =3,sect 

67. sint = —2V2/3, cost = 3, tant = —2 V2, 
csct = —7-V2, cott= — V2/4 


5 
4 cot C i} 


Answers to Section 7.3 


21 10, 47 


@9. sint= —2,cost=#,csct= —3, sect = 3, cott= —4 
7L cost = — V15/4, tant = V15/15, csct = —4, 
sect = —4/15/15, cott = V15 

73. Odd 75. Odd 77%. Even 79, Neither 

8L y(0) = 4, y(0.25) = —2.828, 0.50) = 0, 

(0.75) = 2.828, 1.00) = —4, (1.25) = 2.828 


83. (a) 0.49870 amp (b) —0.17117 amp 23.160 
YA 
SECTION 7.3 = PAGE 494 it 
L 1,27 23,7 
y y 37 
1 1 0 3m on 
Qa 2a 
= - : zal. 
=I -1 
7 ee 


29. 1, 27, 7/2 


35. 5, 20/3, 1/12 
17. 1,7 > 


5+ 


—5+ 


A39 


A40 = Answers to Selected Exercises and Chapter Tests 


39, 3,2,-3 AL 1, 27/3, -7/3 6. ive y = COS 3x Cos 217xis 
a cosine curve that lies 


between the graphs of 
Al} /| os Y = COS 37rxand 


AMADA I 
WV NVNY| y= ~cos 30x 


1.5 


Ya yA 
3+ 


—0.5 


67. Maximum value 1.76 when x ~ 0.94, minimum value —1.76 
when x = —0.94 (The same maximum and minimum values occur 
at infinitely many other values of x) 

@. Maximum value 3.00 when x ~1.57, minimum value —1.00 


43. (a) when x ~ —1.57 (The same maximum and minimum values occur 
45. (a) 3,77,0 (b) y = 3cos 3x at infinitely many other values of x) 

47. (a) 3,7, —3 (b) y= —}c0s A(x + 77/3) 7L 1.16 73 0.34, 2.80 

49. (a) 4,3,-3 (b) y= 4sin F(x + 3) 75. (a) Odd = (b) 0, +27, +47, +67,... 

5L (c) 1 (d) f(x) approaches 0 


(&) f(x) approaches 0 


-1 


77. (a) 20s (b) 6ft 
79. (a) z min (b) 80 


(i: 3, (d) 40; it is higher than 
normal 
1407 
we 
90+ 
0 to 
80 
SECTION 7.4 = PAGE 503 
L 7; 5 + nz, nan integer 2. 277; Mz, Nan integer 
yA 
54 
6L 225 y =x’ sin xis a sine curve . | 2 
that lies between the graphs - : —7 Ge 
of y= x’ and y= —x’ 
—15 15 
-5 be. 
aad BI BVI ZIV 
(4 28 y = Vxsin 52xis a sine curve 9. 7 


that lies between the graphs of 
y = Vxand y= —Vx 
—0.5 i pe) 


ny 


9) os 


Answers to Section 7.4 A411 


2 


35. 3 
51. 


33. 7/2 


49, 37/2 


27. 7/4 
T 


15. 27 


: feos pt gf Oe 
= x ae ee 4 


A42 Answers to Selected Exercises and Chapter Tests 


53. 7/2 


57. (a) 1.53 mi, 3.00 mi, 18.94 mi 
(b) » 


| 
(c) d(t) approaches oo 


SECTION 7.5 = PAGE 509 


1. (a) [-7/2, a/2], y, X, 7/6, 7/6, 5 

(b) [0, a]; y, x, 7/3, /3,3 2. [—1, 1]; (b) 

3. (a) 7/2 (b) 7/3 (c) Undefined 

5. (a) 7 (b) 7/3 (c) 52/6 

7. (a) —7/4 (b) z/3 (c) z/6 

9. (a) 27/3 (b) —7/4 (c) 7/4 11. 0.72973 

13. 2.01371 15. 2.75876 17. 1.47113 19. 0.88998 
21. —0.26005 23.} 25.5 

27. Undefined 29. 57/6 31. —7/6 33. 7/6 35. 7/6 


37. —7/3_ 39. V3/3 41.4 43. —V2/2 


SECTION 7.6 = PAGE 518 

1. (a) asin wt (b) acos at 

2. (a) ke“ sin wt (b) ke“ cos wt 

3. (a) 2, 27/3, 3/(277) 5. (a) 1, 2027/3, 3/(207) 
(b) ya (b) ya 


a+ 


7. (a) 4, 47/3, 3/(477) 
(b) ova 


9. (a) 5, 37, 1/(377) 
(b) yh 


11. y = 10 sin( 1) 13. y = 6 sin(10t) 


15. y = 60 cos(4mt) 17. y = 2.4 cos(1500zt) 


19. (a) y = 2e }* cos Gat 
(b) 44 


2 


2+ 


21. (a) y = 100e °** cos ot 
(b)  ¥4 


—100+ 


23. (a) y=7e Msin12t (b) 4, 


34 


3+ 


25. (a) y = 0.3e °* sin(40zrt) 
(b) 


27. (a) 10 cycles per minute 
(b) »4 


8.2 
N\/\ 
7.8+ 


+—> 
t 


(c) 0.4m 


0 


set 


29. (a) 25, 0.0125, 80 (b) »4 


1407 


oY 


Zla+ 
SI 


(c) The period decreases and the frequency increases. 
31. d(t) = 5 sin(5zt) 


33. y = 21 sin( Zt) y (Feet) 4 


217 


35. y=5cos(2mt) 37. y=11+ 10 sin( =") 


39. y =3.8+ 0.2 sin( Zt) 


41. f(t) = 10 sin( Ze - 8) +90 
43. (a) 45V (b) 40 (c) 40 (d) E(t) = 45 cos(80zrt) 
45. f(t) =e sinat 47. e= zn 4 = 0.46 


CHAPTER 7 REVIEW # PAGE 522 

1. (b) 3, — V3/2, — V3/3_ 3. (a) 7/3 (b) (—3, V3/2) 
(c) sint = V3/2, cost = —3, tant = — V3, csct = 23/3, 
sect = —2, cott = — V3/3 

5. (a) 7/4 (b) (—V2/2, -V2/2) 

(c) sint = — V2/2, cost = — V2/2, 

tant = 1,csct = —V2,sect = —V2,cott =1 

7. (a) V2/2 (b) — 2/2 9. (a) 0.89121 (b) 0.45360 
11. (a) 0 (b) Undefined 13. (a) Undefined (b) 0 

15. (a) — V3/3 (b) — V3 17. (sin t)/(1 — sin’t) 

19. (sin t)/V1 — sin’t 

21. tant = —3,csct = B sect = 
23. sint = 2V/5/5, cost = — V5/5, 
tant = —2,sect = —V5 

25. (16 — VI7)/4 27. 3 


3 cott = —¥ 


29. (a) 10, 477, 0 
(b) vA 


33. (a) 3, 7, 1 
(b) vA 


37. y = 5 sin 4x 
41. 7 


YA 


| fi, 


Answers to Chapter 7 Review A43 


31. (a) 1, 47, 0 
(b) vA 


ih: 


BY 


-4 


-j+ 


35. (a) 1, 4, —3 
(b) vA 


39. y = 5 sin 2m(x + 3) 
43. 7 


oS _ 
fo: 
a. 


—6.28 [ 6.28 


(b) Period 
(c) Even 


55. (a) 


—50 50 


-1.5 


(b) Not periodic 
(c) Neither 


A44 Answers to Selected Exercises and Chapter Tests 


57. (a) 8. 7 


5 (b) Not periodic 
(c) Even UI \| 
5 5 ly a 
1 : —— = 
0 30 x 
—I+ 4” 


5 [ 
59. 15 y =xsinxisasine I | [\ 
15 


function whose graph lies 
between those of y = x and 10. (a) 7/4 (b) 57/6 (c) 0 (d) 1/2 
= i Y=-xX 11. y = 2 sin (x + 7/3) 
12. (a) (b) Even 
12 (c) Minimum value —0.11 


when x ~ +2.54, maximum 
value 1 when x = 0 


61. The graphs are related by 


3,5 
graphical addition. ie 9.42 
3.14 3 _ 
13. y = 5 sin(4zt) 
4. 14, y = 16e-°"* cos 24art 


63. 1.76, —1.76 65. 0.30, 2.84 
67. (a) Odd (b) 0, +7, +27,... 5 i 


18 


=18 


FOCUS ON MODELING ® PAGE 528 
1. (a)and(c) 4 


(d) f(x) approaches 0 
(e) f(x) approaches 0 
69. y = 50 cos(16zt) 
71. y = 4 cos(§t) 


CHAPTER 7 TEST = PAGE 524 


1. y= -3 2. (a) i (b) 2 (c) 4 (d) 3 y = 2.1. c0s(0.52r) 

3. (a) -} (b) -V2/2 (c) V3 (d) -1 (b) y =21 cos(0.52t) 

4, tant = —(sint)/V1—sin’t 5. —% (d) y = 2.05 sin(0.50t + 1.55) — 0.01 (e) The formula of (d) 
6. (a) 5, 7/2, 0 7. (a) 2, 47, 7/3 reduces to y = 2.05 cos(0.50t — 0.02) — 0.01. Same as (b), 

(b) 4 (b) 54 rounded to one decimal. 


3. (a)and(c) 4, 


25+ 


5+ 2+ 


Bar 


ela 


y = 12.05 cos(5.2(r — 0.3)) + 13.05 


(b) y = 12.05 cos(5.2(t — 0.3)) + 13.05 

(d) y = 11.72 sin(5.05t + 0.24) + 12.96 (e) The formula of 
(d) reduces to y = 11.72 cos(5.05(t — 0.26)) + 12.96. Close, but 
not identical, to (b). 

5. (a)and(c) —, 


(b) y = 22.9 cos(0.52(t — 6)) + 62.9, where y is temperature (°F ) 
and t is months (J anuary = 0) 

(d) y = 23.4 sin(0.48t — 1.36) + 62.2 

7. (a)and(c) 4, 


(b) y = 30 sin(0.52t) + 50 where y is the owl population in year t 
(d) y = 25.8 sin(0.52t — 0.02) + 50.6 
9. (a) and(c)  » 


y = 74.5 €08(0.57(t — 4.5)) + 83.5 


5 10 15 20 
Years since 1975 
(b) y = 74.5 cos(0.57(t — 4.5)) + 83.5, where y is the average 
daily sunspot count, and t is the years since 1975 

(d) y = 67.65 sin(0.62t — 1.65) + 74.5 


CHAPTER 8 


SECTION 8.1 = PAGE 536 
1. all; 1 2. cos(—x) = cosx 3, sint 5, tang 7. —1 
9 cscu 11. tang 13.1 415. cosy 17. sin’x 19, secx 
21. 2secu 23. cos’x 25. cos d 
— cin2 
27. (a) Ls =" * = pus 
sin x 


29, LHS = singe! = RAS 
sin @ 


1 
31, LHS = cosu cotu = RHS 
cos U 
i LHS = ante cosa 
sinB 
2 2 
_ sin bees = a — RHS 
sin B sin B 


35. 


37. 


39. 
41, 


43. 


45. 
47. 


49. 


51, 
53. 


55. 


57. 


59. 


61. 


63. 


65. 


Answers to Section 8.1 


—cos*a — sin? 
LHS = cosa — Sina ae “= 
sina sin a 
— 1 — 
sina 
LHS sing  cos@  sin?@ + cos*@ 
cos@ sing cos@sing 
1 
= ———— = RHS 
cos @sin@ 
LHS = 1 — cos’B = sin’?B = RHS 
vie (sin x + cos x)? sin x + cosx 
(sin x + cosx)(sinx — cosx) sin x — cosx 
sin xX + cos x)(sin x — cos x 
el )(si ) RHS 
(sin x — cos x)(Sin X — COS x) 
1 2 
wt —~ cost cost 1-—cos‘t 
LHS = : RHS 
wat cost 1 
LHS = —- = sec’y = RHS 
cos‘y 
LHS = cotx cos x + cotx — csc X COS X — CSC X 
cos?x _ COSX — COSX 1 cos*x — 1 
sinx  sinxsinx — sinx sin x 
in2x 
—_ a = Rs 
sin x 
; cos?x 
LHS = sin?x(1 aan ) = sin’ + cos’*x = RHS 
sin?x 
LHS = 2(1 — sin’x) - 1 = 2 — 2 sin’x -1 = RHS 
LHS 1 = cosa 1 + COSa 
sina 1+ cosa 
ae 2 Hines 
i COS*a@ . sin‘a RHS 
sina(l + cosa)  sina(1 + cosa) 
in? in? 7 
LHS S a S ee 
cos‘@ cos‘@ 
sin?a(1 — cos?@) —_sin2@ sinz@ 
( 5 ) 5 RHS 
cos*é cos“@ 
inx—1 sinx +1 in?x — 1 
LHS == = = ; = RHS 
sinx +1 sinx+1  (sinx +1) 
in?t + 2 sintcost + cost 
LHS S s cos cos 
sint cost 
sin’t + cos’t | 2sintcost 1 © 
sint cost sintcost  sintcost — 
=RHS 
eee omy Costu _ cos?u + sin?u _ ane 
1 — sm cos’u —cos*u — sin’u 
LHS sec X sec x + tan x 
sec x — tanx sec x + tanx 
sec x(sec x + tan x) 
5 5 RHS 
sec*x — tan*x 
sec v + tan 
LHS = (secv — tanv)- 2 
sec v + tanv 


sec*v — tan*v 


= RHS 
secv + tanv 


A45 


A46 = Answers to Selected Exercises and Chapter Tests 


67. LHS sinx + cosx  sinx + cosx SECTION 8.2 = PAGE 543 
: aa Vy 1 “  sinx + cosx rs F . 
cosx ' sinx COs x Sin x 1. addition; sin X cos y + COS X SIN y 
. cos x sin x 2. subtraction; cos x cosy + sinx siny 
(sin xX + COS X)= = RHS 
PIA 605% V6 + V2 V2 - V6 
69. LHS ganx — Sax sinxcosx  cosx(1 — cos x) = 4 5. 4 
‘ a.-—1 sinxcosx — sinx(1 — cosx) 1.2-v3 9, 6+ v2 
_005X _ pig e a 
== + 
sin x TR ey Mc ee 7 2 
in2 in2 2 in2 
TL LHS = 2 SOE = (a — cou) = RHS 15. V2/2 17.3 19. V3 
cos*u cos*u cos‘u 
73. LHS = (sec?x — tan?x)(sec?x + tan?x) = RHS 21. LHS sin(f —u) _ sin cosu — cos} sinu 
sin@ — at, sing — 1 , cos($—u) cos$cosu+ singsinu 
75. RHS a 
cos a cos sin. 6 - cos @ _ sira =RHS 
LHS 1 1 
ingd— 23. LH : - 
cas eee TE) genns cos} —u) cos$cosu+sin#sinu 
—sin*t + tant sintt 1 1 
77. LHS = —, 1 a =—"— =RHS 
sint cos*t sin‘t ~ cinu 
= —1 + sec*t = RHS . ke 
Se net secx — tanx + secx + tanx 25. LHS = sin X COS - Cos x sin 3 = RHS 
" (sec x + tan x)(sec x — tan x) 27. LHS = sin x cos 7 — cosx sin = RHS 
2secx 26: ig oc ee. _ as 
~ sec2x — tan2x RHS 1 + tan x tan 7 
81. LHS = tan’x + 2 tanx cotx + cot?x = tan’x + 2 + cot?x 31. LHS = cosx cos§ — sinx sing + sinx cos 3 — cosx sin 5 
(tan2x + 1) + (cot?x + 1) = RHS = Ycosx — }sinx +4sinx — ¥2cosx = RHS 
mas a = si 
83. LHS a _ COS U RHS 33. LHS an eOSy + COSY 
wsu + 1 cosu —(sinx cos y — cosxsiny) = RHS 
‘ fy er 2 1 1 + tan x tan 
85. LHS (sin x + cos x)(sin*x — sin x COS X + CoOS*x) 35. LHS y 
sinx + COSX tan(x — y) tan x — tany 
= sin’x — sinx cosx + cos’x = RHS _ 1+ aire cotxcoty aie 
87. LHS 1+sinx 1+ sin x (1 + sinx)? ctx — Sty cot x cot y 
1—sinx 1+ sinx 1 — sin?x sinx siny  sinxcosy — cosxsiny 
ie ; 37. LHS = =RHS 
(1 + sinx) (2284) RHS cosx cosy COs X COS y 
cos*x COS X 39. LHS sin x cosy + cosx siny — (sin x cosy — cosxsiny) 
89, LHS (= sos (Spe) . cos x cosy — sinxsiny + cosxcosy + sinxsiny 
, cosx  sinx sin x cos x one 
1 4 2 COS X COS Y 
- (sasnex) “hit 41. LHS = sin((x + y) + z) 
97. Ls Yes _ : ; 
= cos z[sinx cosy + cos xsiny] 
+ sin z[cos x cosy — sinxsiny] = RHS 
—6.28 6.28 é V1 — x2 + xy 4 x-y 
V+ y? “Vier Vit y? 
-LS 
—2Vv14 
99. , No 47.3(V6+ V2) 49 3 -2V14 


"V/7+6V2 
51. —3 (3 + 4V3) 53. 2/5/65 


6.28 6.28 55. 2 sin( + =) 57. 5V2 sin( 2x + =) 


59, (a) g(x) = 2sin 2( di. =) 


(+ 7) sin?(x ) 1 
4) ° 4) — 
67. 7/2 69. (b) k = 10V3,¢ = 2/6 
SECTION 8.3 = PAGE 552 


1. Double-A ngle; 2 sin x cos x 


2. Half-Angle; +V/(1 — cos x)/2 


3. 165 165 119 Ds 2595 — FT Os 55d 
11. 5(7 — cos 2x + 70s 4x) 

13. 74(1 — cos 2x — cos 4x + cos 2x cos 4x) 

15. 3(7 — cos 4x + 7 Cos 8x) 

17.4V2-V3 19. V2-1 2 -1V24+13 

3. Via . W/Pea 27. N72 = 

29. (a) sin36° (b) sin6@ 31. (a) cos68° (b) cos 100 


33. (a) tan 4° (b) tan2@ 37. 10/10, 310/10, } 
39. V(3 + 2V2)/6, V(3 — 2V2)/6,3 + 2V2 
41. V6/6, — V30/6, — V5/5 


+ a as. ./L=* 47, 88 49.8 51.2 
53, —8\/3/49 55, (sin 5x — sinx) 57. 4(sin 5x + sin 3x) 
59. 3(cos 11x + cos 3x) 61. 2 sin 4x cos x 
63. 2sin5xsinx 65. —2 cos $x sin 3x 
67. (V2 + V3)/2 69. (V2 - 1) 
71. V2/2_ 73. LHS = cos(2+5x) = RHS 
75. LHS = sin’x + 2sinx cos x + cos?x 
=1+4+2sinxcosx = RHS 
2sin2xcos2x  2(2 sin x coS x)(cos 2x) 


77, LHS = : = : = RHS 
sin x sin X 
2(tan x — cot x) 2 
79. LHS 
(tan x + cot x)(tanx — cotx) tanx + cotx 
2 sinxcosx 2 sin x cos x 


sin x COsx * 


cosy t+ ainx SIN X COS X 
=2sinxcosx = RHS 


sin2x + cos2x 


Answers to Section 8.3 


tan 2x + tan x 
1 — tan 2x tan x 
_ Bk, + tanx 
~ 1 — ABMS tan x 

2 tan x + tan x(1 — tan’x) 
1 — tan?x — 2 tan x tan x 
83. LHS = (cos*x + sin’x)(cos?x — sin?x) 
= cos’x — sin?x = RHS 
85. LHS 2sin3xcos2x — sin 3x RHS 
2.coS 3X cOS2xX cos 3x 


2 sin 5x cos 5x 


81. LHS = tan(2x + x) 


= RHS 


ap Te paneweoste 
«(xX + Y x-y 
89, LHS 2 sin(” z ? cos(” z 2 
2 cos(“7~) cos(“>~) 
sox + y 
— in) _ pHs 
cos(~) 
(sin x + sin 5x) + (sin 2x + sin 4x) + sin 3x 
95. LHS 
(cos X + cos 5x) + (cos 2x + cos 4x) + cos 3x 
2 sin 3x cos 2x + 2 sin 3x cos x + sin 3x 
2 COS 3X COS 2X + 2 COS 3X COS X + COS 3x 
sin 3x(2 cos 2x + 2 cosx + 1) RHS 
~ cos 3x(2 cos 2x + 2cosx+1) 
97. (a) 5 sin 3x cos 3x _ 


A47 


; =2 
sin x COS X 


—6.28 | 6.28 


99. (a) 25 
(c) 2.5 ~ ea els = fx) lies 
a9 9 
NWN 
101. (a) P(t) = ge Bt? + 1 (b) Q(t) = 16t5 — 20t? + 5t 
107. (a) and (c) 2.5 


INWAA Nal 
YAWN 


—2.5 


The graph of f lies between the graphs of y = 2 cos t and 
y = —2 cos t. Thus, the loudness of the sound varies between 
y = £2 cost. 


A48 = Answers to Selected Exercises and Chapter Tests 


SECTION 348) EAGE5O0 18; (a) 2 eee + ee 8 2B ae 
1. infinitely many 2. no, infinitely many 3 3 

3. 0.3; x ~ —9.7, —6.0, —3.4, 0.3, 2.8, 6.6, 9.1 5a oka 

4, (a) 0.30, 2.84 (b) 27, 0.30 + 2ka, 2.84 + 2km 21. (a) 75 + 5) (b) 5x7/18, 1107/18, 1777/18, 2307/18, 


5, + oka, ” eee 297/18, 3577/18 23. (a) 4k (b) 0 
25. (a) 4a + 6kz, 5a + 6k (b) None 


7. (2k + 1)r 9 1.32 + 2k, 4.97 + 2ko : 
a 
U1, —0.47 + 2kr, 3.61 + ke 27. (a) 0.62 + > (b) 0.62, 2.19, 3.76, 5.33 
T 
2B. —3 tka 1. 137 + kar 29. (a) kr (b) 0,7 31. (a) & + kor, 7 + ko, 2 + kar 
5 7 
a7: oe + 2kar, ie + 2ka; (b) 77/6, 7/4, 527/6, 77/6, 527/4, 1177/6 
~Tor/6, —5ar/6, 57r/6, Tor/6, 1707/6, 1907/6 33, (a) a + 2ke, on + 2ke, ot lee 
7 377 
19, ri + 2kz, ra + 2ka; (b) 7/6, 3727/4, 5ar/6, 77/4 
—T2/4, —52/4, 7/4, 32/4, 97/4, 1107/4 35. (a) 45 37. (a) 10 
21. 1.29 + 2k2, 5.00 + 2k; —5.00, —1.29, 1.29, 5.00, 7.57, 11.28 
23. —1.47 + ka; —7.75, —4.61, -1.47, 1.67, 4.81, 7.95 
25. (2k + 1)7 27. = 4 Dh *e 4 Dlr 20 mm? : 
29. 0.20 + 2ka, 2.94 + 2kr 31, = 4 kn + kar =25 =10 
+3,14, -2 1.04, 1.73 
33. 7 kar, a ker 35, —1.11 + kar, 1.11 + kor : ( ) ( ) 
: ‘ (b) ((2k + 1), -2) (b) (z Pra v3) 
3 
37. ka, kar 
4 4 39. 17/8, 37/8, 57/8, 77/8, 97/8, 1127/8, 1327/8, 1577/8 
z 27 An 41. 7/3, 27/3 43. 7/2, 77/6, 37/2, 117/6 45. 0 
SEA) Re eg eg 47. 0,7 49. 0, 7/3, 27/3, 7, 47/3, 577/351. 7/6, 32/2 
7 Sa T a  2ka Sa 2ka 
AL. J + 2kor, [+ Ak 43, 0.34 + 2kor, 2.80 + 2ker BB kaj? BB. > +km Gta Fg 
7 Sar 30 57. 0,+0.95 5% 1.92 61. +0.71 
Po OSE ag Oe ENE “Se NSO ADE ge ae 63. 0.94721° or 89.05279° 65. (a) 34th day (February 3), 308th 
51. z be iy - Qk, au 25 day (November 4) (b) 275 days 
‘a CHAPTER 8 REVIEW = PAGE 568 
53. — + ka 55. ka, 0.73 + 2k, 2.41 + 2k 57. 44.95° = 
2 1 LHS = sino( <O5e mt )- Ae sin?6 
59. (a) 0° (b) 60°, 120° (ce) 90°, 270° (d) 180° ; sind cos cos 8 
_ cose + sin’?o _ RHS 
SECTION 8.5 = PAGE 566 ry 
1. sinx =0,ka 2. sinx + 2sinxcosx =0, 3, LHS = (1 — sin’x) csc x — csc x 
a Tn a = €SCX = sin?x CSC X — CSC X 
sinx =0,1+2cosx=0 3. + 2Kar, + 2kar, — + 2ka ; 1 
6 6 2 = —sin’x =~ = RHS 
5. (2k + 1)7, 1.23 + 2k, 5.05 + 2ka 5 : 
5 Be SR Ee wee HS 
7. kar, 0.72 + 2ka, 5.56 + 2kr 9 a + 2k, - + Iker sin’x _sinx cos?x 
COS X COS X 
7. LH —=RH 
a + har, a + Dhar, (2k + Lr IB (2k + 1), = + 2k °=7a-sn) = 5 
: : e cos?x sin?x 
= eine: i 2 2 L in2 
15, 2kr 17. (a) “ oe = 9. LHS = sin May To ey RHS 
2 sin X COS X 2sinxcosx 2sinx 
(b) 7/9, 52/9, 77/9, 1127/9, 1327/9, 1777/9 11. LHS ta 9 cereal eek Fens K RHS 
3. LHS = 2 508% 1 COS X RHS 


sinx  sinx —sinx 


Answers to Chapter 8 Focus on Modeling A49 


15. LHS = 3[cos((x + y) — (x — y)) CHAPTER 8 TEST = PAGE 570 
— cos((x + y) + (x — y))] sind sin’@ + cos’6 
= (cos 2y — cos 2x) 1. (a) LHS cos 9 In + COSO anes RHS 
471 — 2 sinty — (1 — 2sin’x)] (b) LHs = —2" 1+ cosx _ tanx(1 + cos x) 
= 1(2 sin?x — 2sin?y) = RHS 1— cosx 1+ cosx 1 — cos?x 
sinx 1 —cosx _1=cosx cosx(l + COSX) _ 1 1+ cosx pig 
Mn Pee lnk " COSX 7 ee _ SINX COS x 
-,4- 1. _1=Rus (c) LHS alee ain .cos’x = 2 sin x cos x = RHS 
Cos X sec?x  COSX 
2+ 
19. LHS = cos’ — 2sin$ cos} + sin?4 2. tang 3. (a) > (b) weave (c) V2 — V3 
= 1 — sin(2-5) = RHS 4, (10 — 2V5)/15 
2sinxcosx 2co0s2x —1 5. (a) 5(sin 8x — sin2x) (b) —2cos3xsin3x 6, —2 
21. LHS ne oS 7. (a) 0.34, 2.80 (b) 7/3, 7/2, 52/3 (€) 27/3, 47/3 
1 (d) 2/6, 7/2, 52/6, 327/28. 0.58, 2.56, 3.72, 5.70 9 ie 
2cosx — 2cosx + eer RHS o V1 — x? = xy 
V1+y? 
23, LHS = ee Rs 
ns FOCUS ON MODELING = PAGE 574 
25. (a) Ls (b) Yes i 
1. (a) y = —5 sin( Zt) 
3.14 3.14 (b) ¥4 
al 
-1L5 
27. (a) 4 (b) No 
6.28 6.28 5 
Yes, itis a traveling wave. 
-4 (c) uU>= 1/4 
3. y(x, t) = 2.7 sin(0.68x — 4.10t) 
29. (a) 15 2 sin?3x + cos 6x = 1 5. y(x, t) = 0.6 sin(ax) cos(40zt) 
7. (a) 1,2, 3,4 
(b) 5: 
—3.14 3.14 


=1'5 


31. 0.85,2.29 33. 0,7 35, 7/6, 5/6 37, 7/3, 52/3 
39. 27/3, 4ar/3 41. 77/3, 27/3, 32r/4, 42r/3, Sar/3, Tor/4 6: 
43. 7/6, 7/2, 57/6, 77/6, 37/2, 1107/6 45. 7/6 


47. 1.18 49. (a) 63.4° (b) No (c) 90° 51.3V2+4 V3 


53. V2—1 55. V2/2 57. V2/2 59. —_ 
VIO+1 .. , VaTIWE 
61. 2-—5-—_ 63. §(V2 + V5) 65. V(3 + 2V2)/6 (c) 8807 (d) y(x, t) = sint cos(880zrt); 
y(x, t) = sin(2t) cos(880zt); y(x, t) = sin(3t) cos(880zt); 
67. oe 69. ; * 71. (a) 6 = er?(2) y(x, t) = sin(4t) cos(880zt) 


(b) 286.4 ft 


A50 = Answers to Selected Exercises and Chapter Tests 


CUMULATIVE REVIEW TEST FOR 
CHAPTERS 6,7 AND 8 = PAGE 576 


1. (a) V5/3 (b) —2/3 (ec) —V5/2. (d) 33/5 
2. (a) 2V/10/7 (b) 7/3 (ce) 3/10/20 


3. (a) —V3/2 (b) -1 (c) 2V'3/3. (d) -1 
4. sint = —24/25, tant = —24/7, cott = —7/24, sec t = 25/7, 
csc tt = —25/24 5. (a) 2,7, 7/4 (b) yA 


6. y = 3cos3(x — 3) 7. (a) h(t) = 45 — 40 cos 8zt 
(b) 2/19 ~ 8.7cm_ 8 (a) 7.2 (b) 92.9° 
(sec @ — 1)(sec 6 + 1) 
tan @ (sec @ + 1) 
sec’@ — 1 tan? 
tan@(secé +1) tané@(sec@ + 1) 
(b) RHS = 1 — (1 — 2sin?20) = 2 sin’?20 = 2(2 sin @ cos)" 
= LHS 


9, (a) LHS 


RHS 


10. 2 cos cos * 11. (a) Domain [ —1, 1], range [0, 7] 


YA 


—| 0 1 ¥ 


(b) 57/6 (c) V1 —x?2/x 12. 2/6, 57/6, 37/2 


CHAPTER 9 


SECTION 9.1 = PAGE 584 

1. coordinate; (1, 1), (V2, 7/4) 

2. (a) rcosé@,rsing (b) x? + y’*,y/x 
3 A 5. 6-2) 


AIS 


oO 
11 (1,2) ( = | ( =) 
Tn 6 =. =i a, 
6 L, 6 , 1, 6 
oo ? 
13. (5,0) (—5, 227), (5, 77) 
+++ “0 a 
15.Q 17.Q 19P 21.P 23, (3V2,3z/4) 
25. (-3-=) 27. (2V3,2) 29. (1,-1) 31. (—5,0) 
33. (3V6,—-3V2) 35. (V2, 37/4) 37. (4, 7/4) 
39. (5,tan?3) 41. (6,7) 43.0=7/4 45. r =tanésece 
47.r =4seco 49. x?+y?=49 S5lx=0 53. x=6 
55. x7 + (y —2% =4 57. x2 +y?=(x? + y? — x)? 


59, (Xx? + y?-2yrt=x?+y? Gl y—-x=1 


63. x? — 3y2+ l6y-16=0 65, x2+y2=2 
67. y= +V3Xx ‘ 


SECTION 9.2 = PAGE 591 


1. circles, rays 2. (a) satisfy (b) circle, 3, pole; line, pole, 1 
3. VI 5.11 7 1 9 Symmetric about @ = 7/2 

11. Symmetric about the polar axis 

13. Symmetric about 6 = 7/2 

15. All three types of symmetry 


17. 19. 
@3) 
(2,7) (2,0) 3 — 
@%) 
r+y2=4 x=0 
21 (6.5) 23 
(-2,0) . 
a 
oly = 
27. 
(-3,0) (-3, 7) 


ea 
bls 


29. 31. 
33. 35. 
(\3, 7) (\3.0) 
| vn 
€s, (sue 
icons rs 
37. 39. 


> 
0) 1 


41. 
Bo) 
O Hl 


45.0<0<47 


-3 


47. The graph of r = 1 + sin n@ has n loops. 


53. 


(5 +1,0) 


43.0<0<47 


1 


1.25 | 


55. 


49. |1V 51, Ill 


i+ 


59. (a) Elliptical 


7000 


Answers to Section 9.3 


—9000 


12000 


—7000 
(b) 7; 540 mi 
SECTION 9.3 = PAGE 600 
1, real, imaginary, (a,b) 2. (a) Va? + b?, b/a 
(b) r (cos @ +i sin 6) 


3. (a) V2( cos a 


isin 2) V3 + | 
(b) 1 +1, V2( cos +i sin ) 


4 
4. n; four; 2, 2i, —2, —2i; 2 Im, 
2i 
— a 
- 
ye MS 
/ \ 
/ \ 
| \ 
+ an 
-2\ 0 + Re 
\ / 
\ / 
\ Ff 
Bare wee 
eee 
-2i 


-1 a 1 Re 
9. V29 11, 2 
Im Im. 
542i ’ “B43 
i 
al 1 Re 0] 1 Re 
13. 1 15 
Im Im 
i 
20.6 + 0.8 Saray 
7 elt+i 
°0.5 + 0.57 
-1 9 4 Re 
al 1 Re “Lote 
17. im 19, Im 
°8+2i 
p= 2 
z+ 27€=4 


A51 


A52 Answers to Selected Exercises and Chapter Tests 


21. | 23. A 
| r 63. 71 = a( cos ae + j sin ) 
6 6 
22 = V2( cos + isin =) 
-1 0 | Re Re ss af 
7 
ZZ) = 4va( cos 72 0 +isintZ) 
137 137 
== = = 2va( cos 2 +i] sin 32 ) 
25. Ima 27. sim 22 12 12 
x 1 i (os lla nate =) 
ii, N Z1 ~ 4 6 6 
1 jee ide 
rT aareaed 2 fe 65. 2 = 5V2A( cost + isin 
. / | N 
—_— r ‘ Zz) = 4(cos0 + isin 0) 
22) = 20-2 cos +i] sin ) 
29. Val cos + isin) 31. 2( cos + isin 2) = ek ; isin) 
2 
33. a( cos He + isin) 35. 3( cos + isin) 1 v2 0 
6 6 2 2 10 cos 7 isin ri 
7 1. lla lla ‘ . 
37.5 V2 cos + isin 39. 8 cos——— + i sin a 67. i ts 
T we ci 
41. 20(cosa + isin) 43. 5{cos(tan-+$) + i sin(tan-*$)] = 2( cos eo =) 
30s BT T ., 7 = In se =) 
45. 3VA( cos 2 +i sin =) 47. a( cos + isin Z) | 40( cos 7 g ising 
Zz 5 ee) 
49. V/5[cos(tan-?3) + i sin(tan-*3)] _ = 10( cos = + isin ==) 
2 
51. 2( cos $+ isin ) z= 2(c0s m — isin) 
saci ain 69. -1024 71. 512(-V3+i) 73-1 75. 4096 
3 3 781 +i). aa 
“1 — cos a isin ae 
Z a. 3 81. 2V2{ cos 2 0 + isin =), al 
3a 3a ye ee 
55. 232) = 15( cos > + isin 3 ) V2 ogo 4 ; sin 237 es i 
12 12 / ’ 
a 2( cos 72 isin) Pag ye 
2 5\ 6 6 oh q 
57. 242) = 8(cos 150° + i sin 150°) an ee 
2/2) = 2(cos 90° + i sin 90°) 
59. 212) = 100(cos 350° + i sin 350°) 
° tas ° | 
21/22 = 35(Cos 50° + i sin 50°) 83. 3( cos = + isin =), Mia 
7 7 ee | x 
61. =2 isi if 
oo (cos orn 4 3( cos + isin 7), mie i} * 
op Ps 8 8 { ftp tt re 
2( cos isin \ ieee ee 
i ( 3 5) 3( cos i +isin 1), \ pes 
21%) = 4( cos + isin =) 15a 15 ae 
= Zz. 2 3( cos *2 +i sin =) : 
“1 = cos = —isin= Im 4 
m2 6 6 sy ie 2 ile 
ti a2 iT ee, 
= (cos? isin) * 
Zy 2 6 6 / : 
+ 0 te 
\ / 
Se 7 


v3 #1, V3 1, 
87. > + 5h. 5 roi 
V2. V2. 
89. a ier 
91, WN 


93. 2( cos + | sin), 2( cos 2 +i sine 


2( cos 22 +i sin nr ) 
18 18 


95. 2*( cos 32 +i sin 5), 26( 


12 


21a 21a 
1/6 
2 (cos D +isin ar) 


SECTION 9.4 = PAGE 607 


1. (a) parameter (b) (0, 


2. (a) True (b) (0, 0), (2, 4) 


3. (a) 


(b) x — 2y + 12 =0 
7. (a) 


RY 


(b) x= V1l-y 


0), (1, 


Answers to Section 9.4 


13. (a) 


Ima 11. (a) 
LL 
Pa Fhe 
ail 
w / ‘um 
i : 
| _ 
\ 0 p Re 
\ r Ba 
\ # 
he. a 
~ip_- 
W 
Im4 
i 
iy ~\ up (b) x° =y 
/ 
j \ 15. (a) 
/ \ YA 
i. 
\ 0 jl Re 
\ / ! 
\ 7 
ONS 7 Ws; 


12 


(c) x? path 


yA 


137 137 =), 
cos ——— + i sin —— 


1) (c) x’; parabola 


t= 1[1(b)] 


RY 


(b) x°+y2=4,x=0 
17. (a) 


19. (a) 


yA 


12 


(b) y=x2,0=x<=1 


BY 


21. (a) 


YA 


(b) x? -y2=1,x=1,y=0 (b) xy=1,x=0 


23. (a) 


YA 


1 


Hicees 


t=0 me and ai 0 


*Y 


Be ka ae 


mi) 


(b) x = (y + 2) 


9. (a) 


5. 3, (3, 0), counterclockwise, 27 
a 1, (0, 1), clockwise, 2 
29. t444y 2144 
31.x=6+ty=7+t 
33. xX =acost,y =asint 


39. 


A53 


(b) y = 2x?-1,-l1sx<=l 


A54 Answers to Selected Exercises and Chapter Tests 


43. 45. 
2.5 

- BOF _ 
2.5 


49. (a) x = 2"? cost, y = 2"? sint 


(b) 25 
- EY / 
=2.5 
4cost 4sint 
at ta) 2—cost’? 2-—cost 
(b) 3 
=); fot 
-3 
53. Ill 55. Il 
57. 59. (b) x23 + y23 = a2 
YA 
—20 + + + + + + 20 a ig 
=1 


61. x = a(sin@ cos @ + cot@), y = a(1 + sin?0) 
63. (a) xX =asecd,y =bsing 
(b) 3 


67. (b) 15 


=23 | 23 


-15 


CHAPTER 9 REVIEW @ PAGE 610 


1. (a) (12,2) 3. (a) (3,22) 
a: AON 
oO 5 SY 
(b) (6V3,6) (b) (444) 


5. (a) 


(b) (2V3,6) 
7. (a) »4 (b) (sv2,7) 
8+ (8,8) © 
(c) (-sv2 =z) 
. tA 
Le : > 
9. (a) ; (b) (22,57) 
= eae) (-12,.7) 
(-6)2, ~6V2) = 
11. (a) ya (b) (2v3,=2) 
a) (c) (-2va ) 
it 6 
3 | 3 
13. (a) r= een Lane (b) 


Answers to Chapter 9 Review A55 


15. (a) r = 4(cos@ + sin@) 29. (a) im 
(b) ya 


e 
444i 


0 i + + + + Re 


7 T a TE 
(b) 42, 4 (c) av2( cost +isin *) 


31. (a) im 


e 
5+ 37 


(b) 34, tan-*(2) (ce) V34[cos(tan-?2) + i sin(tan-+2)] 
33. (a) ima 


(b) (x? + y? — 3x)? = 9(x? + y?) 
19. (a) (b) (x? + y?)? = 16x’y? 


(b) 7,38 (c) V2( cos 2 +isin =) 
21. (a) (b) x2-y?2=1 . : : 
35. 8(-1 +iV3) 37. -3(1+iv3) 39. +2-V2(1 - i) 
41, +1, +}+ 3 
SS ee 43. (a) 45. (a) 
ya yA 
| | 
23. (a) (b) x2 +y*=x+y ~ 
(3 = 
0 1 oe 
(b) x = 2y —y? (b) (K-11 +(y-1P=1 
(1,0) 1=x=2,0<y=1 
47. 
2.0<0<67 27.0<6<6r ss 
1 
=1.25 1.25 
—0.75 Ft 
=1,25 
-1 


49. x = 3(1 + cos), y = (sing + tan @) 


A56 = Answers to Selected Exercises and Chapter Tests 


CHAPTER 9 TEST ™ PAGE 612 


1. (a) (—4V2, -4-V2) (b) (4-V3, 57/6), (—4-V3, 1177/6) 


2. (a) circle 
O > 
limacon 
4, (a) Ima 
e1+ /3i 
0 i Re 
(b) 2( cos = a sin ) (c) —512 
3 3 
5. -8, V3 +i 
; V3 si Ims 
6. 3i, (+2 + 5! , aa 
wd i ~“ 
H —_ 
\ 0 23 Re 
i r 
ae Wa 
a 
7. (a) 


*Y 


8&8 x=3+ty=5+2t 


FOCUS ON MODELING = PAGE 615 


= g 24 
ly (= ss + (tan @)x 
3. (a) 5.455 (b) 118.7 ft (c) 5426.5 ft 


(d) » 


(feet) 


100+ 


0 1000 


(feet) 
ve sin?6 
7. No, 0 = 23° 
29 

CHAPTER 10 
SECTION 10.1 = PAGE 625 
1. (a) A,B 

u 2u | 
(b) (2, 1), (4, 3), (2, 2), (—3, 6), (4, 4), (—1, 8) 
2. (a) Va? + b2,2V/2 (b) (|w| cos, |w| sind) 
3. yh 5. yh 


7+ 


BY 


19 yh 21. va 


(6,7) 
u 


(4, 3) T 4,3) 


9. (3,3) 11. (3,-1) 13. (5,7) 15. (—4,-3) 17. (0,2) 


> 
x 


23. 


41, 


45. 
47. 
55. 
(c) 425i + 40j 
61. 
(c) 20i + 17.32j 
65. 
67. 
71. 
73. 


.it+ 4j 
. (0, —2), (6, 0), (—2, —1), (8, —3) 
. 4i, —91 + 6j, 5i — 2j, 
V5, VI3, 2V5,3V13, V26, V10, V5 — V13 

. V101, 2V2, 2V/101, V2, V73, V145, V101 — 2V2 


29. 3i 31. (4,14), (—9, —3), (5, 8), (-6, 17) 


6i + 8j 


43. a = a 


20V3i + 20j 5 

4 cos 10°i + 4sin 10°j ~ 3.94i + 0.69j 
5, 53.13° 49. 13, 157.38° 51. 2, 60° 
2i-—3j 57.5 84.26°W 59. (a) 40j 
(d) 427 mi/h, N 84.6°E 
794 mi/h, N 26.6° W 63. (a) 10i (b) 10i + 
(d) 26.5 mi/h, N 49.1° E 
(a) 22.8i+ 7.4j (b) 7.4 mi/h, 22.8 mish 
(a) (5,—3) (b) (—5,3) 69. (a) —4j 
(a) (—7.57, 10.61) (b) (7.57, —10.61) 
T, ~ —56.5i + 67.4j, T, ~ 56.51 + 32.6] 


53, 15/3, 15 
(b) 425i 


17.32j 


(b) 4j 


SECTION 10.2 = PAGE 633 


1. a,a, + b,b,; real number or scalar 2. 


eh perpendicular 
|a||b|’ 
a-b 


3. (a) (bd Grae : | 
% proj, a ae a 


| b | 
| 


Pa comp, a ——>, 


4.F-D 


5. (a) 2) (b) 45° 
11. 
19. 
29. 
31. 
33. 
35. 
51. 


7. (a) 13 (b) 56° 9 (a) —1 (b) 97° 
(a) 5V3  (b) 30° 13, (a) 1 (b) 86° 15. Yes 17. No 
Yes 21.9 23. -5 25.-¥% 27. -24 

(a) (1,1) (b) u, = (1,1), u, = (—3, 3) 

(a) (3,3) (b) uy = (3, 3), Up = G3) 

(a) (— 9,3) (b) uy, = (—¥, 3), u) = (F, 3) 

—28 37.25 45. 16ftlb 47. 8660 ft-lb 49. 1164 Ib 
23.6° 


SECTION 10.3 = PAGE 640 


Lx, y, 2 (5,2, 3);y =2 2h 


Answers to Section 10.5 A57 


2 V(x 
38; (x 
3. (a) 
(b) V 42 (b) 2V29 
7. Plane parallel to the 9. Plane parallel to the 
yz-plane xy-plane 
zh 
Zh 
st 
0 > 
y 0 > 
‘4 » 
11. (x — 2)? + (y +5)? + (z — 3)? = 25 
13. (x — 3) +(y+1°%+27=6 


15. Center: (5, —1, —4), radius: V51 

17. Center: (6, 1, 0), radius: V37 

19. (a) Circle, center: (0, 2, —10), radius: 3V/11 

(b) Circle, center: (4, 2, —10), radius: 5/3 21, (a) 3 


SECTION 10.4 = PAGE 646 


1. unit, a,i + a,j + ask; Va? + a3 + a2: 4, (—2), 4, (0, 7, -24) 
uit vy 0; 0, perpendicular 3. (—1,—1,5) 5. (—6, —2, 0) 
7. (5,4,-1) 9 (1,0,-1) 1.3 13.5V2 


15.2, $3, 25,22, -11, 4), (6) -23, 

17. i— 2k,i+ 2j + 2k,3i+3j+k 19. 12i+2k 

21. 3i—3j 23. (a) (3,1,-2) (b) 3i+j—2k 25. —4 
27.1 29. Yes 31. No 33. 116.4° 35. 100.9° 

37. a ~ 65°, B~ 56°, y= 45° 39. w@~ 73°, B~ 65°, y~ 149° 
41, 7/4 43. 125° 47. (a) —7i— 245 + 25k (b) 25/2 


SECTION 10.5 = PAGE 653 
i j k 
a a a3 
b, by bs 
2. perpendicular; perpendicular 


1 = (ab; — a3b)) i + (a3b; — aybs) j 


+ (a,b, = azb,) k, —3i+ 2j + 3k 
3, 91 — 6j + 3k ofr 
5.0 7. —4i+ 7) —3k 9 (a) (0,2,2) (b) Ca) 


(b) oe 


11. (a) 14i + 7j 


ee 


2 VH 


15. 100 17. (0,2,2) 49. (10, 10,0) 21. 4V6 


25. 14 27. 18/3 29. (a) 0 (b) Yes 


A58 Answers to Selected Exercises and Chapter Tests 


3L (a) 55 (b)No,55 33. (a)—2 (b) No,2 25. 3 

35. (a) 2,700,000 3 (b) 4677 liters Zh 
SECTION 10.6 = PAGE 657 

L parametric; x= x) + aby=y+bbz=2z+ct Shit) 
2 aX — Xo) + Hy — yo) 


a 
as 
N 
N 
oO 
wm 
oO 
—y 
2 
2 
in) 


x=1-ty=1+tz=2t 
X=3+4ty=7-4tz 5 27x? +y' + 2° = 36 
(a) x+y—2z=5 (b) xintercept 5, y-intercept 5, 


29. Center: (1, 3, —2), radius: 4 

BL 6, (6, 1, 3), (2, —5, 5), (—1, —3, 5) 

33. (a) —1 (b) No, 92.8° 35. (a) 0 (b) Yes 

V318 17/318 S318) 


z-intercept —5 


37. (a) (-2, 17, -5) (b) ( 


159 318’ 318 
3, (a) i+ j+2k (by vo V6; mary 


6 6 3 
4.4% 49 45x=24+3ty=tz 6 
47. x=6-2ty 2+ 3t2= =3 +t 
49. 2x+ 3y—5z2=2 SL 7x+ 7y + 62 = 20 
53.x=2-2ty=0,z 4t 


CHAPTER 10 TEST = PAGE 661 
L (a) yh (b) —6i+ 10j (¢) 2V'34 


(-3, 9) 


19. (a) 3x — y+ 2z = —8 (b) xintercept —8, yintercept 8, 
z-intercept —4 


(3, -1) 


2. (a) (19, —3) (b)5V2 (0 (dd) Yes 


ZL 5x—- 3y—z=35 Bx-3y=2 B2x- 3y- 9 =0 3. (a) yh (b) 8, 150° 
2. x= 2ty=5tz2=4-4t Mx=2,y=-1+tz=5 
BL 12x+ dy+3z=12 BRx-2y+42= (43,4) 


CHAPTER 10 REVIEW = PAGE 659 _ 
L V13, (6, 4), (—10, 2), (—4, 6), (—22, 7) pe 
3 V5, 3i— jit 35, 404 25, 414 7j 
5. (3,-4) 7. 4,120° 9 (10, 10/3) 
1 (a) (4.81 + 0.4j) x 10* (b) 4.8 x 10* 1b, N 85.2°E 
13. 5,25,60 15 22,80 17. Yes 19. No, 45° 4, (a) 141+ 6V/3j (b) 17.4 mish, N 53.4°E 5. (a) 45.0° 
a (a) 17V37 (by (8, -2) ww) ¥2° () 3i-3j 690 7 (a6 

a W 9 54 (b) (x — 4)? + (y— 3)? + (2 +1)? = 36 
Fo) uy = (SPs 37), Ue = (3h 3) (©) (2, -4,4) = 2i- 4j + 4k & (@) 11i-4j-k (b) V6 
14/97 (o) i+ Bj () -1 (d) -3i-7j-—5k (9 3V35 (f) 18 (g) 96.3° 

a a (7V6 Ve ve) (avs a 
18’ 9’ 18/'\ 18’ 9' 18 


23. (a) 


56% , 126% 153, 68s 
(C) uy g7§ + 97 J, U, = 7 E+ 97) 


10. (a) (4, —3,4) (b) 4x — 3y 4 


4z=4 (ce) 


11. x =2 —- 2ty 4+t,z=7-2t 


FOCUS ON MODELING ® PAGE 664 
1. YA 3. Yh 
SPPPPLAE 


NONENONONOSO NNN 
NN NNN SA NNN 
NN NNN SOS NNN 
Y 
S 


11. || 13. | 


15. 1V 17, Ill 
19. YA 


pa 
[x 
[> 
LA 
i» 
ik 
+* 
+x 


CUMULATIVE REVIEW TEST FOR 
CHAPTERS 9 AND 10 ™ PAGE 666 


1. (8V2, 77/4), (-8V2, 37/4) 
2. (a) o=2 (b) (x2 + y2)32 = 4xy 


Answers to Section 11.1 A59 


3. (a) z= 2( cos + j sin €) 
(b) zw = soa + {sin t) = 6v2 + 6V2i, 
=( cos vz) 
z/w = =| cos + isin 
3 
(c) 2° = aca? 3 t isin =) 512 + 512V3i 


(d) V2( cos it + j sin), Va( cos a7 hi zr), 


18 18 18 
35a 35a 
V2 (cos 32 +i sin =r) 
4. (a) yh (b) x = y? + 1, parabola 
il 
0 pas 
5. (a) (b) u + v = (13, —4), 


2u-v= (11, 22), 6 = 100.3°, 
projyu = (—s, 2) (c) 82 


RY 


6. (a) 3. (b) (xX — 1)? + (y +1)? +(¢-3) =9 
(c) xX =14+2t, y=-1-t, z=3-2t 

7. (a) a-b = 0, a X b = (2, —13, —3), perpendicular 
(b) 2x — 13y — 3z = 21 


CHAPTER 11 


SECTION 11.1 = PAGE 676 


1. x, y; equation; (2,1) 2. substitution, elimination, 
graphical 3. no, infinitely many 4, infinitely many; 


1 — t; (1, 0), (-3, 4), (5, -4) 5. (3,2) 7. (3,1) 
13. (—2, 3) 
17. No solution 


9, (2,1) 11. (1,2) 
15. (2, —2) 


A60 Answers to Selected Exercises and Chapter Tests 


19. Infinitely many solutions 


) 2. (2,1) 27%. (3,5) 2 (1,3) 

1) 35. Nosolution 37. (x, 3x — 3) 
) 43. (x,5 —3x) 45. (5,10) 

47. No solution 49. (3.87, 2.74) 5L (61.00, 20.00) 

1 1 ih 1 

= (Sys) = Geaesy, ie a 

59. 5 dimes, 9 quarters +L 200 gallons of regular gas, 80 gal- 

lons of premium gas 3. Plane’s speed 120 mi/h, wind speed 

30 mi/h 65. 200gofA,40gofB 67. 25%, 10% 

9. $14,000 at 5%, $6,000 at 8% ZL John 27h, Mary 23h 

73. 25 


SECTION 11.2 = PAGE 684 


Lx+3z=1 2 —-3;4y-5z=-—4 3 Linear 5. Nonlinear 
7. (1,3,2) 9 (4,0,3) I (5,2, -4) 


xXx-2y- z2z=4 2X- y+3z= 2 
B. -y-4z=4 15.4 x+2y- z= 4 
a+ y+ z=0 By + 7z = 14 


17. (2,1,-3) 19.(1,2,1) 21 (5,0,1) 23 (0,1,2) 

25. (1 — 3t, 2t,t) 27. Nosolution 29. No solution 

BL (3 —t,-3 + 2t,t) 3B (2 — 2t, -3 + jt, t) 

35. (1, -1,1,2) 37. $30,000 in short-term bonds, $30,000 in 
intermediate-term bonds, $40,000 in long-term bonds 

39. 250 acres corn, 500 acres wheat, 450 acres soybeans 

4L Impossible 43. 50 Midnight Mango, 60 Tropical Torrent, 
30 Pineapple Power 45. 1500 shares of A, 1200 shares of B, 
1000 shares of C 


SECTION 11.3 = PAGE 697 
L dependent, inconsistent 


1 1 -il 1 
2/1 0 2 =3 
0 2 <1 3 


3. (a) x andy (b) dependent (ce) x 
4 (a) X=2,y=12=3 (b)x=2-ty=1-tz 
(c) Nosolution B3X2 722x19%1x3 


11 (a) Yes (b) Yes (c) i _ a 
X + 2y + 8z =0 
13. (a) Yes (b) No (OX) y+3z=2 


X = 
15. (a) No (b) No ( 0= 
y+5z= 
X+3y- w= 
17. (a) Yes (b) Yes (od on ps _ 
0- 
19. (1,1,2) 21 (1,0,1) 23% (-1,0,1) 2 (—1,5,0) 
27. (10,3, —-2) 29 Nosolution 3L (2 — 3t,3 — 5t,t) 


( 
33. Nosolution 35. (—2t+5,t—2,t) 
37.x=-—3s+t+6,y=s,2=t 3% (-2,1,3) 
41. No solution 43% (—9, 2, 0) 
45.x=5-ty=-3+5tz=t 47. (0, -3,0, -3) 
49. (-1,0,0,1) SLx=4s—3y=js+3t72=sw=t 
53. (7 — at, -7 + #t,3 + itt) 55 2VitaMax, 1Vitron, 
2VitaPlus 57. 5-mile run, 2-mile swim, 30-mile cycle 
59. Impossible 


SECTION 11.4 = PAGE 707 
L dimension 2 (a) columns, rows (b) (ii), (iii) 3. (i), (ii) 


4 9 -7 3 6 
4/7 —-7 0 12 3 
4 =o =5 3 0 


1 3 
5. No 7. k ;| 
1b. 


5 2 1 
11 Impossible 3; 10 3 


2 - 
nae 


<3 : <> 5 
17. Nosolution 19 | —25 -—20] 21 (a) ? 1 il 


(b) Impossible 23. (a) a =| (b) Impossible 


25. (a) Impossible (b) [14 —14] 


27. (| 7) 3 (b) 5 a 


[ 5 -3 10 -1 
2. (a)| 6 1 O|] (| 8 

[-5 2 2 =| 

[4 —45 8 —335 
3L (a) Lo a (b) E 3 | 


33. (a) 3 (bb) Impossible 
Seely ool 37.xX=1,y=-2 


=(> LI 


22 <4. 4 : 0 

44/1 0 -1 0 ake 

03 1 -14/% 4 
Xq 


Answers to Section 11.7 A61 


45. (a) [4,690 1,690 13,210] (b) Total revenue in Santa r7 2 3 1 11 

Monica, Long Beach, and Anaheim, respectively. 39. 10 3 ;| [_ | 
47. (a) [105,000 58,000] (b) The first entry is the total — 
amount (in ounces) of tomato sauce produced, and the second en- 


try is the total amount (in ounces) of tomato paste produced. i - 
49, 7 43. 1 5 ; inverse does not exist for x = 0 
102 0 2 1 212 1 2 2 ~~ 
0 30 1 2 1 Te Bs oT) 2) 238 2 
i? 0:0 2 0 2-3 123 1 1 2 
@l, 3 5 3 2 0) ™l, 33331 45. 35)e* -e* 0 |; inverse exists for all x 
O30 f 24 ae ee ae ee 0 0 1 
[1 2 0 1 3 1 2 ode oh. 2, 53s 2 0 1 =1 
f2 32322 47. (a)|-2 3 0} (b)10zA,10zB,20zC 
eee ee ae Lj 1 
213 3 0 3 (Q 20zA,00z2B,10zC (d) No 
M1, 61013 e+ ¥ 4+ Qe = 675 
30 3.3 1 2 49. (a) 42x + y+ z= 600 
[2 13 2 02 x+2y+ z= 625 
2.9 33° 33 1 1 2)[x] [67s +} 34 
a eee: (b)}2 1 1ffy}=|600} @at=|-} -} 3 
are Ye 2 2 1 2 Lz] [eas 2-1 -} 
cure 3 She earns $125 on a standard set, $150 on a deluxe set, and $200 
ae, on a leather-bound set. 
13 0 3 3 0 3 
(e&) The letter E SECTION 11.6 = PAGE 728 


LT 2.7 3. T 4. 7.4) — (8) = 11 
SECTION 11.5 = PAGE 718 me rue rue 4 (a) (™) 


(b) 
L (a) aes s A, “ (c) inverse +1(2-4 —(—3)-1) —0(3-4 —0-1) +. 2(3- (—3) —0-2) =-7 
5.6 7-4 9 Doesnotexist 1L 4 13. 20,20 
2. (a) E Il )- ; (b) BE = 15. —12,12 17. 0,0 19. 4, has an inverse 
3 21 5000, has an inverse 23. 0, does not have an inverse 
A-t B X 25. —4, has aninverse 27. -18 29.120 3L (a) —2 


(b) -2 (3 Yes 33 (-2,5) 35 (0.6,—-0.4) 37. (4, -1) 
39. (4,2,-1) 41 (1,3,2) 43% (0,-1,1) 45 (#2, —™2 8) 
47. (34% —-1) 4% abcde 5L0,1,2 531,-1 521 


-_ 
a 
| 
Ww NY 
| 
uo WwW 
L__ 
ws 
LT 
ll 


* (d) x = -1,y =3 7| _ 


Niw 
| 

NIM NO 

lL] 


2| 2 | he ‘| 13. No inverse 57. $ 
=) 3 =5. <2 
100a + 10b +c = 25 
12 a = 5 GL (a) { 225a + 15b + c = 333 
5 | | 4 wm) 1 1 -1 1600a + 40b + c = 40 
= 3 5 4 -6 2 
(b) y = —0.05x? + 3x 
ee 8 SECTION m= PAGE 
19. Noinverse 2L 3 nt - 11.7 735 
4 a . A B 
2: ps 
L (iii) 2 (ii) ao ae 
0 -2 1 
A B C A Bx +C 
23. oe S 25. x =12,y = -8 Koo Gao Kea ee eae aay 
01-1 #0 7 
1 0 0 | o, Ax+8 _ox+d 
ord xe? 
27. xX = 126,y=-50 2%x= —-38,y=9,z=47 
3L x = —20,y = 10, z = 16 sen eas Bee Oe og oe eg 
35.x=3,y=-2,2=2 37x=8y=1,2=0,w=3 x 2x—5 | (2x—5)? (2x —5)3 


EX+F Gx +H 
"x2 42x45 9 (x24+2x +5)? 


A62 Answers to Selected Exercises and 


Chapter Tests 


x+2 
3 1 


2 1 1 1 


X+2 2x-1 
3 


2x + 3 


(2x + 3)? 


SECTION 11.8 = PAGE 739 

L (4,8),(-2,2) 3. 4 a (=3; 
5. (2, -2),(-2,2) 7. (—25,5), 
9. (—3, 4) (3, 4) a. 2,-1),(- 
1B. (-1, V2), (-1, 

16. (2, 4), (-34) I (0,0), (1, 
19. (4,0) 2L(-2,-2) 2 (6, 
25. No solution 

27. (V5, 2), (V5, —2 

2. (3,-3),(-3,-9) LG) 
33. (2.00, 20.00), (—8.00, 0) 

37. (1.23, 3.87), (—0.35, —4.21) 
39. (—2.30, —0.70), (0.48, —1.19) 
43. 15, 20 


), (ANG, 2), 


SECTION 11.9 = PAGE 746 
L equation; y = x + 1; test 


V2), (3, V9), - 


9) 
(=25, 5) 

2, 1), (2, -1), (2,1) 
-V3) 

1), (~2, -4) 

2), ($28) 


(=¥5,=2) 


4L 12cm by 15cm 


45. (400.50, 200.25), 447.77m 47. (12, 8) 


x+3 


35. (—4.51, 2.17), (4.91, —0.97) 


(c) 


(b) 


Ya 


nV 
We 


ny 


ny 


HY 


Not bounded 


Bounded 
2. 


Bounded 


w+ya4 


(vz T 
# 


Bounded 


Not bounded 
27. 


YA 


3x+2y=9 


vt +5y=15 


Bounded 
31 


Bounded 
35. 


Bounded 


BY 


xy 


5L x = number of fiction books 
y = number of nonfiction 
books 
x+y = 100 
20=y, x=y 
x20, y=0 


Answers to Section 11.9 


5 


YA 


(IT, 8) 


+ (20, 20) 


A64 = Answers to Selected Exercises and Chapter Tests 


53. x = number of standard 
packages 
y = number of deluxe 
packages 
ax + ay = 80 
ax + gy = 90 
x20, y=0 


CHAPTER 11 REVIEW = PAGE 749 


L (2,1) 3X= any as 
y = 7X — 


5. No solution 
ya 


7. (—3,3),(2,8) & (7-3) I (21.41, -15.93) 
13. (11.94, —1.39), (12.07, 1.44) 
15. (a) 2x3 (b) Yes (QC No 
X+2y=—-5 
(d) { ve 2 
17. (a) 3 <4 (b) Yes (c) Yes 
x +8= 0 
(dd) { y+5z=-1 
0= 0 
19. (a) 3 <4 (b)No (No 
y—3z=4 
(d) {x+ y = 
x+2y+ z2=2 
21 (1,1,2) 23. Nosolution 25. (—8, —7,10) 
27. No solution 29 (1,0,1, —2) 
4t+1,y t-—1,z=t 
x= 6 —5S5ty =3(7 — 3t),z=t 3 (-§t+ 3,3 - 3) 
. (Ss +1,2s —t+1,s,t) 38 Nosolution 
(1,t+1,t,0) 43. $3000 at 6%, $6000 at 7% 
45. $11,250 in bank A, $22,500 in bank B, $26,250 in bank C 


4 18 
47. |mpossible 49.}4 0 
2 2 


oO Onr © 


69. 0, no inverse 


BP BIE BIE BIE 


(-%, oA 3) 


i. =é 


x x? 41 
OL (2,1) 98) (—5.2),(2, =2) 
97. 


Ya 


x 


[pe 
oO wr O © 
a 


G21) 


B.x+y*=<4 


Bounded Bounded 
b+c atc a+b 
109. x 5 ,y 5 1Z 5 


TL 2,3 


Answers to Section 12.1 A65 


CHAPTER 11 TEST = PAGE 752 4. (a) (b) 


L (a) Linear (b) (—2,3) 2 (a) Nonlinear 

(b) (1, —2), (3, 0) 

3. (—0.55, —0.78), (0.43, —0.29), (2.12, 0.56) 

4. Wind 60 km/h, airplane 300 km/h 

5. (a) Row-echelon form (b) Reduced row-echelon form 
(c) Neither & (a) (3,3,0) (b) No solution 

7. (—2 + 3t,§ + gt) 

8 Coffee $1.50, juice $1.75, donut $0.75 

9. (a) Incompatible dimensions 

(b) Incompatible dimensions 


6 10 36 «58 5 3 5. lll ~All & VI 
= = 2 
(c) - ; (d) 7 (e E 2 Order of answers: focus; directrix; focal diameter 
(f) B isnot square (g) B isnot square (h) —3 IL F(0,a);y = — 49 eo eee 
4 —3]|x 10 
10. a) [S|] =| 39) 70.90) 
1 -2 0 
WL |A|=0,([B}=2,B7=|0 3 0 
3 -6 1 
12. (5, —5, —4) 
1 
LB. (a) a i 
14. (a) 


YA 


FOCUS ON MODELING = PAGE 758 
L 198, 195 


3. maximum 161 


minimum 135 


5. 3 tables, 34 chairs 7. 30 grapefruit crates, 30 orange crates 3 s 

9. 15 Pasadena to Santa Monica, 3 Pasadena to El Toro, 0 Long 

Beach to Santa M onica, 16 Long Beach to El Toro 0.5 zz 
11 90 standard, 40 deluxe 13. $7500 in municipal bonds, 
$2500 in bank certificates, $2000 in high-risk bonds 

15. 4 games, 32 educational, 0 utility 4 


CHAPTER 12 2 | 


SECTION 12.1 = PAGE 768 
L focus, directrix 2 F(0,p), y = —p, F(0, 3), y = —3 =A 
3. F(p,0),x = —p, F(3, 0),x = —3 


A66 = Answers to Selected Exercises and Chapter Tests 


29. x? = By BL y? = -32x 3B y?=—-8x 3B x? = 40dy 17. V(+1, 0); F(+V3/2, 0); 19. V(0, V2); F(0, +V3/2); 
37. y?=4x 3&x?=20y 4L x? =8y 43, y? = —16x V3/2; 2,1 V3/2; 2V2, V2 
45. y? = -3x 4%x=y? 49, x? = -4vV2y 


5L (a) x’ = —4py, p = 3, 1, 4, and 8 
(b) The closer the directrix to the 
vertex, the steeper the parabola. 


a+ 


53. (a) y2=12x (b) 8V15 ~ 31cm 55. x? = 600y Tae Eire V2) 
SECTION 12.2 = PAGE 776 

L sum; foci 

2. (a, 0), (—a, 0); ¢ a? 
3. (0, a), (0, —a); c = Va? — b’; 
4. (a) YA 


YA 


[Vertex (0, -5)] 


5. ll 7.1 


Order of answers: vertices; foci; eccentricity; major axis 
and minor axis 


9. V(+5, 0); F(+4, 0); 1 V(0, +3); F(0, +V5); 
+ 10, 6 V5/3; 6, 4 
y Yh 
; t 
~ 5 * — 
—2 2 x 


13. V(+4, 0); F(+2V3, 0); 15. V(0, +V3); F (0, +V3/2); 


V3/2; 8, 4 1/V2; 2V3, V6 
ay Yh 
| 2+ 
2 
49, (a) (b) Common major axes 
“4 ae = Vad and vertices; eccentricity 
increases as k increases. 
=2. 
| St 


Answers to Section 12.4 A67 


¥ . y? 17. V(+2V2, 0); F(+V10, 0); 19 V(0, +3); F(0, +V5/2); 
2.2500 x 10% 2.2491 x 1016 
x? y 


1,455,642 = 1,451,610 


55. 5:V39/2 ~ 15.6 in. 


SECTION 12.3 = PAGE 785 

L difference; foci 

2. (—a, 0), (a, 0); Va? + b* (—4, 0), (4, 0), (—5, 0), (5, 0 
3. (0, —a), (0,a); Va? + b%; (0, —4), (0, 4), (0, —5), (0,5 
4. (a) (b) 


ar Ke 


a a 2 a 
9 16 1 By 3 1 35. x 75 
5 2 2 2 2 2 2 
a wr. 4 et a el MG ie : 
Order of answers: vertices; foci; asymptotes 
9. V(+2, 0); F(+2V5, 0); 1 V(0, +1); F(0, +V26); 43. (b) x? — y? =c?/2 
yo 2k = +5x 47. (b) 
YA 
of Ask increases, the 
so ee asymptotes get 
Meee | ae steeper. 
=5 ae rae 5 
“y 49, x? — y? = 2.3 x 10” 
15. V(0, +3); F(0, +V34); SECTION 12.4 = PAGE 793 
y = +3x L (a) right; left (b) upward; downward 
ya 
5+ 
a ee ee e 
oP [==a0 % 
ie Pi N y=33 


A68 Answers to Selected Exercises and Chapter Tests 


B. aera 1.3); 

foci F 1(—6, 3), F2(4, 3); 
vertices V ‘a 4, 3), V2(2, 3); 
asyinptales 


y=+4x+1) + +3 


‘Asymptote 


15. Center C(—1, 0); 

foci F(—1, + V5); 
vertices V(—1, +1); 
asymptotes y = +3(x + 1) 


_ 5)? 2 
17. x°=-iy-4) 75 16 
2L (y-—1)-x?=1 
jn] 23. Parabola; 
4 V(-4, 4); 
t F (—3, 4); 
. { S X=-5 
5. Center C(2, 1); 
foci F(2 + V5, 1); 
vertices V;(—1, 1), V,(5, 1); 
major axis 6, minor axis 4 
% 25. Hyperbola; yh 


C(1, 2); F(—3, 2), Fa, 2); 
V(1 + V5, 2); asymptotes 
y = +3x-1) +2 


7. Center C(0, —5); 

foci F (0, —1), F (0, —9); 
vertices V1(0, 0), V2(0, —10); 
major axis 10, minor axis 6 


27. Ellipse; C(3, —5); 
F(3 + V21, —5); 
Vi(—2, —5), V3(8, —5); 
major axis 10, 

minor axis 4 


9. Vertex V(3, —1); 
focus F (3, 1); 
directrix y = —3 


29. Hyperbola; C (3, 0); 
F(3, +5);V(3, +4); 
asymptotes y = +3(x — 3) 
IL Vertex i 3, 0); 

focus F(—3, —%); 


directrix y = 7 


31L Degenerate conic 33. Point (1, 3) 
(pair of lines), yA 
y= hx -4) . 
Ya (1,3) 
at 
{ Al 
0 1 
35. 37. 
3 8 


BY 


39. (a) F<17 (b)F =17 (QF >17 
AL (a) - 


Nis 
sv 
ll 
tow 


(c) The parabolas become narrower. 
(x + 150)? y? 


18,062,500 * 18,040,000 + 


SECTION 12.5 = PAGE 802 
Lx=Xcosd—Ysind,y =X sind + Y cos @, 
X=xcosd+ysind, Y = —xsind+ycosd 
2. (a) conic section (b) (A — C)/B 

(©) B? — 4AC, parabola, ellipse, hyperbola 3. (2, 0) 
5. (0,-2.3) 7. (1.6383, 1.1472) 

9. X*+ V3XY +2=0 

IL 7Y? — 48xY — 7X2 — 40X — 30Y =0 

1B. X?-Y?=2 

15. (a Hyberbola (b) X?-—Y?=16 

(c) ¢ = 45° 


Answers to Section 12.5 


17. (a) Hyberbola 
(b) Y? —- X?=1 
() ¢ = 30° 


19. (a) Hyberbola 

SG 2_ 
(b) - yo 
(c) 6 ~ 53° 


YA 


RY 


2L (a) Hyberbola 
(b) 3X2 — Y2 = 2V3 
() ¢ = 30° 


y 


23. (a) Parabola 
(b) Y = V2X? 
(c) ¢ = 45° 


25. (a) Hyberbola 
(b) (X — 1)? - 3Y?=1 
(c) ¢ = 60° 


27. (a) Ellipse 
(Y +1) 
(b) X? + ———= 1 


4 
(c) ¢ ~ 53° 


29. (a) Parabola 
(b) 6 


—2 6 


-4 


3L (a) Hyperbola 
(b) 10 


—10 15 


BY 


A69 


A70 Answers to Selected Exercises and Chapter Tests 


33. (a) (X —5)?-Y?=1 

(b) XY-coordinates: 

C(5, 0); V1(6, 0), V2(4, 0); F(5 + V2, 0); 

xy-coordinates: 

C(4, 3); Vi, 2), VE, 2); Fa(4 + §V2,3 + 2-2), 
F(4 —§V2, 3 —#V2) 

(co) Y = +(X — 5); 7x —y — 25=0,x+ Jy —-25=0 
35.X =xcosdt+ysind, Y = —xsind+ycos¢d 


SECTION 12.6 = PAGE 808 


distance from P to F 
distance from P to ¢’ 
ellipse, hyperbola, eccentricity 


ed ed 
2 ; ; 
1+ecosé1l+esing 
3. r = 6/(3 + 2 cos @) 
5.r =2/(1 + sine) 


7. t = 20/(1 + 40s 6) 
9.1 = 10/(1 + sin@) 

mil BVI BV 
17. 


L focus, directrix; conic section; parabola, 


(a), (b) 23. (a), (b) 
a ae. ae 
ae 
_ a 


(c) C (3, #), major axis: 3, 


minor axis: 247 


27. (a), (b) 


(c) C (5, 0), major axis: ¥, 


minor axis: 2¥2 


25. (a), (b) 


(c) (12, 3) 


29. (a) 3, hyperbola 
(b) 


3L (a) 1, parabola 
(b) 


33. (a) }, ellipse 35. (a) 3, hyperbola 


(b) (5) (b) . - 
pls LZ : 
P<.) 
pa) 
(6.7) 
37. (a) eccentricity 3, 39. (a) eccentricity 1, 
directrix x = —} directrix y = 2 
(b) : (b) 


4 — 3 cos(o — $) ~ 1+ sino + 4) 


(c) l 


0.5 


41. The ellipse is nearly circular when e is close to 0 and becomes 
more elongated as e > 1-.Ate = 1, the curve becomes a 
parabola. 


43. (b) r = (1.49 x 10*)/(1 — 0.017 cos 4) 

45. 0.25 

CHAPTER 12 REVIEW = PAGE 811 

L V(0,0);F(1,0);x=—-1 3 V(0,0);F(0,-2);y =2 


yA YA 


7. V(-2, -3); F(-2, -2); 


9. C(0, 0); V(0, +5); F(0, +4); IL C(0, 0); V(+4, 0); 
axes 10, 6 F (+2V3, 0); axes 8, 4 
YA YA 
= Ct : 
3B. C(3, 0); V(3, +4); 15. C(0, 2); V(+3, 2); 
F (3, +V7); axes 8, 6 F(+V5, 2); axes 6, 4 
Ya yA 
at 
41 : 
17. C(0, 0); V(0, +4); 19, C(0, 0); V(+4, 0); 
F(0, +5); asymptotes F (+2V6, 0); asymptotes 
y = 23x 1 
= 
Le he 
Yh 
Sak ok 
= al 3 * 
a -sh oe 


21 C(—4, 0); 
V,(0, 0); 


Vi(-8, 0), 
F(—4 + 4v72, 0); 
asymptotes y = +(x + 4) 


Answers to Chapter 12 Review 71 
23. C(—3, -1); vA 
V(-3, -1ls v2); a4 
F(—3, -1 + 2V5); a 
asymptotes y = 3x, 2 one 
y=—px-2 eae ee 
a Bh 
ae Q=4F Weer 
2 ee = 
25. y & 2-7-1 wz 4 1 
31 Parabola; 
F(0, —2); V(0, 1) 
Ya 
31 
i, 
33. Hyperbola; q yh 7 
F(0, +12V2); V(0, + = is+ Ce 
4 Va 
% t 4 
XS ae 
-18 10 re is 
i“ + “Se 
yo ‘y 
m" —184 SN 
7 We 
35. Ellipse; F(1,4 + V15); 37. Parabola; 
V(1,4 + 2V5) F(—22, 8); V(—64, 8) 
YA 


YA 


aaa 


39. Ellipse; 
F(3, -3 + 1/v2); 


V,(3, —4), V2(3, -2) 


#Y 


*Y 


A72_— Answers to Selected Exercises and Chapter Tests 


41 Has no graph 65. (a) e= 2, hyperbola (b) 
43, x? = dy wo * 
-1P (y-2)/ 
oe Si Wa, 
4(x — 7) — 2)? 
= eS oe. : 


51 (a) 91,419,000 mi (b) 94,581,000 mi 
53. (a) 
io CHAPTER 12 TEST = PAGE 813 
k=8 L F(0, -3),y=3 2 VW(+4, 0); F(+2V3, 0); 8, 4 


yA 


55. (a) Hyperbola (b) 3X* — Y*=1 
(c) ¢ = 45° 


3 V(0, +3); F(0, +5); y= +2x yh 


57. (a) Ellipse 59. Ellipse 
(b) (X — 1)? + 4Y? =1 5 
(c) ¢ = 30° 
yA 
—5 § 


6L Parabola 20 


68. (a) e= 1, parabola 
(b) 


—_~ 

oe 
5) 

eae 


y’ x2 
oT ig7t We -4Ax- Byt20=0 BD jin. 


Answers to Section 13.1 A73 


2 2 
13. (a) Ellipse +551 8. (a) 


(c) 6 = 27° 


F,(0,3 + V5), F.(0,3 — V5), 
ellipse 


RY 


F,(0, 0), F2(8, zr), hyperbola 


(d) (—3V2/5, 6 V2/5), (32/5, -6 V2/5) 
1 


r= 1+ 0.5 cos@ 


(b) Ellipse 


FOCUS ON MODELING @ PAGE 816 
5. (o) x? — mx + (ma — a”) = 0, 


discriminant m? — 4ma + 4a? = (m — 2a)?,m = 2a CHAPTER 13 
SECTION 13.1 = PAGE 830 


CUMULATIVE REVIEW TEST FOR 


a 72 2 2 2 
CHAPTERS 11 AND 12 ™ PAGE 818 SE aie UNS A ee 
3. 2,3,4,5;101 5 33,45: 101 7% —1, a —5 16% 10,000 
L (a)Nonlinear (b) (0, 0), (2, 2),(—2,2) (© Circle, 9. 0,2,0,2;2 11 1,4, 27, 256; 100?° 13 3,2,0, -4, -12 


parabola (d), (e&) 15. 1,3, 7, 15,31 17. 1,2,3,5,8 


19. (a) 7, 11, 15, 19, 23, 27, 31, 35, 39, 43 
(b) 45 


2 (a) (3,0,1) (b x=t-—ly=t+2,z=t 
3. Xavier 4, Yolanda 10, Zachary 6 
4. (a) A +.B impossible; C — D = 


0 =e ~2 -3 1 5 21 (a) 12; 6, 4, 3, Z 2; a 3, pe 
1 4 4 |; AB | | CB impossible; (b) 4 
-4 2 0 
=1 =1 =! * 
BD = E = = det(B) impossible; det(C) = 2; . 
2 - det(D) = 0 cee 
0 i 
0 0 -1 
= 5 —3]|x 5 
(B) C* = | 5] sia [5 —ally|-(ol 28. fo) 2,5,2,5,2,4.24.23 
1 0 1 (b) 3 


2 ] 7 EA 7 7 
(b) E 43 (QX=|55| @x=10y=15 


Tos x+2 
6.-+— a 7. x? = 12y 


A74 Answers to Selected Exercises and Chapter Tests 


25.2" 27.3n—2 29. (2n—1)/n? 3L.1+(-1)" 
33 1,4,9, 16, 25,36 Siti pow # 
37.3,88,8 5 =1-5 

30.1 - V2,1- vV3,-11- V5;5,=1 n+1 
4110 432 45.8 47.31 49.385 5L 46,438 
53.22 55 V14+ V2+ V34+V44+V5 

57. V44+V54+ V6+V74+ V8 4+ V9 + V10 


100 10 
Bx xP oes ee. GL Sk ak SK 
c=1 k=1 
999 1 100 


6 >. oF. dx @ 2-972" 
AKk+1y % & 


7L (a) 2004.00, 2008.01, 2012.02, 2016.05, 2020.08, 2024.12 
(b) $2149.16 

73. (a) 35,700, 36,414, 37,142, 37,885, 38,643 (b) 42,665 
75. (b) 6898 77. (a) S,=S,_, +2000 (b) $38,000 


SECTION 13.2 = PAGE 836 


L difference 2 common difference; 2,5 3. True 4 True 
5. (a) 5, 7,9, 11, 13 7. (a) 3,3,3,-4, -3 


(b) 2 (b) —1 
(CS) a (aa 
s+ 7 
10 ic . ] es 
e J 1 7 
2; 9 \ : ' 
0 1 ‘ n 
> = T 
0 1 n e 


9. An = 3 t 5(n 1); A190 48 

11 a, =3 x(n 1), aro 2 

13. Arithmetic, 3 15. Notarithmetic 47. Arithmetic, —5 
19. Arithmetic, 1.7 

2L 11, 18, A 32, 39; 7; a, = 11 + 7(n — 1) 

23. 4, 4,5, 3, a; not arithmetic 

3. —4, 2,8, 14, 20; 6; a, = —4 + 6(n — 1) 

27. 3, a, = 14,a, = 2 + 3(n — 1), Aygo = 299 

2. 5, ds 24, ay 4 5(n 1), ai00 = 499 

3L 4,a, = 4,a, = —12 4 4(n 1), Aio9 = 384 

33. 1.5, a; = 31,a, = 25 + 1.5(n — 1), ay = 173.5 
35. 5,4, =2 + 45,a, =2 + (n — 1), ayy = 2 + 995 
37.3 39. —100,-98,-96 4L 30th 

43.100 45.460 47.1090 49 20,301 51 832.3 
53. 46.75 57. Yes 5050 GL $1250 

63. $403,500 65.20 67. 78 


SECTION 13.3 = PAGE 843 


pn 
L ratio 2 commonratio; 2,5 3. True 4 (a) a( — ) 


(b) geometric; converges, a/(1 — r) ; diverges 


5. (a) 5, 10, 20, 40, 80 7. (a) 3, -;, 3, —z, 3 
(b) 2 (b) —} 
(aa (© as 
807 ° L 
607 . 
40+ ° ly . 
20 ° 0 1 e . n 
e ° = “T e 
0 : + + + + se 


9 a,=3-5" 1 a,=375 Ia, =3(-3)" 1a, = -§ 
13. Geometric, 2 15. Geometric, } 

17. Not geometric 19. Geometric, 1.1 

21 6, 18, 54, 162, 486; geometric, common ratio 3; 

a, =6-3"} 

23. i, 6 G4 256) Tosa; Jeometric, common ratio Fa, = 7(7)" + 
25. 0,1n 5,2 In 5, 31n5, 4 In 5; not geometric 

27. 3, a; = 162,a,=2-3" 1 

29, —0.3, a; = 0.00243, a, = (0.3)(—0.3)""? 

BL — ib, a5 = ta An 144( »)"* 

3. 32/3 as = 31/3 a, = 320+ DB 

35. 52/7, as = 58/7, a, = gAn-1/7 

37.43 39.3 4L 11th 43315 45 441 


si BL 3 53.3 55. divergent 

59. divergent 6L V2+1 Bi B&H 
69. 10, 20, 40 

V, = 160,000(0.80)"? (b) 4th year 

19 ft, 80(j)" 75. 35, 7 5(5)" 

77. (a) 172 ft. (by 18 — (3 

79. 2801 8L3m 

8&8. (a) 2 (b)8+4V2 81 


ENE 
NI 
RI 


PAINS: 
Bsk 


SECTION 13.4 = PAGE 850 

L amount 2 present value 3. $13,180.79 

5. $360,262.21 7. $5,591.79 9, $572.34 

IL $13,007.94 13, $2,601.59 15. $307.24 

17. $733.76, $264,153.60 

19. $583,770.65 

2L $9020.60 

23. (a) $859.15 (b) $309,294.00 (ce) $1,841,519.29 
25. 18.16% 27. 11.68% 


SECTION 13.5 = PAGE 857 


L natural; P(1) 2 (ii) 
3. Let P(n) denote the statement 2+ 4+:--+2n=n(n+ 1). 


Step 1 P(1) is true, since2 = 1(1 + 1). 
Step 2 Suppose P (k) is true. Then 


2+44+:+++ 2k + 2(k +1) 
k(k + 1) + 2(k + 1) 
=(k + 1)(k + 2) 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction 
hypothesis 


5. Let P(n) denote the statement 


n(3n + 7) 

oe a Cee) a ea 
13-1+ 7) 
Step 1 P(1) is true, since 5 = — a 


Step 2 Suppose P (k) is true. Then 


5 +8 +++: + (3k +2) + [3(k +1) +2] 
k(3k + 7) Induction 
7 2 (3k + 5) hypothesis 
_ 3k? + 13k + 10 
7 y 
(k + 1)[3(k + 1) + 7] 
7 2 


So P(k + 1) follows from P(k). Thus by the Principle of 
M athematical Induction P(n) holds for all n. 


7. Let P(n) denote the statement 


Step 1 P(1) is true, since 1-2 
Step 2 Suppose P (k) is true. Then 


1-242-34+-+:+k(k +1) + (k +1)(k +2) 


K(k + 1)(k + 2) | kK Induction 
3 ( hypothesis 


(k + 1)(k + 2)(k + 3) 
3 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


9. Let P(n) denote the statement 


n’°(n + 1)? 
BeBe tq OP 


L-(1 +1) 
Step 1 P(1) is true, since 1? = ae ar 
Step 2 Suppose P (k) is true. Then 


+23 +--+ + (k +1) 


kk + 1) ; __ Induction 
a + (k + 1) hypothesis 
(k + 1)*[k? + 4k + 1)] 
7 4 
(k + 1)%k + 2) 


4 


So P(k + 1) follows from P(k). Thus by the Principle of 
M athematical Induction P(n) holds for all n. 


Answers to Section 13.5 A75 


1L Let P(n) denote the statement 
22+ 43 +--+ + (2n)? = 2n°(n + 1). 


Step 1 P(1) is true, since 2? = 2-17(1 + 1)”. 
Step 2 Suppose P(k) is true. Then 


23+ 48 + +++ + (2k)? + [2(k + 1) 
= 2k(k + 1)? + [2k + 1)P 
(k + 1)°(2k? + 8k + 8) 
= 2(k + 1)(k + 2)? 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


13. Let P(n) denote the statement 
1-2 42-2? +--+ 4-2" = 2/1 + (n — 1)2"). 


Step 1 P(1) is true, since 1-2 = 2[1 + 0}. 
Step 2 Suppose P(k) is true. Then 


1-2 42-2? +++) +k-2e + (k +1) +241 
2[1 + (k—1)24) + (k+1)-2* Induction 
2+ (k — 1)2k* + (k +:1)-2"" hypothesis 
= 2 + 2k21 = 2(1 + k2**) 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


15. Let P(n) denote the statement n? + n is divisible by 2. 
Step 1 P(1) is true, since 1° + 1 is divisible by 2. 
Step 2 Suppose P(k) is true. Now 

(k +1)? + (k4+1)=k?+2k+1+k41 

(k? + k) + 2(k + 1) 

But k? + k is divisible by 2 (by the induction hypothesis), and 
2(k + 1) is clearly divisible by 2, so (k + 1)? + (k + 1) is divisi- 
ble by 2. So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


17. Let P(n) denote the statement n? — n + 41 is odd. 


Step 1 P(1) is true, since 12 — 1 + 41 is odd. 
Step 2 Suppose P(k) is true. Now 
(k +1)? — (k +1) + 41 = (k? —k + 41) + 2k 


But k? — k + 41 is odd (by the induction hypothesis), and 2k is 
clearly even, so their sum is odd. So P(k + 1) follows from P(k). 
Thus by the Principle of Mathematical Induction P(n) holds for 
all n. 


19. Let P(n) denote the statement 8" — 3” is divisible by 5. 


Step 1 P(1) is true, since 8! — 3+ is divisible by 5. 
Step 2 Suppose P(k) is true. Now 


gktl _ 3k+1 — 9. gk _ 3. 3k 
8-8 — (8 — 5)-3* = 8-(8K — 3%) + 5-3k 


which is divisible by 5 because 8° — 3* is divisible by 5 (by the in- 
duction hypothesis) and 5 - 3* is clearly divisible by 5. So 

P(k + 1) follows from P(k). Thus by the Principle of M athemati- 
cal Induction P(n) holds for all n. 


A76 Answers to Selected Exercises and Chapter Tests 


21 Let P(n) denote the statement n < 2°. 


Step 1 P(1) is true, since 1 < 2). 
Step 2 Suppose P(k) is true. Then 


k+1<24+1 Induction hypothesis 
< 2k + 2k Because 1 < 2k 
=?- 2k = Deed 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


23. Let P(n) denote the statement (1 + x)" =1+ nx forx > —-1, 


Step 1 P(1) is true, since(1 + x)}=1+1-x. 
Step 2 Suppose P(k) is true. Then 


(l+x)P=(1+x)(1 + x)k 
= (1+ x)(1 + kx) 
=1+ (k + 1)x + kx’ 
=1lt(k+Dx 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


25. Let P(n) denote the statement a, = 5-3". 


Step 1 P(1) is true, sincea, = 5-3°=5. 
Step 2 Suppose P(k) is true. Then 


Induction hypothesis 


Aa = 3+ aK Definition of ay 
= 3-5-3 [Induction hypothesis 
= 5.3% 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


27. Let P(n) denote the statement x — y is a factor of x" — y". 


Step 1 P(1) is true, since x — y is afactor of xt — y, 
Step 2 Suppose P(k) is true. Now 


xk ykt xktl 


xky } xy yt 


x(x —y) + (xK = yy 
But x(x — y) is clearly divisible by x — y, and (x* — y)y is di- 
visible by x — y (by the induction hypothesis), so their sum is di- 
visible by x — y. So P(k + 1) follows from P(k). Thus by the 
Principle of Mathematical Induction P(n) holds for all n. 


29. Let P(n) denote the statement F ;, is even. 


Step 1 P(1) is true, since F ;.. = 2, which is even. 
Step 2 Suppose P(k) is true. Now, by the definition of the Fi- 
bonacci sequence 


Fake) = Fo 3ca3 = F acea + F aya 
= Facey + Fa + Faas 
=F + 2° Fac 


But F 3, is even (by the induction hypothesis), and 2 + F 3,,, iS 
clearly even, SO F 3441) is even. So P(k + 1) follows from P(k). 
Thus by the Principle of M athematical Induction P(n) holds for 
all n. 


3L Let P(n) denote the statement 
Poe Posse FES Baek pce 


Step 1 P(1) is true, sinceF { = F,-F,(becauseF, =F, = 1). 
Step 2 Suppose P (k) is true. Then 


Fo + FS +e) + FE + FRY 
= Fy tF ar + Peas 
= Fay alFa + Fea) 


= Fur Fee 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction hypothesis 


Definition of the 
Fibonacci sequence 


ei Fast Fi, 
33, Let P(n) denote the statement 1 = : 


0 
2 K | 
1 Fy Fy] 


—— 
ll 


; ; 1 1/ 
Step 1 P(2) is true, since | | o| > 
Step 2 Suppose P (k) is true. Then 
i a a aie | 
1 0} {1 ofl1 0 
nent re 1 
LF, Fy-ijJLl 0 


_ [Feo + Fr rs 
LF, + Fea Fy 


Induction hypothesis 


Definition of the 
Fibonacci sequence 


= | F x42 | 
Rest Fy 


So P(k + 1) follows from P(k). Thus by the Principle of 
M athematical Induction P(n) holds for all n = 2. 


35. Let P(n) denote the statement F,, =n. 


Step 1 P(5) is true, sinceF, = 5 (because F; = 5). 
Step 2 Suppose P(k) is true. Now 

Ppa het Fog Definition of the Fibonacci sequence 
=k Fyag 
=k+1 Because F,,=1 


So P(k + 1) follows from P(k). Thus by the Principle of 
M athematical Induction P(n) holds for all n = 5. 


Induction hypothesis 


SECTION 13.6 = PAGE 865 


L binomial 2 Pascal’s; 1, 4, 6, 4, 1 
n! 4! 
= k!(n — k)!’ 34-3)! : 


ess (2). (8.(8).(8) 


5. x® + 6x°y + 15x4y? + 20x3y? + 15x2y4 + 6xy> + y® 


7. x? w+ 6+ 545, 
9, x° — 5x* + 10x? — 10x? + 5x -1 


1L x ys 
B. 8x3 


5x®y4 + 10x®y? — 10x4y? + 5x*y — 1 
36x*y + 54xy? — 27y? 


1 5 10 #10 

xe yi T e yi T 5x x32 
17.15 19, 4950 2L18 23 32 
25. x4 + 8x2y + 24x*y? + 32xy? + 16y4 

6. 15... 20°. :15-.. 6 1 

AAP et ti 
29, x79 + 40x!y + 760x'8y2 BL 25a293 + a 25/3 
33. 48,620x'® 35. 300a2b*? 37. 100y% 3 13,440x*y° 
AL 495a°b® 4B (x+y)? 45 (2a +b)? 47 3x? + 3xh +h? 


CHAPTER 13 REVIEW = PAGE 867 

2342.10 3919 2-2 5. 1,3, 15, 105; 654,729,075 
7. 1, 4, 9, 16, 25, 36,49 9 1, 3,5, 11, 21, 43, 85 

1L (a) 7, 9, 11, 13, 15 13. (a) 33,29, 8 


(b) «,4 (b) 4 

15+ : ° at . 

lo+ a 3+ . 

e ar ‘ 
st 
WF ne, 

o| 4 7 Oo; 4 a 
(9) 55 (9 & 
(d) Arithmetic, common (d) ceameuie common 
difference 2 ratio 


15. Arithmetic, i 17. Arithmetic, t + i 19. Geometric, + : 
2L Geometric, 4 2221 255 27.4% 

29. (a) A, = 32,000(1.05)""* (b) $32,000, $33,600, $35,280, 
$37,044, $38,896.20, $40,841.01, $42,883.06, $45,027.21 

3L 12,288 35. (a)9 (b) +6V2 37.126 39 384 


410°+2?4+24-:-+9 45+54+54+::-4 
100 


45. x 47. 2, ka 49, Geometric; 4.68559 


5L Arithmetic, 5050-V5 53. Geometric, 9831 55. 3 
57. Divergent 59. Divergent 6L 13 63. 65,534 
65. $2390.27 

67. Let P(n) denote the statement 


n(3n — 1) 
14+4+7+-++++(3n—- 2) 5 : 
; ; 13-1 - 1) 
Step 1 P(1) is true, since 1 = a 
Step 2 Suppose P (k) is true. Then 
14+ 44+7+4+::+ + (8k —2) + [3k +1) —-2] 
k(3k — 1) 
= 5 + [3k + 1] Induction hypothesis 
3k? —k + 6k +2 
- 2 
_ (k + 1)Gk + 2) 
- 2 
(k + 1)[3(k + 1) - 1] 
7 2 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Answers to Chapter 13 Test A77 


69. Let P(n) denote the statement 
Q+)a +8 G+)=n41 


Step 1 P(1) is true, since(1 + 7) =1+1. 
Step 2 Suppose P(k) is true. Then 


OF) ie) 


(k n(2 3) Induction hypothesis 


=(k+1)+1 
So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 
7L Let P(n) denote the statement a, = 2 - 3" — 2. 
Step 1 P(1) is true, sincea, = 2-3'-2=4. 
Step 2 Suppose P(k) is true. Then 
age = 3a, +4 
= 3(2-3-2) +4 
=2-3*1- 2 
So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


73.100 75. 32 77. A? — 3A7B + 3AB2 — B3 
79, 1 — 6x* + 15x4 — 20x® + 15x® — 6x?0 + x? 
8L 1540a%b!? 83, 17,010A B4 


Induction hypothesis 


CHAPTER 13 TEST ™ PAGE 870 
L 1,6, 15, 28, 45, 66;161 2 2,5, 13, 36,104,307 3 (a3 
(b) a, =2+(n-1)3 (104 4 (a)} (bya, = 120)" * 


8 
(9 3/48 5 (aid (b) 6 (a) —8,-78 (b) 60 


& (a) (1 — 12) + (1 -— 27) + (1 — 3’) +: (1 - 4’) J 
(1 — 57) = —50 
(b) (—1)?2! + (—1)42? + ( 
9. (a) sous (b) 2+ V2 
10. Let P(n) denote the statement 
n(n + 1)(2n + 1) 
6 : 
1+ 1)(2-1+1) 
G ; 


1)523 + (—1)°24 = 10 


P+?tertra 


Step 1 P(1) is true, since 1? = 
Step 2 Suppose P(k) is true. Then 
P+ 24-5) +k? + (k +1) 
k(k + 1)(2k + 1) 


Induction hypothesis 


k(k + 1)(2k + 1) + 6(k +1)? 

(k + 1)[k(2k oi + 6(k +1)] 

(k + 1)(2k? + i + 6) 

(k + ne y+ 
6 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


1)[2(k + 1) + 1) 


A78 Answers to Selected Exercises and Chapter Tests 


IL 32x> + 80x4y? + 80x*y* + 40x2y® + 1Oxy® + y?? 


/e (2 )enr-2y = —414,720x3 


13. (a) a, = (0.85)(1.24)"  (b) 3.09 lb (ec) Geometric 


FOCUS ON MODELING ® PAGE 873 


L (a) A, = 1.0001A,_:, Ap = 275,000 (b) Ay = 275,000, 
A, = 275,027.50, A, = 275,055.00, A; = 275,082.51, 

A, = 275,110.02, As = 275,137.53, Ag = 275,165.04, 

A, = 275,192.56 (c) A, = 1.0001°(275,000) 

3. (a) A, = 1.0025A,_, + 100,A,= 100 (b) A, = 100, 
A, = 200.25, A, = 300.75, A; = 401.50, A, = 502.51 

(c) A, = 100[(1.0025"*! — 1)/0.0025] (d) $6580.83 

5. (b) A, = 2400, A, = 3120, A, = 3336, A; = 3400.8, 

A, = 3420.2 (©) A, = 3428.6(1 — 0.3"*1) 

(d) 3427.8 tons, 3428.6 tons 


(e) 3600 


0 20 


7. (b) In the 35th year 
9. (a) R, = 104, R, = 108, R; = 112, R, = 116, R; = 120, 
Rg = 124,R;= 127 (b) It approaches 200. 


250 


eocce 
ecoeet 
eee 


e 
oor? 
° 
ee 


CHAPTER 14 


SECTION 14.1 = PAGE 880 


Lmxn2x3=6 22x5x4x3=120 

3.12 (b) 15,600 5 (a) 64 (b) 24 7. 1024 9, 120 
11 60 13.120 15.32 17.216 19% 480 2L No 

23. 158,184,000 25.1024 27. 8192 29.No 3L 24,360 
33.1050 35 (a) 16,807 (b) 2520 (c) 2401 (d) 2401 
(e) 4802 37. 936 39 (a) 1152 (b) 1152 41 483,840 
43. 6 


SECTION 14.2 = PAGE 888 


L False 2 True 3 False 4 True 5 336 7. 7920 
9.100 1160 13.60 15.1260 17.56 19, 330 
2L 100 23.2730 25. 151,200 27.120 2, 24 


3L 362,880 33. 997,002,000 35.24 37.15 39, 277,200 


AL 2,522,520 43% 168 45.20 47. 2300 49, 2,598,960 


5L 120 53.495 55. 2,035,800 5/7. 1,560,780 5% (a) 56 


(b) 256 6L 1024 63. (a) 15,504 (b) 792 (c) 6160 


65. 20-19-C(18, 4) = 1,162,800 6/7 104,781,600 9. 6600 


71 161,280 73. (a) 20,160 (b) 8640 7. 17,813,250 
77. 182 79. 62,986 


SECTION 14.3 = PAGE 898 
L sample space; event 


2. S = {HH,HT, TH, TT}, E = {HH,HT, TH}; P(E) = oi 
3. mutually exclusive; mutually exclusive 

4. independent; independent 

5. (a) S = {1,2,3,4,5,6} (b) E = {2,4,6} (CF = {5, 6} 
7. (a) S ={HH,HT,TH, TT} (b)3 (2 @? 

9 (a; b+} Of Las SZ OF 

3.(a3 (bh); (00 Bs be 

17. (a) % (b)2 (3 19. C(13,5)/C(52,5) ~ 0.000495 
2L C(12,5)/C (52,5) ~ 0.000305 


C,2) C(5,2) _ 
C(8,2) ~ c(@2) ~ O78 
(39, 5) 

~ C52, 5) = 0.778 


27. (a) {GGGG, GGGB, GGBG, GGBB, GBGG, GBGB, GBBG, 
GBBB,BGGG, BGGB, BGBG, BGBB, BBGG, BBGB, 
BBBG,BBBB} (b)is (3 Ms ii 

29.4 31 1/C(49,6) ~ 7.15 x 10°° 

3 (a ga (bh) ts 3 (a 1/485 ~8.18 x 104 

(b) 1/48%® ~ 5.47 x 10°% 37. 4/11! ~ 1.00 x1077 

39. (a); (b){ 41 (a) Yes (b) No 

43. (a) Mutually exclusive; 1 (b) Not mutually exclusive; 3 
45. (a) Not ale! exclusive: 2 % (b) Ena exclusive; 3 
47. (ai (b)> (1 423% SLi 


53. (a) (b)} (O# a 55. (a) Yes (b) 4 


57. (ai (bbs Dp Eig & =m = 2.14 x 105 

: P (365, 8) 600 5 
65. (i) 67 1- 3657 ~ (0.07434 8. P(a0, 3) > 404 
7L 0.1 


SECTION 14.4 = PAGE 904 


L two; success, failure 
= 1—p;C(n,r)p'(l — py? 


C(5, 2)(0.7)*(0.3)? = 0.1323 
C(5, 0)(0.7)°(0.3)> = 0.00243 
C(5, 1)(0.7)1(0.3)4 = 0.02835 
ae 4)(0.7)*(0.3)! + C(5, 5)(0.7)°(0.3)° = 0.52822 
C(5, 5)(0.7)5(0.3)® + C(5, 4)(0.7)4(0.3)! = 0.52822 
13, 1 — C(5, 0)(0.7)%(0.3)5 — C(5, 1)(0.7)*(0.3)* = 0.96922 


15. C(6, 2)(1/6)*(5/6)* ~ 0.20094 

17. C(10, 4)(0.4)*(0.6)® ~ 0.25082 

19. (a) C(10, 5)(0.45)°(0.55)> ~ 0.23403 

(b) 1 — C(10, 0)(0.45)°(0.55)#° — C(10, 1)(0.45)(0.55)9 — 
C(10, 2)(0.45)2(0.55)® ~ 0.90044 

21 (a) 1 — C(4, 0)(0.75)%0.25)* ~ 0.99609 

(b) C(4, 2)(0.75)2(0.25)? + C(4, 3)(0.75)3(0.25)? + 

C(4, 4)(0.75)4(0.25)° ~ 0.94922 

(©) C(4, 4)(0.75)4(0.25)° ~ 0.31641 


—~w 


23. (a) (0.52)? ~ 1.4456 x 1077 

(b) (0.48)? ~ 6.4925 x 10-4 

(c) C(10, 5)(0.52)5(0.48)> ~ 0.24413 

25. (a) (0.005)? = 1.25 x 1077 

(b) 1 — (0.995)? ~ 0.014925 

27. 1 — C(8, 0)(0.04)°(0.96)® — C(8, 1)(0.04)+(0.96)’ ~ 0.038147 
29. (a) (0.75)° ~ 0.17798 (b) (0.25)° ~ 2.4414 x 104 

(c) C(6, 3)(0.75)7(0.25)? ~ 0.13184 

(d) 1 — C(6, 6)(0.25)°(0.75)® — C(6, 5)(0.25)1(0.75)° ~ 0.46606 
3L (a) 1 — (0.75)* ~ 0.68359 

(b) C(4, 3)(0.25)3(0.75)? + C(4, 4)(0.25)4(0.75)° ~ 0.05078 

33. (a) C(4, 1)(0.3)(0.7)? = 0.4116 

(b) 1 — (0.7)* = 0.7599 

35. (a) C(10, 8)(0.4)° (0.6)? + C(10, 9)(0.4)°(0.6)? 

+ C(10, 10)(0.4)!°(0.6)° ~ 0.0123 (b) Yes 


SECTION 14.5 = PAGE 908 


L $10,$100 2 $19 3. $1.50 5. $0.94 7. $0.92 9&0 
1L —$0.30 13 —$0.0526 15. —$0.50 17. No, she should 
expect to lose $2.10 per stock. 19, —$0.93 21 $1 


CHAPTER 14 REVIEW = PAGE 910 


1 624 3 (a) 10 (b)20 5120 7.45 917,576 12 120 
13.5 15.14 17. (a) 240 (b) 3360 (o 1680 19, 40,320 
21 (a) 31,824 (b) 11,760 (ce) 19,448 (d) 2808 (& 2808 
(f) 6,683,040 23 (a3 (bE (O% (dé 

25. (a) S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
(b)} (0! @! 74 Bad bs CB 


31 (a) ee 3.69 x 10°® (b) oa 0.00264 
70614). ~ C(52,4) 
2+C(26, 4) , 

(c) ~C(52, 4) =0.11044 33 4 35. (a) 3) (b) 0.51 


37. (a) 10° (b)5> () 4 75 
39. (a) 144 (b) 126 (84 (a) i 


Answers to Cumulative Review Test for Chapters 13 and14 A79 


Al. (a) (0.3) = 0.00243 (b) (0.7)> = 0.16807 
(©) C(5, 2)(0.3)*(0.7)? = 0.3087 

(d) C(5, 3)(0.3)2(0.7)2 + C(5, 4)(0.3)40.7)4 + 
C(5, 5)(0.3)°(0.7)> = 0.83692 

43. —$0.83 


CHAPTER 14 TEST ™ PAGE 912 


L 81 272 3.2. (a) 456,976,000 (b) 258,336,000 

4. (a) P(30,4) = 657,720 (b) C(30,4) = 27,405 5. 12 
6. 4-2'4 = 65,536 7. (a) 4! = 24 (b) 6!/3! = 120 

& 30-29-28-C(27,5) = 1,966,582,800 2% (a)3 (b)4 
O% Wa; bf O38 

IL C(5,3)/C(15, 3) ~ 0.022 12} 

13.1 -—1-§-2-3 ~ 0.427 

4A, (a) C(10, 6)(0.55)°(0.45)* ~ 0.23837 

(b) C(10, 0)(0.55)°0.45)*° + C(10, 1)(0.55)'(0.45)9 + 
C(10, 2)(0.55)(0.45)® ~ 0.02739 15. $0.65 


FOCUS ON MODELING = PAGE 914 
L (b) 4 3 (b){ 7. (b) 5 


CUMULATIVE REVIEW TEST FOR 

CHAPTERS 13 AND 14 # PAGE 917 

Lat Oso OF @ 122), 1G 

(8 (—2)°- 0.01 = 0.64, (—2)!9- 0.01 = —5242.88 

2 (a) 41.4 (b) 88,572 (ce) 5115/512 (d)9 3 $2658.15 
4. Hint: Induction step is 
ana1 = a, + 2(n + 1) 
5. (a) 32x° — 40x* + 20x? 
6. (a) 267-104 = 175,760,000 
(b) P(26, 3)-P(10, 4) = 78,624,000 

(0) C(26, 3)-C(10, 4) = 546,000 2 (ae (bi (OX 
& —0.56 dollar 9 (a) Getting 3 heads and 2 tails 

(b) 10(3)°($)? ~ 0.16 10. (a) The event that a randomly se- 


lected insect has at least one spot; 4923 (Ib) 3548 


Ll=n?+2n+1=(n+1) 
5x? +3x—% (b) x’ 
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Abel, Niels Henrik, 305 
Absolute value, 11-12, 113 
of complex numbers, 594 
equations, 114, 133 
properties of, 11 
Absolute value function, 198, 201 
Absolute value inequalities, 114-115 
Acute angle, 646 
Addition 
common errors in applying properties of 
multiplication to, 46 
of complex numbers, 91-92 
graphical, of functions, 234 
of inequalities, 105 
of matrices, 700-702 
of polynomials, 28-29 
of rational expressions, 42-43 
of vectors, 618, 620, 621 
Addition and subtraction formulas, 
538-545 
Additive identity, 5 
Adleman, Leonard, 321 
Agnesi, M aria Gaetana, 603 
Ahmes (Rhind papyrus scribe), 732 
Algebra, derivation of term, 6 
Algebraic errors 
avoiding, 46 
counterexamples, 49 
Algebraic expressions, 28-39, 40 
domain of, 40-41 
multiplying, 29-30 
Algebra models, 53-58. See also 
Mathematical models; M odeling 
of decision-making, 120-124 
making, 55 
using, 53-54 
al-K howarizmi, 6 
Alternating current, modeling, 515-516 
AM (amplitude modulation) radio, 493 
Ambiguous case, of solving triangles, 
444-448, 449 
Amortization schedule, 852 


Amplitude, 487, 488 
decaying, 493 
harmonic motion and, 511 
period and, 489-491 
variable, 492-493 
Amplitude modulation (AM) radio, 493 
Anagram, 910, 912 
Analogy, used in problem solving, P2 
Ancillary circle of ellipse, 778 
Angle measure, 408-417 
Angles. See also Trigonometric functions, 
of angles 
acute, 646 
angle of depression, 420 
angle of elevation, 420 
angle of incidence, 561 
angle of inclination, 420 
angle of refraction, 561 
bond, 647 
central, of tetrahedron, 647 
defined, 408 
direction angles of a vector, 644-646 
equations with trigonometric functions of 
multiples of, 564-566 
obtuse, 646 
quadrantal, 426 
reference, 428 
in right triangles, solving for, 438-439 
standard position of, 409-411 
supplement of, 445 
between vectors, 629, 644 
Angular speed, 412-413 
Annual percentage yield, 345 
Annuities 
calculating amount of, 846-848 
in perpetuity, 851-852 
present value of, 848-849 
Aphelion, 778, 810 
Apolune, 778 
Approval voting, 893 
Approximate data, rules for working with, 
919 


Approximation symbol, 3 
Arccosine function, 437, 506 
Archimedes, 79, 481, 767 
Architecture, conics in, 814-817 
Arcsine function, 437, 505 
Arctangent function, 437, 507 
Area 

of circular sector, 412 

of a parallelogram, 651-652 

of a triangle, 432-433, 453-454, 652, 

727-728, 730 

Area problems, modeling, 70-72 
Areas, formulas for, inside front cover 
Argument of complex number, 595 
Aristarchus of Samos, 420 
Aristotle, 261 
Arithmetic expression, evaluating, 3 
Arithmetic mean, 837-838 
Arithmetic sequences, 832-838 

defined, 833 

partial sums, 834-836 
Arrow, Kenneth, 893 
Arrow diagram, of functions, 185 
Arrow notation, 315 
Assets, division of, 834 
Associative Property, 4 
Astroid, 608 
Asymptotes, 314-316 

defined, 316 

horizontal, 316, 318-324 

of hyperbolas, 780, 781, 784 

of rational functions, 317-325 

slant, 323-325 

vertical, 316, 317-325, 497-499 
Atmospheric pressure formula, 377 
Augmented matrix, 687, 688 
Automotive design, 280 
Average rate of change, 214-221 
Avogadro’s number, 21 
Axes. See also Rotation of axes 

of a conic, 805 

coordinate, 636 
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Axes. (continued) 
of ellipses, 772, 773 
of hyperbolas, 780 
of parabolas, 763-765 
polar axis, 580 
real and imaginary, 593 
Axis of symmetry, parabolas, 762 


B ack-substitution 
in nonlinear systems, 737 
solving linear equations, 668, 669, 679, 
680-681, 690, 691 
Base 
change of, 366-367 
in exponential notation, 14 
Base 10 logarithm, 357-358 
Bearing, 452 
Beer-L ambert Law, 374, 402 
Bell, E.T., 701 
Bernoulli, Johann, 605 
Best fit 
exact fit vs., 686 
finding, 171-176, 333-337 
measuring, 175-176 
polynomials of, 333-337 
Bhaskara, 3 
Binomial coefficients, 860-862 
Binomial expansion, 859-860, 862, 
863-864 
Binomial experiment, 902-904 
Binomial probability, 902-907 
Binomials, 28, 858 
multiplying, using FOIL, 29 
Binomial Theorem, 862-865 
Birthday paradox, 897-898 
Bits, 18 
changing words/sound/pictures to, 158 
Blood pressure, systolic and diastolic, 495 
Boltzmann Law, 213 
Bond angle, 647 
Bounded regions, of planes, 745 
Boyle's Law, 163, 166 
Brahe, Tycho, 792 
Brams, Steven, 834 
Branches, of hyperbolas, 780 
Building envelope, 32 
Burton, David, 916 


CAD (computer-aided design), 280 
Calculators 
evaluating trigonometric functions, 479, 
498, 505 
graphing calculators, 140-149, 209-210, 
491-493, 589, 605-606 
as graphing device, 491 
radian mode, 479 
square root key, 185 
Calculus, addition and subtraction formulas 
in, 540 
Cancellation, simplifying rational 
expressions by, 41 


Cancellation properties, 505, 506, 507 
Cardano, Gerolamo, 305, 311 
Cardioid, 587, 590 
Carrier signals, radio, 493 
Carrying capacity, 400 
Cartesian plane, 126-127, 223. See also 
Coordinate plane 
CAT (Computer Aided Tomography) scan, 
797 
Catenary, 348 
Cayley, Arthur, 712 
Center 
of ellipse, 772 
of hyperbola, 780 
of sphere, 638 
Central angle of tetrahedron, 647 
Central box, of hyperbolas, 781, 782 
Change of Base Formula, 366-367 
Chevalier, Auguste, 296 
Chu Shikie, 860 
Circadian rhythms, 520, 529 
Circles, 134-136, 761 
ancillary, of ellipse, 778 
area of, 189 
equations of, 134, 135-136 
graphing, 134-135, 142 
involute of a, 609 
as polar graph, 590 
symmetry, 137 
Circular arc, length of, 411-412 
Circular function. SeeTrigonometric 
functions 
Circular motion, 412-413 
Circular sector, area of, 412 
Closed curves, 606 
Codes, unbreakable, 321 
Coefficient matrix, 715 
Coefficients 
binomial, 860-862 
correlation, 175-176 
of polynomials, 274, 277 
roots and, 90 
Cofactors, determinant of matrix, 
720-721 
Cofunction identities, 532, 540 
Collinear points, 161, 730 
Column transformations, of determinants, 
723-724 
Combinations, 885-888 
complementary, 891 
identity involving, 891 
of nobjects taken r at a time, number of, 
885 
problem solving with, 887-888 
Combining logarithmic expressions, 
364-365 
Comets, paths of, 783 
Common (base 10) logarithms, 357-358 
Common difference of sequence, 833 
Common ratio of geometric sequence, 838 
Commutative Property, 4 


Complement of an event, probability of, 
894-895 
Complete Factorization Theorem, 306-308 
Completing the square, 81-82 
Complex conjugates, 92, 94 
Conjugate Zeros Theorem, 310-311, 314 
Complex numbers, 90-95 
arithmetic operations on, 91-92 
complex roots of quadratic equations, 
93-94, 95 
defined, 90 
De Moivre’s Theorem, 597-598 
graphing, 593-594 
modulus of, 594, 595 
multiplication and division of, 596-597 
polar (trigonometric) form of, 594-597 
roots of, 598-600 
square roots of negative numbers, 92-93 
Complex plane, 593 
Complex roots, of quadratic equations, 
93-94, 95 
Complex zeros, 306-314 
Component form of a vector, 619-620, 641 
Composite function, 234-237 
Compound fractions, 43-45 
Compound interest, 344-345, 347, 377 
annuities and, 846-848 
continuously compounded, 350 
formula for, 344 
using logarithmic equations for, 375-376, 
377 
Computer-aided design (CAD), 280 
Computer Aided Tomography (CAT) scan, 
797 
Computer graphics 
applying matrices to generation of, 
706-707, 731 
rotating an image, 803 
Computers 
applications of, 224 
as graphing device, 491 
Confocal conics 
family of, 795 
hyperbolas, 787 
parabolas, 795 
Conics. See also by type 
in architecture, 814-817 
basic shapes of, 761 
confocal, 787, 795 
degenerate, 792-793 
equivalent description of, 804 
graphing rotated, 799-800 
identifying and sketching, 806-807, 808 
identifying by discriminant, 801-802 
polar equations of, 803-810 
shifted, 788-795 
simplifying general equation for, 797-800 
Conjecture, mathematical induction and, 
852-853 
Conjugate hyperbolas, 786 
Conjugate radical, 45 


Conjugate Zeros Theorem, 310-311, 314 
Constant(s) 
damping, 516 
of proportionality, 162, 163, 164 
spring, 165, 519 
Constant coefficient, 274 
Constant function, 195 
Constant rate of change, 218 
Constant term, 274 
Constraints, 745, 754, 755 
“Contestant’s dilemma,” 913, 916 
Continuous functions, 199, 275 
Continuously compounded interest, 350 
Contradiction, proof by, P2 
Cooling, Newton's Law of, 384-385, 390, 
875 
Coordinate axes, 636 
Coordinate geometry 
three-dimensional, 635-641 
Coordinate line (real number line), 8-9, 11 
Coordinate plane, 125, 126-132, 636 
circles on, 134-136 
coordinates as addresses, 127 
graphing equations by plotting points on, 
132-133 
intercepts, 133-134 
symmetry, 136-137 
vectors in, 619-622 
Coordinates, 125 
Coordinates. See Polar coordinates; 
Rectangular coordinates 
Correlation, 175-176 
causation vs., 176 
Correlation coefficient, 175-176 
Cosecant function, 475 
cosecant curves, 501-502 
formula for, 426 
graphing, 498-499, 501-502 
inverse, 509 
periodic properties, 497 
special values of, 476 
trigonometric ratios, 417 
Cosine function, 475 
addition and subtraction formulas for, 
538-539 
cosine curves, 486-487, 488, 492-493, 
526-527 
double-angle formula for, 546, 798 
formula for, 426 
graphing, 484 
graphing transformations of, 486-491 
half-angle formula for, 548 
inverse cosine, 436-438, 506-507 
Law of Cosines, 450-457 
periodic properties of, 485 
product-to-sum formula for, 551 
shifted curves, 489, 490-491 
special values of, 476 
sum of sines and cosines, 542-543 
sum-to-product formula for, 551 
trigonometric ratios, 417 


Cosines, direction, of a vector, 644-645 
Cost function, 198-199 
Cotangent function, 475 
cotangent curves, 500, 501 
formula for, 426 
graphing, 498, 499 
inverse, 509 
periodic properties, 497 
special values of, 476 
trigonometric ratios, 417 
Coterminal angles, 409-411 
Counterexample, 49 
Counting, calculating probability by, 
893-895 
Counting principles, 878-882. See also 
Probability 
Counting problems, guidelines for solving, 
887 
Cramer’s Rule, 724-727 
Cross product, 648-654 
area of a parallelogram, 651-652 
finding, 649 
length of, 651 
properties of, 649-651 
volume of a parallelepiped, 652-653 
Cross Product Theorem, 649-651 
Cubic formula, 305 
Cubic splines, 265, 276 
Cumulative voting, 893 
Curtate cycloid (trochoid), 608 
Cycles, of vibration, 511 
Cycloid 
curtate (trochoid), 608 
parametric equations, 605 
prolate, 608 


Damped harmonic motion, 516-518, 567 
Damping constant, 516 
Data 
fitting sinusoidal curves to, 525-530 
linearizing, 397-398 
rules for working with approximate, 919 
visualizing, on graph, 132 
Daylight, modeling hours of, 514-515 
Decibel scale, 387-388 
Decision-making, modeling, 120-124 
Degenerate conics, 792-793 
Degrees 
as angle measure, 408 
compared with radians, 409 
Demand function, 248 
De Moivre’s Theorem, 597-598 
Denominators, 6 
of partial fractions, 731-735 
rationalizing, 24-25, 45 
Dependent systems, linear equations, 671, 
672-673, 681, 682-683, 693, 694-696 
Dependent variables, 185 
Depressed cubic, 305 
Depression, angle of, 420 
Descartes, René, 125, 126, 223, 298 
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Descartes’ Rule of Signs, 298, 300 
Determinants, 712, 720-731 
areas of triangles, 727-728, 730 
cofactors, 720-721 
collinear points and, 730 
expanding, about row and column, 722 
invertibility criterion, 723 
minors, 720-721 
of order three, 649 
of order two, 648 
row and column transformations, 
723-724 
zero, matrices with, 730 
Diaconis, Persi, 879 
Difference 
of cubes, 35 
of functions, 232, 233 
of matrices, 700 
of squares, 35-36 
of two vectors, 619 
Difference quotients, 187, 216 
Digital images, 706-707, 709-710 
Digital numbers, 158 
Dimension, matrix, 687 
Diophantus, 43 
Directed quantities. SeeVectors 
Direction angles of a vector, 644-646 
Direction cosines, 644-645 
Directrix, 762, 763, 764, 804, 805 
Direct variation, 162-163 
Discriminant 
identifying conics by, 801-802 
invariant under rotation, 801, 803 
of quadratic equation, 83-84 
Distance, between points on the real line, 12 
Distance, rate, and time problems, 74-75 
modeled by quadratic equation, 85 
modeled with linear systems, 673-674 
Distance formula, 127-128, 585 
in three dimensions, 637-638 
Distinguishable permutations, 884 
Distributive Property 
combining like terms, 28 
factoring with, 33 
multiplying algebraic expressions, 29-30 
real numbers and, 4-5 
Dividends, 289 
Division 
of complex numbers, 92, 596-597 
long, 288-290, 735 
overview of, 6 
of polynomials, 288-294 
of rational expressions, 42 
synthetic, 290-291 
Division Algorithm, 289 
Divisors, 6, 289 
Domains 
of algebraic expression, 40-41 
of combined functions, 233 
finding, from graphs, 205-206 
of functions, 185, 188-189 
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Domains (continued) 
of inverse functions, 243 
of logarithmic functions, 359 
of rational functions, 314 
of trigonometric functions, 478 
Doppler effect, 328, 520-521 
Dot product, 627-635 
calculating work, 632-633 
component of ualong v, 630-631 
defined, 628 
projection of uonto v, 631-632 
properties of, 628 
of vectors, 627-630, 643 
Dot Product Theorem, 628-629 
Double-angle formulas, 545, 546-547, 555, 
798 


e(number), 348 
expressing a model in terms of, 382 
logarithm with base e (natural logarithm), 
358-359 
Earthquakes, magnitude of, 386-387 
Ebbinghaus, Hermann, 365, 402 
Eccentricity 
of aconic, 804, 805, 808 
of an ellipse, 774-776 
of planetary orbits, 776 
Ecology, mathematical study of, 717 
Economics, use of mathematics in, 848 
Einstein, Albert, P4, 613, 724 
Elementary row operations, 688-689 
Elements, of sets, 9 
Elevation, angle of, 420 
Elimination method, 669-670 
for solving system of nonlinear equations, 
737 
Ellipses, 415, 761, 770-779 
ancillary circle of, 778 
with center at origin, 772 
constructing, 817 
eccentricity of, 774-776 
equation of, 771, 772, 774, 775 
foci of, 775 
geometric definition of, 770 
graphing shifted, 788-789 
latus rectum of, 779 
orbits of planets as, 776 
rotating, 807-808 
sketching, 773 
vertices of, 772, 773 
Elongation, 425, 449 
Empty set ©, 9 
Encryption, 321 
End behavior 
of polynomials, 276-278, 279 
of rational functions, 323-325 
Envelope of lines, parabola as, 815 
Epicycloid, 608 
Equality 
of matrices, 699-700 
properties of, 60 
of vectors, 618, 620 


Equations, 59-68. See also Systems of 
equations; Systems of linear equations 
absolute value, 114, 133 
of circles, 134, 135-136 
of an ellipse, 771, 772, 774 
equivalent, 60 
exponential, 369-371 
false, 681 
family of, 68 
of functions, 200-201 
graphic solutions for, 143-146 
graph of, 132-140 
of horizontal lines, 153 
of a hyperbola, 780 
involving fractional expressions, 62, 
96-97 
involving fractional powers, 64-65, 99 
involving radicals, 97 
linear, 60-63, 153-154, 157-158 
of lines, 151-156 
of lines in three-dimensional space, 
654-656 
logarithmic, 372-374 
matrix, 705, 715-718 
modeling with. See M athematical models 
nonlinear, 61 
of a parabola, 763 
polynomial, 95-97, 300-301 
power, 63-65 
Properties of Equality and, 60 
quadratic, 80-90 
of quadratic type, 97-99 
roots of, 278 
of a shifted conic, 792-793 
shifting graphs of, 788 
solving by working backward, P2 
solving for one variable in terms of 
others, 65-66 
solving for unknown functions, 240, 249 
solving using analogy strategy, P2 
two-intercept form of, 160 
in two variables, 132-140 
of vertical lines, 153 
Equations, trigonometric, 531, 555-567 
with functions of multiples of angles, 
564-566 
solving, 555-560 
solving, on an interval, 439 
Equivalent equations, 60 
Equivalent inequalities, 104-105 
Equivalent systems, 679-680 
Eratosthenes, 415, 825 
Error-correcting codes, 98 
Euclid, 63 
Euler, Leonhard, P1, 92, 348, 721 
Even function, 227-228, 232, 240 
Even-odd identities, 532 
Even-odd properties, 480 
Events 
defined, 892 
probability of, finding, 893-894 
probability of complement of, 894-895 


probability of intersection of independent, 
897-898 
probability of union of, 895-896 
probability of union of mutually exclusive 
events, 896-897 
in asample space, 892 
Everest, Sir George, 446 
Expanding a logarithmic expression, 364 
Expected value, 907-909 
Experiment, 892. See also Probability 
binomial, 902-904 
with small samples, 902 
Exponential data, linearizing, 398 
Exponential equations, 369-371 
Exponential form, 353-354 
Exponential function, 339, 340-353 
compared with power function, 343-344 
compound interest, 344-345 
family of, 342 
graphs of, 341-344 
natural, 348-353 
transformations of, 343, 349 
Exponential growth, 347 
doubling time, 378-380 
relative growth rate, 380-382 
Exponential modeling, 378-385, 395, 399 
Exponential notation, 14-15, 18-19 
Exponents, 14 
fractional, 23, 37, 64-65, 99 
integer, 14-21 
integer, exponential notation, 14-15 
integer, zero and negative exponents, 15, 
17-18 
Laws of, 16-18, 23, 24, 340 
rational, 23-24 
Extraneous solutions, 62 
Extreme values, using graphing devices for, 
209-210 


Factorial notation, 879-880 

Factoring 
common factors, 33-34 
Complete Factorization Theorem, 

306-308 
completely, 36-37 
complex zeros and, 308-309 
differences and sums of cubes, 35, 36 
differences of squares, 35-36 
expressions with fractional exponents, 37 
fifth-degree polynomial, 299-300 
by grouping, 37-38, 96 
inequalities, 106-109 
polynomials, 306-309 
solving polynomial equation by, 96 
solving quadratic equations by, 80 
solving trigonometric equations by, 
559-560 

by trial and error, 34, 35 
trinomials, 34-35 

Factoring formulas, 35 

Factor Theorem, 292-293, 295 

Fair division of assets, 834 


Fair voting methods, 893 
False equations, 681 
Family 
of equations, 68 
of exponential functions, 342 
of lines, graphing, 156 
of logarithmic functions, 355 
of polynomials, 284-285 
of power functions, 196-197 
Feasible region, 745-746, 754-755, 756, 
757 
Fechner, Gustav, 358 
Fermat, Pierre de, 43, 92, 126, 143 
Fermat's Last Theorem, 143 
Ferrari, 305 
Fibonacci, Leonardo, 825 
Fibonacci numbers, 701, 825-826, 829, 832 
Finance 
mathematics of, 846-852 
modeling using linear systems, 683-684 
Flow lines of vector field, 665 
FM (frequency modulation) radio, 493 
Focal diameter, of parabolas, 765, 766 
Focal length, 770 
Focus 
of aconic, 804 
of an ellipse, 770, 773, 774, 775 
of ahyperbola, 779, 783-784 
of a parabola, 762, 763, 764, 770 
prime, 770 
FOIL method, 29 
Force 
modeling, 624 
resolving into components, 630-631 
Forgetting, Law of (Forgetting Curve), 365, 
402 
Formula, 1 
representing functions with, 189, 190 
Fourier, Jean Baptiste J oseph, 492, 539 
Fourier analysis, 158 
Four-leaved rose, 588, 590, 666 
Frac command, in calculators, 714 
Fractal image compression, 842 
Fractals, 601, 842 
Fractional exponents, 23, 37, 64-65, 99 
Fractional expressions, 40. See also 
Rational expressions 
compound fractions, 43-45 
solving equations involving, 62, 96-97 
Fractions 
compound, 43-45 
LCD and adding, 6 
partial, 731-736 
properties of, 6 
solving linear equation involving, 61 
writing repeated decimal as, 843 
Frequency, harmonic motion and, 511 
Frequency modulation (FM ) radio, 493 
Functions, 183-264 
algebra of, 233 
average rate of change and, 214-221 
combining, 232-240 


common examples of, 184-185 
composition of, 234-237 
defined, 185-186 
demand, 248 
domain of, 188-189 
equations of, 200-201 
evaluating, 186-188 
even, 227-228, 232, 240 
exponential, 339, 340-353 
finding values of, from graph, 205-206 
graphing, 194-204, 319-325, 328, 
341-344 
greatest integer, 198 
identity, 249 
increasing/decreasing, 206-208, 242 
inverse, 242-246 
linear, constant rate of change, 218 
local maximum and minimum values of, 
208-210 
logarithmic, 339, 353-362, 385-388 
methods for representing, 189-191 
modeling with, 255-264 
modeling with, guidelines for, 257 
objective, 754, 755, 756, 757 
odd, 227-228, 232, 240 
one-to-one, 241-242, 244 
polynomial, 265, 274-288, 333-337 
power, 196-197, 201, 343-344, 396-399 
rational, 314-329 
relations and, 204 
transformations of, 221-232 
trigonometric. See Trigonometric 
functions 
Fundamental Counting Principle, 878-880 
combinations, 885-888 
permutations, 882-885, 887-888 
Fundamental identities, 431, 480-482, 532 
Fundamental Principle of Analytic 
Geometry, 132, 134 
Fundamental Theorem of Algebra, 306 


Galileo, Galilei, 613, 614 

Galois, Evariste, 296, 305 

Game theory, 848 

Gateway Arch, 348 

Gaudi, Antoni, 814 

Gauss, Carl Friedrich, 306, 309, 690, 834 

Gaussian elimination, 680, 689-692 

Gauss-] ordan elimination, 692-693 

Gear ratio, 458 

General conic equation, simplifying, 
797-800 

Geometric mean, 844 

Geometric sequences, 838-846 

Geometry, analytic. SeeConics; Ellipses; 
Hyperbolas; Parabolas; Parametric 
equations 

Gibbs, Josiah Willard, 649 

GIM PS (Great Internet M ersenne Prime 
Search), 824 

Global Positioning System (GPS), 738 

Golden ratio, 829 
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Googol, 362 
Googolplex, 362 
Grads, measuring angles with, 417 
Graham, Ronald, 886 
Graphical addition, 234 
Graphical solutions, 143-147 
compared with algebraic method, 143, 
144, 145 
for equations, 143-146 
for inequalities, 146-147 
for systems of equations, 670-671 
for systems of nonlinear equations, 
738-739 
using graphing calculator, 140-142 
Graphing calculators, 140-149, 196-197 
choosing viewing rectangle, 491-492 
for extreme values of functions, 209-210 
for graphing polar equations with, 589 
for parametric curve graphs, 605-606 
for trigonometric graphs, 491-493 
using, 140-142 
Graphing devices. See Graphing 
calculators 
Graphing functions, 194-204 
exponential functions, 341-344 
getting information from, 205-214 
with a graphing calculator, 196-197 
logarithmic functions, 355-357, 359 
rational functions, 319-325, 328 
Graphs, 125 
of complex numbers, 593-594 
of equations of two variables, 132-140 
of inverse function, 245-246 
of nonlinear inequalities, 741-743 
of polar equations, 585-592 
of polynomials, 275-285 
reflecting, 224-225, 226 
representing functions with, 189, 190 
shifted, 788-792 
shifts, horizontal, 222-224 
shifts, vertical, 221-222, 224 
stretching and shrinking, 225-227 
of systems of inequalities, 743-748 
using symmetry to sketch, 137 
of vector fields, 662-663 
visualizing data on, 132 
Gravity, Newton’s Law of, 65, 164, 213, 
397, 664 
Greater than (>), 8 
Greatest integer function, 198, 201 
Great Internet M ersenne Prime Search 
(GIM PS), 824 
Great Trigonometric Survey of India, 446, 
466 
Grouping, factoring by, 37-38, 96 


Half-angle formulas, 545, 547-549 
Half-life of radioactive elements, 382-383 
Hamilton, William Rowan, 649 
Hamming, Richard, 98 

Hardy, G.H., 840 

Harmonic mean, 837 
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Harmonic motion, 483, 510-521 
damped, 516-518, 567 
modeling periodic behavior, 510-516, 
525-528 
simple, 510-516, 571 
Harmonic sequences, 837 
Herons’ Formula, 453-454 
Hilbert, David, 157, 721 
Hilbert’s tenth problem, 701 
Hipparchus, 418 
Hooke’s Law, 165, 168 
Horizontal asymptotes, 316, 318-324 
Horizontal lines, 153, 241, 242 
Horizontal line test, 241, 242 
Horizontal shifts, of graphs, 222-224 
Horizontal stretching and shrinking, of 
graphs, 226-227 
Huygens, Christian, 605 
Hyperbolas, 761, 779-787 
with center at origin, 780 
confocal, 787 
conjugate, 786 
constructing, 816-817 
degenerate, 793 
equation of, 783-784 
geometric definition of, 779 
rotating, 797 
shifted, 790-792 
sketching, 781-783 
with transverse axis, 781-783 
Hyperbolic cosine function, 351 
Hyperbolic sine function, 351 
Hypocycloid, 608 
Hypothesis, induction, 854 


Identities 
addition and subtraction formulas for, 540 
cofunction, 532, 540 
even-odd, 532 
involving combinations, 891 
Pythagorean, 431, 480, 532 
reciprocal, 431, 479, 480, 532 
trigonometric, 430-432, 479, 480-482, 
531, 532-538, 562-564 
Identity function, 249 
Identity matrices, 710-711 
Image of x under f, 185 
Imaginary axis, 593 
Imaginary part, of complex numbers, 90 
Incidence, angle of, 561 
Inclination, angle of, 420 
Inconsistent systems, linear equations, 671, 
672, 681-682, 693-694 
Independent events, probability of 
intersection of, 897-898 
Independent variables, 185 
Index of refraction, 561 
Index of summation, 828 
Induction, mathematical, P2, 852-858 
conjecture and proof, 852-853 
induction step, 853-854 


principle of, 854-857 
sums of powers and, 856 
Induction hypothesis, 854 
Inequalities, 8, 104-113. See also Systems 
of inequalities, graphing 
absolute value, 114-115 
equivalent, 104-105 
graphic solutions for, 146-147 
graphing, 9, 741-743 
linear, 105-106, 744 
modeling with, 110-111 
nonlinear, 106-110 
proving by induction, 856-857 
with repeated factors, 108-109 
rules for, 105 
Infinite geometric series, 842-843 
Infinite series, 841-843 
Infinity symbol, 10 
Initial point, vectors, 618 
Initial side, of angles, 408 
Inner product, of matrices, 702-703 
Input, in function as machine, 185 
Installment buying, 849-850 
Instantaneous rate of change, 216 
Integer exponents, 14-21 
Integers, as real number type, 2 
Intensity levels of sound, 358, 387-388 
Intercepts, 133-134 
Interest, on investment, 70 
Interest problems, modeling, 69-70 
Intermediate Value Theorem for 
Polynomials, 279 
Intersect command, in calculators, 
145, 745 
Intersections 
finding intersection points, 563-564 
of independent events, probability of, 
897-898 
of intervals, 10 
of sets, 9 
Intervals, 9-11 
graphing, 9, 10 
increasing/decreasing functions, 207-208 
open and closed, 9-10, 11 
solving and equation in an interval, 145 
test values for, 107 
unions and intersections, 10-11 
Invariants under rotation, 801, 803 
Invariant Theory, 724 
Inverse cosecant, 509 
Inverse cosine, 436-438, 506-507 
Inverse cotangent, 509 
Inverse Function Property, 354 
Inverse functions, 242-246 
defined, 243 
finding, 243-245 
graphing, 245-246 
linear functions becoming, 249 
properties of, 243 
Inverse numbers, 5-6 
Inverse of matrices, 710-715, 716 


Inverse sine, 436-437 
Inverse square law for sound, 391 
Inverse tangent, 436-438 
Inverse trigonometric functions, 436-443, 
504-510 
cosecant function, 509 
cosine function, 436-438, 506-507 
cotangent function, 509 
evaluating expressions involving, 
439-441, 540-542, 550 
secant function, 508 
sine function, 436-437, 504-506 
solving for angles in right triangles using, 
438-439 
tangent function, 436-438, 507-508 
Inverse variation, 163-164 
Invertibility criterion, 723 
Involute of a circle, 609 
Irrational numbers, 2 
Irreducible quadratic factor, 312, 733-735 


Joint variation, 164 
Jordan, Camille, 296 


K antorovich, Leonid, 754 

K armarkar, Narendra, 755 

Kepler, Johannes, 396, 397, 776, 792 
Kepler's Third Law, 166-167 

K irchhoff’s Laws, 686 

Knuth, Donald, 200 

Koopmans, T.C., 754 

Kovalevsky, Sonya, 227 


Laminar flow, law of, 193 
Latus rectum, 765, 779 
Law enforcement, use of mathematics for, 
356 
Law of Cooling, Newton's, 384-385, 390 
Law of Cosines, 450-457 
Law of Forgetting (Forgetting Curve), 365, 
402 
Law of Gravity, 65, 164, 213, 397, 664 
Law of laminar flow, 193 
Law of Sines, 443-449 
Law of the Lever, 78-79, 767 
Law of the pendulum, 165 
Laws of Exponents, 16-18, 340 
for rational exponents, 23, 24 
Laws of Logarithms, 363-369 
LCD. SeeLeast common denominator 
(LCD) 
Leading coefficients, 274, 277 
Leading entry in row-echelon form, 690 
Leading terms, 274 
end behavior of polynomial and, 276-278 
Leading variable, 693 
Learning curve, 378 
Least common denominator (LCD) 
adding fractions, 6 
using with rational expressions, 42-43 
Least squares line, 678 


Lemniscates, as polar graph, 590 
Length, vectors, 618, 620, 621 
Length problems, modeling, 70-72 
Lens equation, 103 
Leontief, Wassily, 848 
Less than (<), 8 
Lever, Law of the, 78-79, 767 
Like terms, combining, 28 
Limacon, 589, 590 
Linear and Quadratic Factors Theorem, 
312 
Linear depreciation, 161 
Linear equations, 153-154. See also 
Systems of linear equations 
applying to rate of change, 157-158 
graph of, 154 
solving, 60-63 
two-intercept form of, 160 
Linear factors, 312, 731-733 
Linear fractional transformations, 316-317 
Linear functions 
composing, 240 
constant rate of change, 218 
defined, 195 
graphs of, 201 
Linear inequalities, 105-106, 744 
graphing systems of, 744-745 
Linearizing, 397-398 
exponential data, 398 
power data, 398 
Linear programming, 754-760 
guidelines for, 756 
K armarkar’s technique, 755 
Linear speed, 412-413 
Line of sight, 420 
Lines, 149-161 
of best fit, 171-176 
family of, graphing, 156 
general equation of, 153-154 
parallel, 154-155 
parametric equations for, 655-656 
perpendicular, 155-156 
point-slope form of equation of, 151-152 
slope-intercept form of equation of, 
152-153 
slope of, 149-151 
using slope to indicate rate of change, 
157-158 
vector equation of, 655 
vertical and horizontal, 153 
Lissajous figure, 606 
Lithotripsy, reflection property used in, 776 
LnReg command, in calculators, 404 
Local extrema, of polynomials, 283-285, 
288 
Local maximum, 208-210, 283 
Local minimum, 208-210, 283 
logs, 353 
Logarithmic equations, 372-374 
applications of, 375-376 
Logarithmic form, 353-354 


Logarithmic functions, 339, 353-362 
applications of, 385-388 
common (base 10) logarithms, 357-358 
family of, 355 
graphs of, 355-357, 359 
natural logarithms, 358-359 
properties of, 354 
Logarithmic model, 404 
Logarithmic scales, 385-388 
Logarithms, Laws of, 363-369 
Logistic command, in calculators, 400, 
404 
Logistic curves (or logistic growth model), 
350, 352, 400, 404 
Logistic population growth, 875-876 
Log-log plot, 398 
Longbow curve, 608 
Long division 
partial fractions and, 735 
of polynomials, 288-290 
LORAN (LOng RAnge Navigation), 785 
Lotka, Alfred J., 717 
Lower bounds, 298-299, 301 
Lowest common denominator (LCD), 
solving linear equations using, 61-62 


Machine, function as, 185 
Magnetic resonance imaging (MRI), 797 
Magnitude 
of an earthquake, 386-387 
of gravitational force, 664 
of astar, 368 
of vectors, 618, 620, 642 
Main diagonal, of matrices, 710 
Major axes, of ellipses, 772, 773 
Majority voting, 893 
Mandelbrot, Benoit, 842 
Mathematical models, 68-79, 99-102. See 
also M odeling 
constructing, 69-75 
defined, 171 
finding line of best fit, 171-176 
functions as, 255-264 
guidelines for, 68 
guidelines for modeling functions, 257 
logarithmic model, 404 
measuring fit, 175-176 
using inequalities, 110-111 
variation, 162-164 
M atijasevic, Yuri, 701 
Matrices, algebra of, 699-710. See also 
Determinants 
applied to computer graphics, 706-707 
determinants, 712, 720-731 
equality of matrices, 699-700 
identity matrices, 710-711 
inverse of matrices, 710-715, 716 
matrix equations, 705, 715-718 
multiplication, 702-706 
no Zero-Product Property for, 719 
rotating images in plane, 803 
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rotation of axes formulas, 803 
singular matrix, 715 
square matrix, 710, 720-724 
square roots of matrix, 710 
stochastic matrices, 706 
sum, difference, and scalar product, 
700-702 
transition matrix, 710, 717 
Matrices, solving linear equations, 687-699 
augmented matrix, 687, 688 
elementary row operations, 688-689 
Gaussian elimination, 689-692 
matrix defined, 687 
reduced row-echelon form, 690, 692-693 
row-echelon form, 690-692, 693-696 
Matrix equations, 705, 715-718 
Maxima value, 267-269 
of a fourth-degree polynomial function, 
274 
linear programming for, 754-760 
local, 208-210, 283 
modeling with functions to find, 257-258, 
270-271 
max imum command, in calculators, 209, 
210 
M ean 
arithmetic, 837-838 
geometric, 844 
harmonic, 837 
Median, 130 
Mendel, Gregor, 891, 900 
M éré, Chevalier de, 892 
Mersenne numbers, 824 
Midpoint formula, 128-129 
Mill, John Stuart, 223 
Minima value, 267-269 
local, 208-210, 283 
modeling with functions to find, 259-260 
minimum command, in calculators, 209 
Minor axes, of ellipses, 772, 773 
Minors, determinant of matrix, 720-721 
Mixture problems, 72-73, 675 
Modeling, 53. See also M athematical 
models 
algebra models, 53-58, 120-124 
with area or length, 70-72 
conics in architecture, 814-817 
decision-making, 120-124 
defined, 255 
with equations, 68-79, 99-102 
exponential, 378-385, 395-396, 399 
fitting sinusoidal curves to data, 525-530 
force and velocity, 622-624 
harmonic motion, 510-521 
with inequalities, 110-111 
with linear equations, 157-158 
with linear systems, 673-675, 683-684, 
696-697 
logarithmic, 385-388 
with logistic functions, 400 
Monte Carlo method, 913-916 
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M odeling (continued) 
path of a projectile, 613-616 
with polynomial functions, 333-337 
population growth, 339, 378-382, 
395-396, 400 
with power functions, 396-399 
prey/predator models, 496, 529, 717 
with quadratic equations, 84-86 
with quadratic functions, 270-271 
with recursive sequences, 871-873 
standing waves, 572-573 
surveying, 463-466 
traveling waves, 571-572 
using linear programming, 754-760 
using matrix equations, 716-718 
vector fields, 662-665 
Modulus of complex numbers, 594, 595 
Monomials, 28, 275-276 
Monte Carlo method, 913-916 
Mortgage payments, 849-850 
amortizing a mortgage, 852 
MRI (magnetic resonance imaging), 797 


Multiple angles, trigonometric functions of, 


564-566 
Multiplication 
of algebraic expressions, 29-30 
of complex numbers, 91, 92, 596-597 
of functions, 232, 233 
of inequalities, 105 
of matrices, 702-706 
of polynomials, 29-30 


properties, common errors in application 


to addition, 46 
of rational expressions, 41-42 
scalar, of matrices, 700-702 


of vectors by scalars, 618, 619, 620, 621 


Multiplicative identity, 5 


Multiplicities, zeros and, 282-283, 308-310 


M usical note, vibrations of, 512 
M utually exclusive events, probability of 
union of, 896-897 


Napier, John, 357 
Nash, J ohn, 848 
Natural exponential functions, 348-353 
Natural logarithms, 358-359 
Natural numbers, 2 
Nautical mile, 415 
Navigation 
bearings, 452 
Global Positioning System (GPS), 738 
LORAN, 785 
Negative exponents, 15, 17-18 
Negative numbers, 5 
square roots of, 92-93 
Negative of image, 709 
Newton, Sir lsaac, 613, 776, 783 


Newton's Law of Cooling, 384-385, 390, 


875 


Newton’s Law of Gravitation, 65, 164, 213, 


397, 664 


r-leaved rose, 588, 590 
n! (n factorial), 861 
Nodes, standing wave, 572-573 
Noether, Emmy, 724 
Nonlinear equations, 61 
systems of, 736-741 
Nonlinear inequalities, 106-110 
graphing, 741-743 
guidelines for solving, 106 
Normal vector, 656 
Notation 
arrow, 315 
composite function, 234, 235 
exponential, 14-15, 18-19 
factorial, 879-880 
scientific, 18-19, 919 
set-builder, 9 
sigma, 828-830 
summation, 828-830 
use in problem solving, P1 
nth root, 22 
of complex number, 598-600 
Numbers 
complex. SeeComplex numbers 
converting words, sound, and pictures 
into, 158 
imaginary, 91 
inverse, 5-6 
irrational, 2 
negative, 5 
ordered pair of, 126 
prime, 824, 825 
rational, 2 
real. See Real numbers 
reference, 471-473 
representing functions with, 189, 190 
significant digits in, 919 
Numerators, 6 
rationalizing, 45 
Numerical method to find trigonometric 
ratios, 419 


Objective function, 754, 755, 756, 757 
Oblique asymptotes, 323-325 
Oblique triangles, 443 

Obtuse angle, 646 

Octants, 636 

Odd functions, 227-228, 232, 240 


“Oldest son or daughter” phenomenon, 902 


One-to-one function, 241-242 
finding inverse of, 244 

Orbits. See Planetary orbits 

Ordered pair, of numbers, 126 

Ordered triple, 636 

Origin (O), 8, 126, 580 
hyperbola with center at, 780 
symmetry with respect to, 136 

Outcomes, 892 

Output, in function as machine, 185 
Monte Carlo method to estimate, 915 
value of, 481 


Palindromes, 881, 911 
Parabolas, 741, 761, 762-770 
confocal, 795 
constructing, 815, 816 
equation of, 763 
family of, 766 
focal diameter of, 765, 766 
focal point of, 767-768 
geometric definition of, 762 
graph of, 133 
graph of shifted, 789-790 
with horizontal axis, 764-765 
latus rectum of, 765 
as quadratic function, 266 
sketching, 765-766 
with vertical axis, 763-764 
Parallax, 425 
Parallelepiped, volume of, 652-653 
Parallel lines, 154-155 
Parallelogram, area of, 651-652 
Parallel vectors, 647 
Parameters, 68, 602, 603-604, 683 
Parametric curve, graphing, 605-606 
Parametric equations, 602 
for cycloid, 605 
eliminating parameter, 603-604 
for a graph, 604 
graphing parametric curves, 605-606 
for aline, 655-656 
for path of projectile, 613-616 
plane curves and, 602-603 
polar equations in parametric form, 
606 
Pareto, Vilfredo, 368 
Pareto’s Principle, 368 
Partial fraction decomposition, 731-735 
Partial fractions, 731-736 
Partial sums, of sequences, 827-828, 
834-836, 840-841 
Partitions in permutations, finding number 
of, 884-885 
Pascal, Blaise, 605, 856 
Pascal’s triangle, 859-860, 862 
Pattern recognition, P2, 846 
Paulos, John Allen, 176 
Pendulum, law of the, 165 
Perfect square, 35, 36, 81 
Perihelion, 778, 810 
Perilune, 778 
Period, 488 
amplitude and, 489-491 
harmonic motion and, 511 
Periodic behavior, modeling, 510-516, 
525-528 
Periodic functions, 485, 492, 496 
Periodic properties, 497 
Periodic rent, 847 
Permutations, 882-885 
anagram as, 910, 912 
distinguishable, 884 
finding the number of partitions, 884-885 


of nobjects taken r at a time, number of, 


883 
problem solving with, 887-888 
Perpendicular lines, 155-156 
Phase shift, of sine and cosine curves, 
489-491 
pH scale, 386 
Pi (a) 
Monte Carlo method to estimate, 915 
value of, 481 
Piecewise defined function, 187 
graphing, 197 
Plane(s) 
bounded and unbounded regions, 745 
complex, 593 
coordinate, 125, 126-132, 636 
as graph of linear equation in three 
variables, 681 
vector equation of, 656-657 
vector fields in, 662-663 
Plane curves, 602-603 
Planetary orbits 
eccentricities of, 776 
Kepler’s description of, 166-167, 792 
perihelion and aphelion, 778, 810 
power model for planetary periods, 
396-397 
Plurality voting, 893 
Point-slope form of equation of a line, 
151-152 
Polar axis, 580 
Polar coordinates, 579, 580-585 
graphing polar equations, 585-592 
relationship between rectangular 
coordinates and, 581-582 
Polar equations, 582-583 
of conics, 803-810 
family of, 590 
graphs of, 585-592 
in parametric form, 606 
Polar form of complex numbers, 594-597 
Pole. See Origin (O) 
Polya, George, P1 
Polynomial function, 265, 274-288 
defined, 274 
of degree n, 266, 274 
as models, 333-337 
Polynomials, 28, 95-97 
adding and subtracting, 28-29 
of best fit, 333-337 
defined, 274 
degrees of, 28 
dividing, 288-294 
end behavior of, 276-278, 279 
factoring, 306-309 
family of, 284-285 
graphs of, 275-285 
guidelines for graphing, 279 
local extrema of, 283-285 
nested form, 294 
product of, 29-30 


real zeros of, 278, 295-305 
Tchebycheff, 554 
zeros of, 278-283, 292-293 


Population growth, 339, 378-382, 395-396, 


400 
carrying capacity and, 400 
logistic, 875-876 
Position vector, 654 
Power data, linearizing, 398 
Power equations, 63-65 
Power functions 
compared with exponential functions, 
343-344 
graphs of, 196-197, 201 
modeling with, 396-399 
Powers 
finding, using De M oivre’s Theorem, 
597-598 
formulas for lowering, 548 
Predator/prey models, 496, 529, 717 
Preference voting, 893 
Present value, 347 
of an annuity (A,), 848-849 
Prime focus, 770 
Prime numbers, 824, 825 
Principal, compound interest and, 344 
Principal nth root, 22 
Principal square root, 22 
of complex numbers, 93 
of negative numbers, 93 
Principle of M athematical Induction, 
854-857 
Principle of Substitution, 30 
Probability, 877, 891-909 
binomial, 902-907 
of complement of an event, 894-895 
defined, 893 
of event, finding, 893-894 
expected value, 907-909 
of intersection of independent events, 
897-898 
Monte Carlo method, 913-916 
of union of mutually exclusive events, 
896-897 
of union of two events, 895-896 
Problem solving, principles, P1-P4 
Products. See also M ultiplication 
of functions, 232, 233 
inner, 702-703 
of polynomials, 29-30 
positive/negative, 106 
scalar, 700, 701 
sign of, 106 
Special Product Formulas, 30-31 
Product-sum formulas, 545, 550-552 
Projectile 
modeling path of, 86, 613-616 
range of, 567, 614-615 
Projection laws, 455 
Projection of vectors, 631-632 
Prolate cycloid, 608 
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Proof 
by contradiction, P2 
mathematical induction and, 852-853, 
854-855 
Proportionality, 162-164 
constant of, 162, 163, 164 
direct, 162-163 
inverse, 163-164 
joint, 164 
Pure imaginary number, 91 
PwrReg command, in calculators, 399 
Pythagoras, 261 
Pythagorean identities, 431, 480, 532 
Pythagorean Theorem, 261 


Quadrantal angles, 426 
Quadrants, of coordinate plane, 126 
Quadratic equations, 80-90 
complex roots of, 93-94, 95 
discriminant of, 83-84 
exponential equation of quadratic type, 
371 
form of, 80 
fourth-degree equation of quadratic type, 
99 
modeling with, 84-86 
path of projectile modeled by, 86 
solving by completing the square, 81-82 
solving by factoring, 80 
trigonometric equation of quadratic type, 
559 
Quadratic factors, 312 
irreducible, 312, 733-735 
Quadratic formula, 82-83 
complex solutions and, 94 
using Rational Zeros Theorem and, 
297-298 
Quadratic function, 266-274 
graphing, 266-267 
maximum/minimum value of, 267-269 
modeling with, 270-271 
standard form of, 266-267 
Quadratic inequalities, 107-108 
Quadratic type, equations of, 97-99 
Quasi-period, 516n 
Quaternions, 649 
Quotients, 289 
difference quotients, 187, 216 
in division, 6 
of functions, 232, 233 
inequalities and, 109-110 
positive/negative, 106 


Radian measure, of angles, 408-409, 411 
Radicals, 22-23 

combining, 23 

conjugate, 45 

equations for, 97 

nth root and, 22 

using, with rational exponents, 23, 24 
Radio, AM and FM, 493 
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Radioactive decay model, 383-384 
Radioactive elements, half-lives of, 382-383 
Radioactive waste, 384 
Radiocarbon dating, 362, 371 
Ramanujan, Srinivasa, 840 
Range 
finding from graphs, 205-206 
of functions, 185 
of an inverse function, 243 
of a projectile, 567 
Rate of change 
average, 214-221 
constant, 218 
instantaneous, 216 
slope as, 157-158, 215 
Rational exponents, 23-24 
Rational expressions, 40-49 
adding and subtracting, 42-43 
avoiding common errors, 46 
compound fractions, 43-45 
multiplying and dividing, 41-42 
rationalizing denominator or numerator, 
45 
simplifying, 41 
Rational functions, 314-329 
asymptotes of, 317-325 
graphing, 319-325, 328 
inverse of, finding, 245 
simple, 314-315 
slant asymptotes and end behavior, 
323-325 
transformations, 316-317, 328-329 
Rationalizing the denominator or numerator, 
24-25, 45 
Rational numbers, 2 
Rational zeros. See Real zeros, of 
polynomials 
Rational Zeros Theorem, 295-298, 310 
Real axis, 593 
Real number line, 8-9, 11 
Real numbers, 2-14 
absolute values and distance, 11-12 
Law of Exponents and, 340 
natural numbers as, 2 
operations on, 3 
order of (less than, greater than), 8-9 
properties of, 4-6 
real lines and, 8-9 
sets and intervals, 9-11 
Real part, of complex numbers, 90 
Real zeros, of polynomials, 278, 295-305 
Reciprocal functions, 201 
Reciprocal identities, 431, 479, 480, 532 
Reciprocal relations, 419 
Reciprocals of inequalities, direction of 
inequality and, 105 
Rectangular coordinates, 579, 581-582 
Recursive sequences, 824-826 
as models, 871-873 
Reduced row-echelon form of a matrix, 690, 
692-693 
Reduction formulas, 484, 504 


ref command, in calculators, 691 
Reference angle, 428-430 
Reference numbers, 471-473 
finding value of trigonometric function 
with, 478-479 
Reflecting graphs, 224-225, 226, 355, 356 
Reflection, total internal, 561 
Reflection property 
of ellipses, 776 
of hyperbolas, 784 
of parabolas, 767 
Refraction, angle of, 561 
Refraction, Index of, 561 
Regression line, 172-176, 678 
Relations 
functions and, 204 
reciprocal, 419 
Relative growth rate, 380-382 
Relativity, Theory of, 193, 613, 724 
Remainders, 289 
Remainder Theorem, 291-292 
Repeating decimal, 2, 843 
Resistance, electrical, 48, 325 
Resultant force, 624 
Rhind papyrus, 732 
Richter, Charles, 386 
Richter scale, 386-387 
Right-hand rule, 651 
Right triangles, 417-421 
solving for angles in, 438-439 
Right triangle trigonometry, 417-425 
applications, 419-421 
Rise, vs. run in slope, 149 
Rivest, Ron, 321 
Rnd or Rand command, on calculators, 913 
Robinson, Julia, 701 
Romanus, A drianus, 481 
Root functions, 201 
R oot-mean-square (rms) method, 515 
Roots 
coefficients and, 90 
complex, 93-94, 95 
of complex numbers, 598-600 
of equations, 60 
of polynomial equations, 278 
of quadratic equation, 82 
of unity, 314 
upper and lower bounds for, 298-299, 
300-301 
Roses (polar curve), 588, 590, 666 
Rotation of axes, 795-803 
eliminating xy-term, 798-799 
formulas, 796 
graphing rotated conics, 799-800 
matrix form of formulas, 803 
rotating hyperbolas, 797 
Rounding off, significant digits, 919 
Row-echelon form 
of a matrix, 690-692, 693-696 
reduced, 690, 692-693 
solutions of a linear system in, 693-696 
solving linear equations, 691, 693 


Row transformations, of determinants, 
723-724 

rref command, in calculators, 693, 697 

RSA code, 321 

Rubik's Tetrahedron, 654 

Rule of Signs (Descartes’), 298 

Rules, for inequalities, 105 

Run, vs. rise in slope, 149 


Sample space of an experiment, 892 
Scalar product, of matrices, 700, 701 
Scalars, 618, 619, 620, 621 
Scalar triple product, 652 
Scatter plots, 171-176, 333, 334, 335, 
395-396, 398, 399 
fitting sinusoidal curves to data, 525-530 
Scientific notation, 18-19, 919 
Secant 
formula for, 426 
trigonometric ratios, 417 
Secant function, 475 
graphing, 498, 499, 501-502 
inverse, 508 
periodic properties, 497 
secant curves, 501, 502 
special values of, 476 
Secant line, average rate of change as slope 
of, 215 
“Second son” paradox, 902 
Sectors, circular, 412 
Self-similar, fractals as, 842 
Semi-log plot, 398 
Semiperimeter, 453 
Seq mode, in calculators, 824 
Sequences, 821-846 
arithmetic, 832-838 
defined, 822 
Fibonacci, 701, 825-826, 829, 832 
finding terms of, 823-824, 839-840 
geometric, 838-846 
harmonic, 837 
infinite series, 841-843 
partial sums of, 827-828, 834-836, 
840-841 
properties of sums of, 830 
recursive, 824-826, 871-873 
sigma notation of, 828-830 
Series, infinite, 841-843 
Set-builder notation, 9 
Sets 
as collection of objects, 9 
of complex numbers, graphing, 593-594 
subsets of, finding number of, 886 
unions and intersections, 9 
Shamir, Adi, 321 
Shanks, William, 481 
Shifted conics, 788-795 
Sieve of Eratosthenes, 825 
Sight, line of, 420 
Sigma notation, 828-830 
Significant digits, 919 
Signs, of trigonometric functions, 428, 478 


Similarity, 436 
Simple harmonic motion, 510-516, 571 
Simple interest formula, 69 
Sine 
addition and subtraction formulas for, 
538, 539, 545 
curves, 488, 492, 493, 527-528 
double-angle formula for, 546, 798 
formula for, 426 
half-angle formula for, 548, 549 
Law of, 443-449 
product-to-sum formula for, 551 
sum of sines and cosines, 542-543 
sum-to-product formula for, 551 
trigonometric ratios, 417 
Sine function, 475 
applications, 496 
graphing, 484 
graphing transformations of, 486-491 
inverse, 436-437, 504-506 
periodic properties of, 485 
shifted curves, 489-490 
special values of, 476 
Singular matrix, 715 
S$ inReg command, in calculators, 527 
Sinusoidal curves, 488, 496 
fitting to data, 525-530 
Slant asymptotes, 323-325 
Slope 
indicating rate of change, 157-158, 215 
of lines, 149-151 
Slope-intercept form of equation of a line, 
152-153 
Smith, Edson, 824 
Snell's Law, 561 
Solutions. See Roots 
Sgrensen, Sgren Peter Lauritz, 386 
Sound. See also Harmonic motion 
intensity levels of, 358, 387-388 
inverse square law for, 391 
Special Product Formulas, 30-31 
Special Theory of Relativity, 613 
Species, study of survival of, 710 
Species-A rea relationship, 368, 403 
Sphere 
area of, 193 
equation of, 638-639 
Spiral, as polar graph, 590 
Splines, polynomial curves, 265, 276, 280 
Spring, vibrating, 511-513 
Spring constant, 165, 519 
Square matrix, 710, 720-724 
Square roots, 22-23 
of matrices, 710 
of negative numbers, 92-93 
nth root and, 22 
Squaring function, 185 
Standard form, of equation of a circle, 134 
Standard position, of angles, 409-411 
Standing waves, 572-573 
Stars, modeling brightness of, 513-514 
Stefan Boltzmann Law, 213 


Step functions, 198-199, 204 
Stochastic matrices, 706 
Streamlines of vector field, 665 
Substitution, Principle of, 30 
Substitution, trigonometric, 535-536 
Substitution method 

for solving linear systems, 668-669 


for solving system of nonlinear equations, 


736-737 
Subtraction 
of complex numbers, 91, 92 
of inequalities, 105 
of matrices, 700 
overview of, 5 
of polynomials, 28-29 
of rational expressions, 42-43 
of vectors, 619, 620 
Subtraction and addition formulas, 
538-545 
Summation notation, 828-830 
Summation variable, 828 
Sums 
of cubes, 35, 36 
of functions, 232, 233 
of infinite geometric series, 842-843 
of matrices, 700-702 
partial sums of sequences, 827-828, 
834-836, 840-841 
of powers, 856 
of sequences, properties of, 830 
of sines and cosines, 542-543 
Sum-to-product formulas, 551-552 
Supplement of angle, 445 
Surveying, 463-466 
using triangulation for, 446 
Symmetry, 136-137 
tests for, 588-589 
Synthetic division, 290-291 
Systems of equations, 667, 668 
elimination method for solving, 669-670 
graphical method for solving, 670-671 
modeling with, 673-675 
substitution method for solving, 668-669 
Systems of inequalities, graphing, 743-748. 
See also Inequalities 
linear inequalities, 744-745 
Systems of linear equations 
dependent and inconsistent, 671-673, 
681-683 
graph of, 681 
modeling with, 673-675, 683-684, 
696-697 
several variables, 678-686 
solutions of, 668 
three variables, 727 
two variables, 668-678, 725-726 
using Cramer’s rule for solving, 724-727 
writing as matrix equations, 705 
Systems of nonlinear equations, 736-741 


TABLE command, in calculators, 824, 875 
Taking cases, P2 
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Tangent, 426, 552 
addition and subtraction formulas for, 
538, 545 
double-angle formula for, 546 
half-angle formula for, 548, 549 
to parabola, 815, 817 
trigonometric ratios, 417 
Tangent function, 475 
graphing, 497-501 
inverse, 436-438, 507-508 
periodic properties, 497 
special values of, 476 
tangent curves, 499-501 
Taussky-Todd, Olga, 706 
Taylor, Brook, 498, 834 
Tchebycheff, P.L., 554 
Tchebycheff polynomials, 554 
Terminal points 
reference numbers and, 471-473 
on unit circle, 468-471 
of vectors, 618 
Terminal side, of angles, 408 
Terminal velocity, 351 
Terms 
combining like, 28 
of polynomial, 28 
Terms, of sequences 
defined, 822 
finding, 823-824, 833-834, 836, 
839-840, 864 
for recursive sequences, 825 
Test points, graphing, 279, 280, 742 
Test values for intervals, 107 
Tetrahedron, 647 
Rubik's Tetrahedron, 654 
Thales of Meletus, 421 
Theodolite, 446 
Theory of Relativity, 193, 613, 724 
Three-dimensional coordinate geometry, 
635-641 
distance formula in, 637-638 
equation of a sphere, 638-639 
equations of lines in, 654-656 
equations of planes in, 656-657 
three-dimensional rectangular coordinate 
system, 636-637 
vector fields in space, 663-664 
vectors in, 641-648 
Tide, modeling height of, 525-528 
Time needed to do job, problems about, 74 
Torricelli’s Law, 193, 248, 337 
Total internal reflection, 561 
TRACE command, in calculators, 145, 209, 
745 
Trace of sphere in a plane, 639 
Transformations 
of cosecant and secant functions, 
501-502 
of exponential functions, 343, 349 
of functions, 221-232 
of monomials, 275-276 
of rational functions, 316-317, 328-329 
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Transformations (continued) 
of sine and cosine functions, 486-491 
of tangent and cotangent functions, 
499-501 
Transition matrix, 710, 717 
Transverse axes, of hyperbolas, 780, 
781-783 
Traveling waves, 571-572 
Tree diagram, 878 
Triangles 
ambiguous case, 444-447, 449 
area of, 432-433, 453-454, 652, 
727-728, 730 
Pascal's triangle, 859-860, 862 
right triangle trigonometry, 417-425 
solving height problems, 71-72 
solving oblique, 443 
special, 418-419 
Triangular form, of linear systems, 679 
Triangulation 
in Global Positioning System (GPS), 
738 
for surveying, 446 
Trigonometric equations, 531, 555-567 
on an interval, solving, 439 
Trigonometric functions, inverse, 436-443, 
504-510 
evaluating expressions involving, 
540-542, 550 
Trigonometric functions, of angles, 
407-466 
defined, 426 
evaluating, 426 
reference angle and, 428-430 
relationship to trigonometric functions of 
real numbers, 427, 477 
signs of, 428 
Trigonometric functions, of real numbers, 
467-530 
defined, 475 
domains of, 478 
even-odd properties, 480 
relationship to trigonometric functions of 
angles, 427-430, 477 
signs of, 478 
trigonometric identities, 479, 480-482 
unit circle, 468-475 
values of, 478-480, 498 
Trigonometric graphs, 484-504 
of cosecant and secant functions, 
498-499, 501-502 
graphing devices used for, 491-493 
of sine and cosine functions, 484-491 
of sum of sine and cosine, 543 
of tangent and cotangent functions, 
497-501 
Trigonometric identities, 531, 532-538 
of angles, 430-432 
fundamental, 431, 480-482, 532 
proving, 533-536 
of real numbers, 479, 480-482 


simplifying trigonometric expressions, 
532-533 


solving trigonometric equations by using, 


562-564 
Trigonometric ratios, 417-418, 419, 420, 
426 
Trigonometric substitution, 535-536 
Trinomials, 28 
factoring, 34-35 
Triple-angle formula, 547 
Trochoid, 608 
Tsu Ch’ung-chih, 481 
Turing, Alan, 157, 224 
Two-intercept form of equation of a line, 
160 


Unbounded regions, of planes, 745 
Unbreakable codes, 321 
Union of events, probability of, 895-896 
mutually exclusive events, 896-897 
Unions 
of intervals, 10-11 
of sets, 9 
Unit circle, 468-475 
points on, 468 
reference numbers, 471-473, 478-489 
terminal points, 468-471 
Unit vector, 621, 647-648 
Universal machine, 224 
Upper and Lower Bounds Theorem, 299, 
300-301 
Upper bounds, 298-299, 300 


Value of f at x, 185 


Variables 
correlation of, 175-176 
defined, 28 
dependent and independent, 185 
leading, 693 


in linear systems, 668-686 
solving for one variable in terms of 
others, 65-66 

summation, 828 

Variation, modeling, 162-164 
direct, 162-163 
inverse, 163-164 
joint, 164 

Variation in sign, 298 

Vector fields 
flow lines (or streamlines) of, 665 
gravitational, 664 
modeling, 662-665 

Vectors, 617-666. See also Dot product 
algebraic operations on, 620, 642 
analytic description of, 619-622 
angle between, 629, 644 
calculating components of, 631 
component form of, 619-620, 641 
coplanar, 652-653 
cross product of, 648-654 
direction angles of, 644-646 


direction of, 618, 619, 622, 623, 
630-631, 651 

dot product of, 627-630, 643 

equations of lines, 654-656 

equations of planes, 656-657 

expressing in terms of i, j, and k, 643 

expressing in terms of i and j, 621-622 

geometric description of, 618-619 

horizontal and vertical components, 619, 
622 

magnitude, 618, 620, 642 

modeling velocity and force, 622-624 

normal, 656 

orthogonal, 629, 632, 644, 649-650 

parallel, 647 

perpendicularity, checking for, 630, 644 

perpendicular to plane, finding, 650 

properties of, 621 

in space, 641-648 

unit, 621, 647-648 

use of, 618 

wind as, tacking against, 617, 635 

zero, 618, 621 


Velocity 
modeling, 622-624 
terminal, 351 


of traveling waves, 571-572 
Vertical asymptotes, 316, 317-325, 
497-499 
Vertical axes, of parabolas, 763-764 
Vertical lines, 153 
Vertical line test, 199 
Vertical shifts, graphs, 221-222, 224 
Vertical stretching and shrinking, graphs, 
225-226 
Vertices 
of ellipses, 772, 773 
of feasible region, 755, 757 
of hyperbolas, 780, 783-784 
of parabolas, 266, 762, 763, 764 
of systems of inequalities, 743-744 
xintercepts and, 274 
Viéte, Francois, 82, 436 
Viewing rectangle, of graphing calculator, 
140-141 
Voltage, measuring, 515 
Volterra, Vito, 717 
Von Neumann, J ohn, 224 
Voting methods, fair, 893 


Wankel, Felix, 609 
Wavelet theory, 158 
Waves 
standing, 572-573 
traveling, 571-572 
Weather prediction, 670 
Weber-F echner Law, 387 
Whispering galleries, reflection property 
used in, 776 
Wiles, Andrew, 143 
Witch of (M aria) Agnesi (curve), 609 


Words, representing functions with, 189, 
190 
Work 
calculating with dot product, 632-633 


x-axis, 126, 136, 636 

coordinate, 126 

xintercepts, 133, 134 
graphing rational functions and, 320-325 
vertex and, 274 

xy-plane, 636 

x:-plane, 636 


y-axis, 126, 136, 636 
y-coordinate, 126 
y-intercepts, 133, 134 
graphing rational functions and, 320-325 
yz-plane, 636 


z-axis, 636 
Zero(s) 
additive identity, 5 
complex, 306-314 
Factor Theorem and, 292-293 
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multiplicities and, 282-283, 308-310 
of polynomials, 278-283, 292-293 
Rational Zeros Theorem, 295-298, 310 
real, 278, 295-305 

Zero command, in calculators, 145 

Zero exponents, 15 

Zero-Product Property, 80, 559 

Zeros Theorem, 308 

Zero vector, 618, 621 

ZSquare command, in calculators, 142 
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SEQUENCES AND SERIES 


Arithmetic 
a,atd,a+2d,a+3d,a+4d,... 


a,=a+(n—1)d 


S, Sa, sl2a + (n 1yd}=0( 2) 
k=1 


Geometric 
a,ar, ar’, ar?,ar’,... 


ay =ar"} 


n 
1a 
S,= > a=a 
n bs k 1—r 
If |r | <1, then the sum of an infinite geometric series is 


oa 
ae 


THE BINOMIAL THEOREM 


(a +b)"= (o)a" + (fab pet (cpa 1 (t)b" 


FINANCE 


Compound interest 


r \nt 
a=P(1+2) 
n 


where A is the amount after t years, P is the principal, r is the 
interest rate, and the interest is compounded n times per year. 


Amount of an annuity 


where A; is the final amount, i is the interest rate per 
time period, and there are n payments of size R. 


Present value of an annuity 


1=0+iF" 


Ap=R 


where A, is the present value, i is the interest rate per 
time period, and there are n payments of size R. 


Installment buying 
iAp 
R = =r 

1-(d +i)" 
where R is the size of each payment, i is the interest rate per 
time period, Ap is the amount of the loan, and n is the number 
of payments. 


COUNTING 


Fundamental counting principle 


Suppose that two events occur in order. If the first can occur 
in m ways and the second can occur in n ways (after the 
first has occurred), then the two events can occur in order 
inm X n ways. 


Permutations and combinations 


The number of permutations of n objects taken r at a time is 


n! 
P= (n —r)! 
The number of combinations of n objects taken r at a time is 
n! 
C(n, r) = rl(n —r)! 


The number of subsets of a set with n elements is 2". 


The number of distinguishable permutations of n elements, 
with n; elements of the ith kind (wheren; +np+--- +n = 
n), is 
n! 
nn!---n,! 


PROBABILITY 


Probability of an event: 


If S is a sample space consisting of equally likely outcomes, and 
E is an event in S, then the probability of E is 


n(E) _ number of elements in E 


= n(S) number of elements in S 


Complement of an event: 
P(E’)=1— P(E) 
Union of two events: 
P(E UF) = P(E) + P(F) — P(E NF) 
Intersection of two independent events: 
P(E MF) = P(E)P(F) 


If a game gives payoffs of a;, a>,..., a, with probabilities 
Pi, P2,---, Pn» respectively, then the expected value is 
E =P; + @2P2 ++ ++ + 4nDn 


Binomial Probability: If an experiment has the outcomes 
“success” and “failure” with probabilities p andq =1—p 
respectively, then 


P(r successes inn trials) = C(n, r)p'g"* 


ANGLE MEASUREMENT 


a radians = 180° 


it _ 180° 
v= 180 rad 1 rad 
_ oe iD : : 
s=r@ A=5r°@ (#in radians) 
To convert from degrees to radians, multiply by aay 


To convert from radians to degrees, multiply by act 
T 


TRIGONOMETRIC FUNCTIONS 
OF REAL NUMBERS 


sint = y csct=+ yA 
y (x, y) 
1 t 
cost =x sect = — a 
xX > 
\ 4 i 
tan t= 2 cott = * 
X y 


TRIGONOMETRIC FUNCTIONS OF ANGLES 


a csc @= + 
r y 
cos 9 = * sec =~ 
r x 
tan @ = + cot9=~ 
X y 


RIGHT ANGLE TRIGONOMETRY 


SPECIAL TRIANGLES 


YA YA YA y =tanx 
y=sinx y =cosx 
1 1 | | 
ar Wn | | 2 
> as | t > 
x an xX | /r | x 
-Iy I+ | | 
| | 
| | 
YA y=cscx YA y=secx YA y=cotx 
| | | | | | 
WE WE Wat 
1+ | | I | | I | 
| | | | I | 
t }$ > t—+—+ > + -—> 
7 2a x | I x 7 27 * 
-I+ | | -1+ | I | | 
| | | | I | 
\ | | | | I | 
| | | | | | 


SINE AND COSINE CURVES 


y=asink(Xx—b) (k>0) 
yA 


y=acosk(x—b) (k>0) 
yA 


a>0 a>0 
ay a- 
b+ = 
t t > 
b x 
ay ay 
o One period . <— One period —>| 
amplitude: |a| period: 27/k phase shift: b 


GRAPHS OF THE INVERSE 


TRIGONOMETRIC FUNCTIONS 


sin ga SOP gale 
hyp opp hyp 
_ adj hyp al 
cos = hyp sec 0 = adj ZA" 4 
. adj 
tan 6= ane cot 6 = adj 
adj opp 
SPECIAL VALUES OF THE 
TRIGONOMETRIC FUNCTIONS 
0 radians sin @ cos 0 tan 6 
0° 0 0 1 0 
30° 7/6 1/2 V3/2 V3/3 
45° a/4 V2/2 V2/2 1 
60° 7/3 V3/2 1/2 V3 
90° a/2 1 0 = 
180° T 0 -1 0 
270° 32/2 =] 0 = 


y =sin-?x y = cos !x 


yA 


wt 


~x< 


wly 


FUNDAMENTAL IDENTITIES 


sill .. fi 
SOX = Gey CSCX = Ga 
_ sinx = oh 
la COS X = tan x 
sin?x +cos*x=1 1+4+tan?x=sec?x 14 cot?x =csc*x 


sin(—x) = —sin x cos(—X) = COs x tan(—x) = —tan x 


COFUNCTION IDENTITIES 


sin( 2 — x) = cosx 
2 


T . 
cos es = SINX 


T T 
tan{ — — x} = cotx t{ — — x} = tanx 
an( 5 ) co cot{ — a 
sec{ = — x} = csc x csc( = — x) = sec x 

2 2 


REDUCTION IDENTITIES 


sin(x + 7) = —sin x 


Cos(x + 7) = —COS X 


tan(x + a) = tan x 


ADDITION AND SUBTRACTION FORMULAS 
sin(x + y) = sinx cosy + cosxsiny 
sin(x — y) = sin x cos y — cos x siny 
cos(x + y) = cos x cosy — sinx siny 
cos(x — y) = cosx cosy + sinxsiny 


tan x + tany 
1 — tan x tan y 


tan x — tany 
1 + tan x tan y 


tan(x + y) = 


tan(x — y) = 


DOUBLE-ANGLE FORMULAS 


sin 2x = 2 sin x cos x cos 2x = cos*x — sin?x 


=2c0s?x —1 
2 tan x 


226 OA = in2 
Tn 1 — 2sin°x 


tan 2x = 


FORMULAS FOR REDUCING POWERS 


eee 1 — cos 2x coer 1 + cos 2x 
2 2 
1 — cos 2x 
tan?x = ———-—— 
1 + cos 2x 


HALF-ANGLE FORMULAS 


u_, /i—cosu u 
sins +4] , cos 5 


u 1l—cosu sin u 


tan — : = 
2 sin u 1+ cosu 


/1 + cosu 
=+ 
2 


PRODUCT-TO-SUM AND 
SUM-TO-PRODUCT IDENTITIES 


sin UCOSv = -(sin(u v) + sin(u — v)] 


cosusinv = stsin(u v) — sin(u — v)] 


cos ucosv = [cos(u + v) + cos(u — v)] 


sinusinv = [cos(u v) — cos(u + v)] 


+ — 
sin x + siny = 2sin~=— cos~ 


+ — 
sin X siny = 2 cos sin~ 


X+ 
cos X + Cos y = 2 cos 9 cos 


fe : 
cos x — cosy = —2 sin 5 sin 5 


THE LAWS OF SINES AND COSINES 


The Law of Sines B 
sinA _ sinB _ sinC a 
a b ic 


The Law of Cosines 
a*=b? +c? — 2bc cosA 
b?=a?+c* — 2ac cosB 


c?=a*+b* — 2ab cosC 


